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Killing vectors and magnetic curves associated to canonical connection
and Kobayashi-Nomizu connection in Heisenberg group
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Abstract. This study establishes the canonical connection and Kobayashi-Nomizu connection within the
Heisenberg group (IH3, g) through a systematic derivation based on the Levi-Civita connection framework.
Following this, explicit expressions for Killing vector fields are determined, and analytical formulae for

Killing magnetic curves associated with both the canonical connection and the Kobayashi-Nomizu connec-
tion are derived.

1. Introduction

In electromagnetism, the trajectory analysis of charged particles under the action of magnetic fields
constitutes a fundamental research area. Within the framework of differential geometry, these trajectories
are mathematically modeled as magnetic curves. A particularly significant case arises when the magnetic
field corresponds to a Killing vector field, in which case the magnetic curves are termed Killing magnetic
curves.

The investigation of magnetic curves corresponding to various manifolds has emerged as a pivotal
direction in both differential geometry and theoretical physics. Extensive studies have been conducted in
various geometric settings, including Euclidean spaces [21], Sasakian manifolds [9], cosymplectic manifolds
[10], Walker manifolds [6], and the 3-torus [23]. Notable contributions also include characterizations of
these curves in Thurston geometries by Erjavec and Inoguchi (see [14, 15, 17]).

For Killing magnetic curves specifically, significant results have been established in Euclidean 3-space
[11], Minkowski 3-space [12], $* X R [22], and SL(2, R) [13]. Recent advancements include explicit formulas
for Heisenberg group configurations under Riemannian and Lorentzian metrics (see [2, 8]), as well as
comprehensive characterizations in 3-dimensional almost paracontact manifolds [7]. The geometric analysis
of Killing magnetic curves has further expanded to include local properties and specialized connections

(see [18, 25, 26]). With recent works [20], Liu, Hua, and Chen addressed some explicit formulas for Killing
magnetic curves in Bott connection formulations.
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The canonical connection and Kobayashi-Nomizu connection have demonstrated significant applica-
bility in geometric analysis. For instance, in [3, 4], Azami investigated affine generalized Ricci solitons
under perturbed canonical and Kobayashi-Nomizu connections in 3-dimensional Lorentzian Lie groups.
In [28], Wang classified algebraic Ricci solitons linked to these connections in 3-dimensional Lorentzian
Lie groups with product structures, while in [27], Tao characterized left-invariant Ricci collineations for
such connections. In [1], the authors further analyzed geodesic equations via symmetry methods for the
canonical connection in related Lie groups. Additional applications include Gauss-Bonnet theorem studies
in Lorentzian Heisenberg groups (see [19, 29-31]).

This paper integrates canonical and Kobayashi-Nomizu connections with Killing magnetic curves,
deriving trajectory equations for these curves in the 3-dimensional Heisenberg group. The structure is as
follows: Section 2 reviews fundamental concepts of magnetic curves and Killing magnetic curves. Section 3
establishes the geometric framework of H; and defines the canonical and Kobayashi-Nomizu connections.
Sections 4-5 derive Killing magnetic curves via Lorentz equations and present explicit formulas for these
curves under the canonical and Kobayashi-Nomizu connections in (IH3, g1) and (IHs, 92).

2. Preliminaries

Let (M, g) be a semi-Riemannian manifold. Magnetic curves on (M, g) model the trajectories of charged
particles moving under the influence of a magnetic field F, represented as a closed 2-form:

FX,Y) = 9(p(X),Y),

where X, Y € X(M) and ¢ is a skew-symmetric (1, 1)~tensor field encoding the Lorentz force. For a regular
curve y : I € R — (M, g), y is termed a magnetic curve if its tangent vector t = )’ satisfies the Lorentz
equation:

Vit=g(t), i€{0,1}, 1

where V? and V! denote the canonical connection and the Kobayashi-Nomizu connection associated to g,
respectively. The magnetic curve generalizes the geodesic curve under arc-length parametrization, that is,
when ¢ = 0 the geodesic is a particular magnetic trajectory, and the solution of the Lorentz equation is a
geodesic curve.

The cross product of the vector fields X, Y € X(M) is defined via the volume form dv, as:

IX AY,Z) = do,(X, Y, 2),

for all vector fields Z on M and X A Y represents the skew-symmetric (2, 0)-tensor induced by X and Y.
Let Fy = iydvu, denote the Killing magnetic field associated with a Killing vector field V on M, where iy
is the interior product and dv, is the volume form. The Lorentz force ¢ induced by Fy is defined as:

eX)=VAX VXeXWM),

Substituting into (1), we can rewrite the Lorentz equation (1) as:

Vit=V At ie{0,1). 2)
Solutions to this equation are termed Killing magnetic curves with respect to V. For brevity, these curves
are referred to as V—-magnetic curve.

3. Geometry structure of Heisenberg Spaces

The Heisenberg group Hj is a quasi-Abelian Lie group diffeomorphic to R?, represented in GL(3, R) as:

0 x z
H; =:[0 0 yll(x,y,2) e R®},
000
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equipped with the group operation:

(x1, y1,21)(X2, Y2, 22) = (X1 + X2, Y1 + Y2, 21 + 22 — X112).

Every left-invariant Lorentzian metric on IHs is isometric to one of the following forms:
L 2 2
g1 =— ﬁdx +dy” + (xdy + dz)*,

7 :%dx2 +dy? — (xdy +dz)*, A > 0, )
g3 =dx* + (xdy + dz)* — (1 — x)dy — dz)*.

