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Porosity and pointwise product in X? spaces
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Abstract. In this paper, we study some important porous subsets of the product space X" x...x X", where
pi,...,pn = land X, ..., X, are Banach function spaces. The obtained results give interesting information
regarding the closedness of X” spaces with respect to poitwise product. Also, some applications for

weighted Lebesgue and Orlicz spaces are given. The conclusions are generalizations of similar facts
regarding Lebesgue and Orlicz spaces.

1. Introduction and preliminaries

Let (Q2, A, 1) be a measure space and X°(Q) be the set of all u-equivalence classes of measurable functions
on Q. A subset X of X°(Q) is called a Banach function space on (), if there is a norm || - [|x on X such that
(X, Il - llx) is Banach space. In this case, X is called solid if for each f € X and g € X°(Q) satisfying |g| < |f| we
have g € X and ||gllx < |Ifllx. For each p € [1, o), the Lebesgue space

1

Q) = f € X : Ifll, =( fQ Ifl”)pdu<oo

is the important Banach function space on Q. Also if by a weight on Q we mean a A-measurable function
1

w : Q — (0, 00), then the weighted Lebesgue space LF(QQ, w) = {f € X%(Q) : fllpw = (fQ |fw|”)” du < oo} isa

Banach space.

For any Banach space (X, || - ||x) and p € [1, o), a generalization of L7(Q)), the Banach function space X?((2)
is defined by

XP(Q) = {f € XUQ): Iff € X),

1 . . . .
with the norm ||f|lx» = (|l|fllx)?. In particular, || )(EII’;’G, = |lxellx. Also Orlicz spaces are genuine generaliza-
tions of the usual L’-spaces. A brief definition of Orlicz spaces is provided in the second section.
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Now, we recall the definition of a porous set. Let X be a metric space. The open ball with center x € X
and radius r > 0 is denoted by B(x,r). For a given number 0 < ¢ < 1, a subset M of X is called c-lower
porous if

.. Y&, MR) ¢
Lz __ > —
hz%g(l)?f R -2

for all x € M, where

y(x, M,R) = sup{r > 0: Jz € X, B(z,7) C B(x, R)\M}.

It is clear that M is c-lower porous if and only if

VYx e M,Ya € (0,c/2),dry > 0,¥r € (0,79),3z € X, B(z,ar) C B(x, r)\M.

A set is called o-c-lower porous if it is a countable union of c-lower porous sets with the same constant
¢ > 0. See [3] for more details and information.

If p1,...,ps and r are positive real numbers, then by [2, Theorem 9] if inf{u(A) : u(A) > 0} = 0 and
1

1 11
> +, then the set

E={f,for....fu) el x---xXLP: fi--- f €L}

isa o-porous subset of L7 X- - - X LPr. Similary by [2, Theorem 10] if inf{u(A) : u(A) < oo} = coand pll+. St pln <
1, then E is a o-porous subset of L x --- x LP". In the cases p1_1 +...+ pl” = L orinf{u(A) : u(A) > 0} > 0 and
1

or ..+ om > 1 orinf{u(A) s p(A) < oo} <coand - +...+ 5= < 7, by [2, proposition 2 and Theorem 8] we

P1 Pn
have E =LF' X --- X [P,

In section 2, generalizations of these results in X” spaces are expressed. Also, results about the spaceability
of the complement of the desired subsets of the product of X? spaces have been proved in section 3.

2. On o-c-lower porousness

In this section some generalization of porosity theorems regarding Lebesgue or Orlicz spaces is presented
for X? spaces. We have the following useful lemma regarding X” spaces whose proof is straightforward.

Lemma 2.1. Let X be a Banach function space. Then

1. X is solid if and only if X7 is solid for all p > 1.
2. || - llx has the absolute continuous property if and only if || - ||x» has the absolute continuous property.

As a first main result we express the following theorem, which was proved for Lebesgue spaces in [2,
Theorem 6].

Theorem 2.2. Let 1 < py,...py, v < o0 and X, ..., Xy, Z be solid function spaces. Assume that there exists a
sequence {Ag}?, € A with u(Ax) > 0 for all k such that for some a;,b; > 0, (i = 1,...,n), and for every By C Ay,
(k € IN) we have

aillxsllz < llxsllx < billxsllz- )
Let one of the conditions (i) or (ii) be valid:
i YL, }} > Land

n
tim | lca iz + Y s £y, | =0
i=1

forall (f1,..., fa) € 1L, X,
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(i) Y, p —and

n
|z * Ll Al | =0
forall (fy .., f) € Iy X
Then, there is ¢ > 0 such that
E:={(fi,..., f) eX!'x..xX0": fi... fueZ)
is a-c-lower porous in X' x ... x X}".
Proof. For each m € N we denote
me= (o )X XXX i fre Z and Ifi... fullz <m).

