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Signless Laplacian spectral radius for a k-extendable graph
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Abstract. Let k and n be two nonnegative integers with n = 0 (mod 2), and let G be a graph of order n with
a perfect matching. Then G is said to be k-extendable for 0 < k < %52 if every matching in G of size k can
be extended to a perfect matching. In this paper, we first establish a lower bound on the signless Laplacian
spectral radius of G to ensure that G is k-extendable. Then we create some extremal graphs to claim that all
the bounds derived in this article are sharp.

1. Introduction

Graphs discussed in this paper are simple, undirected and connected. Let G be a graph with vertex
set V(G) = {v1,v2,...,v,} and edge set E(G), where |V(G)| = n and G be the complement of G. Denote by
N¢(v) the neighbor set of the vertex v in G. The degree of the vertex v is dg(v) = |Ng(v)l. For S € V(G),
GI[S] denotes the subgraph of G induced by S and G — S is the subgraph of G induced by V(G) \ S. Given
two vertex-disjoint graphs G; and Gy, the union of G; and G, is denoted by G; U G, and the join G; V G, is
obtained from G U G, by joining each vertex of G; with each vertex of G, by an edge. Let K,, denote the
complete graph of order n.

Let A(G) denote the (0,1)-adjacency matrix of G and D(G) = diag(di,dy,...,d,) denote the diagonal
degree matrix of G, where d; = dg(v;) for 1 < i < n. The signless Laplacian matrix Q(G) of G is defined as
Q(G) = D(G) + A(G). Obviously, A(G) and Q(G) are real symmetric matrices. The largest eigenvalues of
A(G) and Q(G), denoted by p(G) and g(G), are called the spectral radius and the signless Laplacian spectral
radius of G, respectively.

For two positive integers a and b with a < b, a spanning subgraph F of G is called an [g, b]-factor if
a <dp(v) < bforany v € V(G). If a = b = 1, then an [4, b]-factor is a 1-factor (or a perfect matching). Let G
be a graph of order n with a perfect matching. Then G is said to be k-extendable for 0 < k < %52 if every
matching in G of size k can be extended to a perfect matching. In particular, G is 0-extendable if and only if
G contains a perfect matching.

Many researchers have attempted to find sufficient conditions for the existence of perfect matchings
by utilizing various graphic parameters. Tutte [32] obtained a characterization for a graph with a perfect
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matching. Anderson [3, 4] investigated the relationships between binding numbers and perfect matchings
in graphs and presented two binding number conditions for the existence of perfect matchings in graphs.
Sumner [31] showed a sufficient condition for a graph to possess a perfect matching. Niessen [24] provided
a neighborhood union condition for the existence of perfect matchings in graphs. Enomoto [12] derived a
toughness condition for a graph to admit a perfect matching. Plummer [28] first introduced the concept
of k-extendable graph and posed some properties of k-extendable graphs. Up to now, much attention
has been paid on various graphic parameters of k-extendable graphs, such as binding number [6, 29],
connectivity [20, 26], minimum degree [2], independence number [1, 8, 22], distance-regular graph [7],
genus [27], eigenvalues [36] and spectral radius [13]. Much effort has been devoted to finding sufficient
conditions for the existence of [1,2]-factors (see [10, 11, 14, 16, 17, 19, 40, 41, 46-48, 51]) and [a, b]-factors
(see [15,21, 23, 33, 34, 39, 4245, 49, 50]) in graphs.

The main goal of this paper is to study the existence of k-extendable graphs from a spectral perspective.
Recall that G is 0-extendable if and only if G has a perfect matching. In the past few years, lots of researchers
focused on finding the connections between the spectral radius and perfect matchings in graphs. O [25]
provided a spectral radius condition to guarantee that a connected graph has a perfect matching. By
imposing the minimum degree of a graph as a parameter, Liu, Liu and Feng [18] extended O’s result [25] in
a connected graph. Zhang and Lin [37] presented a distance spectral condition to guarantee the existence
of a perfect matching in a graph. Zhou [38] established a relationship between signless Laplacian spectral
radius and Hamiltonian cycles in graphs. Motivated by O [25], Liu, Liu and Feng [18], Zhang and Lin [37]
and Zhou [38], directly, it is natural and interesting to give other sufficient spectral conditions to guarantee
that a graph has a perfect matching. Note that the concept of k-extendable graph is a generalization of the
notation of perfect matching. In this paper, we study the existence of k-extendable graphs and obtain a
signless Laplacian spectral radius condition for a graph to be k-extendable.

