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Existence uniqueness and stability of solutions for y»-Caputo fractional
differential iterative equation with boundary value conditions

Mohamed El fadouaki®”, Khalid Hilal?, Ahmed Kajouni?, Hamid Lmou?

*Laboratory of Applied Mathematics and Scientific Computing, Sultan Moulay Slimane University, Beni Mellal, Morocco

Abstract. The subject of this paper revolves around fractional differential equations incorporating a
p-Caputo fractional derivative, focusing on the Ulam-Hyers stability , the existence and uniqueness of
solutions for nonlinear fractional quadratic iterative differential equation by utilizing Schauder’s fixed point

theorem, reinforced by the Ascoli-Arzeld theorem. Additionally, we present two illustrative examples to
buttress our analytical findings.

1. Introduction

The concept of fractional calculus originated in the 17th century during discussions involving Leibniz
and L'Hopital. However, it remained a mathematical curiosity until the 20th and 21st centuries, it is a field
that extends classical calculus by introducing non-integer orders of integration and differentiation. This
concept has become highly significant in various scientific and engineering fields due to its broad range of
applications, such as viscoelastic materials, anomalous diffusion processes, and control systems.
Fractional differential equations provide a powerful and flexible framework for modeling dynamic systems.
They allow for the description of complex phenomena that exhibit long-range interactions and memory
retention. In recent years, fractional differential equations have gained significant traction in various
fields, including physics, engineering, biology, finance, and control theory, see [9, 12, 14, 15, 18]. This
ability to describe systems has led to the development of specialized fractional operators, such as the
Riemann-Liouville, Caputo, and Hilfer. Recently, Almeida [2] has extended the work of several scientists
and proposed a new fractional derivation for the kernel function called ¢-Caputo fractional derivative,
for more details for {y—Caputo fractional derivative and their application, we direct readers to the papers
[1,3,4,6,7,20,22,25]. On the other hand, Petuhov[23] introduced the iterative differential equation in 1965
while investigating the existence and uniqueness of solutions to the following equation:

z" = Az(z(t)), YVt € [-b, b]
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After that, the existence of a solution for the first order and second order iterative differential equation
studied by many scholars we mention here some works [10, 13, 26]. Moreover, much of study has been
achieved on fractional iterative terative differential equations, out of which [8, 11, 19], It is worth mentioning
that Rui [16] studied the existence and uniqueness of solutions for nonlinear quadratic iterative equations
in the sense of the Caputo fractional derivative by using the Leray-Schauder fixed point theorem and
topological degree theory. Therefore, it is valuable to contribute to bridging this gap by further exploring
in this direction, aiming to enhance and complement the existing literature.

Motivated by the aforesaid work. In this paper, our article centers on investigating the existence and
uniqueness, along with the Ulam stability[5], of solutions for a fractional differential equations we consider
the following problem:

{CD“"”y(w=¢(t,y<t>,ym<t>)f L€ [a,b] @
y(a) =a, yb)=>.

where y2I(t) = y(y(t)), “D*¥y(.) denotes the »—Caputo derivative for y with order 1 < a < 2 (see definition
24),and ¢ : [4,b] x R xR — R is a continuouns function. We explore the existence and uniqueness of
solutions, as well as determine the Ulam-Hyers stability and generalized Ulam-Hyers stability aspect.

In the next sections of this article, we structure the remaining content as follows: We introduce fundamental
definitions of fractional calculus, essential lemmas in section 2. In section 3, the addressation of the
Leray-Schauder fixed point theorem and Ascoli-Arzeld theorem is employed to investigate the existence
and uniqueness of solutions for nonlinear -Caputo fractional quadratic iterative differential equation.
Additionally, an illustrative example is provided in Section 4.

2. Preliminaries

In this section, we recall some definition and lemmas results of i-fractional derivative and 1)-fractional
integral, which will be later employed.see the articles [2, 17] for more details.

Notation 2.1.

o We denote by E = C([a, b], R) the Banach space of all continuous functions from [a, b] into R equipped with
the following norm

llxll = sup{lx(t)|; € [a, b]}.

