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Abstract. This manuscript associates with a study of general-Appell Polynomials. In this research work,
we construct a new sequence of Szdsz-Beta type operators via general-Appell Polynomials to discuss
approximation properties for the Lebesgue integrable functions i.e. L;[0,0). Further, estimates in view
of test functions and central moments are studied. Next, rate of convergence is discussed with the aid
of Korovkin theorem and Voronovskaja type theorem. Moreover, direct approximation results in terms
of modulus of continuity of first and second order, Peetre’s K-functional, Lipschitz type space, and the
" order Lipschitz type maximal functions are investigated. In subsequent section, we present weighted
approximation results and statistical approximation theorems are discussed.

1. Introduction and Preliminaries

The systematic development of operator theory began in the late 19 century. An important aspect of
approximation in operator theory is to find simple, computationally tractable approximations that capture
the essential properties of more complex functions. These approximations can then be used for analysis,
simulation, or computation in various applications, such as quantum mechanics, signal processing, and
control theory. It provides powerful tools for solving problems and analyzing systems involving operators.
In the last one decade, there has been continued research and development in approximation theory in
operator theory, with a focus on more advanced techniques having applications in data science and machine
learning. In approximation theory, Weierstrass (1885) [1] formulated a sophisticated result known as the
Weierstrass approximation theorem. Proving this theorem in a more straightforward and comprehensible
manner has been the focus of several prominent mathematicians.

Bernstein (1912) [2] developed a sequence of polynomials referred to as Bernstein polynomials in order to

give a concise demonstration of the Weierstrass approximation theorem with the aid of binomial distribution
as follows:

Bu(gin) = Zg(ﬁ)( . )uva —uy, o], 1)

v=0
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where 7 is a continuous and bounded function on [0,1]. The sequences of operators in (1) restrict the
approximation for continuous functions on bounded interval [0,1]. In order to discuss approximation
properties on unbounded interval [0, o0), Szédsz [3] provided the modifications to the sequences in (1) which
has a significant role to the evolution of operator theory as follows:

_ O (kW)Y (v
Se(g;u)=e VZ:;‘ " g(K), x € N, (2)
where real valued function § € C[0, ). As given in (2), the linear positive operators are solely limited
to continuous functional space. Many integral variants of these sequences of operators are obtained in
order to approximate the longer class of functions, i.e., the space of Lebesgue measurable functions, e.g.,
Széasz-Kantorovich and Szdsz-Durremeyer type operators etc. Many mathematicians, e.g., Acu et al. ([4],
[5]), Raza et al. ([6], [7], [8]), Mohiuddine et al. ([9], [10]), Kumar et al. [11], Mursaleen et al. ([12], [13]),
Ozger et al. ([14], [15]), Ayman Mursaleen et al. ([16], [18]), Braha et al. [19], and Khursheed et al. [20],
Khan et al. [21], Aslan ([22], [23]), Nasiruzzaman et al. ([24], [25]), Rao et al. ([26], [27], [28], [29]) and
Jha et al. [30] provided a number of generalizations for these kinds of sequences to investigate flexibility
in approximation properties across several functional spaces. Recently, Raza et al. [31] provided a class of
sequence of operators G 4(.;.), k¥ € N, given by the formula

i Ay (kcu, h) g‘( % ) WeR?, .

p!
v=0

e—hll

AMER,1)

GK,A (!7/ M) =

where A, , is the two variable Appell polynomials (see [31]).

The operators given by (3) are positive and linear. The basic information about positive linear operators,
including their generalizations and applications can be observed in [34].

As the operators described in (3) are limited for continuous function only, we present a sequence of
positive linear operators to provide approximations in larger class of functions, i.e., the space of Lebesgue
measurable functions L[0, c0), which is termed as Szasz-Beta operators in context of general Appell Poly-
nomials. For g € L1[0, o0),

Digw = Y Al [ Qiwatdy, for ueR;, @
v=0 0
where
P _ e~ Ap,v(Ku/ h) Voon 1 y”
Ab(xcu, h) = AOERD v and Qy(y) = B+, K)[ a +y)m+,<],

with g (Beta) function, (v + 1, k) = f (Hyy)ﬁdy.
0

Lemma 1.1. The sequence of operators introduced in (4) are linear.
Proof. Let A1,A, € Rand g1, §» € L1]0, o). Then, in view of Eq (4), we have

(o)

DA+ Aaain) = Y ALl ) [ QUM + gy
0

v=0

-1 Y Al [ Qawiy+ 22 Y Al [ Qiwmwiy
v=0 0 v=0 0

= MD2(g1; u) + D2 (g ).



