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Abstract. In this paper, we study some important porous subsets of the product space Xp1
1 × . . .×Xpn

n , where
p1, . . . , pn ≥ 1 and X1, . . . ,Xn are Banach function spaces. The obtained results give interesting information
regarding the closedness of Xp spaces with respect to poitwise product. Also, some applications for
weighted Lebesgue and Orlicz spaces are given. The conclusions are generalizations of similar facts
regarding Lebesgue and Orlicz spaces.

1. Introduction and preliminaries

Let (Ω,A, µ) be a measure space and X0(Ω) be the set of allµ-equivalence classes of measurable functions
on Ω. A subset X of X0(Ω) is called a Banach function space on Ω, if there is a norm ∥ · ∥X on X such that
(X, ∥ · ∥X) is Banach space. In this case, X is called solid if for each f ∈ X and 1 ∈ X0(Ω) satisfying |1| ≤ | f |we
have 1 ∈ X and ∥1∥X ≤ ∥ f ∥X. For each p ∈ [1,∞), the Lebesgue space

Lp(Ω) =

 f ∈ X0(Ω) : ∥ f ∥p =
(∫
Ω

| f |p
) 1

p

dµ < ∞


is the important Banach function space on Ω. Also if by a weight on Ω we mean aA-measurable function

w : Ω→ (0,∞), then the weighted Lebesgue space Lp(Ω,w) = { f ∈ X0(Ω) : ∥ f ∥p,w =
(∫
Ω
| f w|p

) 1
p dµ < ∞} is a

Banach space.
For any Banach space (X, ∥ · ∥X) and p ∈ [1,∞), a generalization of Lp(Ω), the Banach function space Xp(Ω)
is defined by

Xp(Ω) = { f ∈ X0(Ω) : | f |p ∈ X},

with the norm ∥ f ∥Xp = (∥| f |p∥X)
1
p . In particular, ∥χE∥

p
Xp = ∥χE∥X. Also Orlicz spaces are genuine generaliza-

tions of the usual Lp-spaces. A brief definition of Orlicz spaces is provided in the second section.

2020 Mathematics Subject Classification. Primary 46E30; Secondary 54E52.
Keywords. quasi-Banach space, Xp space, Lebesgue space, porosity, spaceability, pointwise product.
Received: 27 April 2024; Revised: 30 Octomber 2024; Accepted: 27 December 2024
Communicated by Ljubiša D. R. Kočinac
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Now, we recall the definition of a porous set. Let X be a metric space. The open ball with center x ∈ X
and radius r > 0 is denoted by B(x, r). For a given number 0 < c ≤ 1, a subset M of X is called c-lower
porous if

lim inf
R→0+

γ(x,M,R)
R

≥
c
2

for all x ∈M, where

γ(x,M,R) = sup{r > 0 : ∃z ∈ X,B(z, r) ⊆ B(x,R)\M}.

It is clear that M is c-lower porous if and only if

∀x ∈M,∀α ∈ (0, c/2),∃r0 > 0,∀r ∈ (0, r0) ,∃z ∈ X,B(z, αr) ⊆ B(x, r)\M.

A set is called σ-c-lower porous if it is a countable union of c-lower porous sets with the same constant
c > 0. See [3] for more details and information.

If p1, . . . , pn and r are positive real numbers, then by [2, Theorem 9] if inf{µ(A) : µ(A) > 0} = 0 and
1
p1
+ . . . + 1

pn
> 1

r , then the set

E =
{(

f1, f2, . . . , fn
)
∈ Lp1 × · · · × Lpn : f1 · · · fn ∈ Lr}

is a σ-porous subset of Lp1×· · ·×Lpn . Similary by [2, Theorem 10] if inf{µ(A) : µ(A) < ∞} = ∞ and 1
p1
+. . .+ 1

pn
<

1
r , then E is a σ-porous subset of Lp1 × · · · × Lpn . In the cases 1

p1
+ . . . + 1

pn
= 1

r or inf{µ(A) : µ(A) > 0} > 0 and
1
p1
+ . . . + 1

pn
> 1

r , or inf{µ(A) : µ(A) < ∞} < ∞ and 1
p1
+ . . . + 1

pn
< 1

r , by [2, proposition 2 and Theorem 8] we
have E = Lp1 × · · · × Lpn .
In section 2, generalizations of these results in Xp spaces are expressed. Also, results about the spaceability
of the complement of the desired subsets of the product of Xp spaces have been proved in section 3.

