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Approximation by Bézier-Baskakov-Jain type operators
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Abstract. In this paper, we introduce the Bézier variant of the a-Baskakov-Jain type operators. We explore

the elements of the Lipschitz type space, propose a direct approximation theorem using the modulus of
continuity, and assess the approximation rate for functions possessing derivatives of bounded variation.
The use of computer graphics lends support to the validity of the theoretical components in this study.

1. Introduction

Baskakov type operators were introduced by Aral and Erbay [4] which is based on « € [0, 1] is defined
as:

(o)

BN Ew) = Z b;‘fi)(w)é(%),w € [0, ), (1)

i=0

where

@ _  w! aw (n+i—1 n+i-3 n+i-1
b"rf_(1+w)"+i—1[(1+w)( i )—(1—a)(1+w)( o )+(1—a)w( i )]

The operators c%’,(fy)(é ; w) reduce to the Baskakov operators [5] for a = 1.

Gupta [17] introduced a general family of Durrmeyer type operators and calculated direct properties
for these operators. Srivastava et al. [35] delved into the idea of statistical probability and statistical con-
vergence for sequences of random variables and of real numbers, which are defined over a Banach space,
employing deferred Norlund summability mean. In their work, Kajla et al. [27] presented a generalized
version of the operators (1) known as Durrmeyer type operators. They further analyze and determine
the uniform convergence properties of these operators. Gupta and Srivastava [20] considered a general
family of operators that possess the property of preserving linear functions. Braha et al. [7] examined the
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Baskakov-Schurer-Szdsz-Stancu operators, proving a Korovkin-type theorem, a Griiss-Voronovskaya-type
theorem, and determining the convergence rate. Mohiuddine et al. [30] introduced Baskakov-Durrmeyer
type operators that are parameter-dependent and quantitatively analyzed their approximation properties.
Recently, in another study, Mohiuddine et al. [31] presented a variant of the operators (1) known as the
Stancu-Kantorovich variant. They also established several direct results regarding these operators. Linear
positive operators have been the focus of investigation by several researchers, as highlighted in references
such as [1, 3, 14-16, 22, 23, 28, 32, 33, 41-51] and related literature. In numerous applications spanning
fractional calculus, the demand arises for fractional derivatives of varying kinds (see references [12, 37-40]).

Let 7 >0,y > 0and a € [0,1], where C,[0,c0) := & € C[0, ) : [£(v)| < Nee?, for some Ng > 0, Kajla et
al.[26] constructed a—Baskakov-Jain type operators is defined as:

9w = Y bl [ @, ®
i=0 0

(ro)
BG+1,5) (1+ o)1

The defined form of the operators %(f,?(g ;w) for 6 > 1 is demonstrated in the Bézier variant,

where ] (0) = and bilal.) (w) is defined as above.

54,37,9(5; w) = Z Qi,i,e j(; by, ()& (v)dv, 3)
i=0

where Q7. (w) = ( Izi(w))g - (w))?, and I (w) = beqa]). (w) with Baskakov basis function. In another
j=i
approach, we can also write the operators (3) as

G &) = [Py 0Eed, we [0,), @
0

where

Py o(w,0) = Y Q% obt ().
i=0
For 8 = 1, the operators %"T o0& reduce to %(,“T)E .

The primary emphasis of this paper is on presenting the Bézier variant of a—Baskakov-Jain type op-
erators (3). After that we use Ditzian-Totik modulus of smoothness for calculating direct approximation
theorem. Furthermore, we examine the convergence rate for these operators (3) for differential functions
with bounded variation derivatives on finite sub-intervals of (0, 1).

2. Auxiliary Results

Let IN represent the set of positive integers, and let Ny denote the set obtained by including zero in IN.
Let C be a positive constant independent of w and 1, though C may vary across different occurrences. Using
this, we derive some auxiliary results for the operators in (3).

We calculate uniform approximation by using the test functions e,,(w) = w™, for m € INy for this linear
positive operators. We recall some results which is defined in [26].

