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Hyers-Ulam-Rassias stability of impulsive Fredholm integral
equations on finite intervals

Rahim Shah?*, Natasha Irshad?, Hajra Imtiaz Abbasi?

*Department of Mathematics, Kohsar University Murree, Murree, Pakistan

Abstract. The main aim of this paper is to establish the Hyers—Ulam—Rassias and Hyers-Ulam stability
of certain homogeneous and non-homogeneous impulsive Fredholm integral equations by using a fixed-
point method. Both Hyers-Ulam—Rassias stability and Hyers-Ulam stability are obtained for such a class
of Fredholm integral equations when considered on a finite interval. Finally four examples are presented
to support the usability of our results.

1. Introduction

A functional equation is said to be stable if there is an exact solution close to each approximative
solution. A problem regarding the stability of homomorphisms was mentioned by Ulam [35] in 1940.
The first answer was then found by Hyers in [5], which motivated the study of the stability problems of
functional equations.

Thereafter, this type of stability is called the Hyers-Ulam stability. In 1978, Rassias [42] proved the
existence of unique linear mappings near approximate additive mappings that provide a generalization of
the Hyers result. By using the notion of Ciddariu and Radu [15], Jung [36] applied the fixed—point method
to the investigation of the Volterra integral equation. They verified that if a continuous function y : I — C
satisfies the Volterra integral equation of the second kind such that

Jyx) - f ",y e < 90

for all x € I, then there exists a unique continuous function ¥, : I — C and a constant M such that

yo(¥) = f ft,yo(®)dt and |y(x) — yo(x)| < Mp(x) for allx € I.
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Jung’s work [36] has made a valuable contribution to the literature, laying the groundwork for further
research on Ulam stabilities of integral equations.

In a subsequent paper, Jung [37] investigated an integral equation in which the unknown function
depends on two independent variables. Through this work, Jung established a strong connection between
the studied integral equation and the wave equation, thus confirming the generalized Hyers—Ulam stability
of the equation, primarily using the fixed—point method.

Jung’s book [38] aimed to provide a thorough overview of the stability theory of functional equations.
In this text, Jung [38] examined and discussed the stability of various types of functional equations.

In 2009, Castro and Ramos [17] addressed the nonlinear Volterra integral equation given below:

y(x) = f Fx, t,y(t)) dt.

In [17], they established the Hyers-Ulam and Hyers-Ulam-Rassias stabilities of this integral equation
for both finite and infinite interval cases.
In 2011, Akkouchi [26] analyzed the Volterra integral equation represented by

y(x) =h(x)+ A fx G(x, t, y(t)) dt.

Utilizing the fixed—point method, Akkouchi derived new results on the Hyers—Ulam and Hyers-Ulam-—
Rassias stabilities of this Volterra integral equation within Banach spaces.

In 2010, Castro and Ramos [18] examined the Hyers-Ulam and Hyers-Ulam—-Rassias stabilities of delay
Volterra integral equations using the fixed—point method:

y(x) = f flx,t, y(t), y(alt))) dt.

In 2013, Castro and Guerra [19] studied a nonlinear Volterra integral equation incorporating a variable
delay:

y(x) =9(x)+‘1’(f kx, £, y(t), y(a(t)) dt ).

In [19], they addressed the Hyers-Ulam—-Rassias stability of this Volterra integral equation, establishing
stability conditions via the Banach fixed—point theorem within a suitable complete metric space, employing
the Bielecki metric. Additionally, [19] includes several examples to illustrate their findings.

Janfada and Sadeghi [27], along with Ogrekgi et al. [39], explored the Hyers-Ulam and Hyers-Ulam—
Rassias stabilities of the Volterra integral equation given by

y(x) = gz, y() + fo Kot y(0) dt

utilizing the fixed—point method.

Nonlinear impulsive differential theory, integral equations, and inclusions have gained significance in
some mathematical models of real processes and phenomena examined in the fields of economics, pop-
ulation dynamics, physics, chemical technology, and biotechnology (see [6, 7, 11, 12, 21-23, 41, 45]). In
1993, Guo [4] established some existence theorems of external solutions for nonlinear impulsive Volterra
equations on a finite interval with a finite number of moments of impulse effect in Banach spaces, and
offered some applications to initial value problems for the first-order impulsive differential equations in
Banach spaces. Seeing that many problems in applied mathematics lead to the study of systems of differ-
ential or integral equations, the existence of solutions for system of nonlinear impulsive Volterra integral
equations on the infinite interval IR* with an infinite number of moments of impulse effect in Banach spaces
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is studied.

In recent years, the study of Hyers-Ulam stability of integral equations has gained attention. This
concept is particularly valuable in applications such as optimization, numerical analysis, biology, and eco-
nomics, where finding exact solutions can be challenging. Notably, in 2015, L. Hua et al. [16] explored
the Hyers—Ulam stability of specific types of Fredholm integral equations, while Z. Gu and J. Huang [44]
investigated the Hyers—Ulam stability of Fredholm integral equations in the same year. The concept of
Hyers-Ulam stability has also been applied in various contexts involving differential and integral equa-
tions. For further recent studies, see [2, 17, 20, 24, 25, 28, 29, 31-33, 40] (and references therein). The main
purpose of this paper is to examine the Hyers-Ulam-Rassias stability and the Hyers-Ulam stability of
certain impulsive Fredholm integral equations.

