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Sobolev-type theorem for commutators of variable Marcinkiewicz
fractional in grand variable Herz-Morrey spaces
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Abstract. Let $"! denote unit sphere in R" equipped with the normalized Lebesgue measure. Let

® € L'($"!) be a homogeneous function of degree zero. The variable Marcinkiewicz fractional integral
operator is defined as
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The commutators of Marcinkiewicz fractional operator of variable order is shown to be bounded on the
grand variable Herz-Morrey spaces MK,Z(F;)(’.';)’G(R”).

1. Introduction

We consider the Riesz potential operator

6@ fg) = fz2)
feofey = [ Tt o<t <n )

Note that the ((z;) is the order of the Riesz potential operator which is variable. Nowadays there is a
vast boom of research related to both the study of of the Herz spaces themselves and the operator theory
in these spaces. This is caused under the influence of some possible applications in modeling with non-
standard local growth (in differential equations , fluid mechanics, elasticity theory, see for example [1, 2]).
Boundedness of the various operators has been intensively studied in the last years, and one the remarkable

results was on the boundedness of the Hardy-Littlewood maximal operator in these spaces. We refer, for
example, to the papers [3-16], see also references therein.
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In [17] authors considered variable potential operators I°™ to prove a Sobolev-type theorem for the

potential operator from the Lebesgue space LP") into the weighted Lebesgue space LZ,(') in R”, under the
conditions that p(x) is satisfying the logarithmic condition locally and at infinity. It was not supposed that
p(x) is constant at infinity but also assumed that p(x) took its minimal value at infinity.

In [3], remarkable results were proved for boundedness on homogeneous Herz spaces KZ((.'))’”(R”) and
non-homogeneous Herz spaces KZ((:))’"(R”) with variable exponents a(-) and v(-). Meanwhile, they also
proved boundedness for variable fractional integrals on Herz spaces with variable exponent. In [18]
authors considered the Herz Morrey spaces MKZ(U)(? (IR") with variable exponent and investigated mapping
properties for the fractional Hardy type operators Hj(y and (Hg(,) in these spaces..

Grand variable Herz-Morrey spaces were introduced in [19] and proved boundedness for Riesz potential
operator in these spaces. Inspired by the concept, in this article we will demonstrate the boundedness of
commutators of Marcinkiewicz fractional integral operator of variable order on grand variable Herz-Morrey
spaces.

We divided this article into different sections. Apart from introduction, a section is dedicated to basic
lemmas and definitions. One section is for Sobolev type theorem for commutators of Marcinkiewicz
fractional integral operator of variable order in grand variable Herz-Morrey spaces.

Definition 1.1. Consider a measurable set A in R" and a measurable function p(-) : A — [1,00). Then

(a) Now Lebesgue space with variable exponent LPO(A) is defined by

LPO(A) = { f is measurable : f (
A

Norm in LPO(A) can be defined as,

p@)
o a) = inf{r >0: f (&r‘z)') dz < 1}.
H

(b) The space Lf(fz (A) can be defined as

If @)

p()
) dz < oo whereT isa constant}.

P(A) = { f: f € IPY(K) for all compact subsets K C 3{} .

loc
We use these notations in this paper:

(i) Suppose that f € L} (A) now the Hardy-Littlewood maximal operator 9 can be given as

1
W) :=sup— | If@Mdz (z€A),
O<r
B(i,r)

where B(i,r) :={x e A:|i—x| <r}.
(ii) Let p(-) be a measurable function and we suppose that

1< p-(A) < pa(A) < o, @)
where

p- =essinf p(x), p; :=esssup p(x).
X€EA xeA

The set P(A) consists of all p(-) such that p— > 1 and p, < co.
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(iii) Letp € P(A) then B'°8 = Blo8(A) is the class of functions satisfying (2) and log-condition given by,
Clp)

1
— - <=, x,% €A 3
Py Pa— b—xl<o, x,x eA (©)

Ip(x1) = p(x2)l <

(iv) For an unbounded set A in R", B (A) is the subset of P(A) and values are in [1, c0) satisfying
following condition

_Cc
In(e + |x])’

Ip(x) = pool < 4)

where po € (1,0). By (A) is the subset of P(A) satisfying the condition (4) and also the following
condition

C 1
[p(x) — pol < m,w < 5 )

for homogeneous Herz spaces.

