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Abstract. This research employs the g-Schroder matrix Fqu to create the sequence spaces co(gq), c(gq),

lo (gq) and ¢, (gq) where (1 < p < o). We demonstrate certain topological features, derive Schauder bases,
calculate the alpha, beta and gamma duals of new sequence spaces, build some matrix classes, and finally

show some topological properties. In addition, we give Schroder’s core of complex valued sequences and
define various inclusion theorems for the new core type.

1. Introduction and Preliminaries

The g-calculus is a branch of mathematics that has a wide range of applications in many domains, in-
cluding approximation theory, combinatorics, hypergeometric functions, operator theory, special functions,
quantum algebras, and more.

The g-number [b], is defined as follows for 0 < g <1,

b-1
1, = Zq . b=1,23,..,
s=0
0, b=0.

Itis reasonable to assume that [b]; — basq — 17. Briefly, we represent [b], by [b]. The g-binomial coefficient
is defined by

[]!
H: FITEETIT 0<d<b,
d 0,

otherwise,
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where g-factorial [b]! of b is given by

b
[b]l = H[S]’ b= 1,2,3,..,
s=1
1/ b = 0

Using the definition of the g-binomial coefficient, we obtain

(b+d), = Z [:]q(z)xr-srs'

5=0

The final equation is known as the Gauss g-binomial formula. We strictly cited [30, 48] for information on
the g-calculus.

1.1. Sequence Spaces

We can now give some fundamental details about sequence spaces and summability theory. Each I'
subset of w is referred to as a sequence space, and w denotes the space of all real or complex sequences.
To symbolize the spaces of all bounded, convergent, and null sequences, we shall use the symbols ¢, c,
and cy. We designate the spaces of all convergent, bounded, absolutely, and p-absolutely convergent series,
respectively, by cs, bs, {1, and £, where 1 < p < co.

A sequence space with a linear topology is known as a K-space, where each of the mappingsp; : A — C
defined by p;i(x) = x; is continuous for all i in IN. A K-space that is also a complete linear metric space is
known as an FK-space. A BK-space is an FK-space with a normable topology.

When there are real entries in an infinite matrix A = (a,), A, represents the ry, row for each r € IN. If the
series is convergent for each r € IN, the A-transform of u = (u;) € w is given by the equation:

(o8]

(Au), = Za,sus

5=0

If Au € WV, it is stated that A is a matrix transformation from Y to W for all u € Y. (Y, V) denotes the
class of all matrices that transform Y to W. The matrix domain of A in Y is the set of all vectors u = (u;) in
w such that Au € Y. If Y and W are two sequence spaces, then the multiplier set D(Y : W) is described as

DY W) ={x=(x) € w:xu=(xsus) € ¥ for all (us) € Y}.
In that case, a-, -, and y-duals of Y are described as
Y =D(Y:6), Y =D(Y:cs)and YV = D(Y : bs).

The sequence spaces ({,)N,, ((p)c, = Xp, (Ceo)rt = 1., crt = 1, and (co)rt = rg were introduced by Wang
[54], Ng and Lee [42], Malkowsky [40], and Altay and Basar [3], respectively. These sequence spaces can be
defined using the Norlund, arithmetic, Riesz, and Euler means, respectively, for 1 < p < co.

Sengoniil and Basar [50] conducted research on the sequence spaces & = (co)c, and ¢ = cc,, where C;
stands for the matrix C; = (¢;s) that is defined by

1
—, 0<s<r
Crs = r+1’ ST
0, s>,

foreveryr,s € IN. Wecite the following publications for relevant literature [2, 6, 10-12, 22, 23, 26, 27,43, 44, 51]
as well as the books [5, 8, 41].
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1.2. Core Theorems

Any sequence f = (f;) with complex entries has a Knopp Core (or K — core), which is defined as
the intersection of all R;, which are the least convex closed regions of the complex plane containing
for fs+1, fs+2, .. [15]. Additionally, it is understood from [45] that

K — core(f) = ﬂ M(t)

teC

for any bounded sequence f, where M(t) = {e €C:le—t[<limsup,|fs - tl}.
A subset N of the set IN of all natural numbers has a natural density defined by

1
O(N) = lim ;I{s <r:seNj.

If 6({s : Ifs — fol = €}) = 0, in that case we say that f = (f;) is statistically convergent and this situation is
denoted by S — lim f = f; [47]. We refer to the space of all statistically convergent sequences as S.
The concept of the statistical core (S — core) of f = (f;) is acquainted as

S — core(f) = ﬂ Qs(t),

teC

where Qf(t) = {¢ € C: [e—t| < S—limsup, |f; —t|} and f is statistically bounded [24]. Researchers interested
in the aforementioned subject can benefit from the studies [1, 14, 16-18].