Volterra and Fredholm integral equations play a significant role in various fields including physics,
engineering, biology, and economics due to their ability to model complex dynamic systems (see, e.g.,
earlier studies [1, 3, 8, 9, 13, 14, 30, 34]). Volterra integral equations are often employed to describe systems
with memory, allowing them to capture the influence of past states on present behavior. On the other hand,
Fredholm integral equations are particularly useful in scenarios with fixed limits of integration, providing
solutions for problems involving boundary conditions or interactions over a specified interval. The incor-
poration of impulsive effects into these frameworks leads to impulsive Fredholm integral equations, which
address systems subject to sudden changes or discontinuities at specific moments in time. This extension
is particularly relevant in applications such as control theory, where instantaneous alterations in inputs
can drastically impact system dynamics, making the study of impulsive Fredholm equations crucial for
developing accurate models that reflect both continuous and discrete changes in real-world phenomena.

Motivated by the above ideas, our foremost aim is to study the Hyers—-Ulam—Rassias and the Hyers—
Ulam stability of the homogeneous impulsive Fredholm integral equation

b
y(x) = A f K y®dt+ Y K{ye), (1)
a a<xp<b
and the non-homogeneous impulsive Fredholm integral equation
b
y(x) =x+4 f Ko tyytydt+ Y (), 2)
a a<xp<b

for all x,t € I = [a,b], where, for starting, a and b are fixed real numbers, K : I X I — C be a continuous
function, I; : C - C,k=1,2,...,m, y(x;) represents the left limit of y(x) at x = xx and A be positive constant.

2. Basic concepts and some preliminary results

This section contains the notations, definitions, and some basic concepts from the literature that will be
used in the sequel.

For a nonempty set X, we introduce the definition of a generalized metric on X as follows:

Definition 2.1 ([43]). A mappingd : XXX — [0, co] is called a generalized metric on a set X if and only if d satisfies
the following conditions:

(C1)d(x,y) =0ifand only if x = y;

(C)d(x,y) =d(y,x) forall x,y € X;

(Ca)d(x,z) <d(x,y) +d(y,z) forall x,y,z € X.

Next, we recall the main result of Diaz and Margolis [10], which will help us prove our main results.

Theorem 2.2 ([10]). Let (X,d) be a generalized complete metric space. Assume that T : X — X is a strictly
contractive operator with L < 1, where L is a Lipschitz constant. If there exists a nonnegative integer k such that
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d(T1x, Tkx) < oo for some x € X, then the following are true:
(@) The sequence {T"x} converges to a fixed point x* of T,
(b) x* is the unique fixed point of T in

X = {y € X | d(Trx, y) < oo};

(c) If y € X*, then

. 1
d(y, x") < -1 d(Ty, y).

Now, we give the definitions of Hyers—-Ulam-Rassias and Hyers-Ulam stability of certain impulsive
Fredholm integral equations (1) and (2).

Definition 2.3. If for each function y(x) satisfying

< P(x),

b
y(x) - A f K,y dt = Y L(y(x)

a<xy<b

where ¢(x) > 0 for all x € I, there exists a solution yo(x) of the homogeneous impulsive Fredholm integral equation
(1) and a constant M > 0 with

|00 = yo(x)| < Mo(),
forall x € I, where M is independent of y(x) and yo(x), then we say that the homogeneous impulsive Fredholm integral
equation (1) has the Hyers—Ulam—Rassias stability. If ¢p(x) is a constant function in the above inequalities, we say

that the homogeneous impulsive Fredholm integral equation (1) has the Hyers—Ulam stability.

Definition 2.4. If for each function y(x) satisfying

< P(x),

b
y() —x - A f K By dt = Y L(y())

a<xy<b

where ¢(x) > 0 for all x € I, there exists a solution yo(x) of the non—homogeneous impulsive Fredholm integral
equation (2) and a constant M > 0 with

|y(x) = yo(x)| < Mp(x),

for all x € I, where M is independent of y(x) and yo(x), then we say that the non-homogeneous impulsive Fredholm
integral equation (2) has the Hyers—Ulam—Rassias stability. If ¢(x) is a constant function in the above inequalities,
we say that the non—homogeneous impulsive Fredholm integral equation (2) has the Hyers—Ulam stability.

In this paper, by using the idea of Cidariu and Radu [15], we shall study the Hyers-Ulam-Rassias and the

Hyers—Ulam stability of the homogeneous impulsive Fredholm integral equation (1) and non-homogeneous
impulsive Fredholm integral equation (2).

3. Stability results of homogeneous impulsive Fredholm integral equation

In this section, by using the idea of Cidariu and Radu [15], we will prove the Hyers-Ulam and Hyers—
Ulam-Rassias stability of homogeneous impulsive Fredholm integral equation (1).
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3.1. Hyers—Ulam—Rassias stability

In this subsection, we will prove the Hyers—Ulam-Rassias stability of homogeneous impulsive Fredholm
integral equation (1).

