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Extremal vertex-degree function index of trees with some given
parameters

Xiaoling Sun®”, Jianwei Du?, Yinzhen Mei?

*School of Mathematics, North University of China, Taiyuan 030051, China

Abstract. For a graph G, the vertex-degree function index of G is defined as H;(G) = Youevicy fldege(u)),
where deg (1) stands for the degree of vertex u in G and f(x) is a function defined on positive real numbers.
In this article, we determine the extremal values of the vertex-degree function index of trees with given
number of pendent vertices/segments/branching vertices/maximum degree vertices and with a perfect
matching when f(x) is strictly convex (resp. concave). Moreover, we use the results directly to some
famous topological indices which belong to the type of vertex-degree function index, such as the zeroth-

order general Randi¢ index, sum lordeg index, variable sum exdeg index, Lanzhou index, first and second
multiplicative Zagreb indices.

1. Introduction

In this article, just simple connected graphs are taken into account. For such a graph G, we represent
the sets of vertices and edges by V(G) and E(G), respectively. Let deg;(x) be the degree of x € V(G) and A(G)
(A for short) be the maximum degree of G. A vertex of degree one is called a pendent vertex. Let G — xy
and G + xy be the graphs gotten from G by deleting the edge xy € E(G) and by adding an edge xy ¢ E(G)
(x,y € V(G)), respectively. Denoted by Ng(y) the set of neighborhoods of a vertex y € V(G) and #; the
number of vertices with degree i in G. As usual, we use S, and P, to denote the n-vertex star and n-vertex
path, respectively.

It is obvious that an n-vertex tree has the degree sequence (degy,degs,- - - ,deg,) which is arranged in a
non-increasing order if and only if Y.\, deg; = 2(n — 1). The segment of a tree T (see [7]) is a path-subtree S
whose terminal vertices are branching vertices or pendent vertices of T, that is, each internal vertex u of S
has degr(u) = 2. The squeeze S(T) of a tree T, as in [18], is the tree gotten from T by replacing every segment
of T by an edge. A tree is called a caterpillar if the removal of all pendent vertices results in a path. In
a tree T, the edge rotating capacity of vertex x € V(T) with 2 < degr(x) < A — 1 is defined as degr(x) — 1.
The sum of the edge rotating capacities of all vertices with 2 < degr(x) < A — 1in T is called the total edge
rotating capacity of T. Let us denote by PT, ,, ST, s, BT, 5, DT, x and M T, the set of the n-vertex trees with p
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pendent vertices, n-vertex trees with s segments, n-vertex trees with b branching vertices, n-vertex trees with
k maximum degree vertices and 2m-vertex trees with a perfect matching, respectively. For terminologies
and notations, not defined here, we refer the readers to relevant standard book [4].

The zeroth-order general Randi¢ index of a graph G (denoted by °R,(G)) [15, 17] was defined as
'R.(G) = Y uev(c) degc(u)* for any real number a # 0, 1. If @ = 2 and a = 3, it is the first Zagreb index M;(G)
[9] and the forgotten topological index F(G) [8]. Lately, De et al. [6], Khaksari et al. [13] and Vukicevié
et al. [25] independently introduced the following degree-based topological index, which is known as the
Lanzhou index, and it is defined as Lz(G) = Y cv(q) de_qa(u)degc(u)2 = (n — 1)M1(G) — F(G), where G is the
complement of G and 7 is order of G. For the recent papers on Lanzhou index, we refer the readers to
[3, 14], etc.

The sum lordeg index SL(G) and variable sum exdeg index SEI,(G) are two of the Adriatic indices pro-

posed in[24] and they are defined as SL(G) = ¥ ev(g) degc (1) yIndegc (1) = ¥ ev(Gydege w2 degc (1) y/In deg (u)
and SEL(G) = ¥ ev(c) degc(u)a™c® (a > 0 and a # 1), respectively.

For a graph G, the first and second multiplicative Zagreb indices I;(G) and I1,(G) [12] are defined
as I(G) = Tl,evic degc(u)* and T1x(G) = [ ,eerc) degc()degc(®) = Tlev(c) degc(u)™e®), respectively.
Notice that I;(G) and IT(G) are maximum (minimum) if and only if InTI;(G) = 2}y (g Indegc(u) and
InT1x(G) = Y ev(c) degc(u) Indegg(u) is maximum (minimum), respectively.

In recent years, seeking extremal values of topological indices of graphs is one of the hot topics in
chemical graph theory. To find a family of extremal graphs, Linial and Rozenman [19] introduced the
vertex-degree function index Hy of a graph G as:

Hi(G) = ), f(dege(w)), (1)

ueV(G)

where the function f(x) depends on positive real numbers. Tomescu [20] obtained the the minimum (resp.
maximum) Hy of trees and unicyclic graphs with given order and independence number when f(x) is
strictly convex (resp. concave). Ali et al [2], Tomescu [22], Xu and Wu [26] study the properties of Hf on
(n, m)-graphs (graphs with n vertices and m edges), furthermore, they also identify some (1, m)-graphs with
extremal values of Hy. Other results on Hy can be found in [1, 10, 11, 16, 21, 27, 28].

