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Abstract. We introduce and study a new class of fully coupled integral-multipoint boundary value
problems for a system of nonlinear multi-term fractional differential equations. The existence criterion
for solutions to the given problem is obtained via Leray-Schauder’s alternative, while the uniqueness of
its solutions is accomplished by utilizing Banach’s fixed point theorem. We also discuss the Ulam-Hyers
stability for the problem at hand. Examples are included to illustrate the main results. Some new results
appearing as special cases of the present ones are also indicated.

1. Introduction

The tools of fractional calculus are found to be quite useful in the mathematical modeling of real-world
problems of natural and social sciences, for example, see [17, 29]. Further application details include chaos
synchronization [34], neural networks [33], relaxation filtration processes [9], ecology [23], blood flow in
small-lumen arterial vessels [7], epithelial cells [12], etc.

Nonlocal nonlinear fractional order boundary value problems have been extensively studied during the
last two decades. One can find some interesting and useful results for fractional boundary value problems
in a recent monograph [4], while the basic details of fractional calculus can be found in the text [22]. A
differential equation containing more than one fractional-order differential operator is known as a multi-
term fractional differential equation. Examples include the Bagley-Torvik equation [30], and the generalized
Basset equation [25]. For some recent work on multi-term fractional differential equations supplemented
with different boundary conditions, we refer the reader to the papers [2, 3, 5, 6, 13, 15, 16, 21, 26].

A great interest has also been observed in studying the stability phenomenon of fractional differential
equations; for instance, see [10, 19, 32]. The concept of Ulam—-Hyers stability [27, 31] is effectively applied
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in several diverse disciplines, for example, see [20, 24, 28]. The Ulam’s stability for a system of coupled
fractional differential equations with integral boundary conditions is investigated in [11]. In [35], the author
discussed the Ulam-Hyers stability for a nonlinear higher-order Hadamard fractional Langevin equation
via Mittag-Leffler functions. For some recent work on Ulam-Hyers stability for fractional differential
equations, for instance, see the articles [1, 8, 14] and the references cited therein.

In this paper, motivated by [5, 26], we formulate and investigate a new integral-multipoint fully coupled
boundary value problem for a system of nonlinear multi-term fractional differential equations

p
ZwicD‘X’x(t) = filtt,x(t), y(t), ace(p-1L,pl, p=>2,0<a;<1,i#( wc #0, w; €R, t €[0,1],
im1

1)
Zq‘p].cDﬁjy(t) = folt,x(t), y(t), Bue(@—1,q91, g=22,0<B; <1, j#u, pu#0, pj R, t€[0,1],
j=1
complemented with nonlocal integral-multipoint boundary conditions
x(0) =0, x*(0) =0, 1 =1,2,3,...,p -2,
y(0) =0, ¥ (0)=0, x,=1,23,...,4-2,
(2)

1
x(1) = o1 f s =Y ayo), o, @ €R, o€ (0,1,
0

= 1=

1
vy = [ x(ods- Y bt va, b €R, 1€ O,1),
0

=1

where ‘D% and ‘DFi denote the Caputo fractional derivatives of order a; and f; respectively, and fi, f» €
C([0,1] X R X R, R).

Here, we emphasize that it is the first article dealing with a coupled system of nonlinear multi-term
fractional differential equations, equipped with coupled integral-multipoint boundary conditions.

The rest of the paper is organized as follows. Some basic definitions and a result dealing with the linear
version of the problem (1)-(2) are presented in Section 2. The main results are proved in Section 3. Examples
illustrating the results obtained in Section 3 are presented in Section 4. We discuss the Ulam—Hyers stability
for the problem (1)-(2) in Section 5. The paper concludes with some interesting observations.

2. A preliminary result

We begin this section with some basic concepts of fractional calculus [22].

Definition 2.1. For ¢ € Ly[a, b], the (left) Riemann—Liouville fractional integral of order a € IR™, denoted by I ¢,
is defined as

t
Eo(t) = ﬁ f (t =) @ (s)ds,

where I denotes the Euler gamma function.
Definition 2.2. Let ¢, (p(’”) € Ly[a,bl,a,b € Rand a € (m —1,m], m € IN. The Riemann—Liouville fractional
derivative of order o, denoted by DS, ¢, is defined as

t

am » 1 qm el

dt’"l;*L(P(t):mWf(t_s) "0 (s)ds,
a

Do (t) =
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while the Caputo fractional derivative ‘DS, ¢ of order a € (m — 1, m] is defined by

‘Dip(t) =D @) — @ @) — ¢’ (a)

(t—a) P (t —ay"!
T @ =1

Remark 2.3. In the literature, the (left) Caputo fractional derivative for a function @ € AC™[a,b] of order a €
(m — 1, m] is also defined as

(t—s)"- ()
[ oo

q _
‘D,.pt) =
Lemma2.4. [22]Letm—1 < a < m, then

Dl () = f>-Z il

with pO(a) = p(a).

Lemma 2.5. If0<f <1, m—-1<a<mandm>?2,then

& cB p(0)trF
15D p(t) = Io. "op(t) - Ta—p+1)
Proof. Using semi-group property of Riemann-Liouville integral operators and Lemma 2.4, we get
o« cpf o) = B P o)) = [*F _ pp POt
IO* Do+(P(t) = IO+ (10+ D0+(P(t)) =1, ((P(t) - (P(O)) = IO+ e(t) - T(——ﬁ+1)

O

In the current work, we write the Riemann-Liouville fractional integral operator I’, and the Caputo frac-
tional derivative operator DY, with a = 0 as I and °D¥, respectively.

In the following lemma, we solve the linear version of the system (1) complemented with the boundary
data (2).