2. On σ-c-lower porousness

In this section some generalization of porosity theorems regarding Lebesgue or Orlicz spaces is presented
for Xp spaces. We have the following useful lemma regarding Xp spaces whose proof is straightforward.

Lemma 2.1. Let X be a Banach function space. Then

1. X is solid if and only if Xp is solid for all p ≥ 1.
2. ∥ · ∥X has the absolute continuous property if and only if ∥ · ∥Xp has the absolute continuous property.

As a first main result we express the following theorem, which was proved for Lebesgue spaces in [2,
Theorem 6].

Theorem 2.2. Let 1 ≤ p1, . . . pn, r < ∞ and X1, . . . ,Xn,Z be solid function spaces. Assume that there exists a
sequence {Ak}

∞

k=1 ⊆ A with µ(Ak) > 0 for all k such that for some ai, bi > 0, (i = 1, . . . ,n), and for every Bk ⊆ Ak,
(k ∈N) we have

ai ∥χBk∥Z ≤ ∥χBk∥Xi ≤ bi ∥χBk∥Z. (1)

Let one of the conditions (i) or (ii) be valid:

(i)
∑n

i=1
1
pi
> 1

r and

lim
k→∞

∥χAk∥Z +

n∑
i=1

∥∥∥χAk fi
∥∥∥

Xi

 = 0

for all ( f1, . . . , fn) ∈
∏n

i=1 Xi,
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(ii)
∑n

i=1
1
pi
< 1

r and

lim
k→∞

 1
∥χAk∥Z

+

n∑
i=1

∥∥∥χAk fi
∥∥∥

Xi

 = 0

for all ( f1, . . . , fn) ∈
∏n

i=1 Xi.

Then, there is c > 0 such that

E := {( f1, . . . , fn) ∈ Xp1

1 × . . . × Xpn
n : f1 . . . fn ∈ Zr

}

is σ-c-lower porous in Xp1

1 × . . . × Xpn
n .

Proof. For each m ∈Nwe denote

Em :=
{
( f1, . . . , fn) ∈ Xp1

1 × . . . × Xpn
n : f1 . . . fn ∈ Zr and ∥ f1 . . . fn∥Zr ≤ m

}
.

Trivially, E =
⋃
∞

m=1 Em. Fix an m ∈N, and let R > 0. There is some c > 0 such that for every 0 < δ < c
2 ,

1 − δ > (1 + n)
bi

ai
δ

for all i ∈ {1, 2, . . . ,n}. So, there exists some ηwith

max
{

(1 + n)
bi

ai
δ : i ∈ {1, 2, . . . ,n}

}
< η < 1 − δ.

Therefore,
(
δ
η

)pi
< ai

bi(n+1) for all i = 1 . . . n. So, for some 0 < d1, d2 < 1,(
δ
η

)pi

<
ai(1 − d2)pi

bi(n + d1 + 1)
(i = 1, . . . ,n). (2)

In the case (i), one can pick some T > 0 such that

m <
(d1 + 1)

1
r (d2ηR)n

(b
1

p1
1 . . . b

1
pn
n )(n + d1 + 1)

1
r t

(
1

p1
+...+ 1

pn
−

1
r

)
for all 0 < t ≤ T. Also, in the case (ii), there exists some T > 0 such that

m <
(d1 + 1)

1
r (d2ηR)nt

(
1
r −

1
p1
−...− 1

pn

)

(b
1

p1
1 . . . b

1
pn
n )(n + d1 + 1)

1
r

for all t ≥ 1
T .