Definition 2.2. Let a > 0, h an integral function defined on [a,b] and ¢ € C"[a, b] and increassing function such
that 1s(s) # 0 for all s € [a, b]. The p—Riemann—Liouville fractional integral of h of order « is defined by

Y — 1 ' ’ a—1
L0 = f Y@@ - ) D)y, @

where I is the gamma function. Note that Eq. (2) is reduced to the Riemann-Liouville and Hadamard fractional
integrals when Y(t) = t and P(t) = Int, respectively.

Definition 2.3. Let n —1 < a < n,h : [a,b] — R be an integrable function and { € C"[a,b] and increassing
function such that s(s) # 0 for all s € [a, b]. The Y-Riemann-Liouville fractional derivative of h of order « is defined

by
I h(t),

a

o0 =

where n = [a] + 1 and [«] denotes the integer part of the real number a.
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Definition 2.4. Letn —1 < a <n,h € C"'[a,b] and i € C"[a, b] and increassing function such that (s) # 0 for
all s € [a,b]. The Y-Caputo fractional derivative of function h of order « is determined as

n=1 plkl (@)
“Dyn = DY |t = Y =W - v@)|,
k=0

where hgf](t) = [ kh(t) andn = [a] +1fora ¢ N,n = a for « € IN. Further, if h € C"[a,b] and o ¢ IN, then

1 4
_ 1 d]"

D%Wht) = IV | — = | (t

at () at lp/(t) dt ()

t
— [ vown-yer-iiods

I'n-a)

Thus, if « = n € N, one has
DYV h(t) = h{fl(t).

Clearly,
Cp*¥e =0

where c is a constant number.

Remark 2.5. In particular, the -Caputo fractional derivative is reduced to the the Caputo fractional derivative when
Y(t) = t. Moreover, for Y(t) = log(t), it gives the Caputo—Hadamard fractional derivative.

Lemma 2.6. ([2,17]) Let B, > 0 and h : [a,b] — R. The following holds:
(1) If h € Cla, b], then CDXY IV h(t) = h(p).

o 1 (a)
(2) Ifh € C"[a, b], then I D Yh(t) = h(t) — YI=d ex[9(t) — (@), where o = ~—.
In particular,
if0 < a <1, we have Ij;wCDZfbh(t) = h(t) - h(a).

(3) DY [W(H) — Y(@)]F = 0,Vk € {0,1,...,n —1},n € N.

Theorem 2.7 (Schauder fixed point theorem). Let B be a compact convex subset of a Banach space E. Assume
that x : B v B is a continuous operator. Then x has at least one fixed point in M.

3. Existence, uniqueness and stability

3.1. Existence and uniqueness of solution

In this section, Before presenting the existence result for the fractional quadratic iterative problem, it is
necessary to establish the following fundamental lemma.

Lemma 3.1. y € E is a solution of the fractional quadratic iterative differential equation (1) if only and if y satisfies
the inetgral solution

_ b
y( =a+ %(b —a)+ f G(t, D¢ (7, y(x), y? (1)) dx, (4)

where G(t, T) is the Green’s function defined by

WO-Y@)P' (@) af -
=] TEERERYD) O+ gy, <o i<l o
~Wosmr@ @O) - ()T, ast<T<h
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Proof. Let y € E be the solution for the fractional quadratic iterative differential equation(1). then we
operate the y-fractional integral If:”’b on the both sides of the equation (1), we obtain

LDyt = 1Y o (£ v, yP)
Following Lemma (2.6), we get
t

¥ = y(@ = ¥y, @) - (@) = ﬁ f P (@O@E =)o (x (), yP(n)) de
Then
Y (a) B B a1 2] 6
S VO~ V@) + f PO - P (7, y(0), y2(0) dr. (6)
Due to y(a) = a, y(b) = b, it follows from (6) that

y(t) = y(a)

L Y@ (A .
yO) = b=+ SO - @) + o f Y@@ - Y@) ¢ (1 y(0), yP(w) d
which implies that
oy V@ [ a-1 2 ]
v@= 7Sl -0- 2k [ v - pors (oo, io)d

Now, substitute y’(a) into (6), and use Green’s function to turn problem (6) into the following integral
equation:

Y() — ¢(a) Y() — ¢(a)
M@—¢@ ) - ¥@)(e)

) f P (@OWE - ) (7 y(r), Y1) d

_ L v -y@
=a+ W(b —a)+ j; G(t, 1) (T, y(1), y 2] (7:)) dr.

