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Abstract. In the paper, the authors introduce a notion of (α,m)-geometric-arithmetic-F-convex functions
and, via an integral identity and other analytic techniques, establish several integral inequalities of the
Hermite–Hadamard type for (α,m)-GA-F-convex functions.

1. Introduction

The following definitions are well known in the literature.

Definition 1 ([8, 9]). Let f : I ⊆ R+ = (0,∞)→ R = (−∞,∞). If for any x, y ∈ I and t ∈ [0, 1], the inequality

f (xty1−t) ≤ t f (x) + (1 − t) f (y)

is valid, then we call f a geometric-arithmetic convex function on I. For simplicity, we call it a GA-convex
function.

In the papers [1, 2], as a generalization of strongly convex functions, the notion of F-convex functions
was defined as follows.

Definition 2 ([1, Definition 1] and [2, Definition 1]). Let F : R→ R be a given function. A function f : I→ R
is called to be F-convex if

f (tx + (1 − t)y) ≤ t f (x) + (1 − t) f (y) − t(1 − t)F(x − y)

for all x, y ∈ I and t ∈ [0, 1].
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Definition 3 ([7]). For f : [0, b]→ R with b > 0 and (α,m) ∈ (0, 1]2, if

f (tx +m(1 − t)y) ≤ tα f (x) +m(1 − tα) f (y)

is valid for all x, y ∈ [0, b] and t ∈ [0, 1], then we say that f (x) is an (α,m)-convex function on [0, b].

In the paper [14], the notion of GA-F-convex functions was defined.

Definition 4 ([14, Definition 2.2]). Let F : R → R be a given function. A function f : I ⊆ R+ → R is called
GA-F-convex if

f (xty1−t) ≤ t f (x) + (1 − t) f (y) − t(1 − t)F(x − y) (1.1)

for all x, y ∈ I and t ∈ [0, 1].

Now we recall some Hermite–Hadamard type integral inequalities for GA-convex functions and F-
convex functions in the form of theorems.

Theorem 1 ([6, Theorem 1]). Let f : [a, b] ⊆ R+ → R be GA-convex. Then

f
(

1
e

(bb

aa

)1/(b−a))
≤

1
b − a

∫ b

a
f (x) dx ≤

( 1
ln b − ln a

−
a

b − a

)
f (a) +

( b
b − a

−
1

ln b − ln a

)
f (b).

Theorem 2 ([22, Theorem 3.1]). Let f : I ⊆ R+ → R be differentiable on the interior I◦ of an interval I, a, b ∈ I
with a < b, and f ′ ∈ L([a, b]). If | f ′|q is GA-convex on [a, b] for q ≥ 1, then∣∣∣∣∣b f (b) − a f (a)

b − a
−

1
b − a

∫ b

a
f (x) dx

∣∣∣∣∣≤ [A(a, b)]1−1/q

[2(b − a)]1/q {[L(a2, b2) − a2]| f ′(a)|q + [b2
− L(a2, b2)]| f ′(b)|q}1/q,

where

A(u, v) =
u + v

2
and L(u, v) =


u − v

ln u − ln v
, u , v

u, u = v
(1.2)

for u, v > 0 are the arithmetic mean and logarithmic mean, respectively.

Theorem 3 ([2, Theorem 5]). Let F : R→ R be a fixed function which is integrable on each compact subinterval of
(−α, α), where α = sup I−inf I

2 . If an F-convex function f : I→ R is one-sided differentiable and f− ≤ f+, then

f
(a + b

2

)
+

1
b − a

∫ b

a
F
(
x −

a + b
2

)
dx ≤

1
b − a

∫ b

a
f (x) dx ≤

f (a) + f (b)
2

−
1
6

F(a − b)

for all a, b ∈ I with a , b.

Theorem 4 ([2, Theorem 6]). Let F : R→ R be a fixed function which is integrable on each compact subinterval of
(−α, α), where α = sup I − inf I. If f : I→ R is an F-convex function, then

f
(a + b

2

)
+

1
4(b − a)

∫ b

a
F(2x − a − b) dx ≤

1
b − a

∫ b

a
f (x) dx ≤

f (a) + f (b)
2

−
1
6

F(a − b)

for all a, b ∈ I with a , b.