These metrics are pairwise non-isometric, with g3 being flat (see [5, 24]). This work focuses on the metrics
g1 and g,.

Let V denote the Levi-Civita connection associated with g; in (3). The tangent bundle THHj is spanned
by {e1, 2, €3}, with D = span{e;, e;} as the horizontal distribution on Hz and D+ = span{es}. Define a product
structure ] via Je; = ey, Jex = ey, and Je3 = —e3. Then J? = id and g(Je;, ej) = gle;, e)) for all e;, e; € T(H3), and |
is a product structure.

Following [16], the canonical connection V% and Kobayashi-Nomizu connection V! are defined as:

1
VRY = VxY = (Vx]JY,

(4)
1

VAY = VY = LLVx)IY = (Vix))Y],
for X, Y € X(M).
4. The metric g4

An orthonormal basis for (IHs, g1) is provided by:
J d d J

e =~, 62—a—y—9€$, 63—)\5, ®)

where e3 is timelike. The non-zero components of the Levi-Civita connection V for g; are:
A
Veer = Vo1 = 76
A
Vee3 = Vo1 = 7o (6)
A

VEZ€3 = —VESEZ = 5(31.

Using (4) and (6), the non-vanishing components of V? and V! are:
A A

ng = 562, Vgaez = —561, V33€1 = —/\61. (7)
A vector field V on M is termed a Killing vector field if it satisfies the Killing equation:

9y V. 2) + g(VzV,Y) = 0, ®)

forallY,Z € X(M),and i €0, 1.
Assume the Killing vector field takes the form:

V = filx,y,2)e1 + fo(x, y,2)ex + f3(x, ¥, 2)es,
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where f; € C*(H3) for i = 1,2,3. Substituting V into (8) with Y = e;, Z = ¢; defined by (5), yields a system
of differential equations for Killing vector fields associated with V°:

(Lvg)(er,e1) = %fl =0, 9)
(Lvgi)(er, e2) = %fz + ;—yfl - x%fl =0, (10)
(Lvgi)(er, es) = —a%fs + )\%fl - %fz =0, (11)
(Lger e = 5= 3=, 1)
(Lvgi)(e, e3) = —&%fs + x%fs + %fl + A%fz =0, (13)
(Lvgi)(es, e3) = ;—xfa =0, (14)

where Lyg; is the Lie derivative in the direction of V.

Proposition 4.1. The Lie algebra of infinitesimal isometries for (Hz, g1, V°) is 5-dimensional, with a basis given by
the following vector fields:

AN )
dy ~9dz" 6 ox’
d

X9 +cos—(i -x=), Vs= CosEi —sinf( - X=
z y z

1
9 (15)
2°dy T oz”

Proof. Differentiating (11) with respect to x and z yields:
Pfh
oxdz
Differentiating (10) with respect to x and incorporating (16) gives:

»’f 0
oxdy

(16)

(17)

Differentiating (11) with respect to x and y, and using (17), leads to:

P’
oxdy

0. (18)

Differentiating (12) with respect to x and using (16), (18) gives:
o _
oz

Thus, (12) simplifies to:

of
Lo, (20)

0. (19)

implying f, = f(x), then we can put f>(x) = B(x). Similarly, (10) reduces to:

oh _

5 0, (21)
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so f1 = fi(x), then we put fi(x) = A(x). Differentiating (11) with respect to x and (13) twice with respect to x
yields:

9? d 9* 2°
(PR A APR L Fh

- e -/ =0. 22
2 29 TV 29 THa 22)
Solving these equations gives:
. X X
fo(x) =2c1sin = —2cpcos = +¢3,  (c1,¢2,¢3 € R). (23)

2 2
Differentiating (11) with respect to z and y yields:

*fs
2 24
022 0, (24)
*f3
dydz 0 )

Differentiating (13) with respect to y and using (25) gives:

*f3
— =0. 26
" 26)
So f3(y,z) = caz + cs5y + c6, Where ¢y, ¢5, ¢ € R. Substituting into (13) and (11) yields:
X X 24 2cs
=- = - - - —x+—. 27
fi(x) 2¢1 Cos 5 2¢; sin 571 X+ 1 (27)
and:
dfi 1 c
R 8)
implying ¢4 = —4c3. The final expressions for fi, f2, f3 are:
2
f1(x) = —2cq cos ;—C - 20 sin;—C + %C3x + XC5,
fa(x) = 2¢1 sin A 2c; cos S c3, (29)

2 2

A
f3(y,z) = —EC3Z + c5Y + Ce.

Substituting these into the vector field V and expressing in terms of the basis {e1, e;,e3} yields the stated
result. [

Then, using the same process, we present the Lie algebra of the Killing vector field of (Hs, g1, V1), which is
generated by Killing vectors by the following proposition.