1.3. Schroder matrix and related sequence spaces

In recent years, special integer sequences such as the Fibonacci sequence, the Lucas sequence, and the
Pell sequence have become widely used in the study of sequence spaces. In this context, the first work done
is the study with a tag [31] made by Basar and Kara. After this work, some special integer sequences such
as Lucas, Padovan, Pell, Leanardo, Catalan, Bell and Schréder were used to define new sequence spaces in
summability theory. For relevant literature, we refer the papers [28, 29, 32-36, 52, 53, 56].

The large Schroder numbers S, and the little Schroder numbers s, are two different types of Schroder
numbers in mathematics. They bear the name Ernst Schroder in honor of the German mathematician. For
0 < r < 10, the first eleven large Schroder numbers are

1,2,6,22,90,394,1806, 8558, 41586, 206098, 1037718.

The large Schroder numbers S, were shown to have the generating function

F— Vi2—6t+1

G(t) = 1- o

as demonstrated in [9, Theorem 8.5.7]. For 1 < r < 11, the first eleven little Schréder numbers s, are
1,1,3,11,45,197,903,4279,20793, 103049, 518859.

The existence of the generating function

1+t— V2 —6t+1
4

g(b) =
for the little Schroder numbers s, was demonstrated in [9, Theorem 8.5.6].

In this article, we will look at large Schroder numbers. Let us move on to the large Schréder numbers.
These numbers satisfy the following recursive formula

Sw1=S+) S5, for r20, 1)
s=0
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with the initial condition Sy = 1. The Schroder matrix S= (§,S) [20] is defined by

Sps = S1 -5,

0, s >r.

Recently, the domains co(g), c(g), 4 (75) and fo (§) of the matrix S in the spaces ¢y, ¢, {, and €, respectively
are studied by Dagl [19, 20].

In the literature, Schroder numbers have a number of g-analogs. Let 0 < g < 1. In order to define the
Schréder number g-analogs, we use the formula[4]

S(@) = S @+ Y qS@)S,-(@) 2)
s=0

where 5¢(g) = 1. By setting ¢ = 1, Schréder’s numbers are obtained. For more interesting studies in the
g-Schroder number, we strictly refer to [7, 9, 13, 39].

In this paper, we define new g-Schroder sequence spaces. We derive Schauder bases, calculate the alpha,
beta, and gamma duals of the new sequence spaces, build some matrices classes, and finally show some
topological properties. In addition, we give Schroder’s core of complexly valued sequences and define
various inclusion theorems for this new core type.

2. g-Schroder Sequence Spaces

In this section, we will talk about g-Schroder sequence spaces’ definition and characteristics. The
g-Schroder matrix S; = (S,5(q)) is defined by the following equation

_ o1 Os(@)Sr—s(q)
Srs(q) = 1 Sr1(q) = S+(q)”

0, S >r.

0<s<r,

It is clear that the g-Schréder matrix §q reduces to the Schroder matrix S, when g tends to 17. The inverse
of S, is given by

Sk+1(ﬁ) - Ss(ﬂ)

= -1 P.s(g), 0<s<r,
St =1 Y q=5*15,(q) @ ST
0, s>,
where P,(g) is a determinant given by
Silp 1 0 0
Sa(q)  Si(q)  So(q) -+ O
P.(q) = Ss(g)  Saq)  Si(g) - O
5@ Sralg) S2(q) - 0

subject to initial condition Py(q) = 1.
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Now, we give the definitions of the g-Schrdder sequence spaces ¢ (§q), c(gq), 4 (Eq) and {o (gq):

@) = {xz(xs)ew:}LTo 0 q’-ﬁl%xﬁo}

5, = {x = (x) €w: lim ;O qr_”l%xs exists}
6,6, = {xz(xs)ea):zr‘ ;q’s+l%x5p<m}
oSy = {xz(xs)ea) up| ) qr_”l% g <oo}.