In this paper, the extremal values of the vertex-degree function index of trees with given number of
pendent vertices/segments/branching vertices/maximum degree vertices and with a perfect matching are
determined when f(x) is a strictly convex (resp. concave) function. Moreover, the results can be applied
directly to some famous topological indices that belong to the type of vertex-degree function index, such
as the zeroth-order general Randi¢ index, sum lordeg index, variable sum exdeg index, first and second
multiplicative Zagreb indices.

2. Preliminary results

Lemma 2.1. [20] For x1 > x, + 2 > 2, if f(x) is a strictly convex function, then
fOa) + f(2) > flrn = 1) + flxz +1).
This inequality should be reversed when f(x) is strictly concave.

Lemma 2.2. [10, 11] Let T be an n-vertex tree. If f(x) is a strictly convex function, then Hy(T) < (n—1) f(1)+ f(n—1)
with equality if and only if T = S,,.

Lemma 2.3. [10] Let T be an n-vertex tree. If f(x) is a strictly convex function. Then H¢(T) > (n — 2)f(2) + 2f(1)
with equality if and only if T = P,,.
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3. Trees with given number of pendent vertices

Theorem 3.1. Let T € PT,, and the function f(x) be strictly convex, where2 < p < n —1. Then
Hp(T) 2z [n = (r =1)(n = p) = 21f(r + 1) + [(r = D(n = p) = p + 2] f (1) + pf (D).

Equality occurs only if the degree sequence of Tis (r +1,--- ,vr+1, r,---,r, 1,---,1), wherer = I_Z%zj +1.
| ——— (SR 4

n—(r-1)(n-p)-2  (r-1)(n-p)-p+2  p

Proof. Choose T € PT,, such that H¢(T) is minimum.
Claim 1 If x, y € V(T) with degr(x), degr(y) = 2, then |degr(x) — degr(y)| < 1.

To the contrary we assume that there exist two vertices, say x and y, such that |degr(x) — degr(y)| > 2. We
suppose, without loss of generality, that degr(x) = di > degr(y) + 2 = d» + 2. Let z be a neighbor of x which
is not contained in the path from x to y in T. Let Ty = T — xz + yz. Then T; € PT,,. By (1) and Lemma 2.1,
one has

Hg(T1) = Hy(T) = f(d1 = 1) + f(d2 + 1) = f(dh) = f(d2) < 0.

Hence, H¢(T1) < H¢(T), which contradicts the choice of T.

By Claim 1, it follows that the vertices in T have degree 1, r or r+1, where r > 2. Therefore, p+n,+n,.1 = n,
and n, < n—p. Since p < n, then n, > 1. Furthermore, for a tree T, p + rn, + (r + Dn,q = 2(n — 1)
and we deduce that n, + pr = m—-(mn-2). Sor = Z%; + n”T’p. Since n, < n — p, it follows that r =
L%Hl and 1,41 = n—(n — p)l_ﬁj -2,n = (n- p)l_ﬁj —p + 2. Thus the degree sequence of T is

r+1,---,r+1, r---,1 1,---,1),wherer=LZ—:2J+1. O
| S — —_———  —— 4
n=(n-p)(r-1)-2  (n-p)(r-1)-p+2  p

Theorem 3.2. Let T € PT,, and f(x) be strictly convex, where2 < p <n—1. Then

Hi(T) < pf(1) + (n =p = 1Df(2) + f(p)-
Equality occurs only if the degree sequence of T is (p,2,--+ ,2,1,--+,1).
n—p-1 p

Proof. Pick T € PT,, such that H¢(T) is maximum.
Claim 2 T contains at most one vertex w € V(T) with degr(w) > 3.

On the contrary, we assume that there exist two vertices, say x and y, such that degr(x) = di > degr(y) =
dy > 3. Let z € Nr(y) which is not contained in the path from y to x in T. Let T, = T — yz + xz. Then
T, € PT, ;. By (1) and Lemma 2.1, one has

Hg(T2) = He(T) = f(dr + 1) + fd2 = 1) = f(d1) = f(d2) > 0.

So H(T2) > H(T), which is a contradiction with the choice of T.
By Claim 2, it follows that there exist a vertex w with degr(w) = r > 3, p vertices with degree 1 and
n —p — 1 vertices with degree 2 in T. Since ZUGV(T) degr(v) =p+2(n—p-1)+r=2(n-1), we deduce that
r = p. Hence the degree sequence of T'is (p,2,---,2,1,---,1). O
—_— —

n—p-1 4

4. Trees with given number of segments

Let T € ST, ;5. The star S, is the unique tree with n — 1 segments, the path P, is the only tree with 1
segment and there is no tree T with 2 segments. Thus, we always assume that 3 <s <n - 2.
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Lemma 4.1. [23] Let T € ST, s. Then there is one caterpillar T’ € ST, such that T and T’ have the same degree
sequence.

Theorem 4.1. Let T € ST, s and f(x) be strictly convex, where 3 <s <n —2. Then

SO + (-5 -1)fQ2)+Hf(1) if s is odd,
HiT) 2 { Fd) + S5EFB) + (1 —5 - 1)fQ) + S ifs s even.