Theorem 1.1. Let k and n be two positive integers with 7 = 0 (mod 2), and let G be a connected graph of
order n with n > 2k + 4. Assume that one of the following three conditions holds:

(i) 9(G) > O(k,n) for n ¢ {2k + 6,2k + 8}, where O(k, n) is the largest root of x> — (3n + 2k — 7)x* + (2n* +
6kn —7n — 24k)x — 22k + 1)(n — 3)(n — 4) = 0;

(i) 9(G) > 3k + 4 + Vk? + 12k + 12 for n = 2k + 6;

(iil) g(G) > 3k + 6 + VK2 + 16k + 24 for n = 2k + 8.
Then G is k-extendable unless G = Ky, V (K;,_or_1 U K7).

The proof of Theorem 1.1 will be provided in Section 3.

2. Preliminary lemmas

In this section, we put forward some necessary preliminary lemmas, which are very important to the
proofs of our main results.
Chen [6] established a necessary and sufficient condition for the existence of k-extendable graphs.

Lemma 2.1 ([6]). Let k > 1 be an integer. Then a graph G is k-extendable if and only if
o(G-5) <|S| -2k

for any S € V(G) such that G[S] contains k independent edges, where o(G — S) denotes the number of odd
components in G - S.

Lemma 2.2 ([30]). Let G be a connected graph. If H is a subgraph of G, then q(H) < g(G). If H is a proper
subgraph of G, then g(H) < q(G).

Lemma 2.3 ([9]). Let n > 2 be an integer, and K, be a complete graph of order n. Then g(K,,) = 2n — 2.

In what follows, we explain the concepts of equitable matrices and equitable partitions.
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Definition 2.4 ([5]). Let M be a real matrix of order n described in the following block form

My -+ My
Mrl e Mrr

where the blocks M;; are n; X nj matrices forany 1 <i,j <randn =mn; +ny+---+n,. For1 <i,j <r,letb;
denote the average row sum of M;;, that is, b;; is the sum of all entries in M;; divided by the number of rows.
Then B(M) = (b;j) (simply by B) is called a quotient matrix of M. If for every pair i, j, M;; admits constant
row sum, then B is called an equitable quotient matrix of M and the partition is called equitable.

Lemma 2.5 ([35]). Let B be an equitable matrix of M as defined in Definition 2.4, and M be a nonnegative
matrix. Then p1(B) = p1(M), where p1(B) and p1(M) denote the largest eigenvalues of the matrices B and M.

3. The proof of Theorem 1.1

In this section, we prove Theorem 1.1, which provides a sufficient condition via the signless Laplacian
spectral radius of a connected graph to ensure that the graph is k-extendable.

Proof of Theorem 1.1. Suppose, to the contrary, that G is not k-extendable. Then, according to Lemma 2.1,
there exists some nonempty subset S of V(G) such that |S| > 2k and o(G - S) > |S| — 2k. Since n is even,
o(G — S) and |S| possess the same parity. Thus, we deduce

o(G = S) > |S| — 2k + 2.

Select such a connected graph G of order 7 so that its signless Laplacian spectral radius is as large as possible.
Together with Lemma 2.2 and the choice of G, the induced subgraph G[S] and every connected compo-
nent of G — S are complete graphs, respectively. Furthermore, all components of G — S are odd and G is just
the graph G[S] V (G - S).
For convenience, let o(G — S) = g and S| = s. Then g > s — 2k + 2. Assume that Gy, Gy, ..., G, are all the
components of G — S with n; = |[V(G;)|and ny > np > --- > ny. Then G = Ks vV (K, UK, U -+ U Ky,)-

Claiml.np=n3=---=n;=1.