N. Rao et al. / Filomat 39:28 (2025), 10049-10064
Lemma 1.2. Let g;(y) = y°, s € {0, 1, 2} be the test functions. Then, we have

v+s)l(k —s—1)!

DA u) = ) AbGu, )
v=0

vi(x —1)!
Proof. We know,
P . 1 X yV+S
[ewrmtr = s [ Gy
0 0
1
= ﬂ—(v+1’1<)[3(v+s+1,1<—s)
V+s)l(x—-s-1)
B vk — 1)!

From (4), we have

0o

Di@gsu) = ) Al h)

v=0

V+9s)(xk—s—-1)
vi(k = 1)!

O

Lemma 1.3. As discussed by Raza et al. in [31], we can have the following equalities:

= Ay (xku,h) .
Y, 2B Rwyeon, 1)

y V‘M = |kuA@ER 1) + RO 1) + X D0, 1]
v=0 ’
2 VZM = |02 + kiAW 1) + @+ DIADE 0,1
v=0 )

+ A EM, D]+ 28 (n, DA Q) + E'(h, DAQ) + Eh, 1)[\”(1)]&'“.

Lemma 1.4. Let §s(y) = y°, s € {0,1,2} be the test functions by (3). Then, we have

Di(Lu) = 1;
Aoy — 1 1) AN .
Di(y,u) = u+K_1[u+ ) + ) +1], x>1, ~
D’,?(y2; u) = ut+ m[(&c —2)u? + dxu + Qxu + 4)[%
A’(l)] LEWDAM Eky A 2] x>
AT T Em DA Em) AT ’

foreachu € le .

Proof. In the direction of (4), we have

00

Digin) = Y Altwuh) [ Quuawiy
0

v=0

10051
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Afs _ e = Apy(ku,h) (v +5)l(k — s — 1)!
P = X k;‘ vl V-1l
Now, fors =0,
D200 = YA .
v=0 : :
Fors =1,
Afe) = pv(Ku h) (v +1)!(x - 2)!
Di(y;u) = A(l)é(h 1 Z(; V(e — 1)
_ e Apy(ku,h) v +1
T AMEMR, 1) Z::; v k-1
ek B » ~ } } g
T k- DAMER 1)[ De (h, 1) + A (1)Eh, 1) + (ku + 1)A(1)g(h,1)]e
- ! [ +1+£~(h’1)+/}—(1)]
k-1 &h1) A
_ ot [u £ (h1) A(1)+1]'
k-1 En,1)  AQ)
Fors =2,
A, 2. _ e . Ap,v(Kur h) v +2)!(x —3)!
Dk(y /1/[) - ;\(1)5(’1,1); 1/! V!(K_l)!

_ exu i App(cu, h) (ku + 1)(v + 2)
AMEn,1) = ! (k= 1)(k - 2)
eku - o
TR GO

+ AN@)EMR 1) +28 (, DA Q) + & (h, VA1)
+E DA (1) + (22 + dxu + DRDEM, 1)]e'<“

= u+ m[(&c 2)u? + dicu + 2xu + 4)| ==
A (1)]+ 5 (h, DA'(1) 4 (1) £'(h,1) 2].

AQD) A, 1) f\(l) &, 1)

&1
&, 1)

Hence, we complete the proof of Lemma 1.4. [
Lemma 1.5. Let y5(y) = (y — u)’, s = 0,1,2. Then, for the operators (4), we have central moments D2 (ys(y), u) as:

D?(?/O(J/)/ u) = 1

1 1) A
Df()/l(]/), u) = — [u 2((}1 1)) A((l)) + l],‘K >1,
A 1 Eh,1)
DK (yZ(y)/ u) = m[(?{ + Z)M + ZM(K + 2) + 4(1/1 + 1)[ é(h 1)
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A, ,E0D80 A0 £k
A1 TRy T R T Eny

)

+

+2];1< > 2,

D (ya(y),w)
for each u € Rj.

Proof. With the aid of linearity property and Lemma 1.4, we can easily prove Lemma 1.5. [J

In the following sections, we examine the rate of convergence of operators and their approximation
order. Specifically, we discuss direct results both locally and globally across several spaces. In the final
section, we explore some results of A-Statistical approximation in various functional spaces.

