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Abstract. The present article introduces the concept of generalized F-Suzuki type contraction in the setting
of extended b-metric spaces, inspired by the existing concept in b-metric spaces. The newly introduced
notion is further utilized to prove fixed point theorems for F-Suzuki type contraction which unified,

extended and generalized many existing results in the literature. Finally, the established results are utilized
to solve Fredholm integral equation.

1. Introduction

In 1906, French scholar Maurice Frechet [11] introduced the notion of metric space. Multiple approaches
have been made to expand metric space since, including fuzzy metric spaces, probabilistic metric spaces
and so on, via changing or eliminating certain axioms, shifting the metric function or removing some axioms
entirely. These techniques are more used in fixed point research these days. Several beneficial findings
have been produced in this being [16, 18-20].

Fixed point theory has swell as one of the most successful approaches in contemporary mathematical
analysis. It is important in its own right way and has progressed considerably over the past century.
Stefan Banach [3] was the first person who established fixed point theorem in the settings of metric spaces.
Banach was able to extract the basic idea of fixed points from these outcomes and so began studying
the subject of metric fixed-point theory. Following the fact that this branch grew independently and
contributed to numerous advancements in a variety of fields of scientific research. The Banach contraction
principle has been extended and generalized by several writers due to its relevance and simplicity (see to
[4,6,7,10, 13, 14]).

In this process, Wardowski [23] generalized Banach contraction in different manner by introducing
F-contraction and proved a fixed point theorem. After that Wardowski and Dung [24] establish the notion
of weak F-contraction by weaking the contraction condition and proved fixed point theorem. Hussein et
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al. extended the result of Wardowski by applying some weaker conditions on the self-map of a complete
metric space and proved a fixed point result which generalizes the result of Wardowski.

Bakhtin [4] and Czerwik [8] initially put forward the ideas of b-metric spaces as a new type of metric
space that weaken the triangle inequality and Czerwik [9] proved Banach contraction principle in the
settings of b-metric spaces. After that, many authors have proved fixed point theorems in the context of a
b-metric space [1, 17]. Piri et al. [1] introduced generalized F-Suzuki type contraction in b-metric space and
proved fixed point theorem for the newly established contraction.

In 2017, Kamran et al. [12] introduced the concept of extended b-metric space as a generalization of
b-metric space and proved some fixed point theorem. The main aim of this article is to establish generalized
F-Suzuki type contraction in the settings of extended b-metric space.

2. Preliminaries

In this section, some basic definitions and examples are collected from background study for further
utilize them in the main results.

Definition 2.1. [12] Let E be a non-empty set and 0 : EXE — [1, o0) be a function. A mapping mg : EXE — [0, 00)
is said to be an extended b-metric if for all x, A, p € E, the following conditions are satisfied:

(mel) mo(x,A) =0iff x = A,

(mez) mH(K/ /\) = m@(A/ K)/

(me3) mo(x, A) < O(x, A)[mo(x, 1) + mo(u, A)1.
The pair (E, mp) is called an extended b-metric space.

An extended b-metric is a b-metric on setting 0(x, A) = s and 0(x, A) = 1 it become usual metric space. Hence
the notion of extended b-metric is a real generalization of b-metric space.

Example 2.2. Assume E = {1,2,3}. Define 6 : EXE — [1,00) and mg : EX E — R as:

Ok, A)=1+x+A,mp(1,1) =mp(2,2) =mp(3,3) =0,
m@(ll 2) = m@(zr 1) = 10/ T}’lg(l, 3) = m@(Sr 1) = 100/ m@(zr 3) = m@(?’/ 2) =50.

The conditions (mgl) and (mg2) trivially hold. For (mg3) we have:

me(1,3) = 100, 6(1,3) [me(1,2) + me(2,3)] = 5(10 + 50) = 300,
mo(1,2) = 10,0(1,2) [me(1,3) + me(3,2)] = 4(100 + 50) = 600,
me(2,3) = 50,02, 3) [mo(2,1) + me(1,3)] = 6(10 + 100) = 660.

Hence, forall x,A, u € E
mo(x, 1) < 0(x, 1) [mo(x, A) +mg(A, w)] .