The equality occurs if and only if the degree sequence of T is (3,++,3,2,-++,2,1,--+,1) for odd s and (4,3,--+,3,2,-+,2,
—— — — —_—
el n—s—1 8 =t n—s-1

1,---,1) for even s.
N———

s+4

Proof. Choose T € ST, s such that T has the smallest Hy. In view of Lemma 4.1, there is a caterpillar T” € ST, 5
such that T and T’ have the same degree sequence. So H¢(T) = H¢(T’). Next, we prove two claims.
Claim 1. For each vertex u € V(T"), degr (u) < 4.

Contrarily, we assume that there is a vertex, say x, such that degr(x) =d > 5in T". Suppose x1,X2,X3 €
N7 (x) are three pendent vertices. Let Ty = T" — {xxp, xx3} + {x1x2, x1x3}. It is easy to see that Ty € ST, ;. By
(1) and Lagrange mean value theorem, we have

Hy(T) = He(T1) = H(T") = H¢(T1)
= fd) - f(d-2)-[f3) - f(1)]
=f(&-fm>0
since f(x) is a strictly convex function, where 3 <d -2 < & <d, 1 <1 < 3. Thus H¢(T) > H¢(T1), which is a
contradiction to the choice of T.
Claim 2. There exists at most one vertex v with degr (v) =4in T".
On the contrary, we suppose that in T’, there exist two vertices, say x, y, with degr (x) = degr (y) = 4.

Let x; € Np(x) and y1 € Np(y) be two pendent vertices and z be any other pendent vertex of T’. Let
T, =T — {xx1, yy1} + {zx1, zy1}. Note that T, € ST, ;. Thus

Hy(T) = Hy(T2) = H{(T") — Hy(T2)
= f@)+ f4)+ f(1)-3f(3)>0

4 4 1
f( )*fg)*f() > f(4+§+1))

by Jensen inequality (
H{(T) > H¢(T>), which is a contradiction again.
We distinguish two cases to study.
Case 1. T” has no vertex of degree 4.
In this case, 14 = 0. and we have

for the function f(x) which is strictly convex. We obtain

ny +2ny + 3nz =2(n— 1) = 2ny + 2ny + 2n3 — 2.
So n3 = ny — 2. Moreover, by the definitions of the segment and the squeeze S(T”) of T’, we have
s=IESTN =IVS(T') -1=n-ny—1=ny+n3—-1=2n -3,

which is odd. Therefore, 11 = #, np=n-s—1andnz = % It is concluded that T’ and T have the same
degree sequence (3,---,3,2,---,2,1,--- ,1) and
—_———— ——— ——
% n—s—1 543

HAT) = HAT') = 22 @) + (-5 - 10f@) + 32 ).
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Case 2. T’ contains a vertex of degree 4.
In this case, n4 = 1 and we have

ny +2ny +3nz +4 =2(n—1) = 2ny + 2ny + 2n;3.
So nz = n; — 4. Moreover,
s=n—-ny,—1=ny+n3=2n1 —4,

which is even. Therefore, n; = %‘, ny=n-s—1and nz = %‘. It is concluded that T’ and T have the same

degree sequence (4,3,---,3,2,---,2,1,--- ,1) and
—_— — ——
% n—s—1 %

H(T) = H(T') = (@) + S35 F6) + (1 =5 = Df @) + 22 (1),

The proof is completed. [

Theorem 4.2. Let T € ST, s and f(x) be strictly convex, where 3 < s <n —2. Then

Hg(T) < f(s) +sf(1) + (n =5 = 1) f(2)

with the equality holding only if the degree sequence of T is (s,2,---,2,1,---,1).
—_— —
n—s-1 s

Proof. By the definition of the squeeze S(T), one gets
H¢(T) = naf(2) + He(S(T)).

Since np =n—s—1, wehave H¢(T) = (n —s — 1) f(2) + H¢(S(T)). Since S(T) is a tree with s + 1 vertices and s
edges, by Lemma 2.2, H¢(S(T)) < f(s) + sf(1) with the equality holding if and only if S(T) = S,,;. Then

Hp(T) < (n=s =1)f(2) + f(s) +s£(1)

with the equality holding if and only if n, = n —s —1 and S(T) = S,,1. That is, the degree sequence of S(T)

is (s, 1,---,1), and the degree sequence of T'is (s,2,---,2,1,---,1). O
S~—— —— —
S n—s—1 s

5. Trees with given number of branching vertices

Let T € BT, 5. Then b < 5 — 1 [23]. Since the path is the only tree with no branching vertex, thus, in
the following we always assume that 1 <b < § - 1.

Theorem 5.1. Let T € BT, ;, and f(x) be strictly convex, where 1 <b < % — 1. Then
H¢(T) 2 bf(3) + (n —2b - 2)f(2) + (b + 2) f(1)

with the equality holding if and only if the degree sequence of T is (3,--- ,3,2,---,2,1,---,1).
— — —
b n-2b-2 b2

Proof. Choose T € BT, such that T has the smallest Hy.
Claim 1. For each vertex u € V(T), degr(u) < 3.
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Contrarily, we assume that there is a vertex, say x, with degr(x) =d >4in T. Let y € Nr(x) and z (z # )
be a pendent vertex of T. Let Ty = T — xy + zy. It is easy to see that T; € BT,,;. By (1) and Lemma 2.1, one
has

Hy(T) = Hy(Th) = f(d) + f(1) = f(d = 1) = f(2) > C.