2. Approximation Properties: Uniform Rate of Convergence and Order of Approximation

Definition 2.1. [34] The modulus of smoothness for § € L1]0, 00),6 > 0 is given by

w(g;6) = sup |§(u1) — g(u2)l, u1, Uy € [0, 00).

|11 —uz|<0

Theorem 2.2. Let D4(.;.) be a sequence of operators described in Eq. (4) and Cg[0, o0) denotes a real valued
functional space which acquires bounded and continuous functions. Then, on each closed and bounded subset of
[0, 00), D;?(g‘; .) 3 g, for all g € Cg[0, 00), where =3 denotes uniform convergence.

Proof. Considering the classical Korovkin type theorem [32], which characterizes the uniform convergence
for the sequence of positive linear operators, it is enough to note that
gggDﬁ%nnzuiszaLz

uniformly on all closed and bounded subsets of [0, ). We can easily establish this result with the help of
Lemmal4. O

Now, we show that Voronovskaja type asymptotic approximation theorem for the DZ4(;.) given in (4).
Theorem 2.3. Let § € Cg[0,00) and §', §" exist at a fixed point u € [0, c0). Then, we get

z}l—{rolo K(Dl’?(g_" u) = 9_(”)) = g"(u)[u + M + &

1 2 s
Znn) T AM + 1] + 2(u +2u)g" (u).

Proof. In accordance with Taylor’s formula for the function g, we have

909) = ) + (y ~ 0 @) + 5y = WP + t(y, )y - ), ©

where t(y, u) is the Peano remainder and
lim t(y, u) = 0.
y—u

Applying operators on both the sides in (5), we yield

DL@w) —gw) = §@Dg(y —u)yu)+ %?"(M)D?((y = u)%;u) + DR (Hy, u)(y — w)*; u).

In view of Lemma 1.5

K(Dg (g 1) = g(u)) = [u + £1) + AQ) + 1]

x—1 En,1)  AQ)
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1 K‘qll(u)
+ Em[@( +2)u? + 2u(x +2)
boAu+ 1)(5(’1'1) N A'(l))”f’(hl)f\’(l)
&n1y - AW/ T AQEMR )

A M A N2,
A1) * 1) +2]+KDK(t(y,u)(y u)2; u).

Operate the limits on both the sides of the above expression, we get

T ) £y R
gl_r)g K(DK (7 u) g(u)) g (u)[u+ 0 ) + A

+ lim xD{(Hy, w)(y — )’ ).

+ 1] + %(u2 +2u)g” (u)

Now, we need to show that
lim xD2(t(y, u)(y — u)*u) = 0.

In view of Cauchy-Schwarz inequality, we calculate the last term of the above expression as:

KD by, 1)y — 1)1 < /DA (y, u);10) A K2DA((Y - W% ). ®)
We see that #2(u, u) = 0 and #?(y, u) € Cp[0, o). Thus we have

Lim DE(F(y, w);u) = £(u,u) = 0. (7)
From (6) and (7) it follows that

lim « D7 (H(y, u)(y — w)?;u) = 0.
Hence, the proof is completed. [J

In accordance with Shisha et al. [33], order of the convergence relative to Ditzian-Totik modulus of
continuity can easily be proved.

Theorem 2.4. Consider § € Cg[0, c0) and for the operators D4(.; ) presented in Eq. (4), we acquire

ID2(g;u) — g(u)| < 2w(g;6),

where & = /DA((y — u)%; u).

Proof. In accordance with Lemma 1.4, 1.5 and Cauchy-Schwartz inequality, we have

IDX(F;u) - gw)l < DLG(y) — gw)l; u)
< D::‘((l L - ”')w(g‘, 8); 1)
] 1,
< @(@o)|1+ 504y - uhw)
<

w@, 6)[1 + 2 DAy - )|
By selecting & = |D2((y — u)?; u), we obtained the desired result. [
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3. Locally Approximation Results
We recall a few functional spaces and functional relations in this part. Peetre’s K-functional [34] is given

by

Ka(@8) = _inf {17~ Flutos + O o)

TlECé[O,oo
where C2[0,00) = {h € Cg[0,0) : I, " € Cp[0, o)} associated with the norm ||7]l = sup |7(y)| and second

0<y<oo
order Ditzian-Totik modulus of smoothness is presented by

wy(F; \/5) = sup sup |g(y+2k) - 24(y + k) + G(y)l.
0<k< V5 Y€l0,0)