For recent developments related to integral inequalities of the Hermite–Hadamard type for various
convex functions, please refer to [3–5, 10–13, 15–21] and closely related references therein.

In this paper, we will define a new notion of (α,m)-GA-F-convex functions and establish several integral
inequalities of the Hermite–Hadamard type for (α,m)-GA-F-convex functions.
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2. A new definition and lemmas

Motivated by Definitions 2 to 4, we now define a new notion of (α,m)-GA-F-convex functions as follows.

Definition 5. Let F : R → R0 = [0,∞) be a fixed function and some constant α,m ∈ (0, 1]. A function
f : (0, b]→ R with b > 0 is called to be (α,m)-GA-F-convex if

f (xtym(1−t)) ≤ tα f (x) +m(1 − tα) f (y) − t(1 − t)F(x − y) (2.1)

for all x, y ∈ (0, b] and t ∈ [0, 1].

Remark 1. If f : (0, b]→ R is an (1, 1)-GA-F-convex function, then f is a GA-F-convex function on (0, b]; see
Definition 4.

Example 1. Let

f (x) = −(ln x)1/100 and F(x − y) =
|x − y|1/100

100 e1/100

for x, y ∈ [1, e]. For x, y ∈ [1, e], assume x < y without loss of generality, using Lagrange’s mean value
theorem, we have

ln x − ln y =
x − y
ξ

for at least one interior point ξ ∈ (x, y). Therefore, we acquire

e | ln x − ln y| ≥ ξ| ln x − ln y| = |x − y|.

For α = m = 1
2 , we have

tα f (x) +m(1 − tα) f (v) − t(1 − t)F(x − y) − f (xtym(1−t))

= −t1/2(ln x)1/100
−

1
2

(1 − t1/2)(ln y)1/100 + [ln(xty(1−t)/2)]1/100
−

t(1 − t)
100 e1/100

|x − y|1/100

≥ −t1/2(ln x)1/100
−

1
2

(1 − t1/2)(ln y)1/100 +
[
t ln x +

1
2

(1 − t) ln y
]1/100

−
t(1 − t)

100
| ln x − ln y|1/100

=
[(

tu +
1
2

(1 − t)
)1/100

− t1/2u1/100
−

1
2

(1 − t1/2) −
t(1 − t)

100
(1 − u)1/100

]
(ln y)1/100

≥ 0,

where u = ln x
ln y . As a result, the inequality (2.1) is valid. Consequently, the function f (x) = −(ln x)1/100 is

( 1
2 ,

1
2 )-GA-F-convex on the interval [1, e].
This simple example implies that the (α,m)-GA-F-convex function surely exists and that Definition 5 is

really significant.

For establishing integral inequalities of the Hermite–Hadamard type for (α,m)-GA-F-convex functions,
we need the following lemmas.

Lemma 1 ([17, Lemma 2.1]). Let f : I ⊆ R+ → R be a differentiable function on the interior I◦ and a, b ∈ I◦ with
a < b. If f ′ ∈ L1([a, b]), then

f (a) + f (b)
2

−
1

ln b − ln a

∫ b

a

f (t)
t

dt =
ln b − ln a

2

∫ 1

0
t[a1−tbt f ′(a1−tbt) − atb1−t f ′(atb1−t)] dt. (2.2)

Via an integral transformation, Lemma 1 is equivalently reduced to
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Lemma 2. Let f : I ⊆ R+ → R be a differentiable function on the interior I◦ and a, b ∈ I◦ with a < b. If f ′ ∈ L1([a, b]),
then

f (a) + f (b)
2

−
1

ln b − ln a

∫ b

a

f (t)
t

dt =
ln b − ln a

2

∫ 1

0
(1 − 2t)atb1−t f ′(atb1−t) dt.