Thus H¢(T1) < H¢(T), which contradicts the assumption of T.
By Claim 1, it follows that #; + np + n3 = n and ny + 2np + 3n3 = 2(n — 1) = 2ny + 2np + 2n3 — 2. So
n3 =n; —2. Wecansee b = n3,son, =n—2b-2and n; =b+2. Therefore, the degree sequence of T is

(3[ 13’2’... ’2,1,... ,1)and
—_———— ———— ——
b n—2b-2 b+2

He(T)=bf(3) + (n—2b—-2)f(2) + (b +2)f(1).
This finishes the proof. [J

Theorem 5.2. Let T € BT, and f(x) be strictly convex, where1 < b < % — 1. Then

%
Hy(T) < f(n = 2b+1) + (b= 1)f(3) + (n — b) f(1)

with the equality holding if and only if the degree sequence of T is (n —2b+1,3,---,3,1,---,1).

Proof. Choose T € BT,,; such that T has the largest H.
Claim 2. T has no vertex of degree 2.

On the contrary, we assume that there exist the vertices of degree 2 in T. Since T % P, there is a vertex,
say x with degr(x) = 2, adjacent to a branching vertex, say y with degr(y) = d > 3. Suppose z € Nr(x) and
z# Y. Let T = T — xz + yz. Itis obvious that T, € BT,;. By (1) and Lemma 2.1, we have

Hg(T2) = He(T) = f(d + 1) + (1) = f(d) = f(2) > 0.

Thus H¢(T2) > H¢(T), which is a contradiction to the assumption of T.
Claim 3. There exists at most one vertex u in T such that degr(u) > 4.

Suppose, on the contrary, that there exist two vertices, say x and y, in T such that degr(x) = di > degr(y) =
d; > 4. Let z € N7(y) which is not contained in the path from y to x. Let T3 = T — yz + xz. It is clear that
T3 € BT, . By (1) and Lemma 2.1, we have

Hg(Ts) = Hy(T) = f(d1 + 1) + f(d2 = 1) = f(dh) = f(d2) > 0.

Thus H¢(T3) > H¢(T), which contradicts the assumption of T again.

By Claims 2 and 3, it can be concluded that the degree sequence of T'is (,3,---,3,1,---,1), where r > 3.
— —

b-1 n-b
Therefore,

r+3b-1)+n-b=2n-1).
So r =n - 2b + 1. Therefore, the degree sequence of T'is (n —2b+1,3,---,3,1,---,1). O

— —
b-1 n—b

6. Trees with given number of maximum degree vertices

LetT € DT, ;. lfk=n—-2,thenT = P, and A = 2. For k < n -3, A > 3 and the maximum degree vertices
are branching vertices, we havek <b < 5 —-1. Thus1 <k <7 - 1.
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Lemma 6.1. [5] Let T € DT, with the maximum degree A. Then A < L%J +1.
Theorem 6.1. Let T € DT,y and f(x) be strictly convex, where 1 <k < 5 — 1. Then

H{(T) > kf(3) + (n — 2k — 2)f(2) + (k +2)f(1)

with the equality holding only if the degree sequence of T is (3,---,3,2,---,2,1,--+,1).
S~ —— Y~
ko on2k-2 k2

Proof. Choose T € DT« such that T has the smallest Hy.
Claim 1. A = 3.

On the contrary, we assume that A > 4and x € V(T) withdegr(x) = A. Let P = yoy1 - - - yic1X(= Yi)Yiz1 -+ Wi
be the longest path such that x is contained in T. Denote N7(x) = {yi-1, Yi+1, X1, X2, - -+ , Xa—2}. Suppose w; is
the pendent vertex connecting x via x; (maybe w; = x1). Let

Ty =T — xxp + Xow1. (2)
By (1) and Lemma 2.1, we have

Hy(T) = Hy(T1) = f(A) + f(1) = f(A =1) = f(2) > 0.

Thus Hf(Tl) < Hf(T)

In a similar way, we use transformations described in (2) on each vertex with maximum degree A. In
every step from a tree T}, one can obtain a tree T}, (1 < j < k — 1) such that H¢(T}:1) < H¢(T}). Repeating
these transformations k times, we obtain the tree T which contains k vertices with maximum degree A — 1.
It is clear that Ty € DT, x and H¢(Tx) < H¢(T), which contradicts the assumption of T.