Proposition 4.2. The Lie algebra of infinitesimal isometries for (Hz, g1, V*) is 5-dimensional, with a basis given by
the following vector fields:

d d d d d
Vi = 5 Vy = /\5, V3 = Xo-+ (@ —xg), a0
_x? 0 d d , 0 0 d 5, 0 d , 0
V4_?£+x(a—y—x£)+/\ ya,V5—(§—2x)&Z+x(ay xaz) 2A zax.
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Proof. Let V = fie1 + frex + fzez be a Killing vector field for (IHj, g1,V1). Substituting V into the Killing
equation with Y = ¢;, Z = ¢; defined in (5) yields the system:

(Lvgleren = 2 fi =0 @
(Lvgr)(er,e2) = %fz + j—yfl - x%fl =0, (32)
(Lvgler,e) =~ fi+ A2 fi = Ao =0, )
(Luger e = 50— 3L =0, N
(Lvgi)(ez e3) = —a%fa + x%ﬁ + /\%fz =0, (35)
(Log)es,e) = 5 =0 @6

where Lyg; is the Lie derivative in the direction of V, and f; € C*(H;3) fori =1,2,3.
Differentiating (33) with respect to x and z gives:

’f
=0. 7

oxodz 0 57)
Differentiating (32) with respect to x and incorporating (37) yields:

’f

Sy - 0. (38)
Differentiating (33) with respect to x and y, and using (38), gives:

’f

Sy - 0. (39)
Differentiating (34) with respect to x and using (37) and (39) leads to:

af

— =0. 4

5 =0 (40)
Thus, (32) and (34) simplify to:

d d

Iy, %Ly @)

9y 9y

implying fi = fi(x) and f, = fo(x), then we put fi(x) = A(x) and fo(x) = B(x). Differentiating (33) with
respect to y and z, and (35) with respect to y, yields:

’fs B *f3 B *f3 B

Wz 92 o (42)

Thus f3(y,z) = c1y + 2z + c3 for constants ¢y, ¢, c3 € IR. Differentiating (35) twice with respect to x gives:
>’ 2 B
a3

so fa(x) = cax? + csx + cg, where ¢y, ¢5,c6 € R. Integrating (33) yields:

(43)

c c 1
filx) = §4x3 + E5x2 + Ccex + Xczx + c7. (44)
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Using (35) to relate coefficients gives c; = Acs, co = —2Acy, and ¢z = Acy — Ace. Substituting these into fi, f>, f3
results in:

c c
fi= §4x3 + Esxz + (c6 — 2c4)x + cg,
fo = c4x® + cs5x + e, (45)

f3 = —2c4Az + csAy + c3.
Expressing V in terms of the basis {e1, e, 3} yields the stated result. [

Let y(t) : I ¢ R — (H3, 41) be a regular curve parameterized by y(t) = (x(t), y(t), z(t)). Its velocity vector is
given by:

t=)'(t) = (1), y' (1), 2 (1)

Expressed in the basis {¢;};-1 3 defined in (5), the velocity vector t takes the form:

t=0" +xy)er +yer+ %63. (46)

Using the connection formulas from (4), we compute the covariant derivatives:
! Anl

2

er + (v + %(z’ + xy')x" ey + x—e3,
” A @7)
Vit=((Z +xy) —x'y)er +y es + Tes

Vit = (' +xy') - ¥

In the subsequent sections, we derive explicit formulas for V;-magnetic curves with respect to the canonical
connection V? and Kobayashi-Nomizu connection V! on (Hs, g1).

4.1. Vy-magnetic curves associate to V°.

We consider Vi-magnetic curves correspond to the Killing vector field V; = e3 defined in (15). Using
(46), the wedge product is computed as:

ViAnt=—y'er + (2 +xy)er. (48)

The Lorentz equation Vit = V1 A t yields the system of differential equations (51):

v

X
(Z/ +xy/)/ _ y2 — —y’,
S1:3y” + %(z’ +xy ) =z +xy, (49)
x//
7= 0.

Integrating the third equation of (S;) gives:
xX=cit+cy, (50)

where ¢y, ¢; are constants. Substituting (50) into the first two equations of (S1) leads to:

1" c—2 ’
v+ (=) =0,
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1. If ¢; = 2, the system (S;) reduces to:

xll — 0,

51: y 20'

! st

’ //_yx_/
' +xy') = > y.

The general solution is:

x(t) = cit + ¢y,
y(t) = c3t + ¢y,

2
2(f) = _(M

1 )i’z — (62C3 - C5)i’ + Cq.

where ¢y, - -+, ¢ are constants.
2. Ifc; #2,1leté = Z_Tcl The general solution of (S1) is:

x(t) =it + ¢,
_ c3sin(¢t) ¢4 cos(Ct)

y(t) 7 = o

C3C + c10c3 — CacyC — Cc1C4Ct B c4C + c1c4 + Cpc3C + 1030t
z(t) = o cos(Ct) + o
C C

sin(ét) + ce.

where ¢y, - - -, ¢ are constants.
Theorem 4.3. All Vi-magnetic curves of (Hs, g1, V°) are parametrized by:
1. IfCl =2

c1c3+2¢3

)/(t) = {Clt +Cp, c3t + ¢y, —( mn )tz - (C2C3 - C5)t + C6} .

2. Ifc1¢2:
cit+ o
c3sin(Ct) ¢4 cos(Ct)
(t) = ¢
v ¢+ ¢ ot © c § + C+ ct
€3¢ + €103 — CpC4C — C1C4C €4C + 104 + Cpe3C + C1038E .
3 1= ;4 t cos(ct) + 2 1 ~22 3 13 sin(ét) + c¢
c c

where cq,- -+, ce are real numbers.