Lemma 2.6. Let 91,9, € C([0,1], R), and A = AB + 1 # 0, then the unique solution of the linear system

p
Za)icD""’x(t) =), acep-1,pl, p>2, 0<a;<1,i#C w #0, wi €R, t[0,1],
i=1

q
Zp].CDﬁiy(t) =%®), fue@-14q,922,0<B;<1, j#u p,#0, pjeR, te[0,1],
=1

subject to the boundary conditions (2) is given by

- _ gt
x(t) = [pyl"( B f f (s o (u)duds

d m
" X .- ﬁ)f f (= s = ) o f (01 = )+ 82(6)ds
j p = Pj WL(B)

j=1, j#u =1

- p] ! T j—l _ 1 _ ag—l
+Zal Z mj; (o7 —s)Pu P y(s)ds —wcf(ac)fo(l S)* ™ 91 (s)ds

9
=1 j=1,j#u
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+i:i¢cm f (1 —s)™ x(s)ds+A( T@) f f (s — u)* 191 (u)duds
-i_{ic e f f (s — wye-a- x(”)d”ds‘z;wcr(ac f (01— 919, (5)ds
+:1 ’ ;Cmf (1= "7 - F(ﬁH f (L= )™ 9a(s)ds
and
y(t):%[ (ppr(ﬁp) f f (s — w19y (u)duds
I o B e S W AR
ZZWI()“() fa-oraon
tiﬂm f ) x(s)ds) ﬁao fo 1 fo S(s—u)“c-lsl(u)duds
_i:i;c wcrf;?l_ ) f f (s — u)* " x(u)duds — g‘a)r(ac f (01— 5)* 7191 (s)ds
+,i¢yW f (1= s)hbr y(s)ds]
p;,r@, f (t=s)" 1sz<s>ds—]iyp 65 f (t = sy P y(s)ds, 5)
where
A== lim? LB =_702+ib107_1- (6)
=1 I=1

Proof. Operating the integral operators [ and If+ respectively on the first and second equations in (3) and
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using Lemma 2.5, we get

” it

whereciandej € R,i=1,...,p, j=1,...

Combining (7) with the conditions x(0) = 0, y(0) = 0, x*)(0) = 0,%; = 1,2,3,...,p — 2, and y*2(0)
1,2,3,...,g—-2,wefind thatc;=0fori=1,2,...,p-1lande;=0forj=1,2,...,9- 1.
Thus, (7) takes the form:
p o ¢
x(t) = c,tP 1t + f t— )% 19,(s)ds — —lf t— g)% 4 ly(5)ds,
)= n%> (=7 91(5) lzﬁwﬂ%—> (=9 ()
q
(t) = et + f (t — s)Pu=19,(s)ds — f(t s)PuPi~ly(s)ds.
¥ 1 F(,Bu) Z Pur .BJ) y

J=1, jEp

1 +1ZZ¢C wcl(ag —a; + 1))C1 tootte o+
P
- Z&c m f (t — 5% x(s)ds,
q Bu—p
y(t) = (1 + R ;:ty %)el ottt
,j;mr@lmxfaswm y)ds,

1 t ac—1
ng(ag)L(t_s) d1(s)ds

L - Fu=19,(s)d
+pyr(,8y)j(;(t s) 2(s)ds

,q, are unknown arbitrary constants.

9831

= 0[1{2 =

(8)

Now, using (8) in the last two conditions of (2), we find a system of equations in terms of the unknown

constants c, and ¢; as

{ Cp _Aeq =,

Bey, +e5 = Ja,

where A and B are given in (6) and

= ny(ﬁwf f (s = w19z (u)duds
U1pj ep
Pur(ﬁu ﬁ])f f(s ) y(u)duds —

)

=L j#

>

+ ) a
=1 j=LjAp
p
ac—ai—
+ Z a)gl"(ag— l)f(l s) Lx(s)ds,
i=1, i#C
_ a1 dud
- iy Jy e s
i UQCL),
i=1, i#C wCr(aC -

m
+Zbl

=1 i=1,i#

iM

Pu F(,By ﬁ] f (OI_S)ﬁ“ o y()ds =

—a)(;l“(ac —oz)f (o7 —s)¥ ™ x(s)ds -

m

Zp T f (01— 5)P~19,(s)ds

1=1

F(a ) f (1= s)*%19:(s)ds

) f f (s — u)* 4 x(u)duds — iw T@) f UI(O'I_S)ac—lsl(S)dS

=1

Iwmfa—ﬁﬂ%u

©)
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q
— gYhuBi
+ Z pr(ﬁy 5 f 1 -s) y(s)ds. (10)

=L
Solving the system (9) for ¢, and ¢;, we obtain
v=<(h+AR), ¢ = +(~Bh+ ). (11
c

Inserting the above values of ¢, and ¢; in (8) and using (6), we get the solution (4) and (5). The converse of
the lemma follows by direct computation. a

3. Main Results

By Lemma 2.6, the problem (1)-(2) can be transformed into a fixed point problem as (x,y) = F(x, y),
where ¥ : Q x Q — Q x Q) is an operator defined by

s -( 20 ).

with

A0 = S [ o, v

uL(Bu)
q

Z p#F(vﬁlf] B f f s—u)ﬁ“ “pi-1 y(u)duds

J=1, jEp

Ms

Pu (ﬁp fo (01 = 5™ fals, x(5), y(s))ds
1=1

m q

+Za Z m f (01 — s)P Py (s)ds

=1  j=1,j#u

f (1= )% fi(s, x(5), y(&)ds

wcr(ac)
p

a)i _ ag—a,'—l
+ Z ol =) ag—ai)f(l s) x(s)ds

i=1, i#C

_ a1
(a)cl"(ac)f f(s W)™ fu(u, x(u), y(u))duds

_ Z wcrgfl—a) f f )% (1) duds

i=1, i#C

Z ( fﬂ (01— 9)% L fi(s, x(3), y(s))ds

=1

m 4
+Zb[ 12“ a)gl"(ac—a)f (01 — 5)* % x(s)ds

=1

P F(ﬁ f (1—s)Pe 1f2(s x(s), y(s))ds
pt \Pu
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q
Pu—Pj—
*'Z:pnm m.f” ) y@%ﬂ

=1, jru
wﬁwf<>%ww@wm
Zcmf (s 13)
and
Falep)®) = ?[_B(p#r(ﬁy f f (s — )Pt fo(u, x(u), y(u))duds
;
—imﬁmlﬂmﬂWﬂwwawws