Trivially, E = (U,,_; Ex. Fixanm € N, and let R > 0. There is some ¢ > 0 such that for every 0 < 6 < §,
b;
1-6>0+n)—=06
a;
foralli e {1,2,...,n}. So, there exists some 1 with
bi . .
max (1+n)a—6: i€{l,2,...,n}; <n<1-=0o
i

Therefore, (%)pi < h(n+1 foralli=1...n. So, forsome 0 < dj,d, <1,

(é)pi ai(l _d2)pi = 1/'.,,7’1)- (2)

n bin+di +1)
In the case (i), one can pick some T > 0 such that

dy + 1)7 (dynR)"
"< (dy +1)7 (d2anR)

1

X+ 1 - S |
OF b )+ dy + DA

forall 0 <t < T. Also, in the case (ii), there exists some T > 0 such that

LD (@R A=)

(b”1 b”” Y +dy + 1)

forall t > %
Let (fi,..., fu) € X!' x...x X[ If (i) or (ii) holds, then there is some ko € N such that setting A := Ay, we
have

llxca fl.”"”X[ <min{T,(1-6-nRY}, (=1,...,n) (3)

and also in the case (i), ||xallz < T and in the case (ii), < T. Denote M; : II)(AII 17R foreachi=1,.

Then, setting

llxallz ||z

ﬁ = MiXA +fiXAC/ (l = 1,...,7’1),
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we have
I1fi = il = 11Cf: = Mi)xally
< lfixallye: + Millxallg

1 1
< IIﬂp’XAH;}",. + Millxally,
<(1-06-nmMR+nR=R-6R

898

This implies that B((f1, . .., f»); OR) € B((f1,-- -, fx); R). Now, we assume that (i1, ...,u,) € B((fi, ..., f2); OR).

Then,
OR > |lu; —ﬁ“Xff
> ||(u _f;)XA”Xfi
= |I(u —Mi)XAHX;ff,

foreachi=1,...,n. By (2) this implies that

- b

M;
Foreveryi=1,...,nput

SR 6 L a; |l xallx;
< — = - P ——— 2
Xl M 7 ”XA”X" - (bi(n +d;+1)

Bi::{xeA:%<d2}.

1

Then

pi .
(1-do)y 7 2
xti

1 Uu;
m llxallx; = H(M - 1)XA

1

pi

=\ ~ ) AE|,
b;

> -l -
i ) b,’
=(1-d)" llxsllx, (1 —do)™" -

i

b:
— —pi 2L
L ()T

1

b;
= |lxz;llx; m

Hence by (1) foreveryi =1,...,n we have

aillxsllz < llxsllx;
xallx,  ai
T (n+ di + 1) b;
billxallz  ai
T (mn+di+1) b
_ aillxallz
n+d +1)

)pi (1-d), (i=1,...
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* Il
Xallz
) -\
llxsllz < rd+])
Then,
i u, |
Uyl =My M, ||| — .. —
“ 1 n”z 1 n Ml MnXA z
r
IZ51 Uy
>M ..M ||l— ... | xa_ir. s,
Uiy M| AR,

> M. MdYxa- 8l z

n
> M ... Md (”XA”Z - Z llxsllz
pa
n

1
> M; ... My Ixallz (1 -y —]

i n+d; +1
i=1

n
=M .. M d" 1——)
M .. My ||XA||Z( n+d+1
d1+1
g r g _
—M1-~'Mnd2 ||XA||Z(Tl+d1 +1)

7

1 di+1 -t L
= o (n +1d1 + 1)(d217R)’” llxall ™™
b b
1 n

>m'.

This implies that (uy, . ..,u,) ¢ E,. Hence,

B((fi,---, fa).OR) € B((fi, ..., fu), R) = Em,

and the proof is complete. [J

Setting X1 = X, = ... = X;; = Z in the previous theorem, we obtain the following result. Just note that

if c := -2, then for every 0 < 6 < £ we have 1 — 6 > (1 + n)o.