Let ( f1, . . . , fn) ∈ Xp1

1 × . . .×Xpn
n . If (i) or (ii) holds, then there is some k0 ∈N such that setting A := Ak0 we

have ∥∥∥χA f pi

i

∥∥∥
Xi
< min{T, ((1 − δ − η)R)pi }, (i = 1, . . . ,n) (3)

and also in the case (i), ∥χA∥Z < T and in the case (ii), 1
∥χA∥Z

< T. Denote Mi := ∥χA∥
−1
pi

Xi
ηR for each i = 1, . . . ,n.

Then, setting
f̃i :=MiχA + fiχAc , (i = 1, . . . ,n),
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we have

∥ fi − f̃i∥Xpi
i
= ∥( fi −Mi)χA∥Xpi

i

≤ ∥ fiχA∥Xpi
i
+Mi ∥χA∥Xpi

i

≤ ∥ f pi

i χA∥
1
pi
Xi
+Mi∥χA∥

1
pi
Xi

< (1 − δ − η)R + ηR = R − δR.

This implies that B(( f̃1, . . . , f̃n); δR) ⊆ B(( f1, . . . , fn); R). Now, we assume that (u1, . . . ,un) ∈ B(( f̃1, . . . , f̃n); δR).
Then,

δR > ∥ui − f̃i∥Xpi
i

≥ ∥(ui − f̃i)χA∥Xpi
i

= ∥(ui −Mi)χA∥Xpi
i
,

for each i = 1, . . . ,n. By (2) this implies that∥∥∥∥∥( ui

Mi
− 1

)
χA

∥∥∥∥∥
Xpi

i

≤
δR
Mi
=
δ
η
∥χA∥

1
pi
Xi
≤

(
ai ∥χA∥Xi

bi(n + d1 + 1)

) 1
pi

(1 − d2), (i = 1, . . . ,n).

For every i = 1, . . . ,n put

Bi := {x ∈ A :
ui(x)
Mi
< d2}.

Then

1
(n + d1 + 1)

∥χA∥Xi ≥

∥∥∥∥∥( ui

Mi
− 1

)
χA

∥∥∥∥∥pi

Xpi
i

(1 − d2)−pi
bi

ai

≥

∥∥∥∥∥( ui

Mi
− 1

)
χBi

∥∥∥∥∥pi

Xpi
i

(1 − d2)−pi
bi

ai

≥

∥∥∥(1 − d2)χBi

∥∥∥pi

Xpi
i

(1 − d2)−pi
bi

ai

= (1 − d2)pi
∥χBi∥Xi (1 − d2)−pi

bi

ai

= ∥χBi∥Xi

bi

ai

Hence by (1) for every i = 1, . . . ,n we have

ai∥χBi∥Z ≤ ∥χBi∥Xi

≤
∥χA∥Xi

(n + d1 + 1)
ai

bi

≤
bi∥χA∥Z

(n + d1 + 1)
ai

bi

=
ai∥χA∥Z

(n + d1 + 1)
,
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so

∥χBi∥Z ≤
∥χA∥Z

(n + d1 + 1)
.

Then,

∥u1 . . . un∥
r
Zr ≥M1 . . .Mn

∥∥∥∥∥∣∣∣∣∣ u1

M1
. . .

un

Mn
χA

∣∣∣∣∣r∥∥∥∥∥
Z

≥Mr
1 . . .M

r
n

∥∥∥∥∥∣∣∣∣∣ u1

M1
. . .