[y

m q

Z} 2157@7?5jﬂm—##@y@%

I=1  j=1,j#u

f (1 -1s)%" 1f1(s x(s), y(s))ds

+
2

wcf(%)

4 a)i ar—ai—
+ Z m[ (1 - S) 1X(S)d5)

i=1, i#C

+

C‘)Cr(ac) f(s Oh fl(” x(u), y(u))duds

_ wi ac—ai—
- 1-_; o oc) f f (s—u) Lx(u)duds

Yt [ @9 s, o

=1

m

P
+ blz
1,

I= i=

— )&~
Ca)gl”(ag—al f (o1 —5) 1x(s)ds

mﬂm) =7 fals, 2(6), y(9)ds

. —— ABH ABI
Pu (ﬁu B;) f (=) y(s)ds]

fa—wf%@mamm%

=1 R

1
pul(B)

‘7

_ _ \BuBi—1
py@,@xf“s) s (1)

J=1 j#u

Here, QO x Q is the Banach space equipped with the norm ||(x, y)ll = llxIl + llyll, (x, y) € Q x Q, where
Q) is the Banach space of all continuous functions from [0,1] — R endowed with the supremum norm
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llxll = sup,epg 1 (B Observe that the fixed points of the operator # are solution to the problem (1)-(2).

In the sequel, we need the assumptions:

(Hi1) There exist real constants mp, 1, > 0, p = 1,2, and i, np > 0 such that

Ifilt, x, Y| < mo + ma|x| + malyl, |fat, x, )| <o +7ilx| +malyl, Vv, y € R;

(Hz) Forallt € [0,1], x5,y € R, p = 1,2, there exist positive constants £; and £, such that
Ifi(t, x2, y2) = it x1, y1l < Li(lxa — x1] + ly2 — yal),
Lf2(t, x2, y2) = fot, x1, Y1l < Lo(Ix2 — 21l + ly2 — 1).

In the forthcoming analysis, we use the notation:

1 1 |Alloa " |Allbiloy 1
Q1 —[ + +Z‘|‘” +

|A| |a)C|1“(aC + 1) |a)c|r(ac + 2) C|r(0(c + 1) |a)g|r(6¥g + 1),
0, = L[ ol Z o]’ 1Al
2 |A| |py|r(,3p +2) |Pp|r(ﬁy + 1) |Py|r(ﬁp +1) ’
1 v [ il Allvallwi ]
= — +
Y llzﬂ lwcll(ac —a;+1) * lwclla - ai +2)
IA] v % oy s |wi]
+— Y |b +
Al ;‘ : IZZ;C loc|T(ac - ai +1) 1zlzz:tc lweT(ac —a; + 1)
q m q Bu—Bj
1 |Ul||P] lpjloy
Qi = _[ + ) |l
|Al ]121;# |Py|r(,5y it 2) Z ]le]; |pu|r(ﬂy ,8] + 1)
N 4 lpjlIA] ]
At Il B =B+ D]
—~ 1 B v |bilo,
5 - [ 1BI o2 Z ]
|Al[ lwe|T(ac +1) lwc|T(ac +2) lwe|T(ag + 1)
,Bl
—~ 1 Bllv = |allBlo,’ 1 1
Q = [ lrllllz Z (B, +1 T 1]+ T +1)
|A] |Pp| ‘3”+ |Pu| (ﬁy+ ) |Py| (ﬁy"' ) |Py| (,By"' )
= _ 1 |Bllwi] [02||cwil ]
© T i_;tc[lwcll“(ac—aﬁl) el - ai +2)
TP
1
Al T —a+ 1)
" Bu=bj
—~ 1 1 Bllo-l 1 IBllpjla;" ™
QA = m[ Y, ot p]+2) Z' L) =D
[y Pu u j=1, A Pu I ]
N i o/ ] d oA
I~ lpull(Bu —Bj+1) j=Lu loull(By = Bj + 1)

9834

(15)

Now, we proceed to present our main results. In our first result, we establish the existence of solutions

for the problem (1)-(2) with the aid of the Leray-Schauder alternative [18].
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Theorem 3.1. If fi, f> : [0, 1] X RX IR — Rare continuous functions satisfying the condition (Hy), then the problem
(1)-(2) has at least one solution on [0, 1], provided that 0 < max{Z1, Z»} < 1, where

Zi = mi(Q1 + Q1) +7(Q2 + Q2) +(Qs + Qa),

Zo = mp(Qu + Qr) +12(Q2 + Q2) + (Qa + Qu), (16)
and Q,, é,,, p =1,2,3,4, are given in (15).
Proof. Let us first establish that the operator  : Q x Q) — Q X ) defined in (12) is completely continuous.

Notice that continuity of the operator ¥ follows from that of the functions f; and f,. Let A; = {(x,y) €
QxQ:l(x, Il < p} with

5> o(Q1 + Q1) +70(Qs + Qz) (17)
1- max{Z1,Z2}

where Z; and Z; are given in (16). For any x, y € A, let

Vit x,y)l < g+ mallxl] + mallyll = %,
<

If2(t, x, y)l 1o + mlxl| + 12llyll = K. (18)
Then, for any (x, y) € A5, we obtain
IF ol < sup {E[ s | 1 | (5 = P o, x(w), ()
’ " eony UIAL [pull'(Bu) ’ ’

9

ot )
(s — u)PuPi~ 1Iy(u)lduds
1P =)

N Z |ay| fo( 1(01 — )P fo(s, x(s), y(s))lds

= pulT(B)
m q |p]
+ ) _ (01 — 5P i1 |y(s)lds
;‘ ljlzj':tp |pp| (ﬁy )f !
_ qyac-1
|wclf(ac) f (1= )% 1fi(5, x(5), y(s))lds
p

|Cl)1 f 1 — g)c—ai= 1 d

i=1, i lwelT(ae — i) (-9 [x(s)lds

A (iw!&z(lac) f f (5 = )" fu(ut, x(u), y(u))Iduds

i o

i=1, i#C
m

(01 =95, x(5), YO
Weairm i@ 1

m |4
L ag—a;—1
+; 141 Z lwcT(ac — a;) f (o1 —5) x(s)|ds

i=1,i#C

|PH|F(.By f (1= 9% fo(s, x(5), y(s))lds
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q Pl Bufj-1
¥ Z T, = )f (1-9) 'y(s)'ds)]

