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Abstract. In this article, we introduce the (A, g)-Bernstein operators associated with Bézier basis functions
using the features of shifted knots. We first construct the (A, g)-Bernstein operators using shifted knot
polynomials that are connected by a Bézier basis function. We then look into Korovkin’s theorem, prove a
local approximation theorem, and obtain the convergence theorem for Peetre’s K-functional and Lipschitz

continuous functions. The Voronovskaja type asymptotic formula is finally found in the concluding section
of this paper.

1. Introduction and preliminaries

Among the most famous Weierstrass approximation theorems, the shortest and an elegant proof was
given by one of the most famous mathematicians in the world, S. N. Bernstein, who first invented the
sequence of positive linear operators implied by {B;}s>1. It was shown in Bernstein’s study that for all
g € C[0,1], the class of all continuous functions on [0, 1] can be uniformly approximated by a function called

the famous Bernstein polynomial, which is defined in [9]. Accordingly, the famous Bernstein polynomial
can be defined as follows for all y € [0, 1].
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where s € N (positive integers) and b ;(i/) are the Bernstein polynomials of degree at most s defined by

bsi(y) = (j)yi(l -y (i=0,1,--,5y€[0,1])
and
bsi(y) =0 (i<0 or i>5s).

It is very easy to verify the recursive relation for the Bernstein polynomials
The recursive relationship for Bernstein polynomials b, ;(y) is very simple to prove such that

bsi(y) = (1 = bs—1,i(y) + ybs—1,i-1(y).

In 2010, Cai et al., defined the Bernstein-polynomials by introduce of new Bézier bases with shape
parameter A € [-1,1], known as the A-Bernstein operators as follows:

B = Y o(H) b, 1)
i=0

where the new Bernstein basis function b5 ;(4; y) in terms of the Bernstein polynomial bs(y) defined by Ye
et al. [46] as follows:

) A

bs,O(/\; ]/) s 0(]/) 1 s+1 1(]/)

. -2i+1 2i-1 )

Bl y) = m@+% S ) - S b (), for iS5 -1
Es,s(A} ]/) = bs,s(y) - _bs+1,s(y)

+1

In 2010, Gadjiev et al., introduced the Recent Bernstein-type Stancu polynomials by means of shifted
knots [18] such as:

s+vVn[s\(, e )i(S+H2_ )sfi I+
Ssup(g:Y) = ( );:(i)(y s+va/ \s+1; I s+ ?
where y € [m e :5 22] and y;, v;, i = 1,2 are positive real numbers provided 0 < up < g < v <.

As a result of research conducted in the approximation process, Bernstein type operators have been ob-
tained by researchers within the past few years, for example, g-Phillips operators [1], Bernstein-Kantorovich-
Stancu Shifted Knots Operators [2], Stancu variant of Bernstein-Kantorovich operators [26], Genuine mod-
ified Bernstein-Durrmeyer operators [27], new family of Bernstein-Kantorovich operators [28], g-Bernstein
shifted operators [29], (A; q)-Bernstein-Stancu operators [30], Generalized g-Bernstein-Schurer operators
[31], Bézier bases with Schurer polynomials [34], Generalized Bernstein-Schurer operators [35], Bernstein
operators Based on Bézier bases [43] and g-Baskakov operators via wavelets [42], etc. For more details and
recent published research we prefer to see [7, 32, 33, 39—41]. Moreover, for the approximation behaviour
more fundamental results we prefer to see [3-5, 12-14, 23, 36, 44, 45].

Most recent M. Ayman-Mursaleen et al. constructed the A-Bernstein shifted knots operators in terms of
Bézier bases function (see [6]) by:

S+ 22\ XD 1y 0 i
2 Y B2, ©

i=0

B (g;y) = (

S
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where Bézier bases b’'/”? and Bernstein basis function bg‘}’“z are defined as:

Dy (s y) =0 ) - H—lbz‘mw
Pare (). ) = P /\ 2]+ pase _ j_ pase forl<i<s—1
5] (A y) = s,j W) + s+1]( Y -1 s+1]+1(y)’ orl=jss
B () = B () - fjf‘j(y),
e S )J(s +x )S—f
(y) ( )(y S+ Xy S+ Uy Y ’ (4)

Lupas [25] introduced the first Bernstein polynomials by using the g-analogue, in which the some approx-
imation properties as well as shape-preserving properties were calculated. Phillips [38] in 1997, gives the
classical-Bernstein polynomials in another form of g-analogue as follows:

n—k-=1

Bn,q(g;y)—Z[ ] H(l qy)g( ]]) y€[0,1].