Lemma 3. Let x, y ∈ R+ with x < y and r > −1. Then

Q(x, y) ≜
∫ 1

0
tx1−tyt dt =

y − L(x, y)
ln y − ln x

,

R(x, y) ≜
∫ 1

0
t2(1 − t)xty1−t dt =

2y + 4x + x(ln y − ln x) − 6L(x, y)
(ln y − ln x)3 ,

S(x, y, r) ≜
∫ 1

0
tr+1xty1−t dt =

[Γ(r + 2) − Γ(r + 2, ln y − ln x)]y
(ln y − ln x)r+2 ,

T(x, y, r) ≜
∫ 1

0
t(1 − tr)xty1−t dt =

L(x, y) + x
ln y − ln x

− S(x, y, r),

where L(u, v) is defined by (1.2) and the incomplete gamma function Γ(x, z) is given by

Γ(x, z) =
∫
∞

z
tx−1 e−t dt, ℜ(x) > 0, z ≥ 0

with Γ(x) = Γ(x, 0).

Proof. This follows from a straightforward computation.

3. Main Results

In this section, we establish several integral inequalities of the Hermite–Hadamard type for (α,m)-GA-
F-convex functions.

Theorem 5. Let F : R→ R0 be a fixed function and (α,m) ∈ (0, 1]2. Suppose that f : R+ → R is an (α,m)-GA-F-
convex function on R+ such that f ∈ L1([0,max{b, b1/m

}]) for a, b ∈ R+ with a < b. Then

f (
√

ab ) +
1

4(ln b − ln a)

∫ 1

0

F(x − ab
x )

x
dx ≤

1
2α(ln b − ln a)

[∫ b

a

f (x)
x

dx +m(2α − 1)
∫ b

a

f (x1/m)
x

dx
]

(3.1)

and

1
ln b − ln a

∫ b

a

f (x)
x

dx ≤
f (a) +mα f (b1/m)

α + 1
−

1
6

F(a − b).

Proof. Using the (α,m)-GA-F-convexity of f (x) on R+, we have

f (
√

ab ) = f (
√

atb1−ta1−tbt ) ≤
1
2α

f (atb1−t) +
m(2α − 1)

2α
f ((a1−tbt)1/m) −

1
4

F(atb1−t
− a1−tbt)

for t ∈ [0, 1]. Integrating on both sides gives

f (
√

ab ) =
∫ 1

0
f (
√

ab ) dt ≤
∫ 1

0

[ 1
2α

f (atb1−t) +
m(2α − 1)

2α
f ((a1−tbt)1/m) −

1
4

F(atb1−t
− a1−tbt)

]
dt. (3.2)



Y. Wang et al. / Filomat 39:28 (2025), 10161–10170 10165

Making the integral transformation u = 1 − t for t ∈ [0, 1], we obtain∫ 1

0
f ((a1−tbt)1/m) dt =

∫ 1

0
f ((atb1−t)1/m) dt.

Letting x = atb1−t for 0 ≤ t ≤ 1 yields∫ 1

0

[ 1
2α

f (atb1−t) +
m(2α − 1)

2α
f ((a1−tbt)1/m) −

1
4

F(atb1−t
− a1−tbt)

]
dt

=
1
2α

∫ 1

0

f (atb1−t)atb1−t

atb1−t dt +
m(2α − 1)

2α

∫ 1

0

f ((atb1−t)1/m)atb1−t

atb1−t dt −
1
4

∫ 1

0

F(atb1−t
− a1−tbt)atb1−t

atb1−t dt

=
1

2α(ln b − ln a)

∫ b

a

f (x)
x

dx +
m(2α − 1)

2α(ln b − ln a)

∫ b

a

f (x1/m)
x

dx −
1

4(ln b − ln a)

∫ 1

0

F(x − ab
x )

x
dx.

(3.3)

From the inequalities (3.2) to (3.3), the inequality (3.1) follows immediately.
On the other hand, putting x = atb1−t for 0 ≤ t ≤ 1, by the (α,m)-GA-F-convexity of f (x) onR+, we obtain

1
ln b − ln a

∫ b

a

f (x)
x

dx =
∫ 1

0
f (atb1−t) dt =

∫ 1

0
f (atb

1
m ·m(1−t)) dt

≤

∫ 1

0
[tα f (a) +m(1 − tα) f (b1/m) − t(1 − t)F(a − b)] dt

=
f (a) +mα f (b1/m)

α + 1
−

1
6

F(a − b).