The converse follows by direct computation which completes the proof.
Reciprocally, let y € E satisfying (6), then

LYO-v@
OETOI
T - Py ()
+fu [ W) - p@) (@)
T - P@)y ()
+ft [ @) - Yp@)(a)

b
y(t) =a+ =2 ———(b—a) - f P (@OW@0) - P (x y(o), (1)) dr

y(t) = a+

W0 = PO + == (t) - w»“]cp(wm,ymm)df

r( )
<¢<b)—¢(¢»a'l]¢(r, (0), yP()) de

Ot Q) Y(t) — Y(a)
P(b) — Y(a) (¥ (b) = p(@)I'(a)

t
o f WO - )16 (1, y(0), y2(o) dr.

It’s clear that y(a) = a and y(b) = b. by applying the y—Caputo fractional derivative “D*¥ to both sides of
equation (4), we use Lemma (2.6), so we obtain

(b—a)-

f Y OWO) - PN 6 (2 10, ¥ () de

t
D y(t) =CD“'”*[$ f 4)'<s><z,v<t>—¢<s>>‘“<z>(wm,ym(ﬂ)dT]
=0 (t, (), y2 (1))



M. El fadouaki et al. / Filomat 39:2 (2025), 629-638

This completes the proof. [J

Remark 3.2. The function t € [a,b] — fa ’ |G(t, )| d7 is continuous on [a, b], and hence is bounded. Let

b
G* = sup{f |G(t, T)ldt, t € [a, b]}

Theorem 3.3. Let ¢ : [a,b] X R X IR — IR is a continuous function that meets the following conditions:

(H1) ALy > O such that :
|t w1, 01) = Pt wa, 02)| < Ly (fwy — wal + oy = v2l)

for any (t, w1, v1), (t, w2, v2) € [a,b] X R X R.
(Hy) 3K > 0 such that :

lp(t, w,v)| <K, foreach (t, w,v) € [a,b] x R X R.
(H3) dr > 0 such that :
KG* <.
Then the fractional boundary value problem (1) has at least one solution defined on [a, b].

Proof. Let
X, =y € E,Ilyll < r}.

633

The set X, is a closed, convex and bounded subset of the Banach space E. Now we define the operator 9 in

X, as follow

_ b
500 =+ SF=8 6 -0+ [ 60,09 (50, 570

where G(t, 1) is the Green'’s function given by (5). Then, we can transform problem (1) into a fixed point

problem, i.e., y = 9(y).
To prove our results, let’s achieve these steps :

Step 1: 9 : E — E is continuous

Let y, be a sequence in [E such that y, — y in [E, we can conclude that y,[f] -y,

Then for each t € [a, b],
b
|(Sy)(®) = (3y)(®)] < f Gt D605, (1), 9@ = (5, (), 32 (1)) de

b
< 160,911 (o) - v + 1) -y D)
The Lebesgue dominated convergence theorem implies that
[[9y, — dyll = 0asn — co.

Step 2: 9(X,) is uniformly bounded.
Let y € X,, then we have

¥ - 9@ b
el <o+ SE=te-al+ [ 16 ol v, o) dr
YO -y@ b
S‘a+¢(b)_¢(“)(b a)‘+1<fu IG(t, 7)| d.
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Thus
ISyl < KG*.

Step 3: 9(X,) is equicontinuous.

Letsy,s; € [a,b],51 <sp and y € X,. Then

b
|(8)(s1) — (By)(s2)| < f IG(s1,7) — G(s2, Dl | (7, y(1), y**)(7))| d
b
SK[ |G(s1, T) — G(s2, T)| d.

Let s; — 55, and then |(81)(s1) — (8y)(s2)| — 0.

From the step 1-3 and by applying the Ascoli-Arzeld theorem. we conclude that § is completely continuous.
Step 4: 9(X;) C X,.

