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On the structure of Gelfand transform and BED property
for abstract Segal algebras

Fatemeh Abtahi?

*Department of Pure Mathematics, Faculty of Mathematics and Statistics, University of Isfahan, Isfahan 81746-73441, Iran

Abstract. Let (A, || - |la) be a commutative and semisimple Banach algebra and (38, || - [|z) be an abstract

Segal algebra with respect to A. In this paper, we first show that A is Tauberian if and only if B is Tauberian.
Then we prove that A C CgSE (A(A)) if and only if B C C%SE(A(B)). Afterwards, we conclude that whenever

Ais a BED algebra, then B is a BED algebra if and only if C} (A(B)) C 8.

1. Introduction and Preliminaries

Takahasi and Hatori introduced and investigated the notion of BSE algebras [17]. Then in 2007, Inoue
and Takahasi introduced and studied the concept of BED algebras [10]. Subsequently, several authors
investigated these concepts for various classes of commutative and semisimple Banach algebras; see for
example [8] and [9]], as some valuable survey works, as well as some recent works of the author with others,
such as [1], [2], [3], [4] and [5].

To provide the basic definitions of BSE and BED algebras, we present some preliminaries and frame-
works, as the following; see [13] and [14] for more information.

Let (A, |l - ll.A) be a commutative Banach algebra with the dual space A*. Denote by A(A) the Gelfand
(character) space of A, consisting of all nonzero multiplicative elements in A*. Also A(A) is considered
with the weak” topology, induced by A" and is always a locally compact Hausdorff space [13, Theorem
2.2.3]. Also the linear span of A(A) is indicated by span(A(A)). It should be noted that every element p of
span(A(A)) is written as p = Y., p(@)e, such that p: A(A) — C is a function with finite support. Moreover,
the Banach algebra consisting of all continuous and bounded complex valued functions on A(A), is denoted
by Cy(A(A)), which is equipped with the pointwise product. Furthermore, the Gelfand mapping of A is
defined as

A = C(A(A)) av-a,

where a(p) = ¢(a) (p € A(A)). Set A= {a: a € A). Then A is called semisimple if its Gelfand mapping
is injective. Moreover, A is called Tauberian if Ay, which is the set of all x € A such that X has compact
support, is dense in A. Throughout the paper, we assume that (A, || - ||.4) is a commutative and semisimple
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Banach algebra. The function o € C,(A(A)) is called a BSE function if there exists a constant K > 0 such that
the inequality

Y dio() Y v
j=1 j=1

holds, for every finite number of iy, ..., ¢, in A(A) and also the same number of dj, ...,d,, in C [17]. Then
the BSE norm of o (|lollgse,#), is the infimum of all such M, satisfying . The set of all BSE—functions is
indicated by Cgse(A(A)). In [17, Lemma 1], Takahasi and Hatori showed that (Cgse(A(A)), | - lIssg,#), is a

commutative and semisimple Banach algebra with pointwise product. We always have A C Cgsg(A(A))
and also

<K 1)

A

Il < IXllpsEa < Il (x € A).
Moreover, A is called a BSE norm algebra (or has a BSE norm) if there exists M > 0 such that ||x|| < M|[x]|psg,#
(x € A) [9,18]. Let
M(A) = {0 € CYAA)) : oA C AY;

see [14], for more information. Now suppose that A is a commutative and semisimple Banach algebra.
Following [17], A is called a BSE algebra if

Cse(A(A)) = M(A).

A bounded net {x,}4en in A is called a bounded A-weak approximate identity for A, if lim, @(xx,) = ¢(x)
(x € A, @ € A(A)) [12]. In [17, Corollary 5], the authors proved that A has a bounded A—weak approximate
identity if and only if

M(A) € Cpse(A(A)).
Finally, we introduce the concept of BED algebras. Note that the basic definition of BED algebras, presented

in [10], is based on the notion of quasi-topologies of span(A(A)). But another introduction is as follows; see
[10]. Let K be the set of all compact subsets of A(A) and for each f € Cgsg(A(A)) and any K € K let

Il fllBsex = sup { Z?(@)f(qo) : p € span(A(A)), liplla < 1,plp) =0 (p € K)}-
¢

Moreover, let || fllpsg o = infxex || fllssex and
Chsp(A(A)) = {f € Crse(AA)) : Ifllssk, = O},

which is a closed ideal in Cgsg(A(A)) [10, Corollary 3.9]. Then A is called a BED algebra if A= C%SE(A(?()).
It is noticeable that since CgSE(A(ﬂ)) is closed under the norm || - ||gsg,#, all BED algebras have BSE norm.