The proof of Theorem 5 is complete.

Letting m = 1 in Theorem 5, we have

Corollary 1. Let F : R → R0 be a fixed function and α ∈ (0, 1]. Suppose that f : [a, b] ⊆ R+ → R+ is an
α-GA-F-convex function on [a, b] such that f ∈ L1([a, b]) with a < b. Then

f (
√

ab ) +
1

4(ln b − ln a)

∫ 1

0

F(x − ab
x )

x
dx ≤

1
ln b − ln a

∫ b

a

f (x)
x

dx ≤
f (a) + α f (b)
α + 1

−
1
6

F(a − b).

Theorem 6. Let F : R → R0 be a fixed function and (α,m) ∈ (0, 1]2. Suppose that f : (0, b∗] ⊆ R+ → R
is differentiable such that a, b ∈ (0, b∗] with a < b and max{b, b1/m

} ≤ b∗. If | f ′|q is (α,m)-GA-F-convex on
(0,max{b, b1/m

}] for q ≥ 1 and f ′ ∈ L1((0,max{b, b1/m
}]), then∣∣∣∣∣ f (a) + f (b)

2
−

1
ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2
{Q1−1/q(a, b)[S(a, b;α)| f ′(a)|q +mT(a, b;α)| f ′(b1/m)|q

− R(a, b)F(a − b1/m)]1/q +Q1−1/q(b, a)[mT(a, b;α)| f ′(a1/m)|q + S(a, b;α)| f ′(b)|q − R(a, b)F(b − a1/m)]1/q
},

(3.4)

where Q(x, y), S(x, y;α), T(x, y;α), R(x, y)are defined as in Lemma 3.

Proof. By Lemma 1 and Hölder’s integral inequality, we have∣∣∣∣∣ f (a) + f (b)
2

−
1

ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2

∫ 1

0
t[atb1−t

| f ′(atb1−t)| + a1−tbt
| f ′(a1−tbt)|] dt

≤
ln b − ln a

2

(∫ 1

0
tatb1−t dt

)1−1/q[∫ 1

0
tatb1−t

| f ′(atb1−t)|q dt
]1/q

+
ln b − ln a

2

(∫ 1

0
ta1−tbt dt

)1−1/q[∫ 1

0
ta1−tbt

| f ′(a1−tbt)|q dt
]1/q

.

(3.5)
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Using the (α,m)-GA-F-convexity of | f ′|q on (0,max{b, b1/m
}] and Lemma 3, we obtain∫ 1

0
tatb1−t

| f ′(atb1−t)|q dt =
∫ 1

0
tatb1−t

| f ′(atb
1
m ·m(1−t))|q dt

≤

∫ 1

0
tatb1−t[tα| f ′(a)|q +m(1 − tα)| f ′(b1/m)|q − t(1 − t)F(a − b1/m)] dt

= S(a, b;α)| f ′(a)|q +mT(a, b;α)| f ′(b1/m)|q − R(a, b)F(a − b1/m)

(3.6)

and ∫ 1

0
ta1−tbt

| f ′(a1−tbt)|q dt ≤
∫ 1

0
ta1−tbt[m(1 − tα)| f ′(a1/m)|q + tα| f ′(b)|q − t(1 − t)F(b − a1/m)] dt

= mT(a, b;α)| f ′(a1/m)|q + S(a, b;α)| f ′(b)|q − R(a, b)F(b − a1/m).
(3.7)

Substituting the inequalities (3.6) and (3.7) into the inequality (3.5) leads to the inequality (3.4). The proof
of Theorem 6 is complete.

In Theorem 6, when m = 1, we have

Corollary 2. Let F : R→ R0 be a fixed function and α ∈ (0, 1]. Suppose that f : [a, b] ⊆ R+ → R is differentiable
for a, b ∈ R+ with a < b. If | f ′|q is (α, 1)-GA-F-convex on [a, b] for q ≥ 1 and f ′ ∈ L1([a, b]), then∣∣∣∣∣ f (a) + f (b)

2
−

1
ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2
{Q1−1/q(a, b)[S(a, b;α)| f ′(a)|q + T(a, b;α)| f ′(b)|q

− R(a, b;α)F(a − b)]1/q +Q1−1/q(b, a)[T(a, b;α)| f ′(a)|q + S(a, b;α)| f ′(b)|q − R(a, b)F(b − a)]1/q
},

where Q(x, y), S(x, y;α), T(x, y;α), R(x, y) are defined as in Lemma 3.