J=L j#u
|CUC|F(0¢£) f (£ =)™ Ifi(s, x(5), y()lds
4
I ) N
+i=;;c |chF(ag—a)f (t=3) lx(s>|ds}

1 1 A " |Albloy
< 7(1(_[ |Allv, ] Z ]
Al lwc|T(az + 1) |wc|T(ac +2) lweT(ag +1)

+;)+ &[ o1l Z oy’ Al ]
|lwe|T(ac + 1) |A] |Py|r(ﬁp +2) |py|r(,3p + 1) |py|r(,3y +1)

+( 1 Z”-‘[ il P P12 ]
Al |wc|r<ac—al+1> lwell(ac - ai +2)

i=1,i#C
p 4
Al jwilo)*” il )
+= ) 1bil + ]l
|A|; l,;:&g lwel(ag —a;+1) * 4 JwoclC(ag - a; +1)
L1 [ i [o1llp)| i i Ipjlo) ™
Al Tk lpull(Bu = Bj +2) = ey |Pu|r Bu—Bi+1)

q

lp;lIA ]

+ lIyll
j—;ﬁt# lpull(Bu = Bj+1)

< KQ1 + K2Q2 + Qslixll + Qallyll,

where Qp, p = 1,2,3,4, are given in (15). Inserting the values of K; and K, from (18) into the above
inequality, we get

153 Ce, )l < (0 + s lxll + i llyll)Qu + (7o + malldl + 721yl Q2 + Qallxll + Qallyll (19)

Similarly, one can find that
152, )l < (7o + x|l + Aallyll) Qi + (7o + 7ol + 72l ) Q2 + Qslixdl + Qullyll, (20)

where ép, p =1,2,3,4, are given in (15). From (19), (20) together with (17) and using the definition of norm,
we have
IFCol = NIF10 I+ [1F20x, Yl
< mp(Q1 + Q1) +1op(Q2 + Q2) + max(Z1, Z2)p < p

which implies that #(A) is uniformly bounded.
To show that F(A) is equicontinuous, we take t1, t, € [0,1] with t; < t; and (x, y) € A;. Then, we get

[F1(x, Y)(t2) — Fa(x, y)(£)]

. Itgl—tf‘ll[wl(L[ L % 1 +i |Allbilo ]
- A Al lwc[T(az + 1) JwcT(ac +2) = |ocT(ag +1)

1 ) . 7@[ o1 Z o’ A ]
lwe[T(ec +1) A |py|r(,8y +2) |py|r(ﬁ,u +1) Ipylr(ﬁp +1)
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(1 i:[ ol ___, _Wlkaol__)
Al 4= Lwcll(ac —ai +1) - |ocl(ac - ai +2)
m et .
:ill = 1B 7_1224% |a)C|I|’(E)ol¢|:— a;i+1) * p . |a)C|F(a|(;wi| a; + 1))||x||
l3 —Bj
P
+j:§“ T /L]- i 1>]”y”

+

153 1
fo [w T 2™ 8)" fi(s, x(s), y(s))ds

p
ac—ai— _ _ a1
— ) a)gf(ac — )( 5) s) ds f [a)cl" (t1 = ) fi(s, x(s), y(s))ds

i=

- i S S— —s)ac-af—lx(s)]ds

i#C

= o(ag — ai)
Ity -]
< S Ki1Q1 + FKoQx + Qallxll + Qallyll
vi¢] a a
L 1ol — fy] 4 — C]
k%m%+h[u o 4| |
p
3] [ i Coea o
¥ 2lt2 = 4 =
1._12/;‘% lweT(ac —ai +1)
|t123 1 tP 1|
< = |(moQq +1oQ2) + [(ml +m)Q1 + (11 +12)Q2 + Q3 + Q4]
o + (my + ﬁz)ﬁ
[ ][2|t2 SR AR
lwc|T(ag + 1)
P
Ia)i| [ — ar—a; ac—ai, | ~
+ 20ty — # BTN T = £ ]
) ] I R AR

i=1,i#C
— 0as (t, —t)—0,

independently of (x,y) € A;. Analogously, it can be shown that
|F2(x, y)(t2) — Fa(x, y)(t1)] — 0 as (t2 — t1) — 0 independently of (x,y) € A.

Thus, ¥F1(Ap) and F2(Ap) are equicontinuous and hence ¥ (A;) is equicontinuous. Hence, by the Arzela-
Ascoli theorem, the operator ¥ (A) is completely continuous.

Finally, we consider aset W = {(x, y) € QX Q: (x,y) = nF (x,y), 0 < nn < 1} and verify its boundedness. For
(x,y) € ¥, we have (x, y) = nF (x, y), which implies that x(t) = n71(x, y)(t) and y(t) = nF2(x, y)(t) for t € [0, 1].
Then, by the assumption (H;), we have

lxll = sup |x()] < sup [F1(x, y)(®)]

te[0,1] te[0,1]

< sup {tp 1[ o] f f(s —u)ﬁ# no + 711 |x| +n2|y|)duds
te[o 1] |A| |pu|r(ﬁy)
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|vlp] — y)PuBi—1
i Z lpull(Bu — ﬁ])f f(s u) ly(u)lduds

Z’” o f” btfm =

+ —=Ss)* Hng+mfxf+n ds
lp |1"(ﬁ“) o (01—9) ( 0 1lx] 2|y|)
m q

|
+ |al| Z Lf (O_]_S)ﬁ“ ﬁ/ 1|y(s)|ds

I=1 j=1,j#u |p}1| (ﬁy

ac-1
|CL)C|F(O(C) f ( - S) (m() + m1|x| + m2|y|)