The g-analogue of Lupas Bernstein operators with shifted knots were introduced by M. Mursaleen et al.
(see [29]) by:

PP SR i I I f([s]qml_ )Sf (@)
Bs,j (f/y’q)_( is], )s Z[ ] }q(y [5]q+%2) [S]q+%2 y f [S]q . (5)

=0
Bl ), !

For g-integers and its properties we easily get some basic properties (see [21, 22] ), for example, for any
g € (0,1), and 0 < n < k the binomial coefficient for g-integer given by Z = % and it’s satisfy the
q

recurrence relations as:

The g-binomial polynomial is given by
L+ +qy)---(1+q""y) (n,k € N)

(n=k=0).

(1+y);™ =

2. Operators and basic estimation

We take the Bernstein basis function b;‘}”‘z by means of shifted knots (see [18, 29]) as follows:

i 7 ) j s—j
11, % S 1G=1) nq [S]q + 1 )
b2 (y;g) = | 2 — - . 6
ST | _qq (y [S]ﬁ}tz)q([sw%2 y (6)

The equality (6) can be also written as:

[ s ] jeit g+ u
K12 (). — 5 _ 1 _qw
b v = | J _q(]/ [s]q+%2) H( g+ %2 y). @

q w=0
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We take the Bézier bases function E?}’%Z(y; g, 1) by means of Bernstein basis function bg‘}’“z(y; q) (see
[10, 46]) such as follows:

B (s, A) = U () - b (5 4),

[] +1 s+1,1
%1 Ao []q_zq[]]ﬂ_ %1 2

THLH2 (. 2. []'1 []]q .
b Wﬁﬁ)—%i(%@+A&—EE?T——HU(,)— -1 HUHW,”fmlS]SS—l

. A
DL (y:9,A) = b2 (y: 9) — [s], + 1 LR )

Thus for all M <y< {Z}Ziz and the real number 0 < 1 < x#,, we define the Lupas g-Bernstein shifted

knots operators in terms of Bézier bases function Ef}’”z(y; g, A) as follows:

nin 1 - n1,% []]W)
1 2 b 1 2
Zefry) = —(H ) ]Z v; ,A)f([s]q , ®)
g+ A2 q

where CJ[0, 1] be the set of all continuous functions defined on [0, 1] and s € IN (the set of positive integers).

Remark 2.1. We have the following observations:
1. If we put q = 1 in the equality (8), then our operators Z2\**(f; y, q) reduced to equality (3) by [6].

2. Ifwe put g =1 and »1 = ny = 0 in the equality (8), then our operators Z:X“Z(f; Y,q) reduced to equality (7)
by [11].

3. It is obvious that, in contrast to [6, 11, 25, 29], our new operators are the newest and most generalized operators.

In general, this paper is organized as follows: For our new operators, (8), we examine their moments and
central moments. We study an asymptotic formula for Voronovskaja, prove a local approximation theorem,
present a convergence theorem for Lipschitz continuous functions, and analyze a Korovkin approximation
theorem.

Lemma 2.2. For f(t) = 1,t, we have

Z“1 VLY, q) =1
A [s+1] s s
S MR N = L
Z oy, _( [sl; )5 (y [S]q+%2)+( [sly )s []q([S]q— ) {([S]q+%2 ] Il }
[slg+32 [s]g+22
L1 —ZA(y——uw)[SH]q[ 1 {( [s], )_( S )}
() SE-1 sl sl +c ), \Y 7 sl + )
%1 [s]q s—1 %1 s—1
+q(y_[s]q+%z){([5]q+}t2)q _(y_[s]q+%2) }]
1 A [s], )S”_ : ([slqw _ )
+([5Fh ) ﬂI[S]q([S]q'*‘l)[([S]q'*‘%z ) l_[o Sl+x 1Y

s+1 s s
U U [S]q U
_(y Tl + xz) ~ s+, (V T sl + %2){([s]q T %2)q B (y_ [s1, + %2) }]

q
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1 A o V(s )”_ ( S )“
+( sl ) [s]q([slg—n[z[s]”[“”q(y [s1q+xz)q{([s1q+m A SR }
[s]y+22 q

_g _ A1 [S]q )s _( _ U1 )S
q[“”q(y [s]q+%2){([s]q+%2 VTR }

g [S]q s+1_ s [S]q"'%l e )_( B " )s+1
+q{([s]q+%2)q g([s]q+%2 TV B+ }]

q

Proof. For prove the our equality we taking into account the equality [j + 1]; = 1 + g[/];, then easy to get