Lemma 2.1. [26] The moments of the operators %(f;)(é ;w) for w € [0, 00) are as follows:
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(i) %7 (e w) = 1;
.. @, . _ ZU(T[ + 20 — 2) 1 )
(i) 9, (er;w) = -1 + =7
nw?(=3 + n + 4a) . w(4n +10(-1 + a)) . 2
(n-27)(n-1) n-21)n-1) n-27Yn-1)
Lemma 2.2. [26] For any n € IN,n > t, the central moments up to the second order for a—Baskakov-Jain type
operators (2) are given by:
%(“)((v _ w) ) ZU(T + 20 — 2) 1

(i) 9% (er;w) =

w*(n + (=8 + 27 + n + 8a))

G (0 - w)w) =

(n—1) (n-n1) (n—21)(n - 1)
2w(—5+21+n+50z)Jr 2
(n-27)(n-1) n-21)n-1)
Lemma 2.3. Consider £ asa continuous function with real values which is bounded on [0, o), and ||E]| = sup |E(w)],

we[0,00)

then |9,2(&)| < IIE]l

Lemma 2.4. Consider & as a continuous function with real values which is bounded on [0, ), then |g5 _ ,(E)| < 6||<]|-

Proof. By the well known property |cf —df| < lc—d|, with f > 1,0 < ¢,d < 1and properties of Q% ,(w), we get

U3 i@ = (T3 11 @) < 00 (0) = I} 111 () = 05,7 a0). (5)
Therefore, based on the definition of g _,(£) operators and taking into account Lemma 2.2, we derive

1, (& = 0lg5 () < BliE]l. O
Lemma 2.5. Let w € (0, o), then for sufficiently large n and 6 > 1, we get

o s 01 (@) ¢*(w)
i) Cmﬂ(w, y) = j(; Py o(w, v)dv < — w = y)22 p
o = 01(@) §*w)
i)1-C2 Q(w z) = f 9(w v)dv < n(“) (j)_ m—tl

where A (a) is a positive constant which is depending on T and «.

0<y<uw,

W<z < oo,

Proof.
i) Using (Eq.(2.2) from [26]) and Lemma 2.4, we have

Y Y

nTG(w ]/) IPZTQ f nre(w U)dl)

0 0
<G (0-wz) (z-y)2 < eg,if?«v —w)%w)(w - )2
< Oe(@) ¢*(w)
T oon (w-y?

ii) The second relation can be illustrated in a similar manner. [

0<y<w.

3. Local Approximation

Let us now consider the Lipschitz-type space in two parameters for a; > 0 and a; > 0,

lo — wlf

(v + a1w? + a,w)P/2

Lip(g) := {5 € Cg[0, ) : |E(v) — E(w)| < cwe (0, oo)}, (6)

where 8 € (0,1] and M is a positive constant.
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Theorem 3.1. Let £ € Lipj((j;’”)(ﬁ). Then, for every w > 0, we have

2
w2 (W) )M

97 (& W) - E@)] < M(em

where 7)o (w) = 2% o((© = w);w).

Proof. For f =1, we prove the theorem first, we can also write

9 (&)~ E@)] < D% (1E©) - E@);w)
< Mggw(&- w)

7
VU + @ w? + ap
1

Applying Lemma 2.2 and (5) and using the cauchy-schwarz inequality, the fact that <

V1 + aw? + ayw

;, the above inequality implies that
Vaw? + a,w
. 1 i
9, (& w) — ) £ M————=9 ,(lv—wl;w)
\aw? + aw
<M (4" (- 0w)

\aw? + aw

2
Hin 1,0 (W)
<M\ o)

Thus, the result holds for § = 1. Now, let 0 < § < 1, then by Lemma 2.2, (5) and using the Holder inequality
withp = % and g = ﬁ, we get

42 o(&w) — E@)] < f Q.. f T @) — E@)ldo
i=0 0
> 00 1/8\B
(L [ - o) )
. * T |U - ZUI p
M= {,ZO‘ Qg’i’a ~fo bm(ﬂ)) VO + aw? + azwdv}

M = 0 0 }ﬁ
<— . be. —wld
T (mw? + aw)Pl? { ; Qnia ‘fo il = 0lde

a 2. B2
) W(%,T,e((v — w)%;w))