Theorem 3.1. Suppose I = [a, ] is given for fixed real numbers a,b with a < b and let M, L,,L, and A be positive
constants with 0 < MLiA+L, < 1. Let K : IXI — C be a continuous function which satisfies the Lipschitz condition

|K(x, Hyr — K(x, t)yz| < L1|y1 - y2| (3)

forany x,t € Land y,,y, € C.
Moreover, I, : C — C and there exists a constant L, such that

(1) = I(2)| < Lafyr — v (4)

forall y1,1, € C.
Let y : I — C be a continuous function such that

< o) ®)

b
y(x) - A f Kex, y®dt - Y ly(x;)

a<xy<b

forallx € I, wherel, :C - C, k=1,2,..,m, y(x;) represents the left limit of y(x) at x = xy, and ¢ : I — (0, 00) is a
continuous function with,

fa b o(t)dt

for all x € I, then there exists a unique continuous function yo : 1 — C such that

< No() (6)

b
@ =1 [ K owtde+ Y, bt @)
a a<xy<b
and
1
[v) = 9o < AT I ¢ ®)
forall x € I.

Proof. First, we define a set

X ={h:I — CJhis continuous} 9)
and introduce a generalized metric on X as follows:

d(g,h) = inf{C € [0, o] : |g(x) — h(x)| < CP(x), for all x € I}. (10)

Here, we give a proof for the triangle inequality. Assume d(g, h) > d(g, k) + d(k, h) holds for some g,h,k € X.
Then, there should exist an xy € [ with

19(x0) = h(xo)l > {d(g, k) + d(k, )}p(xo) = d(g, k)p(xo) + d(k, ) (xo)- (11)

In view of (10), this inequality would yield

|9(x0) = hxo)| > |g(x0) — k(xo)| + [k(x0) = h(xo)], (12)
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which is a contradiction. Our task is to show that (X, d) is a complete metric space. Let {),} be a Cauchy
sequence in (X, d). Then for any € > 0, there exists an integer N, > 0 such that d(h,,, h,) < e for all m,n > N,.

In view of (10), we have:
Ve>0, IN.eIN Vmn>N. Vxel:|h,(x)—h,(x) <ep(x). (13)

If x is fixed, equation (13) implies that {h,(x)} is a Cauchy sequence in C. Since C is complete, {h,(x)}
converges for each x € I. Thus, we can define a function /1 : I — C by

h(x) = r}i_l;l;lo B (x). (14)

Since ¢ is continuous on the compact interval I, ¢ is bounded. Thus, equation (13) implies that {/,}
converges uniformly to & in the usual topology of C. Hence, & is continuous, i.e., 1 € X. We need to show
that {h,} converges to h in (X, d).

Let m increase to infinity; it follows from equation (13) that:
Ve>0, IN.eIN Vn>N. Vxel:|h(x)—h,(x)<ep(x). (15)
By considering (10), we obtain:
Ye>0, IN.e€N, Vn>Nc:d(hh,) <e. (16)

This means that the Cauchy sequence {h,} converges to h in (X, d). Hence, (X, d) is a generalized complete
metric space.

Next, we define an operator T : X — X by

b
(Th)(x) = A f K(x, Dh(t)dt + Z L(h(xy)) (17)

a<xy<b

for all h € X and x € I. Next, we will show that the operator T is strictly contractive on the set X. Suppose
g,h € X and let Cy, € [0, o] be a constant with d(g, h) < Cy, for any g,h € X.

From (10), we can write:

|g(x) = 1(x)| < Coup(0). (18)
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Then, it follows from (3), (4), (6), (17) and (18) that:

l f K(x, gt + Y ()

a<xy<b

f K(x, Hh(t)dt — Z Le(h(x;))

a<xp<b

= l)\ f {K(x, Hg(t) — K(x, t)h(t)}dt

[(Tg)(x) = (Th)(x)]

+ Y g - Ik(h(x,?))}‘

a<xx<b

IA

b
l)\ f {K(x, H)g(t) — K(x, Hh(b)}dt

+

Y o) - 1k<h<x,:>>}‘

a<xp<b

ALy f |g(t) = h()|dt + Ly Z 9(x;) = h(x;)|

a<xp<b

IA

IA

ALCy, f Gty + Lo Y lgp) = hixp)

a<xp<b
< ALIMCy¢p(x) + LoChnp(x)
= Cpp(x)(ALM + Ly).
This implies that
|(T)(x) = (TH)| < CppRALM + L),
for all x € I, that is,
d(Tg, Th) < Cyp(ML1A + Ly).

Hence, we conclude that d(Tg, Th) < (MLiA + Ly)d(g, h) for any g, h € X, where 0 < ML1A + L, < 1.
Let hy € X (arbitrary) be given. By equations (9) and (17), there exists a constant C € [0, o] such that

ITho(x) — ho(¥)| =

f Ko Dot + Y () ~ ho(x)

a<xp<b

< Co(x), Vxel

Since K and hy are bounded on I and min,¢; ¢(x) > 0, equation (10) implies that
d(Tho, hy) < co. 19)

According to Theorem (2.2) (a), there exists a continuous function yo : I — C such that T"hy — yo in
(X,d) and Tyy = yo, meaning yy satisfies (7) for all x € I.