Theorem 2.3. Let 1 < p1,...py, v < oo and Z be a solid Banach space. Assume that there exists a sequence
{Arl2, € Awith u(Ay) > 0 for all k such that one of the followings holds:

=

(@) Lk £ > % and (llxallz + |xa fl,) = 0, forall f € Z,

(i) Y, r%i < % and (m + ||XAk f”z) — 0, forall feZ.
Then,
E={fi,.... ) eZ"*x...xZT": fi...f e}
is a-ﬁ-lower porous in ZP* X ... X ZPr.

Remark 2.4. Recall that a Banach function space (X, || - |[x) has the absolute continuous norm whenever
limya)-0 Ifxallx = 0 for all f € X. So if we assume that Xj, ..., X}, has absolute continuous norm, then
conditions (i) and (ii) in Theorem 2.2 can be expressed as follows:

@) if pll +...+ pln > %, then limy o (x4, llz + t(Ax) =0,



900

A. R. Bagheri Salec et al. / Filomat 39:3 (2025), 895-904

1y y(Ak)) - 0.

. . 1 1 1 .
(ii) if ot <4 then limy_, (||XAkHz
Let us recall some notation and terminology concerning Orlicz spaces. A function @ : R — [0, o) is

called a Young function if ® is convex, even and
D(0) = lirr(} D(x), lim ®(x) = oo.
X— X—00

We write @ € A, whenever there are M > 0 and xp > 0 such that for any x > xo,
D(2x) < M D(x).

Let @ be a Young function. For each f € X°(Q) we define

polf) = fQ O F ()i (x).

The Orlicz space L*(Q) is defined by
L?Q) := {f € X°(Q) : polaf) < oo, for some a > 0}.

Then L*(Q) is a Banach space under the norm
Ncp(f) =inf {k >0: pq>(f/k) < 1},

where f € L*(Q). By [5, Corollary 7, pqge 78] if @ is a coninuous Young function with ®(x) = 0 if and only
(4)

if x = 0, then for each A € A with p(A) < co we have

il

_ |-t
Note that classical Lebesgue spaces LP(Q),1 < p < oo, are elementary examples of Orlicz spaces LF(Q)) with

It was proved in [5] that the Orlicz space L® has absolute continuous norm whenever ® € A, and ®(x) = 0
if and only if x = 0. Note that if ® is a Young function and p > 1, then (L®)? = L%, where ®,(x) := O(x").

D = | . |P‘

Then, thanks to the relation (4) we have the following fact.

Theorem 2.5. Let 1 < p1,...py, v < 0o, and @y, ..., D,, D be Young functions such that for each i € {1,2,...,n},
rey © Awith 0 < p(A) < oo for all k such that (i) or

D; € Ay and ©i(x) > 0 for any x > 0. Assume that there is {Ax}

(ii) holds:
@) zfpl1 +...+ pln > 1 then limy_,e u(Ax) = 0,
(ii) ifpll o+ pl < 1 then limy_,e u(Ay) = 0.
Then,
E:={(fi, .., fu) €L x...x L% : fi... f, € L"}
is o-=25-lower porous in LV' X ... x LP.
Thanks to Remark 2.4, we conclude the following two Corollaries from Theorem 2.3.
Corollary 2.6. Let X be a solid Banach function space such that X € LY(Q) and inf{||xallx : A € A, u(A) >0} =0.
Then, for every 1 < p1,...pu, t < co with pl +...+ pln > 1, we have

Ex={(fi,.... f) XV X..XXP": fi...f, €X'}

is o-=25-lower porous in XP1 X ... X XPr.
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Corollary 2.7. Let X be a solid Banach function space such that L'(Q) C X and sup{||xallx : A € A} = oo. Then,
for every 1 < py,...pn, 1 < e with o= + ...+ - < 7, we have

E={(fi,....fa)eX"x..xX: fi...f, e X"}
is o-=25-lower porous in XP1 X ... X X

Also, if we put Z = LY(Q, w) in Theorem 2.3, where w is a weight on Q, then we know that LY(Q,w)i =

LPi(Q), W )foreachi=1,...,n. Sowe have the following Corollary from Theorem 2.2 for weighted Lebesgue
spaces.

Corollary 2.8. Let 1 < p1,...pu, 17 < 0o, w be a weight on Q), and there exists a sequence {Agl;?, € A such that
limy_,o pt(Ax) = 0 and one of the following are hold:

(i) ifpll +ooo+ L > 1 then limk_,ooj:qkwdy =0,

Pn
pl < %, then limy_eo —— =0

.. . l —
(ii) prl'"""" T, i .

Then,

E={(fi,..., f) e P ( Qi) X...x P (Quwi): fi...fneL(Quwh)

1 1
. 2 . —_ M —_
is 0-—*5-lower porous in L' (Q, w') X ... X LP1(Q, wrr).