We revisit a result from DeVore and Lorentz ([34] page no. 177, Theorem 2.4) as:

Ka(g; 6) < Can(g; V0), (8)

where C is an absolute constant. To establish the next result, we consider the auxiliary operator defined as:

S (] E1) A
Di(g;u) = D (g u) + g(u) g(K_l[Ku+1+ i) + A ]) )

where g € Cp[0, 00), u > 0and « > 1. From Eq. (9), one can yield
Di(1;u) = 1, D2(1(y);u) = 0 and [DA(g;w)l < 3171l (10)
Lemma 3.1. Ifk > 2 and u > 0, we have

IDA(g; 1) - g(w)l < 6"l
where § € C3[0, c0) and 6(u) = DA (y1(y); u) + (DA (y1(y); u)

Proof. For j € C[0, ) and by Taylor expansion, we get

y
90 = 70 + (=07 @)+ [ =27 @) an
u
Implementing the auxiliary operators 5’2(. ;.) introduced in Eq.(9) to both sides of Eq. (11), we obtain

Yy
DXgu)—gw) = §DL(y);u)+ D f (y - )7 (©)dv; u).

Using the Egs. (10) and (11), one yield

Y
Bt - 900 = DY [ -0 @oin)

o 7
§ sy A Q)
|:Ml+1+ =00 + Q) ]

y = Zmy | A
., » I [Ku +1+ oy T i\(l)] y
= D,\,( (y —v)g” (v)dv; u) - p— -v|7" (v)do,
u u
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y
DA (g; u) - g(u)] < DA fy 0)7"( v)dv;u)

’ 0!
[n11+1+ é(h 1) \(1)

= ) A
1 [Ku+1+ 200 + ]\(1)] o
+ —v| g’ (v)dv|.
— 7'0)

Since,
y

f (y —v)g’ (v)dv

ﬁ[w+l+“ (, 1)+ A (1)]

<@-w*lg”ll

then

k1) A
1 &1 ANQ —r
‘ f (K_l[KM+1+m+mj|—U)g (U)d?}

S( L [Ku+1+£~/(h'1)+&] ) gl
k-1 ch, 1) A1)

In accordance with (12), (13) and (14), we accqire

[Ku +1+ £l A—(l)]
=4, _ B =4 &(h1) A1) .
D (75 1) = gl < Dy (y2(y); u) + — —u| (lg”l

= 0@W)llg”l.
Which proves the required result. [
Theorem 3.2. Let j € C3[0, o). Then, there corresponds a non-negative constant C > 0 such that
| D2(7u) - §u) 1< Can(7 NOW)) + (g; DL (1 (y); w),

where O(u) is given by in Lemma 3.1.
Proof. For h € C3[0,0) and § € Cz[0, c0) and with the definition of D(.;.) given in (9), we get

IDA(7; 1) — §(u)| < IDA(F — h;u)l + (7 — W)@l + IDA(7; u) — g(u)|

&) A/(l) _
[K” ey TR ]) ~ g

1
+‘g(1<—1

In accordance with Lemma 3.1 and inequalities mentioned in Eq. (10), we acquire

®y) | A
. o [KM+1+£(111)+W]
D5 (7; u) — gu)| <4llg—hll+1D (7; u) — gu)l + |g — —g(u)

< 4ll7 - Bl + 0@l || + (g DA (y — u); w)-

By employing Eq. (8), we established the desired result. O

10056

(12)

(13)

(14)

(15)
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Now, we address the next result in Lipschitz type space presented by [35] as:
ly—ul"

Lip%©(n):={7 € Cs[0, o) : |§(y)— F(u) < M—————
i (n):={g € C5[0, ) : 15(y)— F(w)| S

cu,y€(0, oo)},

where M >0,0<n<1and §;, 0 > 0.

Theorem 3.3. Consider sequence of linear positive operators in (4) and g € Liplc\jl’cz(n), one obtain

D250 - g0 < i 20 )
where 0 <1 <1, (1, G € (0,00) and A(y) = D(ya(y); u).
Proof. Forn=1and u > 0, we get

ID(7; ) — gl < DE(G(y) — g(w)l; u)

< MD‘,?( y—u ; ;u).
(v + Gu + Gu?)?

1 1

Since <
y+Gu+Gu?  Gu+ Gu?