By Claim 1, it can be concluded that the degree sequence of T'is (3,---,3,2,---,2,1,---,1). Therefore,
—_———— ——— ——
k ny m
1y +2ny + 3k = 2(n1 + np + k—1) and we deduce that ny = k+2and n, = n—ny —k = n—2k—-2. So the degree

sequenceof T'is (3,--+,3,2,--+,2,1,---,1) and
—— — —
k n-2k-2  k+2

He(T) = kf(3) + (n — 2k = 2)f(2) + (k + 2) (1),
which completes the proof. 0O

Theorem 6.2. Let T € DT, ; and f(x) be strictly convex, where 1 <k < & —1. Then

2
He(T) <kf(A) +tf(A-1)+ f(A)+ (n—k-t-1)f(1)
with the equality holding only if the degree sequence of T is (A, -+, A, A=1,---,A=1,A,1,---, 1), where A = I_”T*ZJ +1,

—— ————— S——
k t -1

b= 22500 and A = = 1— HA - 2) — k(A - 1),

Proof. Choose T € DT, such that T has the largest Hy. Let V(T) = {y1,y2,---,y»} and T have the degree
sequence 7t = (degy, degy, - -+, deg,).
Claim 2. A = I_”—;zj + 1.
By Lemma 6.1, A < I_%J + 1. Denote A* = I_"—;ZJ +landn-2= kl_"—;zj + o, where 0 < o < k.
Contrarily, we assume that A < A*. So

A=deg =---=degr =A" -, p>0.
Notice that

np+ny+---+np=n (3)
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and

ny+2n;+ -+ Anp =2(n—1). 4)
From (3) and (4), one gets

nm=nzg+2ng+--+A=-2mpy+2=>2(A-=2)np+2=(A-2)k+2. (5)
Let n; = (A —2)k + 2 + v, where y > 0. By (3), we have

n=A-2k+2+y+ny+---+npq+k
it implies that

Yy+ny+--+naq =a+kp. (6)
Also, from (4), we can deduce that

Y+2ny 4+ (A= 1Dnpag = 2(a + kB). (7)
By subtracting the relations (6) and (7), one has

Ny +2n3---+(A=2)np g =a+kB>kB >k (8)

Thus the total edge rotating capacity of T is equal to or greater than k.
Suppose y; € T (k < i < n) is a vertex of degree deg; which has positive edge rotating capacity, where

2 < deg; < A—1. Let T; be a tree with the degree sequence m; = (deg(ll),deg(zl),~-- ,degi,l)) such that

deggl) =deqi+1=A+1, deggl) = deg;—1and deg?.l) =degj, where j # iand j € {2,3,--- ,n}. By (1) and Lemma
2.1, we have

Hf(T) — Hy(T1) = f(degn) + f(deg:) — f(deg1 + 1) — f(deg; — 1) < 0.

Thus H¢(T1) > H¢(T). Notice that the maximum degree of T1 is A + 1, s0 T1 ¢ DT, . Since T contains k — 1
vertices with degree A and the total edge rotating capacity of deg,,degs, - - - ,degy is at least k — 1, from (8),
one can get the following conclusions.

One can repeat recursively the above-described transformation of the tree T; k — 1 times on each vertex

of degree A. In every step, we can define a tree T, having degree sequence 7, = (deg(f),degg), a ,deg;r))

such that deg?” = A +1, deg"” = deg" ™ — 1 and deg;’) = deg;yfl) (j#irandje{l,---,n}), wherer=2,--- ,k

and deggr_l) is the degree of an arbitrary vertex y; € V(T,-1) (k < i < n) that has positive edge rotating

capacity (since the total edge rotating capacity of T,_; is at least k — 7 + 1, this vertex must exist). It naturally
occurs that we can get a tree whose degrees degy.1, - - -, degy, are in an increasing order after some described
transformations. Moreover, every application of this transformation strictly increases the Hy. After that,
one can obtain a tree Ty € DT, with maximum degree A + 1 = (A" — ) + 1 and satisfies the condition
H¢(Ty) > He(Tx-1) > --- > Hg(T1) > H¢(T), which is a contradiction with the choice of T. Hence = 0 and it
deduces that A = A* = | %22] + 1. This completes the proof of Claim 2.

By Claim 2, it follows that deg; = --- = degy = A = I_”—fj + 1. Just as the proof of Claim 2, let
n—2=kl"2|+a =k(A-1)+a, where0 < a < k. According to (5), we deduce thatn; > (A-2)k+2 = n—k—a.
Thus, deg, = degy—1 = -+ = degrra+1 = 1.

Notice that np = kand n; = (A —2)k + 2 + , where y > 0. By using (3), (4) and $ = 0, in a similar way as
in (6) and (8), one gets

y+n2+---+(A—1)nA_1=a (9)
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and
Ny +2ng--- + (A - Z)I’ZA_l =a. (10)

Sincen; 20 (i =2,---,A - 1), by (10), we deduce that t = ny_1 < 3%. So t < [ 3% | since t > 0 is an integer.
Now we assume that t < ;%] and [ ;%5 | > 0. From (10), we have 1y +2n3--- + (A = 3)np2 2 A = 2.
Therefore, there exist n; and n; (n;,n; # 0 and 2 < i < j < A - 2) or there exists n; > 2 (2 <i < A —2) such

that (10) holds. In addition, since 7 = (A, -+, A, degrs1, -+ ,degiia, 1,--+ , 1), there exist degy,;, and degyj,
——

k
(1 < j1 <ip < a)such thatdegyyj, = j > degyyi, = i or degyyi, = degiyj, = i when n; > 2.
Let " = (deg, deg,, - -- ,deg;) be a degree sequence satisfying deg; . = degis;; —1 =i—1and deg,’(ﬂ.1 =
degy+j, +1=j+1, where deg; = deg, if | # k + i1,k + j1. It is clear that Y deg; = 2(n — 1) and 7’ is a degree
sequence of a tree T”". By (1) and Lemma 2.1, we have

He(T') = Hy(T) =f(j + 1) + f(i = 1) = f() = f(j) > 0.
Thus H¢(T") > H(T), a contradiction with the assumption of T. And we deduce that t = ny1 = [3%5] =

L%J and the relation (10) now changes to

np+2n3---+(A=3)po=a—-tHA-2)<A-3.