Next, we show that {g € X | d(hy, g) < oo} = X, where hy was chosen with the property (19). Let g € X,
since g and ho are bounded on the closed interval I and min,e; ¢p(x) > 0, a constant 0 < C, < oo exists such
that

|ro(x) = g(x)| < Cyop(x), Vx el

Thus, we can write that d(ho, g) < oo for any g € X. Therefore, we get that {g € X | d(hg, g) < oo} = X.
From Theorem (2.2) (b), we conclude that vy, given by equation (7), is the unique continuous function.
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Finally, Theorem (2.2) (c) implies that:

a(y, yo) < d(Ty,y) < (20)

1 1
1- (MLlA + Lz) 1- (MLl/\ + Lz)’

since inequality (5) means that d(Ty, y) < 1. In view of (10), we can conclude that inequality (8) holds for
allxel. O

3.2. Hyers—Ulam stability

In this subsection, by using the idea of Ciddariu and Radu [15], we will prove the Hyers—Ulam stability
of homogeneous impulsive Fredholm integral equation (1).

Theorem 3.2. Given a € R and q > 0, suppose that I(a;q) denotes a closed interval {b € R|a—q < b < a+q}and
let K : I(a; q) x I(a;q) — C be a continuous function that satisfies the Lipschitz condition (3) for all x € I, y1,y2 € C,
where L1, Ly, and A are constants with 0 < LigA + Ly < 1, and I : C — C with constant L, satisfies the Lipschitz
condition (4). If 0 > 0 and a continuous function y : I(a;q) — C satisfies

<o,

b
v -c-a [ Keowodi- Y, L)

a<xp<b

for all x € I(a; q), where c is a complex number, then there exists a unique continuous function yo : 1(a; g) — C such
that

b
@ =c+ 4 [ Keohm®d+ Y i) e
a a<xg<b
and
@)

(o)
[y =90 < T

forall x € I(a; q).
Proof. Let
X ={h :I(a;q) = C| h is continuous}
be a set, and we introduce a generalized metric on set X as follows:
d(g1, ) = inf{C € [0, o] | |g1(x) = h1(x)| < C, for all x € I(a; q)}. (23)

We can easily see that (X,d) is a complete generalized metric space (see [36]). Consider the operator
T : X — X defined by

b
(Th)(x) =c+ Af K(x, Hha () dt + 2 I(h1(x;)), (24)

a<xx<b

forall by € X and x € I(a; q).
Next, we will check that the operator T is strictly contractive on the set X. Suppose that Cy,j,, € [0, 0] is
a constant with d(g1, h1) < Cy,p,, for any g1, h; € X. We have

|g1(x) = ()| < Cyppy,  for allx € I(a; 9). (25)
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By making use of (3), (4), (23), (24) and (25), we deduce

b
c+ A f K, Hp®dt+ Y, gixp)

a<xx<b

b
—c-A f K(x, Dhy () dt — Z I (7))

a<xp<b

b b
= lA f K(x, g1 (t)dt — A f K(x, Dl (t) dt

|(Tg1)(x) = (Thy) ()|

+ Y W) - Y Kin()

a<xg<b a<xy<b

b
< /\f{K(x,t)gl(t)—K(x,t)h1(t)}dt
| Y i) - Ik(hux,:»}'
a<xg<b
b
< L f 1O —m@|dt+ L2 Y (g1 — )

a<xp<b

IA

b
AL f Cylhl dt + chglhl
a

/\L1Cg1h1|b - LI| + LZCg1h1
(/\L1q + LZ)Cg1h1

for all x € I(a;q), ie., d(Tg1,Thi) < (AL1q + L2)Cy,p,. Hence, we may conclude that d(Tgy, Thi) < (AL1q +
Ly)d(g1, ) for any g1, € X, where 0 < ALjg+ L, < 1.

By applying the same procedure as in Theorem 3.1, we can choose hy € X with d(Thg, hy) < co. Hence,
from Theorem 2.2 (a), it follows that there exists a continuous function yy : I(a; g) — C such that T"hy — yo
in (X,d) as n — oo, and such that y, satisfies the homogeneous impulsive Fredholm integral equation (21)
for any x € I(a; ).

Next, we will show that X = {g; € X | d(hg, 91) < oo}. By applying a similar argument to the proof of
Theorem 3.1 to this case. Therefore, Theorem 2.2 (b) implies that 1 is a unique continuous function with
the property (21).

Furthermore, Theorem 2.2 (c) implies that

<
<

o
|]/(x) - yo(x)) < m,

forallxe X. O

3.3. Examples
Now, we present two examples which indicate how our results can be applied to concrete problems.

Example 3.3. Suppose I = [0,1] be given and let M, Ly, Ly, A be positive constants with 0 < MLiA + L, < 1 for
A< 31\§_L1‘ Let ¢ : [0,1] — (0, ) be a continuous function and the kernel K : [0,1] x [0,1] — C defined by
Kx,t)y=1+x+t

Consider the homogeneous impulsive Fredholm integral equation,

1 1~
y(x) = A fo (1+x + )y dt + Z WG (26)

0<i<1 3+ I]/(%_)l
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forany x € L.
Clearly,

|(1+x+t)y1—(1+x+t)yz| < L1|y1—y2|.