4.2. Va-magnetic curves associate to V°.

10034

(51)

(52)

(53)

For V;-magnetic curves associated with the Killing vector field V, = %el + Ayes (see (15)), the wedge

product is computed as:
/ ’ / 2 / 2 /
Vont=yy'e + (y(z' +xy') - ﬁx)ez—xyeg.

The Lorentz equation VIt = V, A t yields the system of differential equations (S):

S ~Anl

x

(Z, +xy/)/ _ y2 — yy/,
Soiqy” + 1(;7:’+x N =y +x ’)—Ex'
2-1Y 2 y =Yy Y /\2 ’

xr__ 2,
X Ay

(54)

(55)
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Integrating the third equation of (S;) gives:
X =-2y+ac, (56)

where c; is constant. Substituting (56) into the first equation of (S;) yields:
Z +xy = %ly + Co, (57)

with c; as another constant. The second equation of (S,) simplifies to:

., 1.c , c 2,
y'+ E(Ely+cz)x = y(Ely+cz)— ﬁx. (58)

While the general solution of (58) is complex, we solve it for the particular case c; = 0. In this case, the
system reduces to:

X' =-2y,
Z +xy =cy,

C2

X' =c —gx’
v Ty '

y// + Az

Solving these yields:

v — 4
y(t) = CSE‘/@t + cqe Yeer+ g (59)

and substituting into the remaining equations of (S;) gives:

—2J262+%f 2 4\/2C2+iz 2
e (4 ¥ —c)

4
1[26‘24— 2z

_ 4 4
z(t) = (cp — 4czcy)t + — e ‘/262+A2t(65€2‘/2C2+f‘2t +¢4) + o, (60)

where ¢y, - -+, ¢ are real numbers.

Theorem 4.4. The parametric equations for Vy-magnetic curves in (Hs, g1, V°) are given by:

T
ce Vzaﬁﬁt cue V262+/\%t
2 +2
\/ZCZ+A% \/2€2+/\%
4 — 4
y(B) = cae VT gV 1)
_2\/2c2+ﬁt(c’2‘€4‘\/2c2+/\%_CZ) 7

x(t) =t -

y(b) =
z(t) = (ca — 4dczeq)t + :

- 4 4
—cze 200+ 2 t(C5e2 200+ /‘zt + C4) + Ce

where c1,- -+, cg are real numbers.

4.3. V3-magnetic curves associate to V°.

For V3;-magnetic curves associated with the Killing vector field V3 = %xel +ey— %263 (see (15)), the wedge
product is computed as:

/

x A A 1 1
VaAt= (x + gzy’)el - (gz(z’ +xy’) + ﬁxx’)ez +((Z +xy) - gxy’)e3. (62)
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The Lorentz equation V% = V, A t yields the system of differential equations (S3):

/xl /7
(' +xy) - yz = xx + %zy’,

1 A 1
S : 7 _ ’ ’ ’ - __ ’ AN 63
3y’ + 2(z +xy')x 6z(z + xy’) —3Axx (63)

l—(z’+x ’)—1x ’
AT E TR
The general solution of (S3) is non-trivial and not fully solvable in closed form. However, under the special
assumption x(t) = y(t) = z(t), the third equation in (S3) become x” + ( X+ 5" x? ClA)x (% + %x)x’ =0

which contains Jacobi elliptic functions as the solution. So, we express the followmg theorem.

Theorem 4.5. V3-magnetic curves in (Hs, gl,VO) corresponding to the Killing vector field V3 = %xel +ey — %263
are solutions of the differential system (63).

4.4. V4-magnetic curves associate to V°.

For V,;-magnetic curves associated with the Killing vector field V, = sin %el + cos ’E‘ez (see (15)), the
wedge product is computed as:

/ /

XX XX X
V4/\t—coszxel— 2/\ez+((z +xy)cos§—s1n y)e3 (64)

The Lorentz equation V't = V4 A t yields the system of differential equations (S4):

’ / l_ y/x, — EJLI
(' +xy') =cos 3
1 x x’
S : s _ ’ s i _ 65
449y +2(z +xy)x’ = st)\ (65)

i ’ ’ X : ’
T =(z +xy)cos§—sm§y.

The general solution of the system (S4) is highly non-trivial. We investigate special cases where at least one
component is linear or constant:

1. If we assume x = x( (constant). The system reduces to:

(' +xy) =0,

s, Y =0, (66)
(z' +xy’) cos Z _sin J—Cy' =0.
2 2
Solving these yields:
x(t) = xo,
x
y(t) = c1t cot 30 + 02, (67)

z(t) = c1(1 — xg cot %)t + c3,

where xg, ¢, ...,c3 € R.

2. If we assume y = yo. Then, the first two equations in (S4) yields z = 3t + ¢, substituting into the third
equation in (S4) leads to contradictions in the equations.

3. Setting z = zy, does not simplify the system. We therefore seek a solution in which at least one
component of the solution is linear.
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o The assumption x(t) = c1t + ¢, yields a contradiction.
o Conversely, assuming y(t) = ¢t + ¢, and substituting it into the first equation of (S4) also results
in a contradiction.

Theorem 4.6. Vy-magnetic curves in (Hs, g1, V°) correspond to the Killing vector field V4 = sin €1 + cos 3ep are
solutions of the system of differential equations (65). In particular, the Killing magnetic curve in (Hz, g1, V°) with at
least one linear component function that corresponds to the Killing vector field V4 = sin 5e; + cos e, are

y(t) = {xo, y(t) = citcot 3 + ¢z, c1(1 — xg cot F)t + c3} , (68)
where xg, 1, ...,¢c3 € R.