In a similar way as previously, one can prove easily thatn), =1 (2 <A < A-2), where A = a —{(A-2)+1,
thatisA =n—-1-#(A—-2)—k(A—-1)and n; =0wheni # A,2 <i < A -2, since in the opposite case one can
construct a tree whose Hy is greater than H(T) again.

Hence, T has the degree sequence (A, ---,A,A-1,---,A=1,A,1,---,1) and

——— ——— ~——
k t et
Hy(T) =kf(A) +tf(A=1) + f(A) + (n =k —t = T1)f(1).

The proof is completed. [

7. Trees with a perfect matching

Let J 5, be a collection of 2m-vertex trees obtained from S,,;+1 by adding a pendent edge to its m — 1
pendent vertices. By Lemma 2.3, one can get the following theorem immediately.

Theorem 7.1. Let T € M Ty, and f(x) be strictly convex, where m > 2. Then
H¢(T) 2 2(m - 1)f(2) +2f(1)

with equality only if T = Pyy,.

Theorem 7.2. Let T € M Ty, and f(x) be strictly convex, where m > 2. Then

H{(T) < f(m) + (m = 1)f(2) + mf(1)
with equality only if T = T 5.

Proof. Form =2, T = 4 = P,, the result is true.

For m > 3, pick T € MT>,, such that T has the largest Hy. Suppose M is a perfect matching of T. Let
y € V(T) is a maximum degree vertex in T.
Claim 1. For any other vertex u € V(T) (u # v), degr(u) < 2.

Contrarily, we assume that T contains y* € V(T)\{y} with degr(y’) > 3. Let Nr(y) = {uq,up,--- ,u,} and
Nr(y') = {v1,v2,- -+ ,vs}, where r > s > 3. Let P be the path connecting y and i’ in T. Suppose without loss



X. Sun al. / Filomat 39:2 (2025), 659—673 668

of generality that u1,v; € V(P) (maybe u; = ¥’ or v; = y ). Notice that [{voy/, v31’, -+ , vy} N M| < 1. One
can assume that v3y’,--- vy’ € M. Let Ty =T — {vsy, -+ ,vsy’} + {yvs, - - -, yvs). Clearly, Ty € MT,,. By (1)
and Lagrange mean value theorem, it follows that

H¢(Ty) = He(T) =f(r +s = 2) = f(r) = [f(s) = f(2)]
=f(&) - f'(n) >0,

wherer < & <r+s5-2,2<n<s. Thus Hy(T1) > H¢(T), which contradicts the choice of T.

From Claim 1, T must be a starlike tree and v is the central vertex.

Claim 2. degr(y) > 3.

On the contrary assume that degr(y) < 2. Furthermore, degr(y) > 2 since y has the maximum degreein T.
Hence degr(y) = 2 and T = Py,,. Furthermore, 5, # Py, since m > 3. By Lemma 2.3, H f(.9 2m) > Hy(Pom),
which contradicts the assumption of T.

Let us use Py, P, - -+ , P; to denote the paths attached to y in T, where ¢ > 3.

Claim 3. |[E(Pj)| <2,i=1,2,--- ,t.

Contrarily, if T contains P; (i € {1,2,--- ,t}) with |E(P;)| > 3, without loss of generality, suppose that
|[E(P)| = 3. Denote P; = y1y2 - yx, where y; = y and k > 4. Then there exists at least one edge y;y;,1 with
Yiyis1 ¢ Min Py, j€{2,3,--- ,k—1}. Let To = T — yjyj+1 + yyjs1. Obviously, To € MT>;,. By (1) and Lemma
2.1, for t > 3, one has

Hp(T2) = He(T) =f(t + 1) + f(1) = f(t) = f(2) > 0.

Thus H¢(T2) > H¢(T), a contradiction again.
Denote PV = {v € V(T)ldegr(v) = 1,vy € E(T)}. By Claim 3 and T € MT5,,, we have |PV;| = 1. It implies
thatT = 9,,. O

8. Concluding remark and applications

Remark 8.1. If f(x) is a strictly concave function, the inequalities in Theorems 3.1, 3.2, 4.1, 4.2, 5.1, 5.2, 6.1, 6.2,
7.1 and 7.2 should be reversed, and the corresponding results for the concave function can also be obtained.