, for each y € (0, 0), we acquire

M .
DX(g;u) - g(u)) < ———— (D2 ANk
Dy (7;u) = gl < (C1u+czu2)%( (r2(y);u)

10057

(16)

1
- Aw) )
<Ml———],
- (CW + Czuz)
which indicates that the Theorem 3.3 is valid for 7 = 1. Next, we examine the case where 17 € (0,1) and in
accordance with Holder’s inequality by selecting p = % and g = 2%,], we obtain

DA ) - gl < (IDLF) - geol 5 w)°

N |y_ u|2 ))2
< MDA —F——;x]| .
( ((y+ Gu+ )
1 . 1
v+ GQu+Gur  Gu+ Gu?’

Since for all u € (0, 0), one get

Alro 7 R ? .
D (g, u) — gu)(ly ul,u)) < M( Au) )2.

Alg. ) — 7 \/
|DK (g’ M) g(u)l = M( Clu + CZMZ Clu + Czuz

Thus, we yield the desired result. [

Next, we address the local approximation in terms of the 7 order modulus of smoothness, followed by

the Lipschitz-type maximal function introduced by Lenze [35] as:

G/ Gu) = sup M, 1€ [0,00)and r € (0, 1].
y#u,y€(0,00) |y - ul

Theorem 3.4. Assume § € L1[0, c0) and r € (0,1]. Then, for every u € [0, 00), we get

DA ) - 700 < @@ w(Aw)’.

(17)
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Proof. It can be observed that
1D (g 1) = gl < DEIF(Y) = GGl ).
Using Eq. (17), one get
D@ 1) = Gl < @o(F; D (ly = ul’;u).
Then by employing Holder’s inequality with p = 2 and g = 5%, we obtain

DA 1) - 5] < @7 w)( DAy - uls ).

Thus, we concludes the proof. 0O

4. Approximation Properties Globally

Consider v(u) = 1+ u%,0 < u < o as weight function. Then, B,[0, %) = {§(u) : |7(u)] < My(1 + u?), here
the constant M; depends on 7 and C,[0, o) represents the continuous functional space in B,[0, ®0) along
1962

with the norm ||gll, = sup Yen)

ue[0,00)
If 7is a function defined on closed interval [0, b] where b > 0. Then, Ditzian-Totik modulus of continuity
is given by

and CE[O, o) ={g € C,)[0, ) : 31_{2) % =k, where constant k depends on g}.

wp(7,0) = sup sup |g(y) — F(u)l. 18)
ly—ul<6 u,y<[0,b]

It is straightforward to observe that for any 7 € C,[0, o), the modulus of smoothness defined in Eq. (18)
tends to zero.

Theorem 4.1. Let g € C,[0,00) and wp1(g; 6) denotes the modulus of smoothness defined on [0,b + 1] C [0, c0).
Then, for any y € [0, b], we obtain

IDA(;.) = Fllciop < 4My(1 + b)65(b) + 241 (F; VOs(b)),

where d4(b) = 52[812(] D‘;‘(yz ;).

Proof. For any u € [0,b] and y € [0, o0), one has
ly — ul

19) - 901 < 4M5(1+ By + 1+ L2 (i)

Implementing operator D4(.;.) on both the sides, we acquire

ID2(g;u) — gu)| < 4M(1 + b*)D2(y2; 1)

A —l
. (1 N Dy (ly — ul;u)

5 )wh+1 (7;0).

Now, in accordance with Lemma 1.5 and x € [0, b], one has

A IR 2 VOs(b) _
D () — gl < 4My(1 + b7)ds(b) + |1 + 5 wp+1(7; 0).
Selecting 0 = 0,4(b), desired result can be obtained easily. O

Remark 4.2. In this article, we employ the test function defined by
7s(y) =¥, s €{0,1,2}.
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Theorem 4.3. ([36], [37]) Assume that the sequence of linear positive operators (Ly).>1 mapping from C,[0, o0) to

B, [0, 00) meets the conditions
lim [|L(gs;.) — gslly = 0, wheres =0,1,2,
K—00

thus, for § € CK[0, o0), we get
lim [[L(;.) = gll, = 0.

Theorem 4.4. Let g € CE[O, 00). Then, we obtain
lim IDY(7;) = gl = 0.

Proof. To prove the Theorem 4.4, it is enough to verify that
lim ID¢(7s;) = Gsll, = 0, fors =0,1,2.