2
) o (w) )ﬁﬂ
(ﬂllw2 + ) '

=

(=}

00 B
Q[ i) - £GP}

i=

< M(e

Hence, the proof of theorem 3.1 is completed. O
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Next, for & € Cg[0, o), using the Lipschitz-type maximal function of order p, we obtain the local direct
estimate of the operators defined in (3) which is introduced by Lenze [29] as

|£(0) = E(w)]

E—— ,w € (0,00) and p € (0,1]. (7)

@p(&,w) = sup
v#w, ve[0,00)

Theorem 3.2. Let 0 < p < 1and & € Cp[0, o0). Then, for all w € [0, 00), we have

192 (&) = E@)| < Dp(E, W)(OUT £(W))2.
Proof. From the results of (7), we get
(e o(&0) = E@)] < @p(&, W)F o0~ wlf;w).
From (5) and Lemma 2.2 and applying the Hélder’s inequality with p = % and % =1- ;1_7, we have
92 (&) = E@) < @p(&, WG (v — wP )
= @p(&, W)y ())?.

Hence, the proof of theorem 3.2 is completed. [J

Consider H,[0, ) as the set of functions & defined on [0, o) that satisfy the condition that |£(w)| < M:(1+w?),

where M; is a constant which depends only on £ i.e we follows [2, 4-6, 26, 29, 36]. C;[0, ) represents the

subspace of H;[0, o) consisting of continuous functions. If lim |E(w)|(1 + w?)™! and & € G,[0, o) finitely
w—00

exists, i.e & € C5[0, ). Then norm on & € C;[0, =) is given by

lelh = sup 1@

welOe0) 1+ w?

on the closed interval [b, c], the usual modulus of continuity of £ for any ¢ > 0 is define as

we(&;0) = sup  [&(v) - E(w)l.

[o—w|<6,v,welb,c]

Theorem 3.3. Let & € C,[0, 00) and for every w € [0,c], ¢ > 0and n € IN, we11(E; 0) represents as the modulus of
continuity is defined on the finite interval [0, c + 1] which is a subset of [0, o0). Then, we get

92, (&) — E@)] < 40M; (1 + A, (w) + zmcﬂ(g; ,/eyﬁﬁlﬂ(w)).

Proof. From [21], for w € [b,c] and v € [0, o), we have

[0 —w|

IE@) = E@W)| < 4M(1 + ) (v — w)? + (1 + )a)c+1(v; w), 6> 0.

Using (5)and by Cauchy-Schwarz inequality and applying ¢ (-, w) to the above inequality, we get

1
I%,ffTIQ(é; w)—&(w) < 46M:(1+ CZ)%’fT,Q((v — )% W) + wesn (v; w)(l + E%ST,G(IU —w|; w)
< 4OMe(1+ Al a0) + 200(& NOUDa()),

choosing 6 = ,/6;1,(12,)7,&(20), we get the desired result. [
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4. Rate of Convergence

Consider y > 0 and & € DBV,,(0, ) to represent the set of all differentiable functions defined on (0, o)
and possessing derivatives £’ of bounded variation on each finite sub-interval and |£(v)| < Mv?, some M > 0
and for all v > 0. The functions & € DBV,,(0, o) is represented as

w
)= [ gtedo + £
0
On any finite sub-interval of (0, o), g demonstrates bounded variation.

Theorem 4.1. Let & € DBV, (0, ), \/ (&1,) be the total variation of &, on [c,d] C (0,00) and 6 > 1. Then, for
sufficiently large n and every w € (0, 00), we get

932

[ o(E0) - E@)] < 5= 2D ) +

el ) ¥ @(5)+— \V €

i=1 w-w/i w w/ \n
[V Jw+w/i w+w/ Vn

NGRS V(a)+ VG

i=1

dJ( o el

where A(a) is a positive constant which is depending on t, & and the auxiliary function &, is also define as

0, v=w
E@) —E@w+) w<v<l.