Hence, (E, mg) is an extended b-metric space but not a metric space as mo(1,3) > mg(1,2) + me(2,3), triangle
inequality does not hold.

Definition 2.3. [12] Let (E, mg) be an extended b-metric space. A sequence {x,}"" | in E is called convergent sequence
iff 4 x € E such that mo(x,, k) = 0as n — oo and in this case we write lim k, = «.

n—oo

Definition 2.4. [12] Let (E, mg) be an extended b-metric space. A sequence {x,}," | in E is called Cauchy sequence
iff mo(xcy, k) — 0as m,n — oo.

Definition 2.5. [12] If every Cauchy sequence in E is convergent then (E, mg) is called complete extended b-metric
space.
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Definition 2.6. We define the continuity for extended b-metric space as follows: Let (E,mg,) and (Y,mg,) are
extended b-metric spaces. A mapping f : E — Y is called continuous at a point x € E, if ¥ sequence {x,}; | in E
such that k, — «, then f(x,) — f(x). And mapping f : E — Y is called continuous on E, if it is continuous at each
point on E.

Definition 2.7. [1] Let § denote the set of all functions F : R* — R is mapping satisfying the following conditions:

(F1) Forall x,A € R* such that k < A = F(x) < F(A) i.e. F is strictly increasing,
(F2) For every sequence {x,};,, lim (x,) = 0 & lim F(x;,) = —oo; where 1, > 0foralln € N.

Example 2.8. [23] Define F : R* — R as F(x) = In(x) + k. Then, F hold the conditions (F1) and (F2). Hence,
Fe .

3. Main results

Throughout this section motivated by the theme of generalized F-Suzuki type contraction in b-metric
space, the idea of generalized F-Suzuki type contraction in extended b-metric space as follows.

Definition 3.1. Let (E, mp) be an extended b-metric space and H : E — E be a mapping. If 1 F € & and © > 0 such
thatV x,A € Ewithx # A

1
20(x, HK)ﬂ”le
= 1+ F(mg(Hx, HA)) < aF(mg(x, A)) + pF(mg(x, Hx)) + yF(mg(A, HA)). (1)

(x, Hk) < mg(x, A)

Where,0 <o, <1,0 <y <1withl = a+p+y. Then, H is called generalized F-Suzuki type contraction mapping
on (E, mg) .

Theorem 3.2. Let (E, mg) be a complete extended b-metric space, H : E — E be a mapping and 6 : EXE — [1, 00)
be a bounded function. If H is a generalized F-Suzuki type contraction on E, then H has a fixed point x* € E.

Proof. Let fix ko € E. Consider an iterative sequence {x,} as follows:
k1 = Hxo, k2 = Hiy = H?Kg, . . ., Kns1 = Hip = H" ey, ¥ n e N U {0).

If x, = %441 for some n € IN U {0}, therefore it is obvious that «, is a fixed point of H.
Now, consider that x, # k.1 ¥V 1 € N U {0}, this yields mg(x,, Hx,) > 0, for all n € N U {0}. Therefore,

1

mme(m,Hm) < mg(ky, Hry), ¥ n € N. 2

Thus,

T + F(mgo(Hx,, HZKn)) < aF(mo(xn, Hxy)) + ﬁF(mG(Knr Hx,)) + VF(mH(HKnr HZKH))
= 7+ (1 — y)F(me(Hx,, H*x,)) < (a + B)F(mg(ic,, Hicy)).

Since,a+f+y =1.

T

= F(mo(Hxy, HZKn)) < F(mg(xcn, Hxy)) — a+p

< F(mg(xn, Hxy)). 3)

From (#7), conclude that

meo(Kp+1, Hkpt1) = mg(HKn,Han) < mg(x,, Hx,), foralln € IN. 4)
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Therefore, {mg(x,, Hx,)};", is a bounded below and monotonically decreasing sequence. Thus, sequence

{mo(icn, Hxn)} | is convergent and

F(mH(Kn/ HKVI)) = F(mG(HKn—lean))/

< F(mo(xu-1, Hxcp-1)) — " _T'_ X
T
< F(meo(xn—2, Hxy—2)) — 2= 5
< F(me(xo, Hxo)) — n——.
a+p
Hence,
lim F(mo (i, Hicp)) = —co & lim mo(xy, Hicy) = 0. ®)