Moreover,

Ik(y(x};)) = Aylxzxk'

So that,
1- y(5)l
i)
: 5)) 3+1y(3)l
Clearly,
|1k(]/1) - Ik(]/z)) = 33—1% - ?;i—zyz
_ 1B+ y2) — 23 + 1)
B+ y1)B+y2)
_ 3y1 + y1y2 — 3y2 — 112
B+ y1)B+y2)
_ 3(y1 = 12)
B+y1)B+y2)
< 1|y1 - yz‘
- 3

Here, we see that L, = 3.
Let y : I — C be such that:

ly(5)l

e A

1
y(x)—)\fo(1+x+t)y(t)dt— Z

0<i<1

forall x € [0,1].
Clearly, 0 < x < 1and 0 <t < x so that,

[ o0 -

It means that,

fo ) o) dt

forall x € [0,1] and t € [0, x]. From here, we can see that M = 1.
Then, Theorem 3.1 assures that there exists a unique continuous function v : I — C such that

foxet dt' = -1 <e = Pp).

< o)

3 X
|.1/(x) - yO(x)) < me , Yxel0,1].

Thus, the homogeneous impulsive Fredholm integral equation (26) is Hyers—Ulam—Rassias stable.

706
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Example 3.4. Consider the above homogeneous impulsive Fredholm integral equation (26) for A < s+— = L2 and

qul - qu
let Lz = %
Further assume that for some g > 0, 0 > 0 and let y : I — C, we have:

el |

1
y(x) - A fo (1 +x + Hy(Hdt — Oél 1y

In the light of Theorem 3.2, there exists a unigue continuous function yo : I — C that solves (26) for A < 2‘11_Ll and

2
[ve) = 90| < T3 7

for all x € [0,1]. Hence, equation (26) is Hyers—Ulam stable.

4. Stability results of non-homogeneous impulsive Fredholm integral equation

In this section, we will prove the Hyers—Ulam and Hyers—-Ulam—Rassias stability of non-homogeneous
impulsive Fredholm integral equation (2).

4.1. Hyers-Ulam—Rassias stability

In this subsection, we will prove the Hyers-Ulam-Rassias stability of non-homogeneous impulsive
Fredholm integral equation (2).

Theorem 4.1. Suppose I = [a, b] be given for fixed real numbers a,b with a < b and let M, L1, L, and A be positive
constants with 0 < MLiA+Ly < 1. Let K : IXI — C be a continuous function which satisfies the Lipschitz condition
B) forany x,t € I, and y1, y» € C.
Moreover, Iy : C — C and there exists a constant L, which satisfies the condition (4) for all y1,y, € C.

Let y : I — C be a continuous function such that

< ¢(x) (27)

b
v —x=A [ Koo — Y, L)

a<xx<b

forallx € . Also Iy : € — C, k =1,2,...,mand y(x,) represents the left limit of y(x) at x = xi, where ¢ : I — (0, o)
is a continuous function with

L b D(Hdt

for all x € 1. Then there exists a unique continuous function yo : I — C which is a solution of non-homogeneous
impulsive Fredholm integral equation (2) such that

< No(x) (28)

b
) =+ A [ Koo+ Y oot 29)
a a<x<b
and
1
|y(x) = yo()| < m@ﬂ (30)

forall x € I.
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Proof. First, we define

X ={ho : I - C| hg is continuous} (31)
to be a set and introduce a generalized metric on X as follows:

d(g, ho) = inf{C € [0, oo] | [g(x) = ho(x)| < C(x), for allx € I}. (32)

We can easily see that (X, d) is a generalized complete metric space (see [36]).
Next, we define an operator T : X — X by

b
() =x+ A [ Kex e + Y, 1) @)

a<xi<b

for all h; € X and x € I. Next, we will show that the operator is strictly contractive on the set X. Suppose
91,11 € X and let Cyp,, € [0, 0] be a constant with d(g1, k1) < Cy,p, for any g1, by € X.
By equation (32), we can write:

|91(0) = 11 (x)] < Cyp, () (34)

forallxel.
Then, it follows from (3), (4), (28), (33), and (34)

b
x+Af K(x, g1 (t)dt + Z Ii(g1(x;))

a<xy<b

b
v f K, Dt = Y T (xp)

a<xy<b

|(Tg1)(x) = (Thy) ()|

b
= l/\f{K(x,t)gl(t)—K(x,t)hl(t)}dt

+ Y I (65 —Ik<h1<x;>>}‘

a<xy<b

b
l/\f {K(x, t)g1(t) — K(x, t)hy (t))dt

IA

+

Y g1 (0 = Il ()

a<xy<b

b
/\Llf |1(®) =@t + Lo Y g150) = I (o)

a<xy<b

b
ALy f Con (Bt + Lo Y |71(5) = ()]

a<xp<b

< /\LlMCglhl(P(x) + L2Cy1h1(p(x)
= CpnOALM + o).

IA

IA

This implies that
|(Tg1)(x) = (Th1)(x)| < Cyu G()AML; + L),
for all x € I, that is,

d(Tg1, Thy) < Cgyp (ML A + Ly).
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Hence, we may conclude that d(Tg1, Thy) < (ML1A + Ly)d(g1, h) for any g1, € X, where 0 < ML1A + L, < 1.
Let hy € X (be arbitrary) be given. There exists a constant 0 < C < oo, such that

|Tho(x) = ()|

b
x+ A f K(x, Dho(t)dt + Z Te(ho(x;)) — ho(x)

a<xp<b

< Cox),Vx el

Since K and hy are bounded on I and minye; ¢(x) > 0.
Thus, we have

d(Th, hg) < co. (35)

So, according to Theorem 2.2 (a), there exists a continuous function yo : I — C such that T"hy — yp in (X, d)
and Tyo = vy, i-e., yo satisfies (29) for all x € I.