Let y € X,, and we prove that 9(y) € X,. For each t € [a,b] we have

P(t) — P(a) lP()
Y(o) — (@)

b
SKf |G(¢, )| d.
a

I(Sy)(B) < a + - )‘ f IG(t, Ol (T, (1), Y2 (7))| d

Thus
I9yll < KG*.

by (9), we have
19yl <.

In summary, all of the requirements of the Schauder fixed point theorem are achieved, which means that 9
has a fixed point in X,, which is solution of the iterative boundary value problem (1).
O

Now, we need to prove the monotonic increase of 9. This result will contribute to establish the uniqueness
of the solution in the next theorem.
We consider t € [a,b], we have

_yt )( —a) P (t)

b
- / _ a-1 [2]
‘ﬁ(( )) (@ = DY OO - Y2 (2,900, () de

Y —a) . Ky'()

—_ - [{h
(Y O) 2+ e O — )T,

. Df)) [~ -~y
VOb=0) KVO et - KO -
200 -3 T T YO VO - o0 - y@)

A CD)
00 - 9@

Thus, 9 is increasing on [a, b], which implies that a < (8(y))(t) < b, for all t € [, b]. We can now demonstrate
the uniqueness and stability of the solution of the preblem (1) in the following theorem.

>0, (¢ isincreasing function ).
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Theorem 3.4. Suppose that (H1)-(H3) are satisfied. Then the iterative value problem (1) has a unique solution on
[a, b]. Provided that

LG* <1

Proof. It should be noted that: a < (Sy)(f) <b, Vte]a,b].
Let y1, y2 € E, we show that 9 is a contraction.

b
|(Sy1®) = G2 < f Gt D) (02, 110, ¥2(0)) = 9z, 3a(), ¥ ()| e
<G*Lilly1 — yall.

This yields the inequality
lly1 = vl < G*Lallyr — woll.
Since G*L; < 1, the operator 9 is a contraction.
Then, 9 has a fixed point in X,. Terefore, the problem (1) has a unique solutioninS. [

3.2. Ulam—Hyers stability

In this subsection we investigate the Ulam-Hyers and generalized Ulam-Hyer in [E of problem (1).
Let € > 0 and @ : [4,b] — R*be a continuous function. We consider the following inequality

DWa(t) - ¢ (1,200, 220)| < &, tela ], (10)

Definition 3.5. The problem (1) is Ulam-Hyers stable if there exists a real number Cy such that for each ¢ > 0 and
for each solution z € E of the inequality (10), there exists a solution x € E of the problem (1) such that

lz(t) —x(t)| < Cpe t € [a,b].

Definition 3.6. The problem (1) is generalized Ulam-Hyers stable if there exists @y € C(R*,R*) with ®y(0) = 0
such that, for each € > 0 and for each solution z € IE of the inequality (10), there exists a solution x € IE of the problem
(1) such that

2(t) — x(t)] < Dy(e) t€[a,b].

Remark 3.7. It is clear that Definition (3.5) = Definition (3.6)

Remark 3.8. A function v € E is a solution of inequality (10) < there exists a function g € IE (which depends on
solution v ), such that

(D]gt) <, telab]

(2) CD*¥z(t) = (£, 2(t), 221(H) + g(8), ¢ € [a,b]

Currently, we explore the stability of the solution to problem (1) using Ulam-Hyers stability.

Theorem 3.9. Assume that all conditions of theorem (3.4) are fulfilled, then the fractional boundary value problem
(1) is Ulam—Hyers stable on [a, b] and consequently generalized Ulam-Hyers stable.