We note that when g — 17, the spaces ¢y (~q) c(g ), (§q) and €o (gq) decrease to the Schroder sequence

spaces co(S 5),¢(S), ¢ (S) and £s(S), respectively, as investigated by Dagli [19, 20]. The previously mentioned
sequence spaces can be redefined by

QW) = @), <(59) = @), (3)
68 = (G)s, and La(Sy) = (o), @

using the notation of matrix domain.
The S;-transform of a sequence x = (x,) is defined as y = (y,), where

= ~ Ss(9)Sr-s(q)
= (S,%), = r—s+1 S, 5
y ( qx) SZ;‘ q Sr+1(q) _ Sr(q)x ( )

for each r € INy. The sequences x and y relate to the equation in (5) throughout the rest of the article.
Therefore,

Si+ Si
Xs = Z( )s l 3(7_215 ( §q) s—i(q)yir (6)

for each s € INj.

Theorem 2.1. The space fp(gq) is a BK-space with the norm

ISl = Il 5, = [Z\ S,

and the spaces {’oo(gq), co(gq) and c(§q) are BK-spaces with the norm

AP
r] , (I1<p<o)

Gl = Il 5 = Il &, = Il = sup o)

Proof. The matrix gq is triangular. Then, according to Wilansky’s Theorem 4.3.12 of [55, p.63], the spaces
,(S,) are BK-spaces with the given norms, where (1 < p < ).

Also, the spaces co(gq) and c(gq) are BK-spaces with the given norms, according to Wilansky’s Theorem
43.20f[55,p.61]. O

Theorem 2.2. The sequence spaces fp(gq) are isomorphic to the space €,, where (1 < p < ).
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Proof. For all x in fp(gq), define the mapping 7 : é’p(gq) - bytx=y= gqx. It is obvious that 7 is linear
and one to one. Assume that x = (x;) is defined as in (6) for any sequence y = (y,) in {,. Then we have

Il 5, = Z|(sqx)r)
- |y Z o1 _S5s(@)S1(9)

X
~ =T S-S

_ P w _
= Yl =ty <o,

p]l/P

and

¥l 5y = sup|Gyo| = ko < oo
r

Consequently, we understand that x is a sequence in ¢, (gq) and the mapping 7 is onto, and norm preserv-
ing. O

Theorem 2.3. The sequence spaces co(gq) and c(gq) are isomorphic to the spaces cy and c, respectively.

Proof. Similar to Theorem 2.2, this theorem may be shown. [J

Theorem 2.4. Define the sequence b = (b®)}cn of the elements of the space €,(S;) by

Ss+1(q) — Ss(q)

1)
( ) qr—s+1 Sr(q)
0

b = Prs(q) , 0<s<r
=

for every fixed s € N and 1 < p < co. The following claims are accurate:

(@) The sequence {b®)}sen, is a basis for the spaces co(gq) and é’p(gq), and any x € co(gq) and x € fp(gq) has a unique
representation of the form

x= Z ysb®.
Bl
(b) The sequence {e, b }sen is a basis for the space c(gq), and any x € c(gq) has a unique representation of the form
x=le+ Y [y —1bY,
S

where ys = (gq(x))s —1l,a55 — oo,

(c) The space foo(gq) does not have a basis.
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3. Dual Spaces

In this section, we will determine the alpha, beta and gamma duals of the new sequence spaces. From
now on, we will denote the collection of all finite subsets of IN by A and we assume that p* is the conjugate
of p,ie., p~! +p~! = 1. Firstly, we give the lemmas used in the proofs in this section.

Lemma 3.1. [49] The following claims are accurate:
(i) A=(as)€(co: 1) =(c: ) =l : 1) iff

o

sup Z Z Ays

KeN =0 [seK

< 0. 7)

(i) A=(as)€(co:c)=(c:c)iff

das; € C 3 lima,s = a5 for each s € Ny, (8)
r—00

sup Z |a,s| < oo. )

relN s=0

(iii) A = (a55) € (€w : €) iff (8) holds, and
lim |ars| = Z | 1im . (10)