Next, we show that {g; € X | d(hy, g1) < oo} = X, where hy was chosen with the property (35). Let g; € X,
since we know that g; and hy are bounded on the closed interval I and min,e; ¢p(x) > 0, then there exists a
constant 0 < C,; < oo such that

o) = 71(x)| < Cyp(x),

for all x € I. Thus, we can write that d(hg, g1) < oo for any g1 € X. Therefore, we get that {g; € X | d(ho, 91) <
oo} = X. From Theorem 2.2 (b), we conclude that y, given by equation (29), is the unique continuous
function.

Finally, Theorem 2.2 (c) implies that:
d( (36)

Ay, yo) < 7

; T )<;
MLA+ L) VY ST M+ )

Since inequality (27) means that d(Ty, y) < 1. In view of (32), we can conclude that the inequality (30) holds
forallxel. O

4.2. Hyers-Ulam stability

In this subsection, by using the idea of Cidariu and Radu [15], we will prove the Hyers-Ulam stability
of non-homogeneous impulsive Fredholm integral equation (2).

Theorem 4.2. Given a € Rand q > 0, let I(a; q) denote the closed interval {b € R | a —q < b < a+ q}. Suppose that
K : I(a;q) x I(a; g) — C is a continuous function which satisfies the Lipschitz condition

|[K(x, Byr = K(x, 2| < Lilys = val, (37)

for all x,t € I(a;q) and y1,y, € C, where Ly, L,, and A are constants with 0 < LigA + L, < 1. Additionally, let
I : € — C be a function with a constant L, that satisfies the Lipschitz condition

IIk(y1) = Ie(y2)| < Loly1 = yal, (38)

forall y1,1, € C.
If 0 > 0 and a continuous function y : I(a; q) — C satisfies

b
yx)—c—x—A f K(x, y(t)dt — Z L(y(x)| <o, (39)

a<xy<b
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for all x € I(a; q), where c is a complex number, then there exists a unique continuous function yo : 1(a; q) — C such
that

b
Yo(x) =c+x+ /\f K(x, t)yo(t)dt + Z Ik(yo(x,:)), (40)
a a<xp<b

and

[y = Yo < ———— (41)

SOTI= T (gh + 1)
forall x € I(a; q).
Proof. Let

X = {hy : I(a; q) — C | hy is continuous} (42)
be a set, and we introduce a generalized metric on the set X as follows:

d(ga, hy) = inf{C € [0, ] | |g2(x) — ha2(x)| < C, for all x € I(a; q)}. (43)
We can easily see that (X, d) is a complete generalized metric space, as noted in [36].

Consider the operator T : X — X defined by
b
(Thy)(x) =c+x+ )\f K(x, t)hy(H)dt + Z Ir(ha(x;)) (44)

a<xy<b

forall h; € X and x € I(a; ).
Next, we will check that the operator T is strictly contractive on the set X. Suppose that C,,;, € [0, o] is
a constant such that d(g, h2) < Cy,, for any g5, hy € X. We have

1920) = 2(@)| < Cpupy,  for all x € I(a; ). (45)
By utilizing the conditions stated in (37), (38), (43), (44) and (45), we deduce

b
cH+x+ /\f K(x, t)ga(t)dt + Z Ii(g2(x;))

a<xy<b

b
—e—x—A f K(x, Hhy(t)dt — Z L(ha(x))

a<xp<b

(Tg2)(x) = (Th2)(¥)|

b b
= ’)\ f K(x, Hga(t) — A f K(x, Dha(t)dt

+ Z L(g2(x7)) - Z Ii(ha(x;))

a<xp<b a<xi<b
b
< ’)\f{K(x,t)gz(t)—(l + x + Hhy()}dt
) g2 - Ikazz(x,:))}‘
a<xy<b
b
< L f 920~ et + Ly Y [g200) = (o)

a<xi<b

IA

b
)\Llf nghzdt+L2Cg2h2
a



R. Shah et al. / Filomat 39:2 (2025), 697-713 711

AL1C92h2|b - al + LZnghz
(Aqu + Lz)nghz

for all x € I(a;q), i.e., d(Tg2, Thy) < (AL1q + L2)Cy,1,. Hence, we may conclude that d(Tg>, Thy) < (AL1q +
Ly)d(g2, hy) for any gp, hy € X, where 0 < ALjg+ L, < 1.

By applying the same procedure as in Theorem 4.1, we can choose hy € X with d(Thy, hy) < co. Hence,
from Theorem 2.2 (a), it follows that there exists a continuous function, say yo : I(a;q) — C, such that
T"hy — yoin (X, d) as n — oo, and such that y, satisfies the non-homogeneous impulsive Fredholm integral
equation (40) for any x € I(g; q).

Next, we will show that X = {g, € X | d(ho, g2) < oo}. By applying a similar argument to the proof of
Theorem 4.1 to this case, we conclude that Theorem 2.2 (b) implies that 1y is a unique continuous function
with property (40).