Also, setting p; = ... = p, = 1 we have the following Corollary.

Corollary 2.9. Assume that © is a Ap-regular Young function and there is {Ac}? | € A with limg,e p(Ax) = 0
such that (i) or (ii) holds:

(i) if nr > 1, then limy,o llwxallo = 0,
(ii) if nr < 1, then limy_,o m =0.
Then,
E:={(fi, -, f) €L2Q) X ... X L*(Q) : (fi... ) € L*(Q)}

is o-=25-lower porous in L®(Q) x ... X L*(Q).

3. On spaceability

In [1, Theorem 5] for each solid Banach function space and 1 < p,q < r it is proved that the set
{(f,g) e XY x X7: fg ¢ X"} is spaceable. In this section, a generalization of this result is stated.

Recall that a subset S of a Banach space & is called spaceable in & if S U {0} contains a closed infinite-
dimensional subspace of & For each function f in X°(QQ) we denote Ef = {x € Q: f(x) # 0}, the
set-theoretical support of f.

Definition 3.1. Let & be a topological vector space. We say that a relation ~ on & has property (D) if the
following conditions hold:

1. If (x,) is a sequence in & such that x,, ~ x,, for all distinct index m, n, then for each disjoint finite subsets

A, B of N we have
Z ApXp ~ Z ﬁmxmr

neA meB

where o, and f8,,’s are arbitrary scalars.
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2. If a sequence (x,) converges to x in & and for some y € &, x, ~ y foralln € N, then x ~ y.
We use the following theorem applicable to prove spaceability.

Theorem 3.2. ([1, Theorem 4]) Let (&, || - ||) be a Banach space, ~ be a relation on & with property (D), and E be a
nonempty subset of &. Assume that:

1. there is a constant k > 0 such that ||x + y|| > k||x|| for all x, y € E withx ~ y;

2. E is a cone;

3. ifx,yeEsuchthatx+y€ Eand x ~ y thenx,y € K;

4. there is an infinite sequence {x,} ", C &\ E such that for each distinct m,n € IN, x,, ~ x;.

Then, &\ E is spaceable in &E.

Now we are ready to state the main results of this section.

Theorem 3.3. Let (QQ, A, u) be a o-finite measure space, 1 < py,...pn, v < 00 and Xy,..., Xy, Z be solid function
spaces. Assume that Y}, % > % and there exists {Ak},‘;":1 C Awith u(Ax) > 0 for all k, such that lim, e ||xa,llz = 0.
Assume that there are b; > 0 (i =1,...,n) such that for any By C A (k € IN) we have

Ixsllx; < billxs,llz- (5)

Then, {(f1,..., fa) € X’f‘ X...x X" fi... f, & Z'} is spaceable in
X ox X

Proof. By [1], we can assume that if i # jthen A;NA; = 0, and 0 < [[xallz < % for all i € IN. Since
€ = %—pll—...—pln <0, foreachi =1,...,n we can choose «; > ;71 suchthat%+a1+...+an < 0 (for
e

example put a; = ;—} + 5,). By (5), foreachi=1,...,n,

(9] (o)
aipi aipi+1
Y ead P eall <Y lealy
k=1 k=1
(o]

1 n
<b; (ZDZP'H) < 00.
pay iPi

So, the series ) ;-4 | )(Akll’;p " X4, is absolutely convergent in X;. Since X; is complete, this series is conver-
gent in X;. By the identity

o)

Y xadaa,

pi =S}
aipi
=Y Al xa,
k=1 k=1

we conclude that .
fi= ) Iadixa, € X0
k=1

foralli=1,...,n. On the other hand, in contrast, assume that f; ... f, € Z". Then,

(o8]
Y Al
i=1

> ”||XA,,,”%+W+(1"XAW

Wfr-. fullzr =

Zr

Zr

1
r(a1+4..+a,,)+1)7

= (Ilxa, I

Lo+ +ay,

= Ila, I

1
—m(+a1+...+aq
Z 2 ( 7 n)’
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for every m € IN. But —(% +a1+...+a,) >0, s0 lim, o= —m—..—ay) — 00, a contradiction. Therefore,
fi... fu € Z'. Now, we define the relation ~ on

X x . ox X
by
(fi,--s fu) ~(91,...,9n) ifand only if Ec NE; =0, foralli=1,...,n. (6)
So, the relation ~ satisfies the condition (D), and if we put
E:={(fi,....f) eX"x..xX": fi...fueZ),

then the conditions 1 — 3 in Theorem 3.2 are valid. Assume that {N7, Ny, ...} is a partition of IN such that N;
is infinite for all i. Now, setting