Our aims to demonstrate this in the subsequent stage,

Lim mg(x,, k) = 0.
Vl,k%oo

On the other hand, consider that there exists € > 0 and sequences {r,,})7 ; and {s,};", of IN satisfying,

Tn > Sy >0, me(ky,,Ks,) =€, mp(Ky, ,,%s,) <€, forall m e N. (6)
Then,

me(xy,, Ks,) < Q(Krn,Ksn)[me(Kr”,Krn_l) + TH@(Krn_l,Ksn)]

< G(KW Ksn)me(Krnr Krn—l) + Q(Krnf Ksn)e (7)
= O(ky,, ks, )mo(Ky, ,, Hxyr, ) + O(x,, k5, )€, forall n € N.

From equation (5), there exists N, € IN such that

mo(x,,, Hx,,) <€, for alln > Nj. (8)
Put the value in (7) find that

meo(xy,, Ks,) < 20(k;,, ks, )€, for all n > N.
So from (¥3), we obtain

F(mg(xy,, xs,)) < F(20(x;,, ks, )€), for all n > Nj. 9)

On the other hand,

1

~N7 . 1T N T IH T
3000 Ty o i)

€
< 20(x,,, Hr,, ) <€ <mp(xy,, ks,), forall n > No. (10)

Although, H is generalized F-Suzuki type contraction, for all n > N;, we investigate

T + F(mo(Hx,,, Hxs,)) <aF(mo(xy,, «s,)) + pF(mo(xr,, Hxy,))

+ yE(mo(x,, HK,), an
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By the (9),

T + F(mo(Hx,, Hxs,)) <aF(260(x;,, ks,)€) + pF(mo(xy,, Hxy,))
+ yF(mo(xs,, Hxs,))-
There exist M € R such that F(20(x,,, ks,)e) < M, because 6 is bounded function. So from (5) and (%3),

obtain that,
lim F(mo(Hx,, His,)) = —co.
n—oo

From (#2), we get
lim (mg(Hx,,, Hxs,)) = 0 © lim (mg(x;,,,, %s,.,)) = 0.
n—eo n—oo

This is a contradiction with the relation in (6). Hence, lkim mo(xn, kx) = 0, that is {x,} >, is a Cauchy
n,k—oo0
sequence in E. Because of completion of (E, i), there exists k* € E as well as
lim mg(x,, ") = 0. (12)
n—oo

Further show that, for every n € N

. 1 .
Either mmg(Kn,HKn) < mg(xy, ),

1
O 20k, Hrc)

(13)
me(Hk,, H*k,) < mg(Hxk,, k7), Vi € N.

Assume, on the other hand, that there is 19 € IN satisfying,

1

A/ 171, /H > s *
29(Kn0,HKn0)m6(Kno Kng) = Mo (Kny, K°)

1 (14)
and me(Hmo,szno) > mo(Hkp,y, k)
From (4)
mo(Hrn,, H1) < ma (i, Hicpy)- (15)
It follows from (14) and (15) that

mQ(Kngr HKng) < (Kn()/ HKno) [mQ(Kngr K*) + H’l@(K*, HKY!O)] ’
<

(Kng, Hcng )Mo Ky, K°) + O(Kyy, Hicyy )Mo (¥, Hyy),

<

0
0
lmg(Kn Hx )+1m9(H1< H%k,,)

> 07 1o 2 nos no /s (16)
1

1
< _mQ(Kng/HKno) + EmG(KTlU/HKTlo)/

N

= me(Kny, Hiny ).

Which is a contradiction. Hence, inequality (13) holds. Then,
either
T+ F(mg(Hxn, HK")) <aF(mg(icn, k7)) + BF(me(icn, Hr,,)) 17)
+ yF(mo(x", HK")),

or

T + F(mg(H?x,, H")) <aF(mg(Hx,, k%)) + BF(me(Hx,, Hx,))

+ yF(mg(x*, Hx™)), (18)
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Letting n — oo and applying equation (5) and (12), in (17), deduce
lim F(mo(Hry, H")) = —co,
= ’}EI;[O(M@(HKH,HK*)) =0. (19)
Considering the triangular inequality, observe that

me(x*, Hx") < 0(x7, HK*)[mg(K*,HKn) + mg(HKn,HK*)],
< 0(x7, HK*)[me(K*, Knt1) + mQ(HKn,HK*)].