P

|wl ac—ai—
* Z o (ac —ap) f (1-5) Ux(s)|ds

i=1, i#C

[0 S (e L= _
lA'(cucl"(a) f(s u) (m0+mllxl+m2|y|)duds

|02(1), ac—a;—1
¥ Z e (e — ) f f (s—u) lx(u)\duds

i=1, i#C
bl
! ac
o) o — )% mg + my|x| + m
;‘ Ia)gll"(a)f ( ) ( 0 + 1] 2|y|>
+i|b| i L\f (O )ag—a, 1IX(S)|ds
=1 l Lt T (ae = ai) e

1 — — —
+ 1 —s)Pe™Y (7 + 71 x| + Toaly)ds
EAR() fo (1= s (7 + Tl + Tzlyl)

q

Il gpea )]
" |pulT(By - f (=P y(s)lds

J=1, j#u

1 e R
t—= t— )< Y75 + 77 x| + 772 s
|wc|1"(0¢r:)fo( ) ( 0 + x| zlyl)

4
|wl ag—a;—1
»y o —ap f (t=s) Ix(s)lds}

i=T, i#C
which yields
Il < (10Q1 +710Q2) + (M1 Q1 +11Q2 + Q3)llxll + (m2Q1 +12Q2 + Qa)llyll. (21)

In a similar manner, we can find that

Iyll < (70Q1 +70Q2) + (A Q1 + 1 Q2 + Q) + (72Q1 + 7220z + Qu)lIyl. (22)
From (21) and (22), we have

Il + [Iyll < 70(Q1 + Q1) +70(Qa + Q2) + max (Z1, Z)II(x, y)ll,

where Z; and Z; are given in (16). The above inequality can alternatively be written as

16 < 2 [o(Q1 + Bo) + (@2 + o),
0
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where
Go =1 -max (<1, Z2).

Thus, the set W is bounded. Consequently, by the Leray-Schauder alternative [18], there exists at least one
fixed point for the operator ¥ . Therefore, the problem (1)-(2) admits at least one solution on [0, 1]. m|

In the next result, we accomplish a uniqueness result for the problem (1)-(2) by applying Banach’s fixed
point theorem [18].

Theorem 3.2. Let fi, f> : [0,1] X R X R — R be continuous functions satisfying the condition (H) and that
L1(Q1 + Q1) + £(Q2 + Qo) + max (Q3 + Q3,Qu + Q) < 1, (23)

where Q, and ép, p =1,2,3,4, are given in (15). Then, a unique solution exists to the problem (1)-(2) on [0, 1].

Proof. We verify the hypothesis of Banach’s fixed point theorem in two steps. In the first step, it will
be shown that #8, c B,, where ¥ : B8, — Q x Q is given in (12), B, is a closed ball defined as
B, ={x,y) e QX Q:||(x, y)ll < r} with

Ni(Q1 + Q1) + Na(Q2 + Qo)

(24)
- [£1(Q1 + Q1) + £2(Qa + Qo) - max (Qs + Q3, Qs + Q)
supte[oll] |f1(t/ 0, 0)| = Nl < coand Suptg[o/l] |f2(t1 0, 0)' = N2 < 00. By (Hz), we have
Al x@®,yON = 1A x(0), y(8) = fi(t,0,0) + fi(t,0,0)] < Li(llxll + Iyl + Ny < Lir + Ny,
Ifalt x(®), y(®] < La(llxll + Iyll) + Na < Lor + No. (25)

For (x, y) € B,, it follows by using (25) that

# 1
170yl < Sp{lAl[ o] ff(s WY (Lor + No)duds

tef0,1] lpulT(Bu)
q
|01P, f f
+ S—u)ﬁp —Bj— 1| (u)lduds
J=;¢y |pP|r(ﬁH .B]) y
o f )
" — sy Lor + N
; lpull(By (01 =) ( 2t 2)
] —f 1o —s)ﬁu —Bj— 1| (s)lds
Z‘; l]lZ];ty 1Pull By = B)) : Y
+MI (1 —s)ac_1(£1r+N1)ds
P
|l -
+i=;¢c lwe|T(ag — i) f (1-5) [x(s)lds
+|A|( |UZ(|XC) f(s )ag <-£1T+ N1)duds
- [vrai
" L o —mf f =) (o)
i=1, i#C
S bl

. [l (@ ) (Ul =) Lyr + Nl)
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|a)| 7l ac—a;—1
L Y e | RCEE R

_ q\fu—1
+|py|r(ﬁy) fo (1-3) (Lzr+ Nz)ds
: il 1 o
P —— 1- Bu—Pij 1| |d )]
e Ipylrwy—;a,-)fo (1= 5Pt y(s)lds

1 t ac—1
oD j; (t - s) (£1r+N1)ds

p

|0)1 N
' i_;;tc lwelC(ac — ;) f (t=s) |x(5)|d5}
< (Lw + N1)Q1 + Qsllxll + (ljzr + Nz)Qz + Qullyll. 6

Likewise, we can find that

120, y)Il < (Lar + N1)Qu + Qslixll + (Lor + N2 )Qa + Qallyll. (27)
From (26) and (27) together with (24), we obtain
IF el = F Il + I1F20x, I
< [£1(Q1 +01) + La(Q2 + (52)]7’ + N1(Q1 + Q1) + Na(Q2 + Qo)
+max (Qs + Qs, Qs + Qu)r <7,

which shows that ¥ (x, y) € B,. Hence, ¥ 8, C 8, since (x,y) € B, is an arbitrary element.
Next, we verify that the operator # given in (12) is a contraction. Using the condition (H;), we obtain

1F1(x2, y2) = F1(x1, yo)ll

ol

_ ﬁu 1
< sup { | i [ [ 0810000, vs00 - ot a0, s

9

_ [opil f f BBy (1) —
' Z lpullBu = B1) Jo o(s “) ly2(u) = y1(w)lduds

=L

|ag|

+IZ; Ippll"(ﬁy)f o1 = 8P fals, x2(5), y2(s)) — fals, x1(5), y1(s))lds

|p]| i — )P Bl —
Yl Y e, e - n

=1 j=1,j#u

1 ! v
oS f (1 = Y fu(s, %2(6), y2(5)) = fils, 31(5), y1 (5)ds
p

|a)l ac—aj—
’ Z mf(l s) "xa(s) = x1(s)lds

i=1, i#C
[v2] -
At [0 250,300~ ot 0, s

p
" L #I f (5 = )" () = 2 )
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Z wcF(ac) f (01— )" (s, %209, y2(9)) = fils, 31(6), ya(9)lds
+ i |by] i |a)z f ((7 S)ag - 1|x2(s) X1(S)|ds
I=1 i=1,i#C |wC|F(aC - )