In Theorem 6, if α = m = 1, we obtain

Corollary 3. Let F : R → R0 be a fixed function. Suppose that f : [a, b] ⊆ R+ → R is differentiable for a, b ∈ R+
with a < b. If | f ′|q is GA-F-convex on [a, b] for q ≥ 1, then∣∣∣∣∣ f (a) + f (b)

2
−

1
ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2
{Q1−1/q(a, b)[N(a, b)| f ′(a)|q +M(a, b)| f ′(b)|q

− R(a, b)F(a − b)]1/q +Q1−1/q(b, a)[M(b, a)| f ′(a)|q +N(b, a)| f ′(b)|q − R(a, b)F(b − a)]1/q
},

where

N(x, y) ≜
∫ 1

0
t(1 − t)xty1−t dt =

x + y − 2L(x, y)
(ln y − ln x)

, (3.8)

M(x, y) ≜
∫ 1

0
t2xty1−t dt =

2L(x, y) − 2x − x(ln y − ln x)
(ln y − ln x)2 ,

the logarithmic mean L(u, v) is defined by (1.2), and Q(x, y), R(x, y), K(x, y) are defined as in Lemma 3.

Theorem 7. Let F : R → R0 be a fixed function and (α,m) ∈ (0, 1]2. Suppose that f : (0, b∗] ⊆ R+ → R
is differentiable such that a, b ∈ (0, b∗] with a < b and max{b, b1/m

} ≤ b∗. If | f ′|q is (α,m)-GA-F-convex on
(0,max{b, b1/m

}] for q > 1 and f ∈ L1((0,max{b, b1/m
}]), then∣∣∣∣∣ f (a) + f (b)

2
−

1
ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2

( q − 1
2q − 1

)1−1/q

[S(aq, bq;α − 1)| f ′(a)|q

+ m[L(aq, bq) − S(aq, bq;α − 1)]| f ′(b1/m)|q − N(aq, bq)F(a − b1/m)]1/q, (3.9)

where L(u, v) is defined by (1.2), S(x, y;α) is defined as in Lemma 3, and N(x, y) is defined by (3.8).
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Proof. From Lemma 2 and Hölder’s integral inequality, it follows that∣∣∣∣∣ f (a) + f (b)
2

−
1

ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2

∫ 1

0
|1 − 2t|atb1−t

| f ′(atb1−t)|dt

≤
ln b − ln a

2

(∫ 1

0
|1 − 2t|q/(q−1) dt

)1−1/q[∫ 1

0
aqtbq(1−t)

| f ′(atb1−t)|q dt
]1/q

, (3.10)

where∫ 1

0
|1 − 2t|q/(q−1) dt =

q − 1
2q − 1

. (3.11)

Making use of the (α,m)-GA-F-convexity of | f ′|q on (0,max{b, b1/m
}] and Lemma 3, we obtain∫ 1

0
aqtbq(1−t)

| f ′(atb1−t)|q dt ≤
∫ 1

0
aqtbq(1−t)[tα| f ′(a)|q +m(1 − tα)| f ′(b1/m)|q − t(1 − t)F(a − b1/m)] dt

= S(aq, bq;α − 1)| f ′(a)|q +m[L(aq, bq) − S(aq, bq;α − 1)]| f ′(b1/m)|q −N(aq, bq)F(a − b1/m). (3.12)

Combining two inequalities (3.11) and (3.12) with (3.10), the inequality (3.9) follows readily. The proof of
Theorem 7 is complete.