Proof. If ny > 3, thenwelet G’ = KV (Ky, +2UKy, 2 UK}, U- - UK, ). Note thato(G'=S) = o(G=S) = g > s—2k+2.
Denote the vertex set of G by V(G) = V(K;) U V(Ky,) U V(Ky,) U --- U V(K;, ). Let Y be the Perron vector of
Q(G), and let Y(v) be the entry of Y corresponding to the vertex v € V(G). By symmetry, it is obvious that
all vertices of K, (resp. Ky, Ky,, -+ , Ky .) have the same entries in Y. Hence, we can suppose Y(vg) = 1o for
every vy € V(K;), Y(v1) = y1 for every v € V(K,,), Y(v2) = y2 for every v, € V(Ky,), -+, Y(v,) = y, for every
v, € V(Ky,). Then

q(G)yr = syo + (s + 211 = 2)y1, 1)
9(G)y2 = syo + (s + 213 — 2)y».
It follows from (1) that
q(G) =s=2n1 + 2)y1 = (q(G) — s — 213 + 2)1>. (2)

Note that K.,, and K., are two proper subgraphs of G. Using Lemmas 2.2 and 2.3, we get

q(G) > maX{EI(Ksml ) Q(Ks+nz)}
=max{2(s + n1) — 2,2(s + np) — 2}
>max{s + 2n; — 2,5 + 2n, — 2}.
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Together with (2) and n; > n,, we infer y; > y». According to the Rayleigh quotient, we derive
9(G') = 4(G) =Y (Q(G') - Q(G))Y
=2my1(y1 + y2) + 2my2(y1 + y2) — 8(n2 — 2)y;
>8n1y5 — 8(n2 — 2)y;
=8yA(n —ny +2)

>0.
Hence, 4(G’) > q(G), which is a contradiction to the choice of G. Thus, we deduce n, = 1.
Recall that ny > n3 > --- > n; > 1. Combining this with n; = 1, we infer n, = n3 = --- = n, = 1. Claim 1
is proved. O

In what follows, we are to verify g = s — 2k + 2. Note that 4 > s — 2k + 2, and 4 and s have the same
parity. Consequently, we can suppose g > s — 2k + 4. We construct a new graph G” = K; V (K, +2 U (7 — 3)K3).
Clearly, G is a proper subgraph of G” and o(G” —S) = o(G—5) -2 = q—2 > s — 2k + 2. Together with Lemma
2.2, g(G"”) > g(G), which is a contradiction to the choice of G. Thus, we infer 4 < s — 2k + 2. On the other
hand, g > s — 2k + 2. Hence, we obtain

g=s—2k+2. 3)

By virtue of (3), Claim 1, n = s+n; +npy +---+n;and G = Ky v (K, UKy, U--- U an), we have
G=K,V(Ky, U(g—1DK1) =K; V(K U(s—2k+1)Ky)and ny =n—s—(q—1) =n—2s+2k - 1. If s = 2k, then
G = Ky V (K;—2xk—1 U K37), which is a contradiction to the condition of this theorem. Hence, s > 2k + 1. The
following proof will be divided into two cases by the value of n;.

Case 1. 11 > 3.

In this case, n = n;+2s—2k+1 > 2s—2k+4. Recall that G = K, V (K, U(s—2k+1)K;) and nq = n—2s+2k—1.
Consider the partition V(G) = V(K,) U V(Ky,) U V((s — 2k +1)K;). The corresponding quotient matrix of Q(G)
equals

n+s—2 n—-2s+2k—-1 s-2k+1
By = s 2n—3s+4k -4 0
s 0 s

Then the characteristic polynomial of B; is
fi(x) =x° — (31 — s + 4k — 6)x* + (2n* + sn + 4kn — 8n — 4s* — 4s + 8ks — 8k + 8)x
— 2sn° + 4s%n — 8ksn + 10sn — 2% + 8ks* — 10s* — 8k?s + 20ks — 12s.

In view of Lemma 2.5, the largest root, say 41, of fi(x) = 0 equals the signless Laplacian spectral radius of
G. Consequently, we possess f1(g1) = 0 and g(G) = g1.