(v) p(-) € A then B(A) is the collection of p(-) € P(A) where M is bounded on LPV(A).

(vi) S =8(0,2") = {x e R" : |x| <2} foralll € Z. F; = S; \ Si-1, Xr, = Xt where x denote the characteristic
function.

C is a constant, its value can be changes from line to line.

2. Preliminaries

We are assuming that order of Riesz potential operator {(x) is not continuous rather we are assuming
that it is a measurable function in R” satisfying the following conditions:

1. Cp := essinfyers C(x) > 0,

2. esssup, g« P(X)C(X) <,

3. esssup, k. p(e0)C(x) < 1.

The following proposition is th one of the main requirement to prove our main results. The given
proposition was proved in [17] and commonly known as Sobolev theorem for Riesz potential operator in
Lebesgue spaces under the some necessary assumptions on exponent.

Proposition 2.1. Suppose that p(-) € B8(R") N By o(R") N B(R"), and assume
1 < p(e0) < p(x) < ps < 0.

Let C(x) is satisfying the above conditions 1,2 and 3. Then we have following weighted Sobolev-type estimate for the
fractional operator I°?),

H(l + |Z|)_/\(Z) IC(Z)(f)HLq(->(Rn) <C ”f”LF(')(]R") 4

where
1 .19
9z plz) n
is the Sobolev exponent.
A@) = CL(2) (1 - %) < CZ'

Where C is denoting the Dini-Lipschitz constant from the inequality (4) in which a(-) replaced by p(:).

Remark 2.2.
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(i) If U(z) is satisfying the condition (4): |C(z) — Cel| < ln(e S for x € R™. Then (1 + |z)™® is equivalent to the weight
L+ ).

(ii) One can replace the variable order of Riesz potential operator C(x) by C(y) in the case of potentials over bounded
domain, such potentials differ unessential if the function C(x) is satisfying the smoothness logarithmic condition as
(3), since

Cilz1 — 2o/ ®)| < |z — 2" < Colzg — 2",

Lemma 2.3. [24] Let D > 1 and p € B, (R"). Then

1 i _n_

t—sr’“” < xR, lrorey < tos?@, for 0 <s <1 (6)
and

1 o n_

S S IXR, . llp0 Ry < o8P, fors 21, (7)

respectively, where tg > 1 and t, > 1 is depending on D but not depending on s.

Lemma 2.4. [20][Generalized Holder’s inequality] Consider a measurable subset H such that H C R", and 1 <
p-(H) < p+(H) < co. Then
fgllco@ < Wllpo@ gl @

holds, where f € L'Y)(H), g € L")(H) and ;& = 55 + 5 for every z € H.

3. Grand variable Herz-Morrey spaces

Grand variable Herz-Morrey spaces is defined in this section.
Definition 3.1. Let a(-) € L*(R"), u € [1,00), p : R" — [1,00), 6 > 0,0 < B < co. We define the homogeneous
grand variable Herz-Morrey spaces can be defined by the norm:

MKa()u)H(]Rn) — {g c Lp()(an {0}) “g”MK‘X( u)e(]Rn) OO}/

loc

where

z4(1+1,;)
_ - (1+y)
N1 1ze000 gy = SUp sUpP 270 2 25O g ]| 05 )
Moy R 000 ez DOMe)

k=—00

Non-homogeneous grand variable Herz-Morrey spaces can be defined in the similar way.