Proof. Suppose that z(f) € E satisfies inequality (10), that is,

CDW(t) ¢(t,z(t),z[21(t))| <e, telab],
and y € [E is a unique solution of problem (1), so that

A b
v =a+ SE=E 0 b0+ [ 60,90 (5.0, 50
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Vt € [a,b] . By remark (3.8) and lemma (3.1), there exist so g € E satisfies the inequality |g(t)| < € and the
equation

L Y0 -y
T Y0) - 9@

we have, for each t € [a, b]

b b
) =a+ -~ (b—a)+ f G(t, D) (7, 2(7), 21%(7)) d7 + f G(t, )g(t)dr

b b
[2(8) - y(0)] < f G, D) | (2,2(2), 22(0) = b (z, y(0), y2 ()| e + f G, Dllg(0)lde

Hence using part (i) of Remark (3.8), and (H2) we can get

b b
lz(t) — y(t)| < f IG(t, 7)|L4 (|Z(T) — ()| + 2P (x) - y[z1(T)|)dT +e f |G(t, 7)ld7

In consequence, it follows that

Iz — yll < G*Lillz — yll + eG*
*

llz =yl < fm

By defining Cy = 1= L ~—, the Ulam-Hyers stability condition is met, if we consider ®¢(¢) = 1 (L; o= ¢ with
D, (0) =0, the generahzed Ulam-Hyers stability condition is also fulfilled. [

4. Illustrated examples
Here are some examples to demonstrate the theoretical outcomes. latex latex

Example 4.1. Consider the following {-Caputo fractional quadratic iterative differential equation given by:

{ CD32ty(f) = t + 1 (sm(y(t)) + y[Z](t()t-%)—l) te[0,1] (11)
y(0)=0, y@1)=1
Here, we have a = 2,(t) = t, and the function ¢ defined by ¢(t, y(t), y?(t)) =t + 1 (sm(y(t)) + s )

ym(t)+1

Forany t € [0,1] and w,v € R, we obtain:
|¢(t w v)| = ’t + 1(sin(w) + L)‘ <2
T 3 v+1/)| 77
1
[t w01, 01) = bt w2, 02)| < 3 (01 = wal + o1 = D).
Here we get Ly = % and K = 2. It is evident that the conditions (H1) and (Hy) are satisfied.

Using F( ) = 2 , we compute G* = sup {fo |G(¢t, 7)|d, t € [0, 1]} < SW, where

[y

i Z[t-0i-ta-0i], o<r<t<,
o= L-n)y, O<t<t<l

Then by Theorem (3.3), since KG* < =1, the problem has at least one solution defined on [0, 1].

_3\F
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For uniqueness and stability of solution, we verify the fulfillment condition of Theorem (3.4). Specifically, we find
that

8
LiG* < —— ~0501 <1.
Y Z9ym

This result establishes the uniqueness of the solution for the problem (11) on the interval [0,1]. Furthermore, we
confirm its Ulam—Hyers stability and, as a consequence, its generalized Ulam—Hyers stability.

Example 4.2. Consider the following {-Caputo fractional quadratic iterative differential equation given by:

DI y(t) = 50 (525 +sin(y2(), telo,1] 12)
y©0)=0, y1)=1

Here, we have a = 3, §(t) = £, and $(t,w, v) = Co;(t) (6511 + sin(v)) , forall (t,w,v) € [0,1] X RXR.

Forany t € [0,1] and w,v € R, we obtain: |p(t,w, v)| < 1, which implies K = 1.
For any (t, w1, v1), (t, w2, v2) € [0,1] X R X R, we have

cos(t) e e2 . .
[0t 01,00) = 900,03, 00| < |50 [| 55 = o |+ sinten) = sineo]
1
<5 (lwy — wa| + o1 — v2) .

Here we get Ly = 1. By careful calculation, we find G* ~ 0.9636 = KG* < 1. It is evident that the conditions
(H1), (Hy), and (H3) are satisfied. Then the problem has at least one solution defined on [0, 1].

Additionally, since LiG* < 1, by Theorem (3.4), we establish the existence and uniqueness of the solution for the
problem (12) on [0, 1]. Furthermore, we confirm its Ulam-Hyers stability.

5. Conclusions

In this paper, we have established the existence and uniqueness of solutions for the 1p-Caputo fractional
quadratic iterative differential equation, as well as the stability of the solution in the sense of the Ulam-
Hyers. The main results were proven through the use of the Banach contraction theorem and Schauder’s
fixed point theorem. Our findings devlop and generalize previous studies that focused on specific cases of
the y-Caputo fractional differential equation such as the Caputo and Caputo-Hdamard cases. In the end,
we demonstrate the practical applications of the obtained results on existence and uniqueness through two
illustrative examples.
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