Considering the Lemma 1.4, one can see IIDf (go;-) — U, = 0, here k — oo and restrict with x > 2, also

_ _ &1 AN@Q)
ID2(g1;.) = Gl = su [Ku+1+ . +—]—u
) =gl = sup Sy [ =1 &n1) | AQ)
= sup " 5 ! [1+ ~(h'1)+/}(1)] s _t 5
k=1 uel0,00) 1+u k=1 C.(:(h/ 1) A(l) u€el0,00) 1+u

For a large value of x, we get IID;?(g"l; D)= aill — 0.

Also,
D23 - 572||v_( R 1) 0w>1+u2
+((K 2)(k - 1))1 )1+u2
+( 1 [5 hl) A(1)]) “u 2xu + 4
(x=2)(x =1L En, A1) 1) ueo) 1+u2
( 1 (2 £ (1, 1)A W, E0n A0 )
k-2 -D\"AMER D) &l AD) ) ey L@

Which implies that ||D;? (72;) = Z2ll, = 0 as ¥ — oo. Thus, we concludes the proof of the Theorem 4.4 [
Theorem 4.5. Let g € CE[O, oo) and C > 0. Then,

D(g;u) — g(u)

1+ 0

lim sup
Koo ue[0,00)

Proof. Since |g(x)| < 141l (1 + u?), for any real fixed number uy > 0, we get

DA(G;u) — § DA(G;u) — § DAG;u) — G
up (7 u)z 1g(u) < sup (g u)2 1g(u) sup 2= (7 u)2 l‘tz(u)
u€f0,00) (1 +u ) + U<y (1 +u ) + U= (1 +u ) +C
D(1+ y*u) |g(u)l

< |IDA(7;u) — §(u + g
D3 (g5 1) — Gl cro,ue ||g||V§§£ 1+ ) ilzllg T+ )

= T1 + Tz + T3, say. (19)
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Now,

. Q) g1+ lglh
T3 =sup ——-—<s < —.
R R R A T I N CRUTE

In view of Lemma 1.4, it gives
DA+ y*u
lim sup Dell+yiu) 1

2
K00 liig,00) 1+u

Therefore, for any arbitrary € > 0, there corresponds x; € N with

DA +y%u)  (IL+ud)e

su < - —+1, for all ¥ > x;.
iy 1412 il 3 !
Therefore
. DA+ y%u 7l
T> = ||gll, sup A+ yu) < gl + E, for all ¥ > x;. (20)

u€lug,00) (1 + u2)1+C B (1 + M%)C 3
Hence, we get

L 71l €
Tyt Ty <200 4 €
R T

ligll
(1+u?)¢

If we take 1y to be so large that < ¢, then, we have

L2

T +T5 < ge for all ¥ > x;. (21)
Now, from Theorem 4.1, there corresponds «, > x with

_ €

T1 = IDA(G; ) = Fllcrou < 3 for all x; > «. (22)

Let «3 = max(x1, k2). Then, using the Egs. (19), (21) and (22), we get

DA (7 1) - ()]
oy A+

which, completes the proof. [J

5. A-Statistical Approximation

We revisit some notations from [38]. Suppose that B = (b,,) is an infinite, non-negative suitability
matrix. A sequence u := (u,) is A-statistically convergent to L, denoted as stg — lim u = L, if for each € > 0

lim ) by =0.

wilug—Ll>e
Let g = (gx) be a sequence such that the following assertions are true

stg —limg, = 1and stg —limg, =b, 0<b < 1. (23)

Theorem 5.1. Consider B = (by,) be a non-negative regular suitability matrix and sequence q = (q) along with
condition (23), g, € (0,1), x € N. Then, for each § € C°[0, 00), stz — lim ||D2(g;.) — 4ll, = 0.
K
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Proof. In accordance with Lemma 1.4, one has

stg — 111I<n||D?(g_0/ ) - g_O”v =0.