’ |py|;(5p) fo (1= 9" 1fa(s,32(5), y2(6)) = fols,11(5), ya(s))lds

+ Zq‘ Lfl(l—s)ﬁu_ﬁ/_ﬂ (s) - (S)|ds)]
Pieanr |py|r(ﬁy_‘8]) 0 Y2 n

j=1, j*u

1 ! .
+mf(f—s) £1(s,22(5), ¥2(5)) — fa(s, x1(s), ya(s))lds

p

|| .
" L mf (t =5 haale) - xl(s)us]}

i=1, i#C
< (£1Q1 + £2Qa)(Ilz = 21l + [ly2 = yall) + Qslla = 211l + Qallyz = wall

Similarly, we can find that

1F2(e2, v2) = Falrr, yo)ll < (£2Q1 + L2Qa (Il = x1ll + llyz = all) + Qsllez — 21/l + Qullyz - wall

From the foregoing inequalities, we get

IF (x2, y2) — F (x1, y)ll

< [£1(Q1 + Q1) + L2(Qa + Qo) + max(Qs + Qs, Qs + Q)| (2 = xall + lly2 = wall),
which, by (23), implies that ¥ is contraction. Thus, the hypothesis of Banach’s fixed point theorem is
verified and hence its conclusion implies that the operator ¥ has a unique fixed point. Therefore, there
exists a unique solution to problem (1)-(2) on [0, 1]. O
4. Examples

Here, we present examples illustrating the results obtained in the last section.

Example 4.1. Consider a coupled system of nonlinear multi-term fractional differential equations

4
Y wfDx(t) = fit, x(), y(8), t € [0,1],
i=1

5 (28)
Y. o DPy(t) = it x(t), y(), t€ [0,1],
j=1
complemented with nonlocal integral-multipoint boundary conditions
x(0) =0, '(0) =0, x”(0) =0, ¥(0) = 0, ¥'(0) =0, y"(0) = 0, y"(0) =
3
x(1) = f y(s)ds — Za y(o), v, a1 €R, 0,€(0,1), (29)

=1
3

y(1) =3 f x(s)ds—Zblx(al) v, b €R, 0, € (0,1),

=1
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where a1 = 09, apy = 075, ag=a3 = 7/2, ay = 05, ﬁl = 08, ﬁz = 06, ‘B# = ‘33 = 9/2, ‘34 = 04, ﬁ5 = 02, 01 =
4,0 =3, w1 =1/20, w; = -1/10, w¢ = w3 = 3, wy = 7/15, p1 = 1/2, py = 1/5, py = p3 =4, py = 5/19, ps =
5/8, 01=1/3, 02=2/3, a3=3/8,m=3,p=4,q=5, ﬂ1=—3, ﬂ2=2, El3=5, b1 =4, b2=5, b3=1.

Using the given values, we find that Q; ~ 0.06522380, Q, = 0.00533702, Qs =~ 0.09174221, Q, =

—

0.02207270, (51 ~ 0.06353920, (52 ~ 0.01221331, (53 ~ 0.09980610, and (54 ~ 0.04630676. (Qp and Q,,
p=1,2,3,4, are given in (15)).

(a) For illustrating Theorem 3.1, we take

1 |x(t)l ly(®)l
Al x(®), y®) = 35 + 21001+ W) ¢+ 2P0 + [y @)’
1 @)yl | sin y(t)|

falt, x(®), y(B) = (30)

=+ : .
6 2(1+ly®l) @ +3)31 +|siny(t)])
A= 4, = 1, =
%, n, = %7 Moreover, we find that Z; =~ 0.20093663 < 1 and Z» ~ 0.08512486 < 1. Thus, the
hypothesis of Theorem 3.1 is verified. Therefore, by the conclusion of Theorem 3.1, the problem
(28)-(29) with the nonlinear functions f; and f, given in (30) has at least one solution on [0, 1].

From (30), it follows that the assumption (H;) holds with 71y = &, iy =

(b) We demonstrate the application of Theorem 3.2 by considering
1

filt, x(t), y(t)) = Ltan’lx(t) +

100 v e e T
falt, x(t), y(t) = ;(cos x(t) + ) ) + 5. (31)
Y 3VE 1 144 L+ [y

It is easy to verify that the condition (H,) holds true with £; = 11@ and £; = 31—6. Further, we have

L£1(Q1 + Q1) + L2(Qs + Qo) + max (Qs + Qs, Q4 + Qu) ~ 0.19332345 < 1.

Clearly, the assumptions of Theorem 3.2 are satisfied and hence its conclusion implies that there exists
a unique solution to the problem (28)-(29) with the nonlinear functions f; and f, defined in (31) on
[0,1].

5. Stability Analysis

This section is devoted to the Ulam-Hyers stability for the problem at hand. We begin this section with
some basic definitions [28].

Definition 5.1. For € = (€1, €2) > 0, consider a system of inequalities

4
| Y oD - AT, FE)| <01, tel01],
1711 (32)
| o DP50) - fo, 70, 50| < €2, tel01]
j=1
with boundary conditions (2). Then, the system (1)~(2) is called Ulam—Hyers stable if we can find ¢ = (cy,, cp,) > 0,

such that, for each solution (x,y) € Q X Q of (32) with boundary conditions (2), there exists a unique solution
(%, y) € Q x Q of the system (1)—(2) satisfying

G, ) — (x, y)ll < ce’, tel0,1].
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Definition 5.2. If there exists ® = (&1, D,) € C(R*, R*) with ®(0) = 0 (CI)1(O) = 0,(0) = 0), such that, for each
solution (x,y) € Q X Q of (32) with boundary conditions (2), there exists a unique solution (x,y) € Q x Q of the
system (1)—(2) satisfying

I ) = (x, y)ll < De), te0,1].
Then, the system (1)—(2) is generalized Ulam—Hyers stable.