4.5. Vs-magnetic curves associate to V°.

For Vs-magnetic curves associated with the Killing vector field V5 = cos Je; — sin 3e, (see (15)), the
wedge product is computed as:

. oxx xx' , NLX x
Vs At=—sin Exq — Cos Exez —((z' +xy')sin 5 + Yy’ cos 2)63. (69)
The Lorentz equation V't = V5 A t yields the system of differential equations (Ss):

v /

(' +xy) - yzx = —sin g%,
Ss:qy’ + 1(z’ +xy)x’ = — cos f—/, (70)
2 2A
i ’ / : X ’ X
T= —(z +xy)sm§—y cos 7.

Analogously to Subsection 4.4, we investigate special cases where components exhibit linear or constant
behavior:

Theorem 4.7. Vs—magnetic curves in (Hs, g1, V°) correspond to solutions of the differential system (70) associated
with the Killing vector field Vs = cos 5e; — sin 3e,. In particular, when x(t) = xo, the curves admit parametric
solutions with linear components:

y(t) = {xo, cittan 3 + ¢y, c1(1 — xo tan )t + 63} , (71)
where xg, 1, ...,c3 € R.

4.6. Vy-magnetic curves associate to Vi

For Vi-magnetic curves associated with the Killing vector field V; = ¢; (see (30)), the wedge product is
computed as:

/

Vint= —%62 - ]/I€3. (72)

The Lorentz equation Vt = V; A t yields the system of differential equations (S1):

(Z’ + xy/)/ _ x/y/ — 0/

S Y =7 (73)

=2
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Solving the last two equations of (S1) gives:

x(t) = —Acyel — Acye™ + ¢,
{ ®) tl A 2 3 1)
y(t) = cre’ — e + ¢y,
where c1,- -+ ,c4 € R. Integrating the first equation of (51) yields:
Ac? Ac?
z(t) = Tlezt - fe_zt —c1c3¢" + cocze™ + (cs5 + 2Acico)t + ¢, (75)

where cs5,cs € R.

Theorem 4.8. All Vi—magnetic curves on (Hj, gl,Vl) corresponding to the Killing vector field V, = e are
parametrized by:

x(t) = —Acief — Acoe™ +c3 T
) =ciet — et +¢
Y=y . elPTac e e , (76)
z(t) = TleZt - Tze‘Zt —cic3et + cacze™ + (cs5 + 2Acio)t + ¢

where c1,- -+ ,c¢ € R are constants.

4.7. Vy-magnetic curves associate to V.

For V,-magnetic curves associated with the Killing vector field ez (see (30)), the wedge product is
computed as:

Vo At=—ye + (2 +xy)en (77)
The Lorentz equation V}t = V, A t yields the system of differential equations (S):

(Z/ +xyl)/ _x/yl - _y/

S, 1Y ==+, (78)
x/l
- =0.

Integrating the third equation of (S;) gives:
x(t) =it + ¢, (79)
where ¢y, ¢; € R. Substituting (79) into the first two equations of (S,) reduces the system to:
¥y’ +(1-ca)y =0. (80)
1. If c; = 1. The equation simplifies to y” = 0, yielding:
y(t) = c3t? + cut + c5.
Substituting into the first equation of (S,), we solve for z(t):

C1C4 + 20oC3

5 tz + (2C3 - C2C4)t + Cg,

z(t) = —§C1C3t3 -

wherecy,---,c6 € R.
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2. Ifc; > 1, we have ¥y’ + (1 — ¢1)y’ = 0. The characteristic equation yields exponential solutions:
y(t) B cse Ve -1t 6467 \/(lel)t N
Va-1) -1

The corresponding z(t) is:

Cs5.

2(t) =cze Vo1 4 gy YOIt Glva 1t 1)Ci Tva- 1C2)emt
c1 —

+ C4(C1 +c1Ve =1t +cp Ve — 1)67‘/Cljf i
6/

C1—1

(81)

wherecy, -+ ,c6 € R.
3. If 1 <1, wehave ¥y’ + (1 — ¢1)y’ = 0. The characteristic equation yields trigonometric solutions:

y(t) = cz3cos y1 —cit + cgsin 1 —c1f + ¢,

The corresponding z(t) is:

z(t) =sin +/(c; — 1)t(\/% —c3/(c1 — 1) = cacy — cre4t)

+ cos /(c1 — 1)1’(% +C4 \/(Cl —1)—coc5 — C1C3t) + Cg,
c1 —

where ¢y, -+ ,c6 € R.
Hence, we write the following theorem.
Theorem 4.9. All V,—magnetic curves of (Hs, g1, V') corresponding to the Killing vector field Vo = e3 are
parametrized by:
1 Ife =1

x(t) =cit+co

— y(t) =3 +cyt + C5i’2
)/(t) C1C4 + 2C2C5 ’ (82)

z(t) = —§C1€5t3 - 2+ (2c5 — caca)t + cq

2. IfCl > 1.
X(t) =it +cy, T
C3€ \/(61—1)1’ C4€_ V(C1—1)f
t) = - +c5,
_l/( ) Ve — 1 VC1 — 1 ° 33
) = 2(6) = cxe VT 4 o v _ €all Ve —Tt=T)er + Ver —Teo) gy (83)
1 — 1
+C4(C1 +c1 Ve =1t +cp Ve — 1)6_mt.
1 — 1
3. IfCl <1:

x(t) = 1t + ¢,
y(t) = czcos V1 —cit + cysin Y1 —cit +cs,
. c1c
y(t) = { () = sin y/(c1 - DH——=—= — c3 V(1 = 1) — cacy — c14t) , (84)

C1C4
+cos /(c] = DN(———= + c4+/(c1 — 1) — c2c3 — c1c3t) + 6,
V(e = 1)

where c1,- -+ ,c¢ € R are constants.
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4.8. V3-magnetic curves associate to V.