Let n — oo in the inequality above, as well as the constraints in (12) and (19), deduce that, mg(x*, Hx*) = 0.
Thus " is a fixed point of H.
By equation (5) and (12)

lm F(mo(kn1,x7)) = —oo,  lim F(mo(icns1, Hins1)) = —00. (20)

Letting n — oo and applying equation (5) and (12), in (18), deduce
lim F(mg(H?x,, HK")) = —oo,

= lim (mg(H?«,,, Hx")) = 0. (21)
Considering the triangular inequality, we observe that

me(x*, HK") < 0(x7, HK*)[mg(K*,H21<,,) + mg(HZK,,,HK*)],
= Q(K*, HK*)[TH@(K*, Kn+2) + mg(HZKn,HK*)].

Let n — oo in the inequality above, as well as the constraints in (12) and (21), deduce that mg(x*, Hx*) = 0.
Thus «* is a fixed point of H. [

Example 3.3. Consider the sequence {S,},cn as follows:

Si=1, S,=1+22
» _ nm+1)(2n+1)

Sp=1+22+.--4n 3

LetE = {S, : n € N}and mg(x, y) = |x—yl|. Then (E, mg) is complete extended b-metric space, (where O(x, y) = 1).
Define the mapping H : X — X by H (S1) = S1 and H(S,,) = Su—1 for every n > 1. Since,

mg (H (Sx) H(S1)) _ 1L

lim
n—oo Mo (Snl Sl)

H is not a Banach contraction and a Suzuki contraction. On the other hand taking F(a) = :—3 + a € §, we obtain
the result that H is an generalized F-Suzuki type contraction with T = 2. To see this, let us consider the following
calculation. First observe that,

%mg(sn,HSn)<m9(Sn,Sm) o [I=n<m)vA<m<n)V(1<n<m)

For 1 =n < m, we have

IH (Sm) — H (S1)] = |Sp-1 = Sl :22+32+"'+(H’l—1)2.
|S’”_51|:22+32+"'+m2.
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Since m > 1 and 3 +:1+(m_1)2 < g, we have
e _LHE)-HE)
[H (Sy) — H (S1)] " !
1
=2- +[22 432+ +(m-1)7,
224324+ (m—1)2 [ (m —1)]
1
<2- +[22 432+ + (m—-1)%)],
22+32+...+m2 [ (m ))]
1 2 2 2 2
_22+32+--~+m2+[2 +3° 4+ (m—-1)]+m",
— 1 2 2 2
= 22+32+--~+m2+[2 +3 +--+m,
1
TR
For1 =m < n, similar to 1 = n < m, we have
2 - ! +|H(S;) —H(S51)| < — 1 + S, — S|
|H (S,) — H (S)] " VS =s T
For 1 < n < m, we have
HS) —HGS) =n*+m+1)%+--+ (m—1)>
ISm—Snl:(n+1)2+(n+2)2+-~-+m.
_1 _1
We know that 2+ (n+1)2+-+(m—1)2 < (12 (422t tni2 Therefore,
1
2——————————— + |[H(S,) — H(S))I,
1 2 2 2
- + +(m+1)y+--+(m=-1
n?+m+12+---+(m—1)> "+ (1) (m =1)7],
1 2 2 2
- +[n+m+1)"+---+(m-1)7],
(+12+n+2)2+-+m? "+ (n+1) (m =171
1
=— +(n+ 1)+ (n+2)%+ -+ (m—1)*] + m?,
m+12+n+2)2+-+m? [+ 1)"+ (1 +2) (n=1)7+m
1
- +[n+1)2+n+2>%+--+m?
m+12+m+2)2+---+m? [(m+1)"+(n+2) m-],
1
+S - S,l.

Therefore, T + F (mg (H (Sw), H (S1))) < mg (Sm, Su), for all m,n € IN. Hence, H is a generalized F-Suzuki type
contraction and H (S1) = 5.