un

Mn

∣∣∣∣∣r χA−
⋃n

i=1 Bi

∥∥∥∥∥
Z

≥Mr
1 . . .M

r
ndrn

2 ∥χA−
⋃n

i=1 Bi
∥Z

≥Mr
1 . . .M

r
ndrn

2

∥χA∥Z −

n∑
i=1

∥χBi∥Z


≥Mr

1 . . .M
r
ndrn

2 ∥χA∥Z

1 −
n∑

i=1

1
n + d1 + 1


=Mr

1 . . .M
r
ndrn

2 ∥χA∥Z

(
1 −

n
n + d1 + 1

)
=Mr

1 . . .M
r
ndrn

2 ∥χA∥Z

(
d1 + 1

n + d1 + 1

)
≥

1

b
r

p1
1 . . . b

r
pn
n

(
d1 + 1

n + d1 + 1

) (
d2ηR

)rn
∥χA∥

1− r
p1
−... r

pn

Z

≥ mr.

This implies that (u1, . . . ,un) < Em. Hence,

B
(
( f̃1, . . . , f̃n

)
, δR) ⊆ B

(
( f1, . . . , fn),R

)
− Em,

and the proof is complete.

Setting X1 = X2 = . . . = Xn = Z in the previous theorem, we obtain the following result. Just note that
if c := 2

n+1 , then for every 0 < δ < c
2 we have 1 − δ > (1 + n)δ.

Theorem 2.3. Let 1 ≤ p1, . . . pn, r < ∞ and Z be a solid Banach space. Assume that there exists a sequence
{Ak}

∞

k=1 ⊆ A with µ(Ak) > 0 for all k such that one of the followings holds:

(i)
∑n

i=1
1
pi
> 1

r and
(
∥χAk∥Z +

∥∥∥χAk f
∥∥∥
Z

)
→ 0, for all f ∈ Z,

(ii)
∑n

i=1
1
pi
< 1

r and
(

1
∥χAk ∥Z

+
∥∥∥χAk f

∥∥∥
Z

)
→ 0, for all f ∈ Z.

Then,

E := {( f1, . . . , fn) ∈ Zp1 × . . . ×Zpn : f1 . . . fn ∈ Zr
}

is σ- 2
n+2 -lower porous inZp1 × . . . ×Zpn .

Remark 2.4. Recall that a Banach function space (X, ∥ · ∥X) has the absolute continuous norm whenever
limµ(A)→0 ∥ fχA∥X = 0 for all f ∈ X. So if we assume that X1, . . . ,Xn has absolute continuous norm, then
conditions (i) and (ii) in Theorem 2.2 can be expressed as follows:

(i) if 1
p1
+ . . . + 1

pn
> 1

r , then limk→∞(∥χAk∥Z + µ(Ak)) = 0,
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(ii) if 1
p1
+ . . . + 1

pn
< 1

r , then limk→∞

(
1

∥χAk ∥Z
+ µ(Ak)

)
= 0.

Let us recall some notation and terminology concerning Orlicz spaces. A function Φ : R → [0,∞) is
called a Young function if Φ is convex, even and

Φ(0) = lim
x→0
Φ(x), lim

x→∞
Φ(x) = ∞.

We write Φ ∈ ∆2 whenever there are M > 0 and x0 ≥ 0 such that for any x ≥ x0,

Φ(2x) ≤MΦ(x).

Let Φ be a Young function. For each f ∈ X0(Ω) we define

ρΦ( f ) :=
∫
Ω

Φ(| f (x)|)dµ(x).

The Orlicz space LΦ(Ω) is defined by

LΦ(Ω) :=
{

f ∈ X0(Ω) : ρΦ(a f ) < ∞, for some a > 0
}
.

Then LΦ(Ω) is a Banach space under the norm

NΦ( f ) = inf
{
k > 0 : ρΦ( f/k) ≤ 1

}
,

where f ∈ LΦ(Ω). By [5, Corollary 7, pqge 78] if Φ is a coninuous Young function with Φ(x) = 0 if and only
if x = 0, then for each A ∈ Awith µ(A) < ∞we have

NΦ(χA) =
[
Φ−1

(
1
µ(A)

)]−1

. (4)

Note that classical Lebesgue spaces Lp(Ω), 1 ≤ p ≤ ∞, are elementary examples of Orlicz spaces Lp(Ω) with
Φ = | · |p.