Furthermore, Theorem 2.2 (c) implies that

INIA

|00 = yo(0)| < 1= (46)

v
(/\qu + Lz)
forallxe X. O

4.3. Examples
Now, we provide illustrative examples that support the above theorems.

Example 4.3. Suppose I = [0,1] be given and let M, Ly, Ly, A be positive constants with 0 < MLiA + L, < 1 for
A< %. Let ¢ : [0,1] — (0, 00) be a continuous function and the kernel K : [0,1] x [0,1] — C defined by
Kx,t)=1+x+t

Consider the non—homogeneous impulsive Fredholm integral equation,

1 1~
y() =x+ 1 f Ko,y + Y| Lol)l_ 47)
: L5+ )
forany x € L.
Clearly,

|(1 +x+ty1—(1+x+ t)y2| < L1|y1 - y2|.
Moreover,

Ik(y(x]:)) = Aylx:xk-
So that,

1- ly(55)!
sl <28
et T 0)) T 5y

Clearly,

n _ 2
5+y1 5+y2

II(y1) - L) =

11 +y2) —y2(5 +y1)
G +y1)6+y2)

S5y1 + y1y2 — 52 — a2
G+y1)6+y2)

5(y1 - yz)
G+y1)0B+y2)

1
g|y1 —3/2('

IA
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Here, we see that L, = 1.
Let y : I — C be such that:

! i
y(x)—x—A fo Kx, Dy~ Y RS

— | < () = ¥,
0T 5+ (i)

forall x € [0,1].
Clearly, 0 <x <1and 0 <t < x so that,

fo ) G(t)dt| = fo ) eAdt

It means that,
X 1
[ ot < 30w
0

- %(ezx ~1) < %(er) = %d)(x)-

forall x € [0,1] and t € [0, x]. From here, we can see that M = %
Then, Theorem 4.1 assures that there exists a unique continuous function y : I — C such that

10 ox
|y(x) - yO(X)) < me , VYxe]0,1].

Thus, the non—homogeneous impulsive Fredholm integral equation (47) is Hyers—Ulam—Rassias stable.

. . . . . 2
Example 4.4. Consider the above non—homogeneous impulsive Fredholm integral equation (47) for A < 37— and let
L =1

Further assume that for some g > 0, 0 > 0, and let y : [ — C, we have:

! r
y(x)—x—Aj; K(x, Hyy(t)dt — Z ()l <o

| =
0<5<1 5+ |y(ﬁ)|

In the light of Theorem 4.2, there exists a unique continuous function yo : I — C that solves (47) for A < 3'1%1 and
5 = 9o < 500
T 2-3gLiA
for all x € [0,1]. Hence, equation (47) is Hyers—Ulam stable.

5. Conclusion

Two kind of novel stability concepts, the Hyers—Ulam—Rassias stability and the Hyers-Ulam stability,
of a homogeneous impulsive Fredholm integral equation and a non-homogeneous impulsive Fredholm
integral equation are offered. Using Banach’s fixed point theorem in a generalized complete metric space,
we have proved the Hyers—Ulam—Rassias stability and the Hyers—Ulam stability results on a finite interval.
Four examples are offered to show the useability of our obtained results.

References

[1] A.M.Simoes, F. Carapau, P. Correia, New sufficient conditions to Ulam stabilities for a class of higher order integro—differential equations,
Symmetry, 13 (2022), pp. 2068.

[2] A.Zada, O.Shah, R. Shah, Hyers—Ulam stability of non—-autonomous systems in terms of boundedness of Cauchy problems, Appl. Math.
Comput. 271 (2015), 512-518.



(3]
(4]

(5]
(6]
(7]
(8]

Bl
[10]

[11]
[12]

[13]

[14]
[15]
[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]

[38]
[39]

[40]
[41]
[42]
[43]

[44]
[45]

R. Shah et al. / Filomat 39:2 (2025), 697-713 713

C. Corduneanu, Principles of Differential and Integral Equations, AMS Chelsea Publishing, New York, (1988).

D. Guo, Nonlinear impulsive Volterra integral equations in Banach spaces and applications, ]. Appl. Math. Stoch. Anal. 6 (1) (1993),
35-48.

D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. U.S.A. 27 (1941), 222-224.

D. H. Hyers et al., Stability of Functional Equations in Several Variables, Birkhauser, (1998).

D. H. Hyers et al., Approximate homomorphisms, Aeq. Math. 44 (1992), 125-153.

G. Gripenberg, S. O. Londen, O. Staffans, Volterra Integral and Functional Equations, Cambridge University Press, Cambridge,
(1990).

J. V. C. Sousa, E. C. Oliveira, Ulam—Hyers stability of a nonlinear fractional Volterra integro—differential equation, Appl. Math. Lett. 81
(2018), 50-56.

J. B. Diaz, B. Margolis, A fixed point theorem of the alternative, for contractions on a generalized complete metric space, Bull. Amer.
Math. Soc. 74 (1968), 305-309.

J. Aczel et al., Functional Equations in Several Variables, Cambridge University Press, 31 (1989).

K. Balachandran, S. Kiruthika, J. J. Trujillo, Existence results for fractional impulsive integrodifferential equations in Banach spaces,
Commun. Nonlinear Sci. Numer. Simulat. 16 (2011), 1970-1977.

L. Liu, Q. Dong, G. Li, Exact solutions and Hyers—Ulam stability for fractional oscillation equations with pure delay, Appl. Math. Lett.
112 (2021), pp. 106666.