Our aim of this paper is investigating the BED property for the abstract Segal algebras of any BED algebra
A. We first show that A is Tauberian if and only if 8 is Tauberian. Then we prove that Ac C%SE(A(&’{))
if and only if BC C%SE(A(B)). Moreover, we provide an example to show that C%SE(A(?I)) C A does not
necessarily imply the inclusion C%SE(A(B)) C B. Thus we conclude that B is a BED algebra if and only if
C%SE (A(B)) € B. Finally, we provide some examples for clarification.

2. main results

Let (A, || - ll#) be a commutative and semisimple Banach algebra. Then the Banach algebra (8, || - [|g) is
called an abstract Segal algebra with respect to A if the following conditions are satisfied.
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(i) Bisadenseideal in A, which is essential; i.e.
B=A-B={ab: ae A,be B}.

(if) For any b € 8, ||blla < ||blls.
(iii) Foralla,b € B, |labllg < ||al|AlIblls,
Since in the definition of abstract Segal algebras, the essentiality of 8 is assumed, it follows form [7, Theorem

2.1] that 8B is semisimple. Moreover, A(A) and A(B) are homeomorphic; see [7, Theorem 2.1]. Indeed, by
[6, Lemma 2.2] the function ¢ = ¢|g belongs to A(B), for each ¢ € A(A) and

AB) ={p: ¢ € AA)};

Note that abstract Segal algebras were presented as a generalization of Segal algebras, introduced in [16].
In fact, all Segal algebras are abstract Segal algebras with respect to L'(G), where G is an abelian locally
compact Hausdorff group.

We commence our results with the following proposition, which is interesting in its own right.

Proposition 2.1. Let (A, |- ||.A) be a commutative and semisimple Banach algebra and (B, || - ||g) be an abstract Segal
algebra with respect to A. Then A is Tauberian if and only if B is Tauberian.

Proof. First let B be Tauberian and take a € A. For any ¢ > 0, there exists b € 8 such that |la — bl|# < €/2. By
the hypothesis, there exists by € B such that [|b — bollg < £/2. Note that supp by is compact in A($B) and so
in A(A). Consequently, by € Ay and so

lla = bolla < lla = blla + [Ib = bolla < e/2+¢/2=e.

It follows that Ay is dense in A and thus A is Tauberian.
Conversely, suppose that A be Tauberian and take b € B to be arbitrary. By the essentiality of B, there
area € Aand c € B such that b = ac. By the hypothesis, there exists ay € Ay such that

€
lla —aolla < 7——-
llclls
Now we have agc € B and since
supp aoc¢ C supp do,
thus supp agc is compact in A(8B). Moreover,
€
Ib = agcllg = llac — aocllg =< lla — aollallclls < ——llcllg = e.
llclls

Therefore By is dense in B and so B is Tauberian. [

To present the main results, we state some basic propositions. Note that for any p € span(A(A)) we have
lIplls: < llplla:, immediately.

Proposition 2.2. Let (A, || - ||.4) be a commutative and semisimple Banach algebra, (B, || - ||g) be an abstract Segal

algebra with respect to A and o € C%SE(A(B)). Then G, defined as 5(p) = o(9), (¢ € A(A)) belongs to C%SE(A(?()).

Proof. It is obvious that 0 € Cy(A(A)) and [0l = llolle. Moreover, by [17, Theorem 4] there exists the

bounded net {b,}, in B such that by(p) — (@) (¢ € A(B)). Thus {b,}, is bounded in A and l;\((p) — a(p)
(p € A(A)). It follows that 0 € Cpsp(A(A)). Furthermore, for any ¢ > 0 there exists the compact subset K of
A(8) such that for all p € span(A(B)\K) as p = Y54« P(@)¢ with [[pllg- < 1 we have

Y 7o)

PEK

<e. (2)
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Let
={p: K],
which is compact in A(A). Then for any p € span(A(A)\F) asp = Z‘(Pép ﬁ(qo)go with ||plla- < 1 we have
Iplls < llplla <1
and by (2) we obtain

< E&.