Definition 3.2 (BMO space). A BMO function is a locally integrable function u whose mean oscillation given by
|iQ| fQ [u(y) — ugldy is bounded. Mathematically,

1
llullemo = sup Ql flu(y) — ugldy < oco.
o lQl J

Let §"~! is denoting the unit sphere in R” with the normalized Lebesgue measure. ® € L'(§"!) is a function
of degree zero which is a homogeneous such that

f D(2,)dD(z}) = 0, 8)

Gn-1
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where z) = z,/|z>| and 2 is not zero. The Marcinkiewicz integral is introduced as:

o] d 2
bl ()e) =| [ 1FostDEPS |
0
where
(I) —_
Fou D= [ e fen
|z1—22|<s

The variable Marcinkiewicz fractional integral are defined as:

2 3

00

D(z1 — d
et =| [ [ 2 e &
0 1—22|<s

Lemma 3.3 ([23]). Let k is a positive integers. Then for all b € BMO(IR") and all j,i € Z for j > 1,

1
CYblIk n S sup —— b —bp)* . 9
” ”BMO(]R) D;bE] ”XD”LF(')”( D) XDHLP() ( )
”(b - bDi)kXD;”LV(') < C(] - i)k”b”];;]\/jo(][{n)”XD,‘HLP(-)- (11)

Lemma 3.4. [22]Ifa > 0,5€[1,00],0<d <sand —m + (m — 1)ds < u < oo, then
1/d

22|z — 22)'dz | < [zl

22|<alz1]

4. Sobolev type theorem for grand variable Herz-Morrey spaces

Theorem 4.1. Let 0 < v <1, a("),q1(") € Po,o(R") with 1 < q; < q7 < o0, 1 <u < ocoandb € BMO(R"). Let ®
be homogeneous of degree zero and ® € L5(8"™"), s > g/ Let a be such that :

) — 1 _5_ 1 n__n_n
(i) no "V~ 5 < a(0) < 70 "V
. n n n n

(ii) —m—w—v—;<aw<qi—w—v—;,

1+ b kol @l = ol

Proof. Let g € MK"""(R"), and g(z1) = L2, gz1)x1(21) = Lo 91(21), e have,

(1 + 1z1) b, po]™(@)||, a0, = SUp sup 270
“ Holcld “MKﬂ,(u)z(-))o(]R) ¢>1(:)) lueg

k=—c0

1
Iy e
. - 1
x (w 3 IR0+ ), m?(g)nz;z;”]

Iy ) ul+p)
< sup sup 27/ {we Y, [Z 12590 (1 + 2]y b, y®12"<g)<xl)||z$;@]J

¢>0 LeZ k=—00 \[=—00
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Io k u(1+9)\ 7T
< sup sup 27 [w Y [Z 1290 x4 (1 + |1 )b, y¢]?<gxl>||m.>] }

1/)>0 1,eZ k=—00 \U=—c0

b [ o (1) \ T
+ sup sup2hF [we Y [Z 12590 (1 + z2a) 0, u@]?(g)a)llyz(-)] ]

V>0 l,eZ I=k+1

k=—00

=:Ei+E,.

For E4, splitting E; by using Minkowski’s inequality we have

V>0 l,eZ k=—o0 J=—c0

1 k U(1+9)\ T
E; <supsup 27 [1{)6 Z 2ka(Ou(l+y) ( Z xe(1 + z1]) @b, yq>]Z'(gX1)IIqu<->] ]

Y>0 1,eZ P

[=—00

Io k u(l+9)\ T
+sup sup 2l [1/}9 Z Qkawu(l+y) [ Z llxe(1 + lzal) @b, #@]Cm(g)(l)”mz(-)] ]
=2E11 + E12~
For estimating Eq1, we use the facts that, for each k € Z and | < k and a.e. z; € Fy, z» € F;, we know that
21 — 22| & |z1] & 2F,
2 1/2

f D(z1 — 22)[b(z1) — b(z2)]" dt

|21 — zp|1-1-C@) gxi(z2)dza| —

IA
—

|uo(gx)@)|

0 |z1—zp|<t
2 1/2

+ f f D(z1 — 22)[b(z1) — b(z2)]™ gxi1(z2)dz, at

21 — 2ol 1)

lz1] f1—zal<t

211 + I,
By the virtue of the mean value theorem we obtain,

1 1

|22
= 12
lz1 =z |z;l? (12)

Tz — P

For 111, by using Minkowski’s inequaltiy, generalized Holder’s inequality, and inequality 12 we have