and
Ars E(h1) M7
IDc(@13.) = 1l " oy 1412 |- 1[K”+1+ gn) [\(1)] ‘
1 u 1 Eh,1) AQ) 1
= 1+ = = .
x—1 uz[l;fo) 14+ u? * K 1[ * &, 1) * A(1)]M§3m) 1+ u?
Now
K := {K IDA(G1; ) — qull = 6},
. 1 €
K2.:{K.K_1 ZE},
_— 1 &M, 1) A(l) €
KS“{K‘ =1 T w2 2}
Which implies that K; € K, U K3, this shows that
Y, by < Y b+ ¥ by Therefore, we get
pek; ueky ueks
stg — 1i£n||D,/j(gl; )=all, = 0. (24)
Now by using Lemma 1.4, we have
ID2(23) = Galh e < G- 20+ s
uE[O oo) v(u) | (k = 1)(x - 2)
+(21<u+4)(5 (h, 1) A (1))+ 5 (h, DA’ (1)
&, 1) /\(1) &(h, A1)
+ EN(h’l) + —/E ) +2].
&, 1) A
For a given € > 0, we have the following sets
{ ‘DK (92/ )-7 }
3 J€
k-2 -1) 2)(K 1) = Z3
€
(K 2)(1< 1)
A Aq)
H 3 E(h 1) A(l) > €
a { k-2 -1) (K 1) }
{ [ EnDAW)  Eon AW +2} N g}'
Sk - 2)(1< D &n1AQ)  En,1) A(l) 4
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It can be observed that H; € H, | H3 |J Hy | Hs. Therefore, we acquire

Y b < Y bt Y bt Y bt Y b

jeH; ueH, ueHs jeH, jicHs
As x — oo, we have

stp — 1iKm||D?(9_2; u) — gll, = 0. (25)
Thus, we concludes the proof of the Theorem 5.1. O

Next, we will examine the convergence rate of A-Statistical approximation with respect to Peetre’s K-
functional for the operators D4(.; ).

Theorem 5.2. Let j € C3[0, c0). Then,
stp = im [ID(7; ) = llcstoe) = 0.

Proof. Considering Taylor’s result, we obtain
7) = 960 + 7 )y =) + 39"y — 0,

where v < 1) < u. Operating DZ(.; ), on both sides in above equation, we get
D) - 9) = §/OD ) + 37" (DD w),

which yields that

ID2(7; ) = Fllcs0,00) < 17 lcato,cpIDL(G1=, lcaio,eoy + 17 ey 0,00 1D (G1=, ) llcsio,e0)
=W +W,, say. (26)

Based on Egs. (24) and (25), it follows that

liin Z by = 0,

=
3
[~y
A
z
I
o

From Eq. (26), we have

lim Y, by <lim ) by +lim ) b

‘uEN:\\Df(g_r)—g_HcB[o,m)Zé‘ yEIN:W12§ yEN:WzZ%

Thus st — im [|[D2(7; ) — gllcyi0,00) — 0. as k — oco.
K

Hence, we arrive the proof. [
Theorem 5.3. Let j € C3[0, c0). Then,
1D ) = Fllesto) < Marn(F; VD),

where 6 = IDE(G1 = 5 lcsto.00) + IDE(G1 = )5 icsto,co) a8 1172 10,00) = Illcs10,00) + 17 llcsto,e0) + 15” lcsto,00)-
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Proof. Let h € C3[0, o). By applying Eq. (26), one obtain

T, 1, 1.7 — 1 .77 —
ID2(R) = Rllcyo,00) < I llcafo,ecpIDL(F1 = ); Micyi0,00) + §||h llcs10,00 D2 (@1 = )% llcsio,00)
< 5||E||c,23[o,oo)- (27)

For each 7 € Cp[0, ) and h € C3, Using Eq. (27), we acquire

ID2(7; ) = Glicsi0,00) < ID2(F; ) = D2 (s llcao,eo) + ID2(T; +) = Allcyoeoy + 17 = Glicy[0,00)
< 211 = glicyto,00) + D2 (5 +) = Rillcyo,0)
< 2[|h = Glicyo,0) + 5||f_l||c123-

Considering Peetre’s K-functional, one obtain

ID2(7; ) = Fllcs0,.00) < 2Ka(75 )

and

D) = Fllcsios) < M{wa(@; Vo) +min(1, O)IFlicyi0.09)-
In view of Eq. (25), we have

stg — 1i1£n6 =0, thus stz — 1i11<n w(g; \/5) =0,

which concludes the proof of desired result. [

6. Conclusion

In this paper, we present a sequence of positive linear operators using generalized Appell polynomi-
als in the integral form. These operators are designed to approximate functions defined on a Lebesgue
measurable space and are known as Szdsz-Beta type operators introduced in (4). Additionally, we derive
estimates crucial for establishing rate of convergence and accuracy of approximation. Furthermore, we
explore various aspects of approximation, including local and global results, as well as A-statistical ap-
proximation, utilizing these operators to obtain enhanced approximations across different functional spaces.
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