Theorem 3.4. Let (E, m) be a complete b-metric space and a mapping H : E — E be a self-map. Assume, there is a
FeF and t > 0suchthat ¥ x,A € Ewithx # A,

%Sm(K, Hx) < m(x, A)

= 1+ F(m(Hx, HA)) < aF(m(x, A)) + BF(m(x, Hx)) + yF(m(A, HA)). (22)

Where0<a,f<1,0<y<lwithl=a+p+y
Then, H has a fixed point x* € E.
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Proof. By setting O(x, A) = s in Theorem (3.2), the desired proof is obtained. [J

Theorem 3.5. Let (E, m) be a complete metric space and H : E — E be a mapping . Assume, there is one F € ¥ and
T > 0 such that for all x, A € E with x # A,

%m(K,HK) <m(x,A) = 1+ F(m(Hx, HA)) < F(m(x, A)).

Then, H has a unique fixed point «* € E.

Proof. By setting « =1, 8 =y = 0 and 0(x, A) = 1 in Theorem (3.2), then find H has a fixed point. Let fixed
point is ¥* € E. Furthermore, if 3 A* € E such that H(A*) = A" and «* # A" then,

1
Em(K*,HK*) <m(x",A") = t+ F(m(Hx", HA")) < F(m(x", A")),
= 7+ F(m(x*, A")) < F(m(x", A%)).
Which is contradiction. So, H has a unique fixed point. [

Remark 3.6. (I) When 6(x, A) = s > 1. Then, Theorem (3.2) reduces to main result of Alsulami, karapnar and Piri
[1]. Hence, Theorem (3.2) is a proper generalization of theorem (9) of [1].

Definition 3.7. Let (E, mp) be an extended b-metric space and H : E — E be a mapping. If A F € & and © > 0 such
thatV x,A € Ewithx # A,

0 < mg(Hx,HA),
= 7+ F(mg(Hx, HA)) < aF(mg(x, A)) + pF(me(x, Hx)) + yF(mg(A, HA)). (23)

Where,0 < a,$<1,0<y <1withl = a+p+y. Then, H is called generalized F- contraction on extended b-metric
space (E, mg) .

Theorem 3.8. Let (E,mg) be a complete extended b-metric space, H be a continuous self-mapping on E and O :
E X E — [1, 00) is a bounded function. If H is a generalized F-contraction on E, then H has a fixed point «* € E.

Proof. Let fix kg € E. Consider an iterative sequence {x,} as follows:
x1 = Hxg, k2 = Hxq = HZK(),. .., Knp1 = Hxy, = H"+1K0, VY nelNU/{0}.

If x, = %441 for some n € IN U {0}, therefore result is obviously true.
Now, consider that k,, # x,4+1 for all n € N U {0}, this yields

me(x,, Hx,) > 0 for all n € IN U {0}.
Thus, by the hypothesis of theorem, we have
T+ F(mo(Hry, Hxy)) < aF(imo(iy, Hiw)) + BF (o (icn, Hin) + yE(mo(Hicn, H k),
= 7+ (1 = y)F(mo(Hry, H*)) < (& + B)F(mo(ky, Hicy)).
Sincea+p+y =1

F(mo(Hi, H?x,)) < F(mg(icy, Hicy)) — —

Y < F(mg(x,, Hxy)). (24)

From (#7), conclude that

me(kns1, Hpi1) = mo(Hi,, H*k,) < mg(x,, Hx,), forall n e N. (25)
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[e9)

Therefore, {mg(x,, Hx,)},, | isabounded below and monotonically decreasing sequence. Thus, {mg(,, Hx,)}

converges and

F(mH(KYl/ HKVI)) = F(mG(HKn—lleKn))/

< F(mg(xp-1, Hicp-1)) — aLJr,B’
T
< F(mg(kp-2, Hicp-2)) — Zm,
< F(mo(xo, Hxp)) = n——.
a+p
Hence we have
Ji_I)I;oF(THQ(Kn,HKn)) =-00= 1}1_1)1; me(kn, Hxy) = 0. (26)

Our aims to demonstrate this in the subsequent stage,

lim mg(x,, k) = 0.