It was proved in [5] that the Orlicz space LΦ has absolute continuous norm wheneverΦ ∈ ∆2 andΦ(x) = 0
if and only if x = 0. Note that if Φ is a Young function and p > 1, then (LΦ)p = LΦp , where Φp(x) := Φ(xp).
Then, thanks to the relation (4) we have the following fact.

Theorem 2.5. Let 1 ≤ p1, . . . pn, r < ∞, and Φ1, . . . ,Φn,Φ be Young functions such that for each i ∈ {1, 2, . . . ,n},
Φi ∈ ∆2 and Φi(x) > 0 for any x > 0. Assume that there is {Ak}

∞

k=1 ⊆ A with 0 < µ(Ak) < ∞ for all k such that (i) or
(ii) holds:

(i) if 1
p1
+ . . . + 1

pn
> 1

r , then limk→∞ µ(Ak) = 0,

(ii) if 1
p1
+ . . . + 1

pn
< 1

r , then limk→∞ µ(Ak) = ∞.

Then,

E := {( f1, . . . , fn) ∈ LΦp1 × . . . × LΦpn : f1 . . . fn ∈ LΦr }

is σ- 2
n+2 -lower porous in Lp1 × . . . × Lpn .

Thanks to Remark 2.4, we conclude the following two Corollaries from Theorem 2.3.

Corollary 2.6. Let X be a solid Banach function space such that X ⊆ L1(Ω) and inf{∥χA∥X : A ∈ A, µ(A) > 0} = 0.
Then, for every 1 ≤ p1, . . . pn, r < ∞ with 1

p1
+ . . . + 1

pn
> 1

r , we have

E := {( f1, . . . , fn) ∈ Xp1 × . . . × Xpn : f1 . . . fn ∈ Xr
}

is σ- 2
n+2 -lower porous in Xp1 × . . . × Xpn .
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Corollary 2.7. Let X be a solid Banach function space such that L1(Ω) ⊆ X and sup{∥χA∥X : A ∈ A} = ∞. Then,
for every 1 ≤ p1, . . . pn, r < ∞ with 1

p1
+ . . . + 1

pn
< 1

r , we have

E := {( f1, . . . , fn) ∈ Xp1 × . . . × Xpn : f1 . . . fn ∈ Xr
}

is σ- 2
n+2 -lower porous in Xp1 × . . . × Xpn .

Also, if we putZ = L1(Ω,w) in Theorem 2.3, where w is a weight on Ω, then we know that L1(Ω,w)pi =

Lpi (Ω,w
1
pi ) for each i = 1, . . . ,n. So we have the following Corollary from Theorem 2.2 for weighted Lebesgue

spaces.

Corollary 2.8. Let 1 ≤ p1, . . . pn, r < ∞, w be a weight on Ω, and there exists a sequence {Ak}
∞

k=1 ⊆ A such that
limk→∞ µ(Ak) = 0 and one of the following are hold:

(i) if 1
p1
+ . . . + 1

pn
> 1

r , then limk→∞

∫
Ak

wdµ = 0,

(ii) if 1
p1
+ . . . + 1

pn
< 1

r , then limk→∞
1∫

Ak
wdµ
= 0.

Then,

E := {( f1, . . . , fn) ∈ Lp1 (Ω,w
1

p1 ) × . . . × Lpn (Ω,w
1

pn ) : f1 . . . fn ∈ Lr(Ω,w
1
r )}

is σ- 2
n+2 -lower porous in Lp1 (Ω,w

1
p1 ) × . . . × Lpn (Ω,w

1
pn ).

Also, setting p1 = . . . = pn = 1 we have the following Corollary.

Corollary 2.9. Assume that Φ is a ∆2-regular Young function and there is {Ak}
∞

k=1 ⊆ A with limk→∞ µ(Ak) = 0
such that (i) or (ii) holds:

(i) if nr > 1, then limk→∞ ∥wχAk∥Φ = 0,

(ii) if nr < 1, then limk→∞
1

∥wχAk ∥Φ
= 0.