Bl VY2
|D(z1 — 22)I[b(z1) = b(z2)]" dt
fn Sf |z1 — zo|"1-CE) gxi(e2)l Bl %
R” z1-22|
|P(z1 — 2)I[b(z1) — b(z2)]™ 1 1|2
< |4
_Rf AT ol e oo B
|D(z1 — 22)I[b(z1) — b(z2)]" e
< =
_f |21 — zp|"~1cE) gzl |21 — 2P T2
R”

21/2
< f a1 — 2)l[b(z1) — bz)lg(z2)ldz
F

"zl [
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<2027z |XED | g o 1D (1 = ) xa Ol -

<20/ 22_""I21I‘:(‘Zl){lb(zl) —bp,|" f 1D(z1 — 22)llg1(22)ld22

+ f bte2) = b "K0(e1 = 221 (=22

F
<2027 2 |5 gy (20) s (Ib(zl) = bp |"1®(z1 = )xiOll 40
+I(b() = bp)" (@1 = Ol )
Similarly, we can consider I, we have

w122
|P(z — 1 — 25|
mk]l(zzﬂ

IRTI le

— )|
flzl — 25| 1- C(zl)l.‘]l(zz)ldzz

S|Zl|_”|21|(’(zl)f|®(z1—Zz)||9(22)|d22

L < dzy

B

<2z gl {Gz1) = bo IO = YO0 + 16C) = bo) (@G = DuC g0 |

qu( ialtT (Y) + 1. By using Lemma (3.4) and generalized Holder’s inequality
1

we have

1D(z1 — DOl o <UDz = DxaOllsan Lo
1/s

<27l f |D(z1 — 22)Flz2fdz2 | lXillLno
1 pzy|<2!
<27 N oy X1l 10 -
Similarly, by using Lemma (3.3) we have
I(b() = bp,)" (P(z1 = X1l 0
<N@(z1 = xiesn I = bp,)™ x1(llpme
<Clblzpomn Xl lPE1 = )xi e
<Clblpomn2 725 NDls ey lxill o

It is known, see e.g. [18] that

I9((b(z1) = bp,)" xi)(z1) = 1% (i) (z1)-(xe)(z1)

|b(Zl) — szlm
F mdz2'XDk (z1)

> Clb(z1) = bp, |21 xi(z1).
Consequently, by proposition (2.1) we have

[[(b(z1) = bp,)" |11 xie(z1) (A + 2|
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< [+ DO (@) - bo) 0@
< ||(bz1) = b, )@ -

As a result we get
|3+ 1)1, ol (9200

< cz"f”ugluw{ (b(z1) = b)) 1211 iz ) (1 + 1)y 2725 DND gy il
+ 1Bl o2 2 NPl @y s 21 0 iz ) (1 + |Zl|)_/\(zl)||mz(-)}
< C2_k"||gl||m<->{(k = " 1Bl sy el 16027025 DN e gt ol 10

22+ ot il el }

+ 1Bl o 2
< Clk = DDl 1P omn 22725 Dl o Il lgillzao-

Applying results to E1; we can get

E11 < ClIbllpmoywey sup sup 270F | y? Z 2kaOu(i+y)

V>0 l,eZ k=—00
k u(l+) [ 40+
X( Z 2(l—k)(n/qi(0)—v—g)(k _ l)’"||g1||yn<'>) l
|=—c0
-1 k u(l+y) u<1+w>
<Csupsup 2"05[1/19 Z ( Z 20O ]|, 22070 (ke — l)'") ] X
Y>0 l,eZ k=—00 |=—c0

Letby = 7 — v — § — a(0) > 0, applying Holders inequality, 274+Y) < 274 and Fubini’s theorem for series

and we get,

-1 k
Ey; <Csup sup >~lop ybe Z Z 2a(0)u(1+¢)1” gl”z;l::l/))zb]u(1+1/;)(l—k)/2(k _ l)mu(l-Hp)
>0 I,eZ

k=—0c0 \|=—c0

1
u(+y) 7 uT+g)
5y

k u(l+iy
% Z 2bu(1+yl/)’(l—k)/2(k _ l)mu’(l-*'lP)/ZJ

|=—00

u(1+¢)
<Csupsup >-lop ¢ 2 Z 2a(0)u(1+¢)l(k _ l)ml¢(1+1p)” 7 ||Z:11+¢)2b1u 1+9) (- k)/2]
>0 [,eZ

k=—00 [=—00
1

-1 -1 u(1+y)
<Csupsup >~lop ¢9 Z 2a(0)u(1+1/;)l” gzllZﬁff)‘” Z Zblu(1+1/;)(l—k)/2(k _ l)mu(1+¢)]