For V3-magnetic curves associated with the Killing vector field V3 = xe; +e; (see (30)), the wedge product
is computed as:

/ /

VsAt= %el - %ez + (2" + xy') — xy')es. (85)

The Lorentz equation V}t = V3 A t yields the system of differential equations (S3):

’ /l_ / l:x_,
' +xy') —x'y T
53 : y” = —%, (86)

=%

=@ +xy)—xy'.
Integrating the second equation of (S3) gives:

2
y = 51 +cq, (87)

where ¢; € R. Substituting (87) into (S3) reduces the system to:

117

X 1
Z+xy =——+ (1 + Z)X+C2,

6\
X X x (88)
—_——— - ¢ =0.
A3 A7
In this case, the equation - — £_xy4 ¢, = 0 involves Jacobi elliptic functions, indicating non-elementar
q I T3 1 p g y

solutions.

Theorem 4.10. V3-magnetic curves in (]Hg,gl,Vl) corresponding to the Killing vector field V3 = xe; + e, are
solutions of the differential system (86). In particular, the system admits solutions expressed in terms of Jacobi elliptic

. . e . . X! X3 X _
functions when x(t) satisfies the nonlinear equation > — 33 — 3 +c2 = 0.

4.9. V4-magnetic curves associate to Vi

For V,-magnetic curves associated with the Killing vector field V, = x—;el + xep + Ayes (see (30)), the
wedge product is computed as:

4 2.7 2.,/
Y

Vint= (% - Ayyer + (Ay(z +xy') — xzj{ ez + (x(z" +xy') - >

)es. (89)

The Lorentz equation V!t = V4 A t yields the system of differential equations (S4):

’ N ’o xx’' ’
@ +xy) —xy = — - Ayy,
2x/

217
7" 2.,

X _ ’ /_xy
A—x(z+xy) >

(90)

Sy iy’ =Ay@@ +xy') -

The general solution of (S4) is non-trivial. We investigate special cases where components exhibit linear or
constant behavior:
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1. Case x(t) = xj (constant): Substituting into the thizrd equation of (Sy) yields z’ +xoy’ = 3y’. Comparing
coefficients in the first two equations leads to —xzo =1, which is a contradiction.
2. Case y(t) = yo (constant): Integrating the first equation of (S4) gives z’ = ;—j\ + ¢1. Substituting into the

third equation yields "7 - % — c1x, which is a nonlinear oscillator equation involving Jacobi elliptic

functions.
3. Other linear assumptions: Assuming z(t) = zo, does not simplify the system. Assuming x(t) = ¢t +c»
or y = ¢t + ¢ leads to contradictions in the equations.

Theorem 4.11. V,-magnetic curves in (Hs, g1, vl corresponding to the Killing vector field V, = "7261 + xex + Ayes
are solutions of the differential system (90). In particular, there exist no V,-magnetic curves with at least one linear
component function.

4.10. Vs-magnetic curves associate to V1.

For Vs-magnetic curves associated with the Killing vector field V5 = (%3 - 2x)e; + x%e; — 2Azes (see (30)),
the wedge product is computed as:

’ 3 ’ 3
VsAt= (%x2 +2Azy")er — Az(Z' + xy') + (% - 2x)xx)ez + (P +xy) - (% - 2x)y')es. 91)

The Lorentz equation V!t = V3 A t yields the system of differential equations (Ss):

& +xy)y -xy = %xz +2Azy/,

3

. 17 ’ / x3 x/
S5y’ = =2Az(z +xy’) — (g - ZX)X' 92)
o Xz +xy') - (% - 2x)y".

A

The general solution of (Ss) is non-trivial. We investigate the special case when x(f) = y(t) = z(t). Substituting
into (Ss) reduces the system to a nonlinear equation:

’7 1 3 7 2.7 _ % ’
Y+ vy 2y + A= )y =0
which admits solutions expressed in terms of Jacobi elliptic functions.

Theorem 4.12. Vs-magnetic curves in (Hs, g1, v corresponding to the Killing vector field Vs = (% —2x)e; +x%ep —
2Azes are solutions of the differential system (92). In particular, when x(t) = y(t) = z(t), the curves are governed by
a nonlinear oscillator equation solvable via Jacobi elliptic functions.

5. The metric g,
An orthonormal basis for the Lie algebra (IH3, g5) is provided by:

d d d d
= — —x— == =—, 93
a=g, Y @ Mgy ey (93)
where e3 is timelike. The non-vanishing components of the Levi-Civita connection V of g, are:
Vo2 = =Vee1 = 563,
A
Veies = Vo1 = S, (94)

A
VEZeg = Ve3€2 = —Eel.
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Using the connection formula (4), we derive:

A A
ng = Eez, Vgﬁ = _Eel' Vg[ej =0. (95)

The Kobayashi-Nomizu connection associated with g, vanishes identically. We focus on (Hs, g2, V0) where
the Killing vector fields are generated by the following proposition.