Then,

E := {( f1, . . . , fn) ∈ LΦ(Ω) × . . . × LΦ(Ω) : ( f1 . . . fn)r
∈ LΦ(Ω)}

is σ- 2
n+2 -lower porous in LΦ(Ω) × . . . × LΦ(Ω).

3. On spaceability

In [1, Theorem 5] for each solid Banach function space and 1 ≤ p, q < r it is proved that the set
{( f , 1) ∈ Xp

× Xq : f1 < Xr
} is spaceable. In this section, a generalization of this result is stated.

Recall that a subset S of a Banach space E is called spaceable in E if S ∪ {0} contains a closed infinite-
dimensional subspace of E. For each function f in X0(Ω) we denote E f := {x ∈ Ω : f (x) , 0}, the
set-theoretical support of f .

Definition 3.1. Let E be a topological vector space. We say that a relation ∼ on E has property (D) if the
following conditions hold:

1. If (xn) is a sequence in E such that xn ∼ xm for all distinct index m,n, then for each disjoint finite subsets
A,B ofNwe have ∑

n∈A

αnxn ∼
∑
m∈B

βmxm,

where αn and βm’s are arbitrary scalars.
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2. If a sequence (xn) converges to x in E and for some y ∈ E, xn ∼ y for all n ∈N, then x ∼ y.

We use the following theorem applicable to prove spaceability.

Theorem 3.2. ([1, Theorem 4]) Let (E, ∥ · ∥) be a Banach space, ∼ be a relation on E with property (D), and E be a
nonempty subset of E. Assume that:

1. there is a constant k > 0 such that ∥x + y∥ ≥ k ∥x∥ for all x, y ∈ E with x ∼ y;
2. E is a cone;
3. if x, y ∈ E such that x + y ∈ E and x ∼ y then x, y ∈ K;
4. there is an infinite sequence {xn}

∞

n=1 ⊆ E \ E such that for each distinct m,n ∈N, xm ∼ xn.

Then, E \ E is spaceable in E.

Now we are ready to state the main results of this section.

Theorem 3.3. Let (Ω,A, µ) be a σ-finite measure space, 1 ≤ p1, . . . pn, r < ∞ and X1, . . . ,Xn,Z be solid function
spaces. Assume that

∑n
i=1

1
pi
> 1

r and there exists {Ak}
∞

k=1 ⊆ Awith µ(Ak) > 0 for all k, such that limn→∞ ∥χAn∥Z = 0.
Assume that there are bi > 0 (i = 1, . . . ,n) such that for any Bk ⊆ Ak (k ∈N) we have

∥χBk∥Xi ≤ bi ∥χBk∥Z. (5)

Then, {( f1, . . . , fn) ∈ Xp1

1 × . . . × Xpn
n : f1 . . . fn < Zr

} is spaceable in
Xp1

1 × . . . × Xpn
n .

Proof. By [1], we can assume that if i , j then Ai ∩ A j = ∅, and 0 < ∥χAi∥Z <
1
2i for all i ∈ N. Since

ϵ0 = 1
r −

1
p1
− . . . − 1

pn
< 0, for each i = 1, . . . ,n we can choose αi > −1

pi
such that 1

r + α1 + . . . + αn < 0 (for
example put αi =

−1
pi
+ −ϵ02n ). By (5), for each i = 1, . . . ,n,

∞∑
k=1

∥χAk∥
αipi

Z
∥χAk∥Xi ≤ bi

∞∑
k=1

∥χAk∥
αipi+1
Z

≤ bi

∞∑
k=1

( 1
2αipi+1

)n

< ∞.