Note that K V (n —s)K; is a proper subgraph of G. From Lemma 2.2, we infer q; = q(G) > g(K;s V (n —5)Kj).
Consider the partition V(K V (n — 5)K;) = V(K;) U V((n — 5)K;). The corresponding quotient matrix of
Q(K; V (n = s)K;) has the following form

n+s—-2 n-s
Bzz
S S

Then the characteristic polynomial of B, equals
fo(x) = 2% — (n + 25 — 2)x + 25(s — 1).

In terms of Lemma 2.5, the largest root, say g, of f,(x) = 0 equals q(K; V (1 —5)K;). And so

JK Y (= 5)Ky) = gp = BT 2N +225 2F o 8ss ) @
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Together with g; = q(G) > q(K; V (n = s)K;), we get

n+2s—2+ 4/(n+25s—2)2—-8s(s—1
f1>q2= v > ) ( ). 5)

Let p(x) = x> — (3n + 2k — 7)x* + (2n® + 6kn — 7n — 24k)x — 2(2k + 1)(n — 3)(n — 4) and let 6(k, n) be the largest
root of @(x) = 0. Note that fi(41) = 0. By a direct calculation, we have

P(q1) = p(q1) — filq1) = (s — 2k = Vg1 (q1), (6)

where g1(q1) = —¢% +(—n+4s+8)q1 +2n* —4sn—14n+2s> —4ks+12s+24. Utilizing (5) and n > 25-2k+4 > s+5,
we derive

—n+45+8< N 2<n+25—2+\/(n+2s—2)2—8s(s—1)<
2x (-1 T 2 q.

Consequently, we deduce

91(q1) <1 >

=n? — 5sn — 7n + 65> — 4ks + 185 + 14
—(n—5—-5)y(n+2s—2)> —8s(s — 1)
<n? —5sn —7n + 65> — 4ks + 185 + 14 — n(n — s — 5)
= —4sn — 2n + 65> — 4ks + 185 + 14
< —45(2s — 2k + 4) — 2(2s — 2k + 4) + 65> — 4ks + 185 + 14
= — 25> + 4ks — 25 + 4k + 6. (7)

n+2s—2+ \/(n+2s—2)2—85(s—1)J

For s > 2k + 2, it follows from (7) that

g1(q1) < —25* + dks — 25 + 4k + 6
<—252k +2)+4ks —2s + 4k + 6
=—6s+4k+6
<0. ®)

Recall that s > 2k + 1. According to (6) and (8), we infer

p(q1) = (s — 2k = 1)g1(q1) <0,

which yields
q(G) = q1 < O(k,n),
which is a contradiction to q(G) > 6(k, n) for n ¢ {2k + 6, 2k + 8}.

Let ¢’(x) denote the derivative of ¢(x). As for n = 2k + 6, one has @(x) = x*> — (8k + 11)x* + (20k* +
46k + 30)x — 16k> — 48k* — 44k — 12 and ¢’ (x) = 3x? — 2(8k + 11)x + 20k? + 46k + 30. By a direct calculation,

we obtain @3k + 4 + VK2 + 12k +12) = 6k + 8 + 2Vk2 + 12k +12 > 0 and ¢’(8k + 4 + VK> + 12k +12) =
2k? + 24k + 26 + 2(k + 1) VK2 + 12k + 12 > 0, and so 4(G) = q1 < 6(k, 2k + 6) < 3k + 4 + VK2 + 12k + 12, which
contradicts g(G) > 3k + 4 + Vk? + 12k + 12 for n = 2k + 6.

As for n = 2k + 8, one has ¢(x) = x> — (8k + 17)x* + (20k? + 74k + 72)x — 16k> — 80k> — 116k — 40 and ¢’ (x) =
3x% —2(8k +17)x +20k? + 74k + 72. By a direct computation, we derive p(3k+6+ Vk2 + 16k + 24) = 8k+20 > 0
and ¢’ (3k+ 6+ VK2 + 16k + 24) = 2k? + 32k + 48 + 2(k + 1) VK2 + 16k + 24 > 0, and 50 4(G) = g1 < O(k, 2k + 8) <
3k + 6 + VK2 + 16k + 24, which is a contradiction to q(G) > 3k + 6 + Vk? + 16k + 24 for n = 2k + 8.
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Case 2. n; = 1.
In this case, we possess G = K; V (s — 2k + 2)K; = K, V (n — 5)Ky and n = 2s — 2k + 2. By virtue of (4), we
obtain

n+2s—2+ /(n+2s—2)2 —8s(s— 1)