@) -&w-), 0<v<w
Eul(v) =

Proof. Since f Py ow,v)dv =97 ,(eo;w) =1, we have
0

90 (&) - E@) = fo (£) - E@)) P, y(w, 0)do = f f & (Oat)Ps, olw, o). (®)
Using the value of the function &, for any & € DBV, (0, o), we have
0 —
£0) = (€@ + 08 @) + o) + 5(£w) - £ @) (s - w) + 5 ) ©)

+50@&@) - 3(€ @) + £wn))

It is clear that

f o0(@/0) f £@) - 3(£ @) + @) ulbidtdo = 0



J. Yadav et al. / Filomat 39:2 (2025), 423-435 429

Using the operators (4), then direct calculation lead us to

00 1 1 , N
B [ ([ gag(een ocwo)u)p o (10
) wlPy,  o(w, v)dv
A
< (&) + 08 - >)( g2 (e —whw) < >+9£’<w—>‘ 24 6 w)
and
00 0 9 _
Br= [ ([ 50— ewn)(sent o + G—J)dt)PZ,T,e(wf 0)do an
—'5 (w+) — & (w- )'f v —w| Pme(w v)dv = —— - & (w-) %‘jw (Jo — w|; w)
3/2 A
< 52 fer@n - ) (0 (0 - 000) ™ < s e - £ 2L
By using the relations (8)—(11), we obtain the following estimate
|§§:¢T6 Sw é(w)| < |Az,r,6(‘f;v'w) + B, (&l w)| + 0—\_{_@1‘5’(;{#) + Qél(w—)‘ N ATT(a)q)(w) (12)

-2y " g,
Aol = | | [ 0P, o

where

and
Bﬁ‘me(égu,w):f f &L (Hdt P“Te(w,v)dv.

For getting the final result of the theorem, we have to estimate the terms A7 (&7, w) and B, /., W). Since

(E0r
n,T,0 7w
fc ! dyCy ,(w,v) <1, forall [¢,d] € (0, ), applying Lemma 2.5 and using the method of integration by parts,
with y = w — (w/ n), we get

sotcol=| [ [ ooy o o] =| [ G o oo
0

< f v f
sew fy\w/ (&) (w —v) 2dt+fyw\j/(£;,)dv

w

AT(CV)(PZ(ZU) , N2 ﬂ ,
<o (7 \v/@w)(w o Vo

5;;(0)| |C‘,’;’T,Q(ZU, U)| do
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Taking t = w/(w — v), we get

2 w—w/ \n Vi
o M@ w) (@ —0) \/(Ew o _QM f \/ (€t

n
0 w—w/t

[Vi ] w

A(@)(1 + w) , A (a)(l + w)
<MD F () g o HNLDF

w—w/t i=1 w-w/i
Hence we get the following estimation

(Vi ]l w

A el )| < 0T Y, V@ — \/ (&0)- (13)
n i=1 w-w/i \/_w w/\n

Applying Lemma 2.5 and using again the integration by parts with z = w + w/ vn, we get

Bl =| [ ( [ é;,(t)dt) Pt (@, o)
=in5mw)1 @Mmm+f7fémwym—%¢mw

- [( f & t)dt)(l &, v)) f F0)(1 = T o, 0))do

+ j; " ( f & (t)dt) dy(1 = Cj y(w,0))

= ( éw(t)dt) 1- Cn”(@ w,z))—f &)1 —sza(w,v))dv

(14)

+[( f g (tdt)(l—c*ww v))] f E,0)(1 - T (w,0)do
- f EL0)(1L— T o(w,0))do + f E,0) (1L~ L%, o(w,0))do

p e’ w)f \/(é (0 = W)~ 2df+f \/(‘5 o

w+w/ \n
< M) V(e - ) o\

wrw/\n g

Taking t = w/(v — w), we get

o (oz)¢)2(w) "
Ew d
M/(\w/( o —w)”

(Vi 1 i1 wtw/t [Vi Jw+w/i
A@)(1 + ) L @) ,
PERCIESEE IR VITIVRHCIET S Sy

i=1 w i=1 w

/\ (0{)¢2(w) i wrw/t ,
oV e 15)

The estimation presented below is obtained by utilizing the equations (14)-(15)