The topological indices mentioned in Section 1 belong to the vertex-degree function indices H¢(G):
zeroth-order general Randi¢ index °R,(G) corresponds to f(x) = x* (x > 1) which is strictly concave for
0 < a < 1 and strictly convex for & > 1 or a < 0; variable sum exdeg index SEI,(G) corresponds to f(x) = xa*

(x > 1) which is strictly convex for a > 1; sum lordeg index SL(G) corresponds to f(x) = x VInx which is
strictly convex for x > 2; natural logarithm of the first multiplicative Zagreb index InI1;(G) corresponds to
f(x) = 2Inx which is strictly concave for x > 1; natural logarithm of the second multiplicative Zagreb index
InTII,(G) corresponds to f(x) = xInx which is strictly convex for x > 1. By Theorems 3.1, 3.2, 4.1, 4.2, 5.1,
5.2,6.1,6.2,7.1,7.2 and Remark 8.1, we can get the following corollaries.

Corollary 8.1. Let T € PT,, where2 < p <n—1. Then

Ro(G) 2 [n=(r=D(n—p) =2+ 1)* + [(r = 1)(n —p) = p +2Ir" +p
fora>1lora <0

Ro(G) <= (r=Dmn=p) =2+ )+ [(r = 1)(n = p) = p +2Ir" +p
for0<a<l;

SEL(G) = [n— (r = 1)(n — p) = 2](r + 1)a" + [(r = 1)(n — p) — p + 2]ra" + pa
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fora>1;

SL(G) 2 [ = (r = 1)1 = p) = 21(r + DI+ 1) + [ = (ot = p) = p + 2] Vinr;
Hl(G) < (1’ + 1)Z[n—(r—l)(”—p)—z]r2[(r_1)(n_p)_p+2];
I(G) 2 (r + 1o AC fe=Dlnppelr,

The equalities occur only if the degree sequence of T is (r +1,--- ,v+1, r,---,r, 1,---,1), wherer = I_Z—:zj +1.
| —— ~—_——— —— 4
n—(r-1)(n-p)-2  (r-1)(n—-p)-p+2 p
Corollary 8.2. Let T € PT,, where2 < p <n—1. Then
‘Ro(G) <p* +(n—p-1)2"+p
fora>1ora <0
RA(G) 2p* +(n—p—1)2" +p
for0<a<l;
SEL(G) < pa’ +2(n —p — 1)a* + pa
fora>1;
SL(G) < pyInp+2(n-p-1)VIn2;
Hl(G) > p222(n7p71)’.
I1,(G) < pr22=r=D,
The equalities occur only if the degree sequence of T is (p,2,---,2,1,---,1).
—_— —
n—p-1 4

Corollary 8.3. Let T € ST, 5, where 3 < s <n —2. Then

OR,(C) 30 n—s—1)20 + 23 z;fsz:sodd,
a\) = 4“+%‘3"‘+(rl—s—l)2“+%l if s is even

fora>1lora <0

Ry(Gy < TH s R ifsisodd,
AT 4% 4 5230 4 (n—s —1)2° + S if s is even

for0<a<l;

SEL(G) = { 3(52_1){13 +2(n—s—1)a + $3a if s is odd,
a =

4a* + @a:“ +2(n—s—1)a® + Za  ifsis even

fora>1;
SL(G) > XA VIn3 +2(n =5 - 1) Vin2 if s is odd,
B 4\/1n4+¥\/1n3+2(n—s—1)\/1n2 if s is even;

3s=192(n—s-1) if s is odd,
IL(G) < { 16 - 3574220=5=D)  if 5 is even;
3570020 fs s odd,

IL(G) 2 o
4G) {4433(24)22(”‘5‘1) if s is even.
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The equalities occur only if the degree sequence of T is (3,--+,3,2,--+,2,1,--+,1) for odd s and (4,3,---,3,2,--,2,

—— — Y—
-1 n—s—1 53
2

1,---,1) for even s.
————

Corollary 8.4. Let T € ST, s, where 3 <s <n —2. Then
"R (G) <s*+(m—s—1)2%+s
fora>1ora <0
Ra(G)>s*+(n—s—1)2%+s
for0<a<l;
SEI(G) < sa® +2(n—s—1)a® + sa
fora>1;
SL(G) < s VIns +2(n —s — 1) VIn2;
I1,(G) > s222"=7Y;
I1,(G) < s722=7D),

The equalities occur only if the degree sequence of T is (s,2,---,2,1,---,1).
—

n-s—1 s

Corollary 8.5. Let T € BT, ;, where1 <b < 5 —1. Then

ORW(G) > 3%+ (n—2b—2)2+b+2
fora>1lora<0;

"R (G) <3%b+(n—2b-22+b+2
for0<a<l;

SEI(G) > 3ba® + 2(n — 2b — 2)a* + (b + 2)a
fora>1;

SL(G) 2 3bVIn3 +2(n —2b — 2) VIn 2;
Hl(G) < 32b22(n_2b_2);
H2(G) 2 33b22(n—2h—2).