Remark 5.3. (x,7) € Q x Q s a solution of the system of inequalities (32) with boundary conditions (2) if and only
if there exist functions @1, @2 € C(J,R) such that |©1(t)| < €1 and |@2(t)| < €2, t € [0,1] and

4
Y D) = AT, T0) + @1, te01],
i=1

q
Z i DPTE) = f(t T, T(E) + @a(b), t€[0,1].

=1

Theorem 5.4. If the assumption (Hy) and the condition (23) are satisfied, then the system (1)—(2) is Ulam—Hyers
stable and hence generalized Ulam—Hyers stable in € x ().

Proof. Let (x,y) be a unique solution of the system (1)-(2) and (x,) be any solution of the system of
inequalities (32) with boundary conditions (2). Then, by Remark 5.3, there exist functions @1, @, € C([0, 1], R)
such that

P
Z wDYx(t) = At x(), Y1) + @1, ac € p-1,p], p=2,0<a;<1,i#(, wc #0, w; €R, t€[0,1],
=1

q
Y o DPF) = folt T, 7)) + @2, fu€(q-1,91,9 22, 0<f; <1, j#u, pu#0, pi€R, te[0,1],
=1

X(0) =0, =0,%=123,...,p-2 70) =0, ¥ =0, k, =1,2,3,...,4 - 2,

1 m 1 m
7 = or [ s =Y oo, T = on [ Folds =) b, o1 v, b€ R o7 € O,
0 I=1 I=1

(33)

By Lemma 2.6, the solution of (33) can be written as

0= tpl[PuF(ﬁy)f f (s = (o, T, () + @2(u) )duds
_f=1,qm,9 Ffﬁyp ] ﬁ])f f (s = Py duds
_é Pulfl(lﬁp) f; (01— P (fals, 508), 7)) + @a(5) s

“ (@) fo 4= S’““(ﬁ(s/?c‘(s),?(s)) + @1(s))ds



R. P. Agarwal et al. / Filomat 39:28 (2025), 9827-9849 9844

P ; 1 —
+.Z mf(l—S) TIX(s)ds
+A(CUCF(0¢C) f f (s = )™ (fi(u, Xw), Y(w)) + @1 (u) )duds

Uza), ac—a;
cucl"(ac—a) f f (s — u)* % "x(u)duds

_ Z bl (Ol - 5)(11—1<f1 (S,’Q-C\(S),’j(s)) + @ (S))ds

m

- o\ d
+Z b Z wc (o — aj) fo (01 =) x(s)ds

=1 i=1,i#C

_m f (1 — S)ﬁ;wl(fz(s,jc\(s),’y\(s)) + @2(5))[15

q
TR _Rr\ — g)Bu—Bi-1 d
+J 1Zf¢u Pu (ﬁy B)) f =9 ves) S)]

— 517 fi(5,X(6), Y(6)) + @1(5) )ds

a)gl"(ac)

Z Wf (=) Ts)ds (34)

i=1, i#C

and

1
y(t) th [ B(pyr(ﬁy)f f (s — u)P~ (fz(u x(u), y(u))+c02(u))duds

q el Bufi-
— ) dud
Z puT (B — ﬁ])f f(s u) Yu)duds

=1, j#u

; PTG f (@1 97 (1ol T, T5) + 029

1

+Za Z Wf (01 = s)Pr Py (s)ds

1=1 ] 1]96}1

—.

f (1= )™ (fals, X(5), 7(s)) + @1(5) )ds

_C‘)CF(O‘C) 0

4 1
L _ o\ac—ai—17y
+z 121;&5 wcl'(ag - ai) f (1-3) x(s)ds)

+wCF(o¢C) f(s ) (fl(” x(u), y(w)) + @1(u))duds
020 ac—a;
- ;ﬂ wd (ac — o) f f (s—u) “Xw)duds

_Z wcf(a ) f (o1 —s)*” 1<ﬁ(s x(s), Y(s)) + @1 (s ))
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m p
+Z " Z wcr(ac—oz)f (01 = 5"~ x(s)ds

I= i=1,i#C

—ppr(ﬁp) f (1- s)ﬁp—l(fz(s,?c‘(s),’y\(s)) + @2(5))d5

9

T2 2. Bu—Bj—
¥ (ﬁu B f 1-3) y(s)ds]

J=1, j#p

"B f (t =5 (fo(5,719), 7)) + 02(6))s

9

————— | (t = )PP Y (s)ds.
]1]¢;1p” (‘BH ﬁ] f

In view of |@1] < €1, |@2] < €3 and (15), we we have

1
-5 [p F(ﬁ)ff(s_”)ﬁ‘ Uy (u, T, ) duds
uwt Py

20 — WP 0 dud
pul(By — ﬁ])f f (s —u) y(u)duds

f (01 = )P fo(s, X(s), Y(s))ds

sup [x(
telo, 1]

J¢H

§WM3‘

T Pu (ﬁy)
q
T2 20 — g)BupBi-1 d

+l:1 alj:;;y Pu (,By ﬁ])f (@1=9) Y(s)ds
() fo (1= )7 fi(5,X(s), ¥(5))ds

- w; 1 .
+z;¢cmf (1= 8" X{s)ds
’ (wcr(ac)f f (5 = )™ fu(ue, Xu), () duds
) Z e )f f (5 = )" x(u)duds

i=1, i#C a;

m

_chrm)f (o1 = 8)* 7 (fi(s, ), yls)ds

y @i iy
+zZ;‘bl Z wcl(ag — i) f (01 =5) x(s)ds

i=1,i#C

f (1 = )P fo(s, (), Y(s))ds

Pyr(ﬁy

q
T2 _ a2 _ g\Bu—Bi-1 d
+J ;iu Pu ('BH B;) f (1-s) ye) S)]

9845

(35)