So, the series
∑
∞

k=1 ∥χAk∥
αipi

Z
χAk is absolutely convergent in Xi. Since Xi is complete, this series is conver-

gent in Xi. By the identity ∣∣∣∣∣∣∣
∞∑

k=1

∥χAk∥
αi
Z
χAk

∣∣∣∣∣∣∣
pi

=

∞∑
k=1

∥χAk∥
αipi

Z
χAk

we conclude that

fi :=
∞∑

k=1

∥χAk∥
αi
Z
χAk ∈ Xpi

i .

for all i = 1, . . . ,n. On the other hand, in contrast, assume that f1 . . . fn ∈ Zr. Then,

∥ f1 . . . fn∥Zr =

∥∥∥∥∥∥∥
∞∑

i=1

∥χAi∥
α1+...+αn
Z

χAi

∥∥∥∥∥∥∥
Zr

≥

∥∥∥∥∥χAm∥
α1+...+αn
Z

χAm

∥∥∥∥
Zr

=
(
∥χAm∥

r(α1+...+αn)+1
Z

) 1
r

= ∥χAm∥
1
r +α1+...+αn

Z

≥ 2−m( 1
r +α1+...+αn),
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for every m ∈ N. But −( 1
r + α1 + . . . + αn) > 0, so limm→∞ 2m(− 1

r −α1−...−αn) = ∞, a contradiction. Therefore,
f1 . . . fn < Zr. Now, we define the relation ∼ on

Xp1

1 × . . . × Xpn
n

by

( f1, . . . , fn) ∼ (11, . . . , 1n) if and only if E fi ∩ E1i = ∅, for all i = 1, . . . ,n. (6)

So, the relation ∼ satisfies the condition (D), and if we put

E := {( f1, . . . , fn) ∈ Xp1

1 × . . . × Xpn
n : f1 . . . fn ∈ Zr

},

then the conditions 1 − 3 in Theorem 3.2 are valid. Assume that {N1,N2, . . .} is a partition ofN such that Ni
is infinite for all i. Now, setting

K j :=
⋃
i∈N j

Ai, ( j = 1, 2, . . .),

{Ki}
∞

i=1 ⊆ A is a sequence with pairwise disjoint terms and f1 . . . fnχKi < Z
r for each i ∈N. Then,

{( f1χKi , . . . , fnχKi )}
∞

i=1 ⊆ Xp1

1 × . . . × Xpn
n \ E,

and for each distinct i, j ∈ N we have ( f1χKi , . . . , fnχKi ) ∼ ( f1χK j , . . . , fnχK j ). So by Theorem 3.2 the proof is
complete.

By Theorems 2.2 and 3.3 we have the following result.

Theorem 3.4. Let (Ω,A, µ) be a σ-finite measure space, 1 ≤ p1, . . . pn, r < ∞ and X1, . . . ,Xn and X be solid Banach
function spaces. Assume that there exists a sequence {Ak}

∞

k=1 ⊆ A such that for some ai, bi > 0, (i = 1, . . . ,n), and for
every Bk ⊆ Ak, (k ∈N) we have

ai ∥χBk∥X ≤ ∥χBk∥Xi ≤ bi ∥χBk∥X.

If
n∑

i=1

1
pi
>

1
r

and

∥χAk∥X +

n∑
i=1

∥∥∥χAk f
∥∥∥

Xi

→ 0, for all f ∈ X,

then for the set

E := {( f1, . . . , fn) ∈ Xp1

1 × . . . × Xpn
n : f1 . . . fn ∈ Xr

}

we have

1. E is σ-c-lower porous in Xp1

1 × . . . × Xpn
n for some c > 0;

2. Xp1

1 × . . . × Xpn
n \ E is spaceable in Xp1

1 × . . . × Xpn
n .

Simillar to the proof of Theorem 3.3 we can state the following Theorem.