7(G) =q(Ks vV (n = s)Ky) = g2 = 5

Note that f>(g2) = 0. By a direct computation, we possess

P(q2) =p(q92) — 92/2(q2)
= — (2n — 25 + 2k — 5)g3 + (2n* + 6kn — 7n — 24k — 25* + 25)q,
—2(2k + 1)n® + 142k + 1)n — 242k + 1)
= — (s + 2k + )n® + (35 + 2k + 4)sn + 7(2k + 1)n — 2% — (20k + 8)s — 14(2k + 1)
+ (=sm + 2kn + n + s> — 2ks + 4s — 10k — 5) /(1 + 25 — 2)2 — 8s(s — 1). )

Recall that s > 2k + 1. If s = 2k + 1, then n = 2k + 4 and ¢(G) = 3k + 2 + VK2 + 8k + 4 = 6(k, 2k + 4), which
contradicts q(G) > O(k,n) for n = 2k + 4. If s = 2k + 2, then n = 2k + 6 and q(G) = 3k + 4 + VK2 + 12k + 12,
which contradicts g(G) > 3k +4 + VK2 +12k+12 for n = 2k + 6. If s = 2k + 3, then n = 2k + 8 and

g(G) = 3k + 6 + Vk? + 16k + 24, which contradicts g(G) > 3k + 6 + Vk? + 16k + 24 for n = 2k + 8. In what
follows, we consider s > 2k + 4.

Recall that nn = 25 — 2k + 2. According to s > 2k + 4, we easily see

(1 + 25 — 2)% — 85(s — 1) =8s* — 8(2k — 1)s + 4k>
>45% + 4(2k + 4)s — 8(2k — 1)s + 4k*
=45% — 8(k — 3)s + 4k>
>45% — 8(k — 2)s + 8(2k + 4) + 4Kk>
=(25 — 2k + 4)* + 32k + 16
>(2s — 2k + 4)?
=(n +2)
and
—sn +2kn +n + s> — 2ks + 45 — 10k = 5 = —(s — 2k — 1)(s — 2k — 3) < 0.
Combining these with (9), s > 2k + 4 and n = 25 — 2k + 2, we deduce

©(q2) = = (s + 2k + 1)n* + (3s + 2k + 4)sn + 7(2k + 1)n — 25® — (20k + 8)s — 14(2k + 1)
+ (=sn + 2kn + n + 5% — 2ks + 4s — 10k — 5) /(1 + 25 — 2)2 — 8s(s — 1)
< — (s + 2k + 1)1 + (35 + 2k + 4)sn + 7(2k + 1)n — 2% — (20k + 8)s — 14(2k + 1)
—(s=2k-1)(s=2k-3)(n+2)
= —25% + (8k + 6)s> — (8Kk? + 4k — 12)s — (2k + 1)(8k + 16)
=p(s). (10)

Let p’(s) and p”(s) denote the derivative and the second derivative of p(s), respectively. We easily see
p'(s) = —65> + 2(8k + 6)s — 8k* — 4k + 12

and
p"’(s) = —12s + 2(8k + 6).
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Recall that s > 2k + 4. Then p”(s) = =125 + 2(8k + 6) < —12(2k + 4) + 2(8k + 6) = —8k — 36 < 0, which implies
that p’(s) is decreasing in the interval [2k + 4, +00). Thus, p’(s) < p’(2k + 4) = —6(2k + 4)? + 2(8k + 6)(2k +
4) — 8k* — 4k + 12 = =12k — 36 < 0, which yields that p(s) is decreasing in the interval [2k + 4, +o0). Thus,
p(s) < p(2k + 4) = =2(2k + 4)° + (8k + 6)(2k + 4)> — (8k* + 4k — 12)(2k + 4) — (2k + 1)(8k + 16) = 0. Together
with (10), we infer ¢(g2) < p(s) < 0, which implies g(G) = g2 < 8(k, n), a contradiction to the condition. This
completes the proof of Theorem 1.1. ]

4. Concluding remark

In this section, we claim that the bounds derived in Theorem 1.1 are best possible.