(iv) A = (a55) € (co: ) = (¢ : €eo) = (b = £oo) Tff (9) holds.
Lemma 3.2. (i) [49] Let 1 <p < co. Then, A = (a;5) € ({p : lw) iff

sup Y lassl” < oo, (11)
reN 520

(ii) [49] Let 1 <p < oco. Then, A = (ass) € (¢, : ¢) iff (8) and (11) hold.
(i) [25] A = (ass) € (€, - O) iff

p
Za,s <o, (0<p<1), (12)
NeN seN 2N
(o] p*
supz Za,s <00, (1<p<oo). (13)
NeN"s=0 ' reN

(iv) [38]Let 0 < p < 1. A = (as) € (£, : L) iff

r
Ars

sup
r,SeEN

< 00, (14)

(v) [38] Let 0 <p < 1. Then, A = (ay) € (€, : c) iff (8) and (14) hold.
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Theorem 3.3. Define the matrix T = (t,s) by

r—s SS+ (q) - Ss(q)
te = { 1 q’l‘TOSr(q)P”(q)tr , (0<s<y)

, (s>71)

foralls,r € N. Then, {co(gq)}a = {c(gq)}a = {t’w(gq)}a = ¢1, where ¢ defined by

q = {t—(t)ew supZZ <oo.}.

KeN =0 |'sek
Proof. We give the proof only for the sequence co(gq). Lett = (t;) € . Thus,

Ss+ Ss
2(— y 31’15 (ng’ Pr @by = (T, (r€N). (15)

It follows from (15), tx = (t,x,) € {1 for x € co(gq) iff Ty € {co(gq)} for y € ¢y. Hence, by Lemma 3.1 from (7),
it is concluded that {Co(gq)}a =¢. O

Theorem 3.4. Let the sets ¢; and c3 be as follows:

4
G = {t: s : Zi‘ys <OO},
NeN seN 72N
(o) p*
g = {t: (ts)ew:supz Zt,s <oo}.
NeN“s=0 ' reN

A Cp, 0< p <1
Then/ {fp(sq)} - { (3, 1< p < oo.

Proof. This is accomplished by using the same procedure as in the proof of Theorem 3.3, but substituting
the conditions (12) and (13) of Part (iii) of Lemma 3.2 for (7) of Part (i) of Lemma 3.1 with ¢t,; rather than
ars. O

Theorem 3.5. Consider the definition of D = (d,;) using the sequence a = (a;) by

Z(YZT?SAW“MM' 0<s<7),

0 , (s>r).

(16)

and define the folloing sets

b = {da=()€Ew: supZIdrsl <o,
relN 5=0

b, = {:@QEmemw=%}
r—00

by = {a = (as) € w: lim |dy5| = Z |111’1’1 drs }/
e s=0 5=0 e

by = {a=@)cw: hmsupZIdrsl <00y,
UGS Ny

bs = {a =(a5) € w: sup ld,f < oo}.
r,seIN
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Then,
(1] {Co(gq)}ﬁ = Dby Nby and {Co(gq)}y =Dy,
i) {cSp) = b Ny and [e(S)) = b1,
(i) {£e(S))) = 021 b3 and (€S, = by,

. =\ _ ) banby, O0<p<l,
(IV) {gp(sq)i _{ bzﬂbsl 1 <p< 0,

=W _ ) by 0<p<l,
and {fp(sq)} = { bs, 1<p < oo.
Proof. We give the proof only for the f—dual of the sequence ¢, (gq). Consider the equation

Yax = Y [Z(— > l%zns_i(q>4 “

5=0 s=0 | i=0
i Sir1(q) — 1(‘7)
Z [Z( ) 2 1+1S ( ) s—i(Q)‘li} Ys = (D]/)r

for any r € INy. This equation states that if x is an element of fp(gq), then ax is an element of cs iff Dy is an
element of ¢ for x in £,. This means that D is an element of (£, : c). As a consequence, by Lemma 3.2 from

(8) and (11), it is deduced that
<\ by N by, 0<p<1,
{fp(sq)} - { bZ N b5, 1< p < 00.

O

4. Matrix transformations

In this section, let A € {co(gq), c(gq), fp(gq), &O(Eq)} and u € {co, ¢, o, t1}. We provide necessary and
sufficient conditions for matrix mappings from the spaces A to any one of the spaces y and from the spaces
u to the space A.

Theorem 4.1. Define, for all s,r € Ny, Z = (z1)) and Z = (z,) by

P 1+1(q) (q)
ng:)s = ;(_ ) TSS()Ps—i(LI)ﬂri, 0<s<m,

0, s>m,

and

Sit Si
Zrs = Z( 1y i(ﬂs .« ;q) Py_i(q)ayi

In this case A = (a,5) € (£,(Sy) = ) iff ZV € (€, : ¢) forall r € No and Z € (¢, : ).