Putting m = 1 in Theorem 7, we derive

Corollary 4. Let F : R→ R0 be a fixed function and α ∈ (0, 1]. Suppose that f : [a, b] ⊆ R+ → R is differentiable
for a, b ∈ R+ with a < b. If | f ′|q is (α, 1)-GA-F-convex on [a, b] for q > 1, then∣∣∣∣∣ f (a) + f (b)

2
−

1
ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2

( q − 1
2q − 1

)1−1/q

× [S(aq, bq;α − 1)| f ′(a)|q + [L(aq, bq) − S(aq, bq;α − 1)]| f ′(b)|q −N(aq, bq)F(a − b)]1/q,

where L(u, v) is defined by (1.2), S(x, y;α) is defined as in Lemma 3, and N(x, y) is defined by (3.8).

Theorem 8. Let F : R→ R0 be a given function and (α,m) ∈ (0, 1]2. Suppose that f : I ⊆ R+ → R is differentiable
and a, b ∈ I with a < b. If | f ′|q is (α,m)-GA-F-convex on I for q > 1 and f ∈ L1((0,max{b, b1/m

}]), then∣∣∣∣∣ f (a) + f (b)
2

−
1

ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2
[L(aq/(q−1), bq/(q−1)) −

1
2

L(aq/2(q−1), bq/2(q−1))]1−1/q

×

[ (2αα + 1)| f ′(a)|q

2α(α + 1)(α + 2)
+

2[2α(α2 + α + 1) − 2]| f ′(b1/m)|q

2α+1(α + 1)(α + 2)
−

F(a − b1/m)
16

]1/q

, (3.13)

where L(u, v) is defined as in Lemma 3.

Proof. Using Lemma 2 and Hölder’s integral inequality, we obtain∣∣∣∣∣ f (a) + f (b)
2

−
1

ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2

∫ 1

0
|1 − 2t|atb1−t

| f ′(atb1−t)|dt

≤
ln b − ln a

2

(∫ 1

0
|1 − 2t|(atb1−t)q/(q−1) dt

)1−1/q[∫ 1

0
|1 − 2t|| f ′(atb1−t)|q dt

]1/q

. (3.14)

By the (α,m)-GA-F-convexity of | f ′|q on (0,max{b, b1/m
}], we have∫ 1

0
|1 − 2t|| f ′(atb1−t)|q dt ≤

∫ 1

0
|1 − 2t|[tα| f ′(a)|q +m(1 − tα)| f ′(b1/m)|q − t(1 − t)F(a − b1/m)] dt

=
(2αα + 1)| f ′(a)|q

2α(α + 1)(α + 2)
+

m[2α(α2 + α + 1) − 2]| f ′(b1/m)|q

2α+1(α + 1)(α + 2)
−

F(a − b1/m)
16

(3.15)
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and ∫ 1

0
|1 − 2t|(atb1−t)q/(q−1) dt = L(aq/(q−1), bq/(q−1)) −

L(aq/2(q−1), bq/2(q−1))
2

. (3.16)

Substituting (3.15) and (3.16) into the inequality (3.14) arrives at the inequality (3.13). The proof of Theorem 8
is thus complete.

Taking m = 1 in Theorem 8, we obtain

Corollary 5. Let F : R→ R0 be a fixed function and α ∈ (0, 1]. Suppose that f : [a, b] ⊆ R+ → R is differentiable
for a, b ∈ R+ with a < b. If | f ′|q is (α, 1)-GA-F-convex on [a, b] for q > 1 and f ′ ∈ L1([a, b]), then∣∣∣∣∣ f (a) + f (b)

2
−

1
ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2
[L(aq/(q−1), bq/(q−1)) −

1
2

L(aq/2(q−1), bq/2(q−1))]1−1/q

×

[ (2αα + 1)| f ′(a)|q

2α(α + 1)(α + 2)
+

[2α(α2 + α + 1) − 2]| f ′(b)|q

2α+1(α + 1)(α + 2)
−

F(a − b)
16

]1/q

,

(3.17)

where L(u, v) is defined as in Lemma 3.