Theorem 4.1. Let k and n be two nonnegative integers with n = 0 (mod 2), and let 6(k, ) be the largest root
of x3 — (3n + 2k — 7)x* + (2n? + 6kn — 7n — 24k)x — 2(2k + 1)(n — 3)(n — 4) = 0. Then:

(i) Forn > 2k+4and n ¢ {2k+6, 2k+8}, we have q(Koxs1 V (Ky-2k—3U2K7)) = O(k, n) and Kopps1 V (Kp—2k-3U2K1)
is not k-extendable.

(ii) For n = 2k + 6, we possess q(Kyer2 V4Ky) = 3k +4+ VK2 + 12k + 12 and Ky42 V 4K is not k-extendable.

(iii) For n = 2k + 8, we admit q(Kyi3 V 5K1) = 3k + 6 + VK2 + 16k + 24 and Kyi.3 V 5K] is not k-extendable.

Proof. (i) Consider the partition V(Kox1 V (Ky—2k-3U2K1)) = V(Koxs1) UV (Ky—2k—3) UV (2K1). The corresponding
quotient matrix of Q(Kyt1 V (Ky—ak—3 U 2K;7)) is equal to

n+2k-1 n-2k-3 2
B; = 2k+1 2n—-2k-7 0
2k +1 0 2k +1

Then the characteristic polynomial of the matrix B; is equal to x> — (31 + 2k — 7)x + (2n* + 6kn — 7n — 24k)x —
2(2k +1)(n — 3)(n —4). In terms of Lemma 2.5, the largest root 0(k, n) of x> — (3n + 2k — 7)x> + (2n + 6kn — 7n —
24k)x — 22k +1)(n —3)(n —4) = 0 equals q(Kpk+1 V (Ky—2k-3 U2K7)). Namely, g(Kok+1 V (Ky—pk—3 U2Ky)) = O(k, n).
Write S = V(Kyt1)- Then o(Kogs1 V (Ky—ok—3 U2K1) = S) = 3 > 1 = (2k + 1) — 2k = |S| — 2k. By virtue of Lemma
2.1, the graph Kp1 V (Ky—2k—3 U 2Kj) is not k-extendable.

(ii) Consider the partition V(K. V 4K;) = V(Kpi2) U V(4K;). The corresponding quotient matrix of
Q(Kax+2 V 4Ky) equals

B - 4k +6 4
27\ 2k+2 2k+2 |

Then the characteristic polynomial of the matrix B, is x* — (6k + 8)x + (2k + 2)(4k + 2). It follows from
Lemma 2.5 that the largest root of x? — (6k + 8)x + (2k + 2)(4k + 2) = 0 equals g(Ka2 V 4K;). Thus, we possess
q(Koks2 V4K7) = 3k+4+ VK2 + 12k + 12. Let S = V(Kys2). Then o(Koi2 VAK —S) = 4 > 2 = (2k+2)—2k = |S|-2k.
Applying Lemma 2.1, the graph Ky V 4K is not k-extendable.

(iii) Consider the partition V(Kys V 5K1) = V(Kx3) U V(5K;). The corresponding quotient matrix of
Q(Koks3 V 5Kj) is equal to

B = 4k +9 5
37\ 2k+3 2k+3 |

Then the characteristic polynomial of the matrix B; equals x> — (6k + 12)x + (2k + 3)(4k +4). Utilizing Lemma
2.5, the largest root of x? — (6k + 12)x + (2k + 3)(4k + 4) = 0 is equal to g(Ky4s V 5K7). Thus, we deduce

g(Koks3 V 5Kq) = 3k + 6 + VK2 + 16k + 24. Write S = V(Kpiy3). Then o(Kpe3 V5K —S) =5 >3 = (2k+3) -2k =
|S| — 2k. It follows from Lemma 2.1 that the graph Ky.3 V 5K is not k-extendable. m]
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