V>0 [,eZ J=—c0 k=1

-1 u(t+y)
<C sup sup 2~oB I’U Z 2a(0)u( 1+lp)l||g ||u§11:;¢) Z Zblp(l—k)/Z(k _ l)m]
Y>0 l,eZ k=1

|=—00

-1 W(T+0)

- 1
<Csupsup 27| y? Z 2a(0)u(1+¢)l”gl||z§1:;¢)]
¥>0 L,eZ

|=—00
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_ : 1
<Csupsup 2™ [l,be Z 1244 )191||Z§1<-+>¢)]

8993

l/)>0 lt,EZ |=—c0

<Cllgl |MK§;>,?))/9.
7 (-

Now for Ej, using Minkowski’s inequality we have

u(1+y) u<++w
E1p <supsup27f |y Z fasu(l+y) { Z k(1 + |za)) ") [b, M@]E"(!]l)||yz(v)]
L‘[)>0 1,€Z. J=—c0

Iy k (L+P)N 7T
+sup sup 27 [ y? sza“’”(lw) [Z”Xk (1 + |z1]) @[, Lol? (!71)||mz<>]
>0 [,€Z

k=0 1=0
=: A1 + Aj.

The estlmate for A, follows in a similar manner to E1; by replacing ¢;(0) with g]  and by the use by, :=
q” v—% —a, > 0. For A; we have
loo

b, pol2 (X0 xkll0
<Clk = " 1Pl I go ey 27270210 >||xk||w>||;a||m<>||gz||m~
(

<C(k = D" |Pllzs1) 1Pl gy R 2 Crotl S ||_l]1||m<)

Now by using the fact == + v + { + aw < 0 we have,
loo

4 u(l+Y)\ T
Ay <Csupsup 27 | y? ZZ"“”"““’” (Z i1 + Jz1D)” Azl)l?()hgzllmzm]
>0 l,eZ k=0

|=—00

lo
<ClIbligyro0rn) sup sup 2P [ 6 Z okasu(1+)
>0

l,eZ

-1 u(1+) T
_n__p) k(o+E -
% [ Z (k _ l)mzl(,h(o) v)2 (v+2 ql"")||_l]l||m1(-)]
|=—00

lo
<ClIbllgyr00rr) sup sup 270f [we Z
>0

lU ez k=0

|=—00

1 u(1+9)\ T
g k , koo
X[Z (k _ l)mZI(‘H(O) v lam)z (o+2— + a )zlu ”gl”mﬂ)]

o€ k=0

|=—00

Iy -1
N k(v+2— 7~ +kao
< Cllly o Sup sup2 [‘”QZ[Z ey ) 5”“”’)/2]
>0 l,eZ

1
u(1+9) \ u(T+9)

u(1+y)
- k(v+% -~ +kaoo ,
x gty ( Y (k= 1y oo T e /2]
J=—c0

Iy -1
1
<ClIbllgy 00 sup sup2 loﬁ[ Z Z QeI+ g [10)
Y>0

L110)
k=0 l=—c0



B. Sultan, M. Sultan / Filomat 39:26 (2025), 8985-8998 8994

1
n n__n_ u(1+1)/2\ w@+9)
X ((k _ l)mzl(m_”_l"“’)zk(” S +kam)) ) 7

-1
_ 1
<ClIbl o) Supeup? ho [419 Y 2l gt
>0 l,eZ

I=—0c0
1
oo u(l+y)
k(o+2 - +kum)]