Proposition 5.1. The Lie algebra of Killing vector fields for (Hs, g», V°) is 4-dimensional, with basis:

9 9 9. 1.0 9 Ay d
Vl_g' Vz_(ay_xaz 2o V3_/\(9x 2 0z’ %)
V. x(——xi - A% i+(x_2+)\_2 2)i

! dy oz Yox T\ T g

Proof. Let V = fie1 + frex + fzes be a Killing vector field of (IHj, g2, V0. Substituting V into (8) with Y = ¢;,
Z = ej defined by (5), yields a system of differential equations for Killing vector fields associated with V°:

(Lvga)(er, e1) = ;—yfl - xaa—zfl =0, (97)
d Jd J

(Lvg2)(er, e2) = &—yfz —xo-frtA5-fi=0, (98)

(Lvga)(er, e3) = %ﬁ - %fz - %fa =0, (99)

(Loga)er e = 2fo=0, (100)

(Lvga)(er, e3) = - $f3+5f1+£f2— , (101)

(Luga)er e = 2 =0, (102)

where Lyg; is the Lie derivative in the direction of V.
Differentiating (101) with respect to x and z yields:

’f

e 0. (103)
Differentiating (99) with respect to x and incorporating (103) gives:

afs

8x_8y =0. (104)
Differentiationg (97) with respect to x, and using (103), (104), leads to:

af

o = 0, (105)
implying f1 = fi(x), then we can put fi(x) = A(x). Differentiating (98) twice with respect to x gives:

?*f

ZJ 1

2=, (106)
implying f1(x) = c12% + cx + ¢3, where ¢y, ¢3, c3 € R. Differentiating (99) with respect to z gives:

d

ﬁ =0, (107)

dz
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so fo = fo(y), then we put fo(y) = B(y). Differentiating (98) with respect to y leads:

*f
a_y]; _ (108)
Thus, f2(y) = cay + ¢5, where ¢4, ¢5 € R. Using (98), we deduce:
d
f 2= _AA(x), (109)
implylng c1 = 0 and ¢4 = —Acy. Differentiating (99) with respect to x leads to:
*f;
8x(j9[y - (110)
So f3(x, y) = C1(x) + C2(y) + c6. From (99) and (101), we infer:
Ci(x) = —x + Ex
Az A 111)
Cay) = ey’ - S5y
Substituting these into fi, f>, f3 results in:
filx) = cox +¢3,
faly) = —Aesy +c5, i (112)
c A
fa(x, y) = —2x2 + Ex + Z&;y - 505y + Ce.

Expressing V in terms of the basis {e1, e, 3} yields the announced result. O

Let y(t) : I ¢ R — (Hj3, 92) be a regular curve parameterized by y(t) = (x(t), y(t), z(t)). Its velocity vector
is given by:

=y (t) = (' (1), y' (1), 2 (#)). (113)

Expressed in the basis {e;};=1,23 defined in (93), the velocity vector t take the form:

/

t=vy'er + xxez + (' + xy')es. (114)

Using the connection formulas from (95), we compute the covariant derivatives:

1’

x' A
Vit =(y” - E(z’ +xy'))er + (% + Ey’(z/ +xy'))ex + (2 + xy’) es. (115)

5.1. Vi-magnetic curves associate to Vo,
For Vi-magnetic curves corresponding to the Killing vector field V| = e3 (see (96)), the wedge product
is computed as:

/

ViAt= —%el +yen. (116)

The Lorentz equation Vit = V; A t yields the system (S;):

Il_x_, ’ ’ :_x_/
y (z +xy’) T

. x/l
Sy : 7+2y(z )=y, (117)

(' +xy) =0.
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Integrating the third equation of (S1) gives:
Z+xy =q, (118)

where ¢; € R. Substituting (118) into the first two equations of (S1) reduces the system to:

y/l_c_lxl X

27 TN
v da "
A 2 y=Y

Differentiating the first equation of (119) yields:

/77

)y =0. (120)

+ (AC12— 2

1. Case Ac; —2=0:
The characteristic equation yields linear solutions:

x(t) = cot + c3,
{y(t) = Cit + ci. (121)

Substituting into (118) gives:

z(t) = —%tz +(c1 = caca)t + ce, (122)
where ¢q,--+ ,c6 € R.

2. Case Ac;1 =2 #0:
The characteristic equation yields trigonometric solutions:

t — c3cos

y(t) = 2 sin 25 t+ ey (123)

Substituting into (S1) gives:

_0 Acp —2 cz . Acp—2

x(t) = 1 cos > t+ 0 sin > t+cs, (124)
Using (118), z(t) becomes:
2(0) = 23 - 2¢3 cos A =2 2¢5C3 sin Aci =2 2Acsc5 — 203¢4 sin Acqp — 2t
T A2 —2A 2 A2c; —2A 2 A2c; —2A 2 (125)

_ 2/\C2C5 + C3Cy4 cos Acp —2
/\2C1 -2A 2

t+ (c1 — cqC5)t + cq

where ¢1,--+ ,c6 € R.