K;:= UAi, (Gj=1,2..),

ZEN]'

{Ki}2

| € Ais a sequence with pairwise disjoint terms and f; ... fuxx, ¢ < for eachi € N. Then,

(i -0 fuXx )l © X7 X x X0\ E,

and for each distinct i, j € N we have (fixk, ---, fuXx,) ~ (fl)(K/, ... ,fn)(K/). So by Theorem 3.2 the proof is
complete. [

By Theorems 2.2 and 3.3 we have the following result.

Theorem 3.4. Let (Q, A, i) be a o-finite measure space, 1 < p1,...p,, v < oo and Xy, ..., X, and X be solid Banach
function spaces. Assume that there exists a sequence {Ak}]‘;"=1 C A such that for some a;, b; >0, (i =1,...,n), and for
every By C Ay, (k € IN) we have

a; llxslx < llxslx; < billxs,llx.

If
n 1 1 n
Z ” > - and | |lxa,llx + Z [lxa, f“x,- — 0, forall feX,
i=1 I i=1
then for the set
E:={(fi,..., f)eX]'x..xX0": fi...fueX}
we have

1. Eis o-c-lower porous in X’l’1 X ... X X" for some ¢ > 0;
2. XM x ... x X"\ E is spaceable in X' x ... x XI".

Simillar to the proof of Theorem 3.3 we can state the following Theorem.

Theorem 3.5. Let (Q, A, ) be a o-finite measure space, 1 < p1,...pn, v <0 and Xy, ..., X, and X be solid Banach
function spaces. Assume that Y, %‘_ < % and there exists a sequence {Byl;., C A such that ||xp,|lx > 2k, and for
someb; >0,(i=1,...,n), we have

llxsllx; < billxsllx, ()

forallk e N. Then {(f1,..., fu) € Xfl,...,XZ” *fi... fu) € X"} is spaceable in X’{'l,...,Xﬁ”.
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Proof. Let a; < ;71 such that % > —(a1 + ...+ ay). (for example we can put o; = ;—{1 + X zip 2m) Now
let fi = Yoy Ixll¥xB., (i=1,...,n). Then, since a;p; + 1 < 0 by (7) we have f; € Xfi foralli=1,...,n,and
fi---fu & X". Now we define ~ on X' X ... x X}" as (6) then the relation ~ satisfies the condition (D), and
we can complete the proof similar to the proof of Theorem 3.3. [

Also we can state the following result from Theorems 3.3 and 3.5inthecase X; =... = X,, = X.

Theorem 3.6. Let X be a solid Banach function space with an absolute continuous norm and 1 < py,...p,, v < oo.
Assume that one of the followings holds:

) L 1
(1) ot

(ii) pll +...+ pl” < 1 and there is a mutually disjoint sequence {B;}>| in A such that 2' < ||xg/||x for all i € N.
Then

{(fr,ees fu)
(i, oo fr) €XPr X .. x XPr e fio.. fy & X} is spaceable in XP' X ... x XPr.

> % and there is a mutually disjoint sequence {A;}2 in A such that 0 < |[xa,llx < %for allie N,

o r M 2 .
€XPIX...xXPr: fi... fu € X"} is o-c-lower porous in XP' X ... X XP for some ¢ < %5,

1

Remark 3.7. (i) Note that, by the Holder inequality [4, Theorem 2.1], in the case pl] +...+5 =7, wehave

1
Pn

(i f) EXPIX L XXPr s fi fr€ X} = XPI X .. X XP".

(i) If sup{llxallx : A€ A and ya € X} < o0 and pl] +...+ pl” < %, then

{(fi,. ., fA)eXPx...xXP: fi... fueX} =X x...xXP.
Indeed, for each (fi,..., fu) € X" X...x XP" setting
h:= max{|f1|pll"‘/|fn|pn}r

we have I € X. By the assumption and thanks to [6, Theorem 2.4], p := r(pll +...+ pi”) < 1 implies that
X C XP. So, |h|P € X. On the other hand,

oo full < R[G50 = (e

So, fi,..., fn € X" by solidity of X.

(iii) Similar to the previous item and applying [6, Theorem 2.1], if
inf{|lxallx : A € A u(A)>0and ya € X} >0

1 11
and ot s> ~, then

{(fi,o o f)eXPX..xXP: .. feX =X X...x X,
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