Vi Jw+w/i w+w/ Vn

|B;*,T,9<é;,,w>|s9M Y Ve s Ve (16)

The desired result can be obtained by utilizing the relations (12), (13), and (16). O
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5. Graphical Analysis

In this section, convergence behaviour of this operators is seen by using some numerical results. We
consider errors of convergence and convergence rate for this operators to the basic function &(w) = cosw
in Figure 1 and Figure 3, respectively. We can also see the effectiveness of this operators by considering
E(w) = wlog(l + w). In Figure 1 (A), we choose 7 = 1/120,0 = 2,n = 9 and a = 0.9 to see convergence
of Bg,r,s' where w € [0, 1]. We consider 6 = 2,n = 13,a = 0.9 and 7 = 1/4 in Figure 1 (B). In Figure 2 (A),
we choose 1 = 1/2,n = 7,0 = 2 and a = 0.9 to see convergence of B;m@, where w € [0,1]. We choose
T=1/2,n=9,0 =2and a = 0.9 in Figure 2(B). In Figure 3 and Figure 4, we obtain related errors of
approximations for the proposed operators with certain values of n, @, T and 6. Obviously we can conclude

that, the proposed operators BY _, also have less errors for very small values of n.
n,t,0

1.0 1.0
0.9 0.9
0.8 0.8
> >
0.7 0.7
0.6 0.6
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
— function — operator — function — operator
(a) Approximation by %?’19/120/2 (b) Approximation by 54103'?1 /42
Figure 1: Approximation by 4, operators for certain parameters
0.7}] ‘ ‘ ‘ ‘ 1 o7
0.6 1 06
0.5¢ 1 05p
0.4¢ 1 04f
> >
0.3} 1 03p
0.2} 1 0.2p
01r 1 04f
0.0 1 0.0r 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
— function — operator — function — operator
imati 0.9 imati 0.9
(a) Approximation by ¢y 122 (b) Approximation by & 7 22

Figure 2: Approximation by %:fr/ o Operators for certain parameters
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0.04} LTINS 1 /
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Ve AN !
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0.03} / N ] ~ ~ ;
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\ ! 4 AN
\ [ 4 N,
\ 7 I, \\
N 0.015F ! ‘ 1
0.02+| 7 \ LUV / \
-’ \ 7 \
/ N, /
\ / \ /
\ S /’
\ / o ,
\ / S
0.01f \ : /
N 0.010f ’ 1
\ /
7 !
v/ Il
0.00} v 1 4
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
————— absolute error —-=—=-=-=absolute error
(a) Error fort=1/2,a4=09,n=8,0 =2 (b) Error fort =2/3,a =09,n=13,0 =2
/’ ”
0.020( e
td
0.03} 1 ’
—_—————
/ 0.015F Rad SN / 1
U 4 \ /
4 ’ \ 7’
0.02+ / 1 / S ’
———— / S AN ’
-~ AN / 0.010F| ¢ \ / |
’ ~ ’ 4 \
S / ’ \ /
N /’ /
~ U - \ /
N 4 \
001+ 7 S ’ 1 \ /
N K4 0.005- \ / .
\ /, /
\ N
N A
N N/
0.00} 4 40.000- v 1
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
————— absolute error —-==-==absolute error
(c) Error fort=1/4,a4=09,n=11,0 =2 (d) Error fort =1/4,a =09,n=12,0 =2
Py 0.014 Lo .
7 ~ e AN
0.020( / N lo.o12f / \ ]
/ N ’ \
Vi N I, \\
/ AN 0.010} / \ ]
/ \ / \
K N / \
0.015F \ 10008 \ — ]
\ Y \ s ~
AN R4 \ /
\ 0.006F \ / ]
s ‘\ II
N \
0.010F \ 1
) \ 0.004f \ / N\ 1
- ~ \ / \
AN \ ! \
~ L \ 4
0.002 \ \
0.005}- NS i \.
- 10.000F . v
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
----- absolute error =-==-==absolute error

(e) Error fort=2/3,a4=09,n=12,0 =2

(f) Error fort=1/4,0a =09,n=13,0 =2

Figure 3: Error of approximation by ¢ rffw operators for certain parameters
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