Theorem 5.2. All Vi-magnetic curves in (Hs, ga, V0) corresponding to the Killing vector field Vi = e3 are
parametrized by:

1. Case Ac; —2=0:

)/(t) = {sz +c3, ¢4t +c5, —%tz + (C1 — C3C4)iL + (16} . (126)
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2. Case Ac; —2 #0:

T
x(t) = 2 cos A2t S sin A2t 4 cs
. Acy — -
y(t) = casin t —c3cos t+cy
() = 2c2 - 2c2 Aey =2 2 Aei =2 2Mcses—2 Ay —2 ¢ » (127)
z(t) = 2 3 cos2 a + €26 sin 2 a t+ €365 — 200c4 sin a t
/\2C1 —-2A 2/\2 /\2C1 —/%/\ ” 2 )\261 —-2A 2
+ p—
_ /\622;15_ ;;C‘l cos 612 t+ (c1 — cqc5)t + Cg

where c1,- -+ ,c¢ € R are constants.

5.2. Va-magnetic curves associate to V°.

For V>-magnetic curves corresponding to the Killing vector field V, = e; + je3 (see (96)), the wedge
product is computed as:

/ /

xx 1, , , x
Vont= —ﬁel + (Exy - +xy))ex - xe3. (128)

The Lorentz equation V%t = V, A t yields the system (S5):

/

/l_x_/(zl+x l)__&
Y732 Y=o
XA 1
S : - . 4 /7 / — _ 4 l_ ’ s 129
2\ RV E ) =Gy - @ ), (129)
Z +xy) = 2

X .
Integrating the third equation of (S;) gives:

Z +xy = —% +c, (130)

where ¢ € R. Substituting (130) into the first two equations of (5,) reduces the system to:

’ 3 2
Y =——x"+cx+cy,
34/\ 11cA 2)? A (131)
23 e B -
+4x 3 =1+l > )x + 2(2+c1/\) 0.

Without loss of generality, we set ¢ = 0. The system simplifies to:
17 3 3
X +Zx - (1+cA)x=0,

which involves Jacobi elliptic functions as solution. So, we can express the following theorem.

Theorem 5.3. V,-magnetic curves in (Hs, g1, V0) corresponding to the Killing vector field V, = ey + 3e3 are solutions
of the differential system (129). In particular, when ¢ = 0, the curves are governed by a nonlinear oscillator equation
involving Jacobi elliptic functions.
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5.3. V3-magnetic curves associate to V°.
For V3-magnetic curves corresponding to the Killing vector field V3 = e, — 4yes (see (96)), the wedge
product is computed as:

/ ’

X
2y 2y e+ yes. (132)

The Lorentz equation Vit = V3 A t yields the system (S3):

VsAt= (2 +xy +—=)e1 —

’

Xy
2 '
Ayy’ (133)
2 7

Yy’ - %(z’ +xy) =z +xy +
53 xT + %y’(z’ +xy')=-—

@ +xy) =y

Integrating the third equation of (S3) gives:
Z+xy =y+ec, (134)
where ¢ € R. Substituting (134) into the first two equations of (S3) reduces the system to:

77 /\2 2 2 1 /\2 2 2
y —(Zy +A Cy+cl)(y+0)=y+6+§(zy + Ay +c1),
(135)

Without loss of generality, set c = 0. The system simplifies to:

2
v+ %yS — (A + 1)y =0,

which involves Jacobi elliptic functions as solution. So, we can express the following theorem.

Theorem 5.4. V3-magnetic curves in (Hs, g, V0) corresponding to the Killing vector field V3 = e; — %yeg are
solutions of the differential system (133). In particular, when ¢ = O, the curves are governed by a nonlinear oscillator
equation involving Jacobi elliptic functions.

5.4. Vy-magnetic curves associate to V°.

For V4-magnetic curves corresponding to the Killing vector field Vy = xzzel + xep — %yeg (see (96)), the
wedge product is computed as:

, Noxr A% L, X x> A%, , , ,xx
Viant=(-Ay(Z' +xy’) - (Z + Zyz)x)el + ((Z + Zyz)y —x(z" +xy))es — (Ayy" + 7)63. (136)

The Lorentz equation VIt = V4 A t yields the system (S4):

1 x’ ’ ’ ’ ’ xZ /\2 2 X'

y' =@ Hxy) = -Ay@ +xy) = ()T

7’ 2 2
Se 4 A = (5 2 A — e+ (137)
PN T Y E ) = ()Y (@ ),

’ A / xx/

@ +xy) = -(Ayy" + —).

Integrating the third equation of (S4) gives:
2 A1?

Z +xy = —x——l+c, (138)

2A 2
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where ¢ € R. Substituting into the first two equations of (S4) yields:

, X x2 /\yz X2 A]/2 x2 /\2 ) X
N T R il ey S a i A e B
(139)
x_” &'(_X_Z_A_yz+c)_x_2+A_2 Z)I_x(_x_z_A_yz+C)
SNy U BRI 22~ 2 T

The general solution of (S4) is non-trivial. We investigate special cases for ¢ = %, A = 1. In this case, the
system admits a solution:

.t B t
x(t) = sin 7 y(t) = cos 1 (140)
Substituting into the third equation of (S4) gives:

t 1 .t
z(t) = 371 sin 2 + ki, (141)

where k1 € R.

Theorem 5.5. The space curves parametrized by:
y(t) = {sin f cost, t—1lsint+ kl}, (142)

are Vy-magnetic curves in (Hj, g2, V°) for arbitrary k; € R.
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