Vl,k—)oo

If not satisfy this equation. Then, consider that there exists € > 0 such that sequences {r,}”, and {s,} ", of
IN satisfying,

Tn > Sy > 1, me(Ky,,Ks,) =€, mo(ky, ,,%s,) <€, foralln € N. (27)
By triangle inequality,
mo (i, Ks,) < Ok, ko) Mo(Kr,, Kr,) + Mo, s,)],

< 0(xy,, ks, )mo(kr,, Ky, ) + O(kr,, Ks, )€, (28)
< O(ky,, ks, )mo(Ky, ,, Hiy, ) + O(x;,, ks, )€, forall n € IN.

Because of (26), there one exists N, € IN satisfying,
me(xy,, Hx,,) <€, for alln > Ny, (29)

Put in (28) find that
me(xr,, Ks,) < 20(k;,, ks, )€, for all n > N,

= F(mo(x,,,«s,)) < F20(x;,, ks,)€), for all n > Nj.
On the other hand from (26),
€ < mo(Ky,+1, Ks,+1) = mo(Hxcy,, Hxs,).
Then,

T + F(mg(Hx,,, Hxs,)) <aF(mo(x;,, %s,)) + PF(mo(x,,, Hxy,))
+ yF(m(x,,, Hxs,)),

= 1+ F(mo(Hx,,, Hxs,)) <aF(20(x,,, ks, )€) + pF(mo(x,,, Hx;,))

+ yF(mg(xs,, Hxs,)). (30)
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There exist M € R such that F(29(x,,, ks,)e) < M, because 6 is bounded function. So from (26) and (73),
obtain that

gg{}o F(mg(Hx,,, Hxs,)) = —o0,
= gi_l’)l;(mg(HKr”,HKsn)) =0.
This is a contradiction with the relation in (27). Hence, nllljinm mo(ky, k) = 0; that is {x,} >, is a Cauchy
sequence in E. Because of completion of (E, myg), there exists x* € E as well as.
}g{}o mo(k,, k) = 0. (31)
due to continuity of H, observe that

lim mg(Hx,, Hx") = 0.

n—oo
Asm(x*, Hx*) < 6(x*, HK*)[mg(K*, Ky) + mg(Kn,HK*)], thus, mo(x*, Hx*) = 0 and so «* is a fixed pointof H. [
Example 3.9. Consider the sequence {S,},en as follows:

S1=1, S;=1+23

2

1

Sp=1+23+ - +1 :(”(”2+ )) :

LetE = {S, : n € IN}and mg(x, y) = |x—yl|. Then (E, mg) is complete extended b-metric space, (where 6(x, y) = 1).
Define the mapping H : X — X by H (S1) = S1 and H(S,,) = S,—1 for every n > 1. Since,

lim ™o (H(Sw), H(S1)) _ 1
n—00 mg (Sy, S1) '

H is not a Banach contraction and a Suzuki contraction. On the other hand taking F(a) = ‘71 + a € §, we obtain the
result that H is an generalized F-contraction with T = 1.5. To see this, let us consider the following calculation. First
observe that,

0 < mg(HS,;,HS) -

Then,
For 1 =n < m, we have

IH (Sw) —H(S1)l =[Sy = S1l =22 + 3 + - + (m - 1)°,
1S =S| =22 +3% + .- + .

we have

; -1 -1
Sincem > 1 and 234334+ (m-1)3 < BiPrnd

1

T HE) —HG)

+|H (Sm) — H(S1)I

:1.5—23_'_33_’_”1.4_(1”_1)3 +[2B+3B 4+ m—1),
<1.5—23+33+1”.+m3+[23+33+...+(m_1)3],
—_23+33+1__.+m3+[23+33+"~+(M—1)3]+m3,
:_23+33+1--~+m3+[23+33+“'+m3]'
=—;+|Sm—51|.

|Sm - Sll
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For1 =m < n, similar to 1 = n < m, we have

1

1
- m +|H (Sw) —H(S1)| < —=——= + 1S — S1l.

1.5
|Sm - Sl|
For 1 <n < m, we have

|H(Sm)_H(Sn)|:n3+(n+1)3+"‘+(m_1)3/
1S =Sl =(n+1)°+m+2°+-- +m.