Theorem 9. Let F : R→ R0 be a given function and (α,m) ∈ (0, 1]2. Suppose that f : I ⊆ R+ → R is differentiable
and a, b ∈ I with a < b. If | f ′|q is (α,m)-GA-F-convex on I for q > 1 and f ∈ L1((0,max{b, b1/m

}]), then∣∣∣∣∣ f (a) + f (b)
2

−
1

ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2
L1−1/q(aq/(q−1), bq/(q−1))

{[
| f ′(a)|q

q + α + 1
+

m| f ′(b1/m)|q

(q + α + 1)(q + 1)

−
F(a − b1/m)

(q + 5)(q + 1)

]1/q[ m| f ′(a1/m)|q

(q + α + 1)(q + 1)
+
| f ′(b)|q

q + α + 1
−

F(b − a1/m)
(q + 5)(q + 1)

]1/q}
, (3.18)

where L(u, v) is defined as in Lemma 3.

Proof. In view of Lemma 1 and Hölder’s integral inequality, we acquire∣∣∣∣∣ f (a) + f (b)
2

−
1

ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2

∫ 1

0
t[atb1−t

| f ′(atb1−t)| + a1−tbt
| f ′(a1−tbt)|] dt

≤
ln b − ln a

2

[∫ 1

0
(atb1−t)q/(q−1) dt

]1−1/q[∫ 1

0
tq
| f ′(atb1−t)|q dt

]1/q

+
ln b − ln a

2

[∫ 1

0
(a1−tbt)q/(q−1) dt

]1−1/q[∫ 1

0
tq
| f ′(a1−tbt)|q dt

]1/q

.

(3.19)

Since | f ′|q is (α,m)-GA-F-convex on (0,max{b, b1/m
}], we have∫ 1

0
tq
| f ′(atb1−t)|q dt ≤

∫ 1

0
tq[tα| f ′(a)|q +m(1 − tα)| f ′(b1/m)|q − t(1 − t)F(a − b1/m)] dt

=
| f ′(a)|q

q + α + 1
+

m| f ′(b1/m)|q

(q + α + 1)(q + 1)
−

F(a − b1/m)
(q + 5)(q + 1)

(3.20)

and ∫ 1

0
tq
| f ′(a1−tbt)|q dt ≤

∫ 1

0
tq[m(1 − tα)| f ′(a1/m)|q + tα| f ′(b)|q − t(1 − t)F(b − a1/m)] dt

=
m| f ′(a1/m)|q

(q + α + 1)(q + 1)
+
| f ′(b)|q

q + α + 1
−

F(b − a1/m)
(q + 5)(q + 1)

.

(3.21)
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Straightforward computation gives∫ 1

0
(atb1−t)q/(q−1) dt =

∫ 1

0
(a1−tbt)q/(q−1) = L(aq/(q−1), bq/(q−1)). (3.22)

Substituting (3.20), (3.21), and (3.22) into the inequality (3.19) arrives at the inequality (3.18). The proof of
Theorem 9 is thus complete.

Putting m = 1 in Theorem 9, we obtain

Corollary 6. Let F : R→ R0 be a fixed function and α ∈ (0, 1]. Suppose that f : [a, b] ⊆ R+ → R is differentiable
for a, b ∈ R+ with a < b. If | f ′|q is (α, 1)-GA-F-convex on [a, b] for q > 1, then∣∣∣∣∣ f (a) + f (b)

2
−

1
ln b − ln a

∫ b

a

f (x)
x

dx
∣∣∣∣∣ ≤ ln b − ln a

2
L1−1/q(aq/(q−1), bq/(q−1))

{[
| f ′(a)|q

q + α + 1
+

| f ′(b)|q

(q + α + 1)(q + 1)

−
F(a − b)

(q + 5)(q + 1)

]1/q[
| f ′(a)|q

(q + α + 1)(q + 1)
+
| f ′(b)|q

q + α + 1
−

F(b − a)
(q + 5)(q + 1)

]1/q}
,

where L(u, v) is defined as in Lemma 3.

4. Conclusions

In this paper, we defined the notion of (α,m)-GA-F-convex functions in Definition 5 and, via the integral
identity (2.2) and other analytic techniques such as those in Lemma 3, established those integral inequal-
ities (3.4), (3.9), and (3.13) in Theorems 6 to 8 of the Hermite–Hadamard type for geometric-arithmetic-F-
convex functions defined by the inequality (2.1) in Definition 5.
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