Proof. Let A € (t’p(gq) su)and x = (x5) € fp(gq). Next, we obtain the equality shown below

- _Z Z< 2o 17)

(ngE

0
Il
o
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Since Ax exists, therefore Z") € (¢,,¢). Also, we get Ax = Zy by using m — co again as in (17). Given that
Ax € u, Zy € u follows, with the result that Z € (¢, u).

On the other hand, suppose that Z" € (€y,c) for all ¥ € N and that Z € (£, u). Letx = (x;) € fp(gq).
Consequently, for each r € IN, {z,5}37, € fﬁ, which means that {a,s}° ) € (fp(Sq)ﬁ for each r € N. Again from

S= S=

(17), Ax = Zy by as m — oo. This suggests that A € (€p(§q) cw). O

Theorem 4.2. Let A = (a,s) be an infinite matrix and define the matrix B = (bys) by

_ . r—i+1 SZ(Q)Sr—l(q) )
brs—;q S S (18)

foralls,r € N and p be a sequence space. Then, A € (u : é’p(gq)) iff Be (u:¢ty).
Proof. Let z = (z;) € u. Then, we have

oo Sy it Si(9)Sr-i(q)
;bmzs = Z[Zq 1m%]zs

s=0 \ i=0

S Si@S-i) [
— r—i+1 8576 | .
P 1 Sra1(q) = 5+q) [; ]

This yields (Bz), = (Sq(&zlz))r for all » € N. Hence, Az € fp(gq) ifftBze ,. O

Now, combining Theorem 4.1 and the matrix mapping characterization findings presented in Stieglitz and
Tietz [49], we arrive at the following conclusions.

Corollary 4.3. The following claims are accurate:

(i) A€ (L,(Sy) : co) iff

sup E |z§,’1)s 7 < oo, (19)
melNy s=0

lim zf,?s exists for all s € Ny (20)
m—00

hold, and

lim z,s = 0 for all s € Ny

also holds.
(ii) Ae (fp(gq) 2 ¢) iff (19) and (20) hold, and

sup Z 2,5/ < o0, (21)
relNp s=0

lim z,, exists for all s € N
r—00

also hold.
(iii) A € (£,(Sy) : L) iff (19), (20) and (21) hold.
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(iv) A€ (£,(Sy) : &) iff (19) and (20) hold, and

sup Z Z Zrs

s=0 |reN

Then, combining Theorem 4.2 and the matrix mapping characterization findings presented in Stieglitz and
Tietz [49], we arrive at the following conclusions:

Corollary 4.4. The following claims are accurate:

@) A€ (o1 6(S0)) = (€ 6(Sp) = (Ceo : G,(Sy) iff

sup Z Z brs

r=0 | seK

< 00

hold.
(i) A€ (61:6,(S,) iff

su |b,slP < o0
3
holds.

5. Schroder Core

Knopp was the first one to develop the idea of the core of a sequence [15, p. 137]. So, this initial form of
core was known as the K — core or Knopp core.

M= (my) € (c:C)gisa non-negatlve matrix. In this part, the Schréder core (or S— core) will be defined,

and the matrix satisfying S — core(M f) € K — core(f) and S — core(M f) € S — core(f) for any bounded
sequences f will be described.

Definition 5.1. [15] The S—core of f is the intersection of all H;, where H; be the least closed convex hull containing
Ss(f), Ss+1(f), - . .. This can be expressed as

S - core(f) = m H.
s=1

It should be noted that we define S — core of the function f by K — core of the sequence (S,(f)).
The following theorem, which is an analogue of K — core, may be created as a result [45]:

Theorem 5.2. Take into account
G(t) = {e € C: e —t| < limsup |Si(f) — tl},
forany t € C. Then, for any f € {w,

S~ core(f) = () Gs(t)

teC
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Here are several lemmas that will help the key findings of this section. Consequently, we must describe
the classes (c : ¢(S))rey and (S N Lo : ¢(S))reg- Now, let us take a matrix M’ = (my;) in terms of M = (m,;) as

r

m,, = - mmm for all 7,s € IN.
Lemma 5.3. M € ((, : ¢(5)) iff
IMIl = sup ) )| < o, (22)
lim m;, = as for each s, (23)
lim Z !, — | = 0. (24)
Lemma 5.4. Me€ (c: c(g))mg iff the conditions (22) and (23) of the Lemma 5.3 hold with as = 0 for all s € N and
lim Z | = 1. (25)
Lemma 5.5. Me (SN{y: c(g))rgg iff Me(c: c(g))mg and
lim Z I’y =0 (26)
seB

for every B C IN with 6(B) = 0.