Y F@)o@)

pEK

Y )a(p)| =

pg¢F

Therefore p € C%SE(A(?I)) and the proof is completed. O

One can also indicate the symbol o with o, if there is no ambiguity.
Proposition 2.3. Let (A, || - ||l#) be a commutative and semisimple Banach algebra, (B, || - ||lg) be an abstract Segal
algebra with respect to A and 0 € Che (A(A)). Suppose that G is a complex valued function on A(B), defined as
(@) = a(p) (p € A(B)). Then Gb e Cosp(A(B)), forall b € B.
Proof. Itisobvious thato € C,(A(8B)) and |[0]lw = l|0]l«- Itis sufficient to prove the statement for the members

in the unit ball of 8. Thus take b € B with ||bllg < 1. Since 0 € Cpsg(A(A)), [17, Theorem 4] implies that
there exists the bounded net {a,}; in A such that aA((p) — o(p) (p € A(A)). Thus {a,b}, is bounded in B

and aAb((p) - ab((p) (p € A(B)). It follows that Gb e Cgse(A(B)). Moreover, for any € > 0, there exists the
compact subset K of A(A) such that for all p € span(A(A)\K) as p = ¥4k plp)p with ||plla- < 1 we have

Y Fpalp)

p¢K

<é. 3

Now let _
K={p: ¢ €K},

which is compact in A(8B). Now for all p € span(A(A)\K) as p = Z@E?’\(@a with ||pllg < 1, suppose that
=) PPebp
pgK
Thus
pla = sup |} F@e®P@

llalla<1 | gk

= sup |} P@pab)

llalla<1 p#K

IA

Y P @)
p¢K

sup
llellz=<1

lIplls:
< L

By (3) we obtain

< E&.

Y 7 Pe®)o(@)

p¢K
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It follows that

< é&.

Y P@ob()

P2k

Therefore Gb € Chsp(A(B)), as claimed. [

One can also denote the symbol ¢ with g, if there is no ambiguity.

Theorem 2.4. Let (A, | - |l#) be a commutative and semzszmple Banach algebra and (8B, || - ||g) be an abstract Segal
algebra with respect to A. Then BC C o (A(B)) if and only zfﬂ - C o (A(A)).

Proof. First, suppose that 8 C Chep(A(B)). Propositionimplies/\ that B C Chep(A(A)). Now take a € A.

For any ¢ > 0 there exists by € B such that ||la — by|la < /2. Since by € C%SE(A(B)), there exists the compact
subset K of A(8) such that for all p € span(A(B)\K), as p = ¥4k p(@)p with [|pllg- < 1 we have

Y. @] < e/2. @)

peK

Suppose that
F={p: ¢ €K},

which is a compact subset of A(A). Thus for all p € span(A(A)N\F), as p = Y qr pl@)p with [Iplla < 1 we
have |jpllg: < 1 and so by (4) we obtain

Y F@)p(bo)| < e/2.

p&F

Consequently, by the inequality @) we have

Y. Few@| < Y. Bedpa—bo)|+ Y pe)pto)
¢@¢F @¢F pEF
< Zp«p)fp la = bolla + &/2
@¢F
< &/2+¢€/2

= e
It follows that@ € C} E(A(ﬂ)) and so A C Chop (A(A)).

Conversely, suppose that Ac CBSE(A(ﬂ)) We show that B € C° pse(A(B)). To this end, take b € B. There
exista € A and c € Bsuch that b = ac. By the assumption @ € Cyg (A(A)). Also Proposmonlmphes that

b=7ac belongs to C2 pop(A(B)). Therefore Bc Y pop(A(B)), as claimed. O

Remark 2.5. The obvious question that is raised, is the relationship between the inclusions CY psp(A(A) € A
and COSE(A(B)) C B. We provide an example to show that the inclusion C? pep(A(A)) € Adoes not necessarily

imply the inclusion C3.(A(B)) C B. Let G be an abelian locally compact Hausdorff group, A be the group
algebra L1(G) and 1 < p < 0. Moreover, suppose that B is 5,(G), defined as

Sy(G) = LN(G) N L¥(G)
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and for any f € B let
Iflls,c) = maxt[|fllv, Il fll,}.

Thus 8 is an abstract Segal algebra with respect to A [16]. By [10, Remark 4.14], A is a BED algebra.
Furthermore, by [10, Theorem 6.3] 8 is not a BED algebra. Theorem implies that CgSE(A(B)) ¢ 8.
However, C3 (A(A)) C A.

According to Remark[2.5] in the following we present some results that are slightly different from what
we expected.
First we have the following lemma, which is immediately obtained.