L. P. Castro, A. M. Simdes, Stabilities for a class of higher order integro-differential equations, AIP Conf. Proc. 2046 (2018), pp. 20012.
L. Cidariu, V. Radu, On the stability of the Cauchy functional equation via a fixed point approach, Grazer Math. Ber. 346 (2004), 43-52.
L. Hua, J. Huang, Y. Li, Hyers—Ulam stability of some Fredholm integral equation, Int. J. Pure Appl. Math. 104 (1) (2015), 107-117.
L. P. Castro, A. Ramos, Hyers—Ulam—Rassias stability for a class of nonlinear Volterra integral equations, Banach J. Math. Anal. 3 (1)
(2009), 36-43.

L. P. Castro, A. Ramos, Hyers—Ulam and Hyers—Ulam—Rassias stability of Volterra integral equations with delay, In: C. Constanda, M.
E. Pérez (eds.), Integral Methods in Science and Engineering, Birkhduser Boston, Ltd., Boston, 1 (2010), 85-94.

L. P. Castro, R. C. Guerra, Hyers—Ulam—Rassias stability of Volterra integral equations within weighted spaces, Lib. Math. (N.S.) 33 (2)
(2013), 21-35.

M. Akkouchi, Hyers—Ulam—Rassias stability of nonlinear Volterra integral equations via a fixed point approach, Acta Univ. Apulensis
Math. Inform. 26 (2011), 257-266.

M. Benchohra, B. A. Slimani, Existence and uniqueness of solutions to impulsive fractional differential equations, Electron. ]. Differ.
Equ. 10 (2009), 1-11.

M. Benchohra, D. Seba, Impulsive fractional differential equations in Banach spaces, Electron. J. Qual. Theory Diff. Equations Spec.
Edit. 8 (2009), 1-14.

M. Benchohra, A. Ouahab, Impulsive neutral functional differential inclusions with variable times, Electron. J. Differ. Equ. 2003 (2003),
1-12.

M. Gachpazan, O. Baghani, Hyers—Ulam stability of Volterra integral equation, ]. Nonlinear Anal. Appl. 1 (2010), 19-25.

M. Gachpazan, O. Baghani, Hyers—Ulam stability of nonlinear integral equation, Fixed Point Theory Appl. 2010 (2010), pp. 6.

M. Akkouchi, On the Hyers—Ulam—Rassias stability of a nonlinear integral equation, Appl. Sci. 21 (2019), 1-10.

M. Janfada, G. H. Sadeghi, Stability of the Volterra integro—differential equation, Folia Math. 18 (1) (2013), 11-20.

M. R. Abdollahpour et al., Hyers—Ulam stability of hypergeometric differential equations, Aequationes Math. 93 (2019), 691-698.

M. R. Abdollahpour et al., Hyers—Ulam stability of associated Laguerre differential equations in a subclass of analytic functions, J. Math.
Anal. Appl. 437 (2016), 605-612.

R. A. Douglas, O. Masakazu, Best constant for Hyers—Ulam stability of two step sizes linear difference equations, J. Math. Anal. Appl.
496 (2021), pp. 124807.

R. Shah, A. Zada, A fixed point approach to the stability of a nonlinear Volterra integro—differential equation with delay, Hacet. ]. Math.
Stat. 47 (3) (2018), 615-623.

R. Shah, A. Zada, Hyers—Ulam—Rassias stability of impulsive Volterra integral equation via a fixed point approach, ]. Linear Topol.
Algebra, 8 (4) (2019), 219-227.

S. M. Jung, A fixed point approach to the stability of differential equations y’ = F(x, y), Bull. Malays. Math. Sci. Soc. 33 (2010), 47-56.
S. M. Jung, S. Sevgin, H. Sezgin, On the perturbation of Volterra integro—differential equations, Appl. Math. Lett. 26 (2013), 665-669.
S. M. Ulam, Problems in Modern Mathematics, Science Editions, John Wiley & Sons, Inc., New York, (1960).

S. M. Jung, A fixed point approach to the stability of a Volterra integral equation, Fixed Point Theory Appl. Art. ID 57064, (2007), pp. 9.
S. M. Jung, A fixed point approach to the stability of an integral equation related to the wave equation, Abstr. Appl. Anal. Art. ID 612576,
(2013), pp. 4.

S. M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear Analysis, Springer Optim. Appl. 48(2011).

S. Ogrekgi, Y. Basici, A. Misir, A fixed point method for stability of nonlinear Volterra integral equations in the sense of Ulam, Math.
Methods Appl. Sci. 46 (8) (2023), 8437-8444.

S. M. Jung, Hyers-Ulam—Rassias Stability of Functional Equations in Nonlinear Analysis, Springer, (2011).

S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math. Sem. Univ. Hamburg, 62 (1992), 59-64.

T. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978), 297-300.

W. A.]. Luxemburg, On the convergence of successive approximations in the theory of ordinary differential equations. II, Nederl. Akad.
Wetensch. Proc. Ser. 20 (1958), 540-546.

Z. Gu, ]. Huang, Hyers—Ulam stability of Fredholm integral equation, Math. Aeterna. 5 (2) (2015), 257-261.

Z. Gajda, On stability of additive mappings, Internat. J. Math. Math. Sci. 14 (1991), 431-434.