Proof. Because of the fact that c € SN o, M € (¢ : ¢(S))rey holds. Now, for any f € £ and a set B C N with
0(B) = 0, let us define the sequence f’ = (f/) by

, | fo s€B
fs_{O, s ¢ B.

’ _ ’
z mrsts - 2 My fs,
s

seB

Then, since f' € So, Mf’ € Co(g) and

the matrix D = (d,s) defined by

g = m,, s€EB
e 0, s¢B

is in the class (£ : c(g)). The need of (26) therefore derives from Lemma 5.3.
Let the opposite be true, f € SN, with S—lim f = I. The set B formed by the equation B = {s : |f; —I| > €}
has density zero and |f; — I| < ¢ if s is not in the set B. We can now write

Y mifo= Y mifi=D+1) 27)

Since

N (f =D <UANY ]+ e ML
s seM

letting ¥ — oo in (27) and using (25) with (26), we have

li;nz mfs = 1.

This implies that M € (SN le : ¢(S))reg. O
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Lemma 5.6. [[46], Corollary 12] Let M = (m,s) be a matrix satisfying Y. |m,s| < oo and lim, m,s = 0. Then, there
exists an f € o with ||f|| < 1 such that

lim su My fs = limsu |72,
sup Z f sup Z
Theorem 5.7. Let M€ (c: c(g)),eg. Then, S — core(Mf) € K — core(f) for all f € L iff
lim Z | = 1. (28)

Proof. The matrix M = (my},) satisfies the conditions of Lemma 5.6. So, there exists an f € € with ||f|| < 1

such that
{e eC:lel < limsupZm;sfs} = {E eC: el < 1imsupz Im;SI}.

On the other hand, since K — core(f) € M;(0), by the hypothesis
{e eC:lel < hmsupZ Im;SI} CM@O)={eeC:lel<1}
r s

which implies (28).

Conversely, let € € S — core(M f). Then, for any given t € C, we can write

le—t < limsup|f(Mf) (29)

IA

= limsup t—Zm;sfs

r

IA

lim sup Zmis(t - f)

r

+ lim sup [t|
r

1—Zm;s
S

= limsup Zm;s(t - £)
S

r

Now, let limsup, |f; — t| = I. Then, for any ¢ > 0, |f; — t| < + ¢ whenever s > s5. Hence, one can write that

Zm;s(t_fs) = Zm;’s(t_fs) + Zm:’s(t_fs) (30)
s 5<8p 5>
< suplt— £l ) I+ (+0)) o
s 5<50 5>50
< Sup|t—fs|2|m;s|+(l+E)Zlm;sl.
s 5<50 s

As a result, by using lim sup, in accordance with the hypothesis and adding (29) to (30), we get

AT

le — t| < limsup <l+eg,
r

which denotes that € € K — core(f). O

Theorem 5.8. Let M e (SNt : c(g)),eg. Then, S — core(Mf) € S —core(f) forall f € £ if and only if (28) holds.
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Proof. Given that for each sequence f, S — core(f) € K — core(f), the conclusion that the condition (28) is
necessary derives from Theorem 5.7.

On the other hand, consider ¢ € S — core(M f). Then, we may write (29) once more. Now, if S —

limsup |f; — t| = s, then the set B defined by B = {s : |f; — t| > s + ¢} has M-density zero [21]. We can now
write

Yomt=f = (L= f)+ ) mit = f)

seM s¢M

< suplt— fl Z [ms| + (s + €) Z 1|
s seM s¢M

< suplt=£1) Iyl + (s +€) ) I,
s seM s

As a result, by utilizing the operator lim sup, and the condition (28) with (27), we may deduce that

lim sup Z m(t— fo)| <s+e. (31)

Finally, combining (29) with (31), we have

le =t <S—limsup|fs — ¢

which means that ¢ € S — core(f). O
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