We know that ! -1 Therefore,

n3+(n+1)3+-+(m-1)3 < (n+1)3+(n+2)3+-+m3"

Ly —aEy T S —HEL
:1.5—n3+(n+1)3j_”+(m_1)3+[n3+(n+1)3+...+(m_1)3],
2_(n+1)3+(n+17_)3+...+m3+[”3Jf(’“rl)s+---+(m—1)3],
:_(7’1+1)3+(n+12)3+...+m3+[(n+1)3+(”+2)3+"'+(m—1)3]+m3,
S_(n+1)3J,(,le):“r,”rm3 +[n+1°+m+2° +-+md],
<o S-Sl

Therefore, T + F (mg (H (Sy), H (S1))) < mg (S, Sn), for all m,n € IN. Hence, H is a F-Suzuki contraction and
H(S1) = S;.

Theorem 3.10. Let (E, m) be a complete b-metric space and a mapping H : E — E be a continuous map. Assume,
thereisone F € F and © > 0 such that ¥ x, A € E with x # A,

0 <m(Hx, HA) = 1+ F(m(Hx, HA)) < aF(m(x, A)) + pF(m(x, Hx)) + yF(m(A, HA)).
Where, 0 < a,f<1,0<y <1lwithl =a+ p+y. Then, H has a fixed point k* € E.
Proof. By setting 6(x, A) = s in Theorem (3.8), the desired proof is obtained. [

Theorem 3.11. Let (E, m) be a complete metric space and a mapping H : E — E be a continuous map. Assume, there
isoneF € F and © > 0 such thatV x,A € Ewithx # A,

0 < m(Hx, HA) = © + F(m(Hx, HA)) < F(m(x, A)).
Then, H has a unique fixed point k* € E.

Proof. By setting « =1, = y = 0 and 0(x, A) = 1 in Theorem (3.8), then one can find that H has a fixed
point. Furthermore, if there exists A*, ¥* € E such that H(A*) = A* and H(x*) = x* with x* # A" then,

0 < m(Hx",HA") = 7 + F(m(Hx", HA)) < F(m(x", 1)),
= 7+ F(m(x", A7) < F(m(x", ).

This is contraction. So, H has a unique fixed point. [

Remark 3.12. (I) When, 6(x, A) = s = 1.Then, Theorem (3.8) reduces to main result of Alsulami, karapnar and Piri
[1]. Hence, Theorem (3.8) is a proper generalization of theorem (15) of [1].
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4. Applications

In this section, we find the solution of Fredholm integral equation by using Theorem (3.2). Let E =
C([0,1], R) be the set of all continuous real valued functions defined on [0,1]. Note that E is complete
extended b-metric space by considering,

me(A, x) = sup |A(x) — k()
x€[0,1]

with 6(A, k) = |A(x)] + |k(x)| + 2, where 6 : E X E — [1, 00).
Consider

1
A) = fo M(x,y, Ay + 9(x), x5 € [a,b]. (32)

be the Fredholm integral equation, where g : [0,1] X [0,1] X R — R are continuous function.
Let H : E — E be an operator is given by,

1
HAGx) = fo M(x, v, Ay + ), %y €[0,1]. (33)

Further, assume that
IM(x, y, A(y)) = M(x, y, k(y)l < €72 A(y) = x(y).
Then, the integral equation 32 has a solution.

Proof. For any A, x € E we have,

1 1
IH(A() — Hc@)| = fo MGx, 7, Ay + g(x) - fo M(x,y, k(n)dy — g(x)

1 1
= f Mx, y, My)dy — f M(x,y,K(y))dy‘
0 0

1
= fo (M(x,y,;t(y))—M(x,y,K(y)))dyl

IA

1
fo e HA() - k(y)ldy
1
< e 2 Vmg(A, x)dy
0

= e 2 +/mgp(A, %),
= \mo(H(A(x)) — H(k(x))) < e 2 y/mq(A, %),

= mo(H(A(x)) — H(x(x))) < e”"mo(A, x),
= 7 + log me(H(A(x)) — H(x(x))) < logmg(A, x).

Hence, H satisfying all the conditions of Theorem (3.2). Therefore, the operator H has a fixed point that is,
the fredholm integral equation has a solution. [
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