Lemma 2.6. Let (A, || - |l.a) be a commutative and semisimple Banach algebra and (B, || - ||g) be an abstract Segal
algebra with respect to A. Then A has BSE norm if and only if B is dense in (A, || - |lpsg,a)-

Proposition 2.7. Let (A, |- ||.A) be a commutative and semisimple Banach algebra and (B, || - ||g) be an abstract Segal
algebra with respect to A. If A is a BSE norm algebra then M(A) = M(B).

Proof. Note that we always have M(A) € M(B). In fact, take 0 € M(A) and b € B. By the essentiality of B

we have b = ac, for some a € A and ¢ € B. According to the choice of o, there exists d € A such that oa = d.
Now we have dc € 8 and _ L
ob =oac =dc=dc,

which implies that ob € B. Thus 6B C Band so o € M(B). Consequently, M(A) € M(B).
Now we prove the reverse of the inclusion, by using the BSE norm property of A. Take 0 € M(8B) and
a € A. There exists the sequence {b,}, in B such that

lim |la — byll# = 0.
n—oo

Thus -
’}1_{{)10 [a— byllgsg,a = 0

and so .
lim |loa — ob,|lgsg,# = 0.
n—oo

By the fact that 0 € M(8), we have ol;; €B (n € IN). Since A has BSE norm, Lemmaimplies that 6a € A.
Therefor cA C Aand so o € M(A). O

Proposition 2.8. Let (A, |- ||.A) be a commutative and semisimple Banach algebra and (B, || - ||g) be an abstract Segal
algebra with respect to A. Moreover, suppose that A has BSE norm. If C%SE(A(B)) C B then C%SE(A(?I)) C M(A).

Proof. Takeo € C%SE (A(A)). Since A has BSE norm, it is sufficient by Propositionto show that o € M(B).

To this end, take b € B to be arbitrary. By the assumption and also Proposition 2.3 ob € B. It follows that
0 € M(8). Thus the proof is completed. [

Let (A, |- |l:a) be a BSE algebra and (8, || - ||g) be an abstract Segal algebra with respect to A. Then by [11]
Theorem 9.10] and also [15], 8 is a BSE algebra if and only if 8 admits a bounded A-weak approximate
identity; equivalently M(8) C Cpse(A(B)) [17, Corollary 5]. Analogously, we have the main result of the
present work, as the following.

Theorem 2.9. Let (A, || - |l) be a BED algebra and (B, || - ||g) be an abstract Segal algebra with respect to A. Then

B is a BED algebra if and only if C3. (A(B)) € B.
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Proof. First, let C%SE(A(B)) C 8. Since A is a BED algebra, thus
A < Chp (A(A)).

By Theorem we have 8 C C%SE(A(B)). It follows that B is BED. The converse is obvious. [

We conclude the paper with the following results, which are obtained from Proposition[2.T|and Theorem
immediately.

Corollary 2.10. Let (A, | - lla) be a Tauberian commutative and semisimple Banach algebra and (B, || - ||g) be an

abstract Segal algebra with respect to A. Then B is a BED algebra if and only if Cy..(A(B)) € B.

Corollary 2.11. Let (A, || - |l.a) be a commutative and semisimple Banach algebra and (8, || - ||g) be an abstract Segal
algebra with respect to A. Moreover, suppose that A C Co.o(A(A)). Then B is a BED algebra if and only if

L (A(B) C B.

Examples 2.12. We provide some examples, for clarification.

(1). Let G be an infinite abelian compact group and 1 < p < co. Then L?(G) is a proper Segal algebra with
respect to L!(G); see [16] for more details. Since L!(G) is Tauberian, by Proposition LP(G) is also
Tauberian. Moreover, by [18| Theorem 4]

[7(G) = Case(A(LP(G))),

which implies that
I (G) = Cpgp(A(LP(G)) = Case(AL(G))).

Thus L*(G) is a BED algebra.

(2). Let G be an abelian locally compact group and 1 < p < co. Then §,(G), defined in Remark 2.5} is an
abstract Segal algebra with respect to L'(G) which is not BED.

(3). Let X be a nonempty set. It is known that £!(X) is a Banach algebra under pointwise product, which
is an abstract Segal algebra with respect to co(X). By [10, Theorem 5.10], ¢o(X) is a BED algebra.
Furthermore, by [10, corollary 4.2] and also [4, Theorem 3.2] ¢£!(X) is a BED algebra.
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