The equalities occur only if the degree sequence of T is (3,--- ,3,2,---,2,1,--+,1).

b n—2b-2 b+2

Corollary 8.6. Let T € BT, ;,, where1 <b < %5 — 1. Then
‘Ra(G)<(n=2b+1)*+ b -1)3"+n—-b
fora>1lora <0

‘Ry(G)>(mn—2b+1)*+(b—-1)3"+n—b

—— ——

54 n—s—1
2
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for0<a<l;
SEL(G) < (n = 2b + 1)a"2*D £ 3(b — 1)a® + a(n - b)
fora>1;
SL(G) < (n—2b+1)y/In(n —2b + 1) + 3(b — 1) VIn 3;
I1,(G) > (n — 2b + 1)23%¢-1;
I1,(G) < (n — 2b + 1)(=20+1)330-1)

The equalities occur only if the degree sequence of T is (n —2b+1,3,---,3,1,---,1).

b-1 n-b
Corollary 8.7. Let T € DT, s, where 1 <k < 5 —1. Then
OR(G) = 3% + (n — 2k —2)2* + k + 2
fora>1lora <0
ORW(G) < 3%k + (n—2k—2)2" +k+2
for0<a<l;
SEL(G) > 3ka® + 2(n — 2k — 2)a® + (k + 2)a
fora>1;
SL(G) = 3k VIn3 + 2(n — 2k — 2) VIn 2;
I1,(G) < 3%2-2-2),
T1(G) > 332(-2k-2)
The equalities occur only if the degree sequence of T is (3,---,3,2,---,2,1,--+,1).
—_——— ——
k n-2k-2  k+2
Corollary 8.8. Let T € DT, x, where 1 <k < 5 — 1. Then
ORWG) kA" +HA -1+ A" +n—k—t—1
fora>1lora <0
Ri(G) > kA + HA=1)* + A% +n—k—t—-1
for0<a<l;
SEI(G) < kAa® + HA = 1)a® 1 + Aa +a(n —k -t —1)
fora>1;
SL(G) < kAVINA + H(A — 1) 4/In(A — 1) + A VIn 4;
I1(G) = AZ(A - 1)*1?;
I (G) < A™ (A —1)=Da%,
The equalities occur only if the degree sequence of T is (A, -+, A, A=1,---,A=1,A,1,--+,1), where A = I_”—EZJ +1,
k t et

t= 22D and A = =1 - (A - 2) — k(A - 1).
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Corollary 8.9. Let T € M Ty, where m > 2. Then

OR(G) = 2(m —1)2% +2
fora>1lora<0;

"Ra(G) <2(m —1)2% +2
for0<a<l;

SEI(G) > 4(m — 1)a® + 2a
fora>1;

SL(G) > 4(m - 1) VIn2;

IT,(G) < 24D,

I1,(G) > 24m-D),
The equalities occur only if T = Py,
Corollary 8.10. Let T € M T, where m > 2. Then

ORW(G) < m* + (m —1)2% + m
fora>1ora<0;

OR(G) = m* + (m —1)2% + m
for0<a<l;

SEI(G) < ma™ + 2(m — 1)a* + ma
fora>1;

SL(G) < mVInm + 2(m - 1) VIn2;

I1;(G) < m?22m-D;

I1,(G) < m™22m=),
The equalities occur only if T = T 5y,.

Remark 8.2. Since the extremal trees specified in Theorems 4.1, 5.1, 6.1, 7.1 and Corollaries 8.3, 8.5, 8.7, 8.9 are
chemical trees which are the trees with maximum degree at most 4, these results determine also the respective extremal
chemical trees.

Note that the Lanzhou index Lz(G) corresponds to the function f(x) = (n — 1 — x)x? (x > 1) which is

strictly convex for x < %1, Thus, by Theorems 4.1, 5.1, 6.1 and 7.1, we have the following corollaries on the

Lanzhou index of chemical trees with n > 14 (since 4 < %) vertices.

Corollary 8.11. Let T € ST, 5 be a chemical tree, where n > 14 and 3 <s <n —2. Then

26Dy — —5— - 43y _ ifsi
L=(T) > >—(n 4)9—255)11 s=1)(n-3)+ %(n-2) \ 1‘fs 1’s odd,
16(n -5 +=—=—(n—-4)+4(n—-s—1)(n—-3)+ Z=(n—2) ifsiseven.
The equality occurs if and only if the degree sequence of T is (3,--,3,2,---,2,1,--+,1) for odd s and (4,3,---,3,2,---,2,
—— — — —— —
1 n-s—1 o3 &t n-s-1

1,---,1) for even s.
N —

s+4
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Corollary 8.12. Let T € BT, ;, be a chemical tree, wheren > 14 and 1 < b < 5 — 1. Then
Lz(T) > 9b(n —4) +4(n —2b—-2)(n = 3) + (b + 2)(n — 2)

with the equality holding if and only if the degree sequence of T is (3,--- ,3,2,---,2,1,---,1).
— — ——
b n-2b-2 b2

Corollary 8.13. Let T € DT, be a chemical tree, wheren > 14 and 1 <k < 5 — 1. Then
Lz(T) = 9%k(n — 4) + 4(n — 2k — 2)(n — 3) + (k + 2)(n — 2)

with the equality holding only if the degree sequence of T is (3,---,3,2,---,2,1,---,1).
—— — —
k n-2k-2  k+2

Corollary 8.14. Let T € MT,, be a chemical tree, where m > 7. Then
Lz(T) > 8(m—-1)2m —3) +4(m - 1)
with equality only if T = Pyy,.
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