% Z((k _ l)mzl([“%—v—lllm)z STTL
k=1
1

-1 u(+g)
_ 1
SC”b”gMO(]RH) squO) ?up 2 lop [w@ Z 2aw111(1+¢)||gll|ztg]$¢)J
>0 l,eZ

|=—00

m
SC”b”BMO(]Rn)||9||MK;';>1?>)0(R,1)

Now we estimate Ey, for eachk € Zand ! > k+1and a.e. z; € Fi, 2o € F;, we know that |z1 — 25| = |zo| = 2/,
we consider

2 1/2
2]

o(g)(z1)] < f f G e R

|21 — zp|" 1) 3
0 |-zt

2 1/2
D(z1 — 22) "
’ f f mgl(zz)dzz 5
22 l1—zal<t

: 131 + 132.

By using the similar arguments as used in I;;, we obtain

Iy <2092y S0 gy )l (1bGz1) = b, "Bz = DOl + 1BC) = b )" (@Cz1 = Wil

By using same arguments of I;,, we obtain

2 <271l {IbG) = bo 10 = POl g0 + 160 - bp) (@G = MOl go -

X1+ 121) b, po ] (9)llm0
< C2_l”||gz||m<->{ |[(b(z1) = b,)"1211“ xe(z) (L + 1))y 27725 DN Doyl v
+ 1Bl o2 2 NDlls@rn 1xillmo 1 ) xiz) (L + |zll)‘“21>||m>}
< CZ_Z”IIgzIILq1<->{(k - l)m||b||§Mo(w)||)(k||Lq1(-)2_lvzk(v+§)||(D||Ls(5n4)||Xl||m1<-l

+ 1Bl Epomn2 2 NPl lxillzso lLxidllne
(R")

< C27"lgill e (k — l)m||b||§MO(R")||Xk||m<~>27[vzk(v+g)||®||LS(S"-1)||X1||m<~>

< Clke = ™Dl Do 22725 Dl o il o lgill o
k=D) v+ + 2

< Cll = ™ [Ll s IBgomn 2 1 lgill o -
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Now splitting E, we have

o . u(1+1) m
E, < maX{ sup sup 278 | ¢ Z, Z 12O )k (1 + 120) V[, o] (gDl ’
>0 [,eZ k=—o00 \U=k+1

u(1+y)

-1 o u(1+1)
sup sup 27 [4)9 Y gratmar) [ Y e + ) b, u@lygz)nw]

Y>0 1,eZ I=k+1

k=—c0
I o u(1+9)\ T
+supsup 27 | g0 )" okaeuy) [ Y 1+ [z, Mcp]zn(gz)llm»]

>0 1,eZ k=0 I=k+1
=:E>1 + Ep.

For E»» we have

Io o u(1+1)) u(%ﬂ/)
Ex» < Csupsup 2~lop 1/)9 Z Dkareu(l+y) [ Z Z(k_l)(m%'him)(k - l)m”glnm(-)]
>0 LeZ k=0 I=k+1

Iy S u(1+1)) u(%ﬂ)
< Csupsup 270F | ? Z Zk%u(H"b)'lgI'lZ:ll;w) Z 2(k—l)(v+;+,,lj)(k — "
>0 l,eZ k=0 ]

where d = qll +0+ 2 + 4, > 0. Then we use Holder’s theorem for series and 27“1*¥) < 27 to obtain

Iy 0
E»» <Csup sup o—lop [#’9 Z ( Z zlamu(lﬂp)” gz”Z%lP) (k - Z)mu(l+1p)’ /22du(1+1p)(k—l)/2]
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Now for Ej; using Minkowski’s inequality we have

= a1 U(+P)\ T
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=:B; + Bs.
The estimate for B; follows in a similar manner to Ey» with g1, replaced by 41(0) and using the fact that

@ to+§+a0)>0. For B, we have
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_1
X ((k - 1)m2*l<v+%+qtflum))zk(wﬁ*%+ka(0>)“<1+¢>/2)u<l+¢'>

00 l
- i 1
<CIy ey sup sup 278 | 0 Y Y7 2Ot e)
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Combining the estimates for E; and E; yields

2+ =D, 0T ) s < Clallronnun

which ends the proof. O
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