R. P. Agarwal et al. / Filomat 39:28 (2025), 9827-9849

¢
f(; (t — 5)* 7 f1(s,%(s), Y(s))ds

o)
P

t
a)l _ D(Q—Uéi—l’\
+ Z PRSP fo (t-s) X(s)ds

i=1, i#C

< Qi€e1 + Qoer

and

sup

— 191
_t o
ot A[ (puf(ﬁp)f f (5 = folu, X0 ylw))uds

R Bu—Bi~
Z TG F) f f (s — WP PG u)duds

j=1, j#u
_;p T(B) fﬂ (01 = ) fo(s, x1s), Y(s))ds
ki by
+;alj:;;y Pu (,By f (@1=5) Ys)ds
- _ a1 —_ . —
wcr(ac)j; (1 =8)% fi(s, x(s), y(s))ds
P o ) o
»s mfﬂ—w ’ x(s)ds)

i=1, i#C

a)al"(ac) f f(s RRARACECAIOL

Z wcrz)iz)l_a)f f(S— u)* %1% (u)duds

=1,
-2 (a ) (0’1 =57 i, 306), Y)ds

1=1
Y wj 0] N
+;‘b léémf (01-5) X(s)ds
P F(ﬁ f (1= s)¥ 7 fols, X(s), ys))ds
ut Py
q
+ Z Tf (1—s)PPim ]/(S)ds]
j=1, j#u ” u
1 — —
puT(B )f (t =) fo(s, X(5), Y(s))ds
ut Py
q
Wf(f—s)ﬁ“ pi-t Y(s)ds| < Q1€1 +Q2€2
j=1, j#u ul By

Next, it follows by the assumption (H;) that

X — x|l = sup [x(t) — x(H)| < Q€1 + Qa€2

te[0,1]

9846
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E [01] tre Bl P ~ y
up{|A|[|Py|T(ﬁy)f f(s W) falu, x(u), y(w) = fou, x(u), y(u))lduds

[v1p;] f el ]
’ lpull(By — B])f =) (Vi) = y()lduds

j=1 ]iﬂ

|ag|

+Z|p},|r(5y) f a1 = 87U fals, Xs), Y5)) = fols, X(5), y(s))ds

=1

y I A PP
Z;‘ Z |PH|F(ﬂu—ﬁj)fo (01 = )0 y(s) = y(s)lds

=LA

m

— ac—l o7 - _
+|wclr(ac)f (1 =) fi(5, X5), 75)) — fuls, x(s), y(s))lds
P

|a)l ac—a;—1
* )\ ot —a f (1= )" 1R(s) - x(3)lds

i=1, i#(

[02] Y| =N T Y
*'A'(wr(ac) [ [ =T, 700) - 10300, vt

+ |UZCU | f f (s — M)Dll Qi 1|x(u - x(u)|duds
#C locT(ac — ay)

|bil by
+Z|wc|r(0¢c)f (01 =915, 3(5), Y(6)) = fils, x(5), y(s))lds

=1

i i ol f (01 = 8)* % x(s) — x(s)|ds
= Ia)CIF(aC—a) 1=

+|pulf(ﬁu) fo (1= 125, 309), ) — fols, 2(6), (s

m

9

L 1 — B Pi~1g(s) — )]
" Z |Pu|r(ﬁy_5j)£(l ) [y(s) — y(s)lds

J=1, jAu

1 t ac—1 N T _
TodT @) f (t =) 1fi(5,X(5), Y(s)) = fu(s, X(5), y(s))lds

p

|a)l ac—a;—1 _
" L mf (t =) x(s)|ds}

i=1, i#C
< Qier + Qaer + (L1Q1 + L2Qo (I — xll + 117 = ll) + QalX = xl + Qully = yll,
which implies that
K- xll < Qier + Qaer + (L1Q1 + L2Qa)(IFF - xl + [y = yll) + Qal¥ = xll + Qully = yll.
In a similar manner, one can find that
7= yll < Qrer + Qaea + (L1Q1 + L2Qo)(IF = 21l + [y — wll) + Qalfc — Il + Qully - wll.
From (36) and (37), we have
165 Y) = (Il < I = x| + [y - yll

9847

(36)

(37)
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< (Q1+ Qu)er + (Q2 + Q)ez + (L1(Q1 + Q) + L2(Q2 + Qo) )(IF = il + 1[5 — wll)

+max(Qs + Qs, Qs + Qu)(IF - x| + [y = Y1)

< _ Q1 + Qe i(Qz + Qe _ . (39)
1- [Ll(Ql + Q1)+ Lo(Q + Qz)] —max(Qs + Qs, Qs + Qu)

Q+Q QL+
1-G ' 1-G

where we have used (23). Letting c = (cy,, cp,) = ( ), we get

I 9) = (x, Il < ce,

where G = [£1(Q1 + 61) + Lo(Qr+ 62)] +max(Qsz + @g, Q4+ 64) < 1by the condition (23). Hence, the system

(1)-(2) is Ulam-Hyers stable. Moreover, it is generalized Ulam—Hyers stable as ||(x, ) — (x, y)|| < ®(e) with
®(e) = cel, @(0) = 0. This completes the proof.

Example 5.5. The problem (28)-(29) with fi and f, in (31) is Ulam—Hyers stable, and generalized Ulam—Hyers
stable since G = 0.19332345 < 1.

6. Conclusions

In this study, we applied the tools of the fixed point theory to prove the existence and uniqueness
of solutions to a new fully coupled integral-multipoint boundary value problem involving a system of
nonlinear multi-term fractional differential equations. We also discussed the Ulam-Hyers, and general-
ized Ulam-Hyers stability for the given problem. Our results enrich the literature on integral-multipoint
boundary value problems as it is the first paper dealing with a coupled system of multi-term nonlinear
fractional differential equations. Our results are not only new in the given setting but also specialize to some
new results for specific values of the parameters involved in the boundary data. For instance, our results
correspond to the ones for coupled integral boundary conditions by fixinga; = 0= b, ¥l =1,2,...,min the
present results. We obtain the results associated with nonlocal coupled multipoint boundary conditions
when we take v; = 0 = v; in the results of this paper. In our future work, we plan to extend the present
work to a coupled system of multi-term fractional differential inclusions with coupled integral-multipoint
boundary conditions.
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