Theorem 3.5. Let (Ω,A, µ) be a σ-finite measure space, 1 ≤ p1, . . . pn, r < ∞ and X1, . . . ,Xn and X be solid Banach
function spaces. Assume that

∑n
i=1

1
pi
< 1

r and there exists a sequence {Bk}
∞

k=1 ⊆ A such that ∥χBk∥X ≥ 2k, and for
some bi > 0, (i = 1, . . . ,n), we have

∥χBk∥Xi ≤ bi ∥χBk∥X, (7)

for all k ∈N. Then {( f1, . . . , fn) ∈ Xp1

1 , . . . ,X
pn
n : f1 . . . fn) < Xr

} is spaceable in Xp1

1 , . . . ,X
pn
n .
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Proof. Let αi < −1
pi

such that 1
r > −(α1 + . . . + αn). (for example we can put αi =

−1
pi
+

∑n
i=1

1
2npi
−

1
2nr ). Now

let fi =
∑
∞

k=1 ∥χBk∥
αi
XχBk , (i = 1, . . . ,n). Then, since αipi + 1 < 0 by (7) we have fi ∈ Xpi

i for all i = 1, . . . ,n, and
f1 . . . fn < Xr. Now we define ∼ on Xp1

1 × . . . × Xpn
n as (6) then the relation ∼ satisfies the condition (D), and

we can complete the proof similar to the proof of Theorem 3.3.

Also we can state the following result from Theorems 3.3 and 3.5 in the case X1 = . . . = Xn = X.

Theorem 3.6. Let X be a solid Banach function space with an absolute continuous norm and 1 ≤ p1, . . . pn, r < ∞.
Assume that one of the followings holds:

(i) 1
p1
+ . . .+ 1

pn
> 1

r and there is a mutually disjoint sequence {Ai}
∞

i=1 inA such that 0 < ∥χAi∥X ≤
1
2i for all i ∈N,

(ii) 1
p1
+ . . . + 1

pn
< 1

r and there is a mutually disjoint sequence {Bi}
∞

i=1 inA such that 2i < ∥χBi∥X for all i ∈N.

Then

1. {( f1, . . . , fn) ∈ Xp1 × . . . × Xpn : f1 . . . fn ∈ Xr
} is σ-c-lower porous in Xp1 × . . . × Xpn for some c ≤ 2

n+2 ;
2. {( f1, . . . , fn) ∈ Xp1 × . . . × Xpn : f1 . . . fn < Xr

} is spaceable in Xp1 × . . . × Xpn .

Remark 3.7. (i) Note that, by the Hölder inequality [4, Theorem 2.1], in the case 1
p1
+ . . .+ 1

pn
= 1

r , we have

{( f1, . . . , fn) ∈ Xp1 × . . . × Xpn : f1 . . . fn ∈ Xr
} = Xp1 × . . . × Xpn .

(ii) If sup{∥χA∥X : A ∈ A and χA ∈ X} < ∞ and 1
p1
+ . . . + 1

pn
< 1

r , then

{( f1, . . . , fn) ∈ Xp1 × . . . × Xpn : f1 . . . fn ∈ Xr
} = Xp1 × . . . × Xpn .

Indeed, for each ( f1, . . . , fn) ∈ Xp1 × . . . × Xpn setting

h := max{| f1|p1 , . . . , | fn|pn },

we have h ∈ X. By the assumption and thanks to [6, Theorem 2.4], ρ := r( 1
p1
+ . . .+ 1

pn
) < 1 implies that

X ⊆ Xρ. So, |h|ρ ∈ X. On the other hand,

| f1, . . . , fn|r ≤ |h|
r( 1

p1
+...+ 1

pn
)
= |h|ρ.

So, f1, . . . , fn ∈ Xr by solidity of X.

(iii) Similar to the previous item and applying [6, Theorem 2.1], if

inf{∥χA∥X : A ∈ A, µ(A) > 0 and χA ∈ X} > 0

and 1
p1
+ . . . + 1

pn
> 1

r , then

{( f1, . . . , fn) ∈ Xp1 × . . . × Xpn : f1 . . . fn ∈ Xr
} = Xp1 × . . . × Xpn .
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