%1 n2 : - b%1 A2 ; A
(Ly,q) (Hq)Z 4, 1)
[slg+22 p

1 ' KU (. A KU () [S]q [1]‘7 +1 pe

= T{ Db i) - G, + 1o W)+ A T i (Wi4)
([s] o )q 1=0
[sl; —24[1],; - L2 [sl; —24[2]; + 21,42
—A[]z—lbﬁfé v+ A[S]z—_lbm}‘z( )
q
[s ] - Zq[zlq P [S]‘i - 2[s - 1]'1 11,4
—A [s]g -1 bs+1,3 y; q) ot A 52 -1 bs+1s 1(y; q)
[S]q —2q[s - 1]q -1 A
-A b%h%z : /t1 Ao . }
[SE -1 s+1,s y q) [ ] +1 s+1s (]/ q)

1 S
= b (y;

s, ) ZO K v:4)

Bl ) T”

_ 1 = [ s i) el j([slq + 1 )S_j
- () Z;‘[ j L" (y [s], + %2) S+ !
=1

IR v [/,

Z%l M2 ty, — b%l M2 vq,A) =
ty.9) oy & (v )[S]q
B ),

-1 .
{ Z [s]q Xy w0, ) + B2 (i, )

= =20k + 1,
ﬂ[b o 2<y;q>+A(q[S]§—f; )

S — S
(_[ ST+ )q =

sk —2q0ily -1 ; ))]

[S]Z -1 s+1 ]+1
q

{“1 ) -5 +A[S] i‘iﬁz(y,q)}

1
[S]q
[slg+32 q
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%1 H3 1 - Tx,1 []] ]] 2[]] Hy,2
ey = (Y oo ALt Z[S]Z o L i)

s, \' 4
([s1q+]x2)q =0
=2 -2[jl; -
q q U1,40 .
Z‘[_ SE -1 a0

1 Als + 1], [s +1],
:([s ){ [s1, (5 —1)Z[s+1]q1+s—]]q'[]]'yn

w=0
Sl +x
[]q 2 q

2A[s + 1], il; [s +1],!
Is)y( (IsI7 - Z [s + 1]q [1+s— 1!l ,y’ H( —q"Y)

B Als+1], s-1 [, [s +1],! j+15]1 .
[s1,(1 + [s],) = [s + 11, [s — jl,![j + 11! H(l 7"y)

s—j—-1

Zq/\ i 1 ’ 2 [S + 1]‘7| i+1 w
"ELGE 1) £ Z e e 10-r)

w=0

-~ 1 {y + X+ Lo+ Xa + 24} (suppose).

B, Y
[5]q+%2 q

Here we easily conclude the X1, I, X3 and X4 as follows:

L As#1]y ¢ [s +1],! x | sl + 2,
BOTEG -1)2 [s+1]q s+1—j],,![j]q!(y [s]q+%2) g([s]q+%2 1 y)
A(y— [S]q_+1'12)[s+1]q s—1
S e MR
_A(y [s]; +x2)[s+1]‘1{( [S]q )S_( B % )S}
T EGL-) W), VT B

x 2ALs + 1], Z [ Is+11 ( )J”( §+ w)
? LR - 1) & s+ 10, 5 + 1 110! [s]q+%2 S\ BL 0
2A[s + 1], [l [s+1],! ( " ); s—j ([S]q+%1 . )
51,2 - Z‘[s+1lﬁ, s+ 1= 71,00 7 Tsly + qHO Bl +x 17
=2g9A[s + 1], x> [kl - 1], [s +1],! ( w0 ) s/ ([S]q+%1 » )
’ [s]7 -1 Z [s + 1]4ls], [f1![s + 1 = j;! y= [s]; + %2 quo [s]; + %2 7Y
22 (y- i B + 1 s 20y ) Dbl + 1)y g
© ENEE-D Zo v [1([s1 ) ]Z;‘ e
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T
q

[sly([s]; - 1) +

+

a1, () g )
_q 2 y—

[sl,(sF; — 1) 51, + %2, (5], + 2

e o (sl + % }
T VT B ) Bl )
S R P
T ELEE-D L \BL ), VT Bl ),

" [S]q s—1 » s—1
+’1(y_ 5], + %2){([s]q n %2)4 - (-‘/_ 5], + xz)q il

To obtain X3, we use [j]; = i J;l] %, thus
AMs+1], &[] [s+1],! x VU (Is), +
23 = Z 9 : ' ‘7_ '(y_ 1 ) ( q _qu)
[s]q([s]q + 1) [s +1]; [j + 11,![s — jl5! [s]; + 2 0w [s]; + 2
O Als+1] [+1, [s+1], ( ” )J’“ 5‘/‘1([s]q o, )
s],7 +1) < [s + 1] [s = jlg'[j + 11! [s]; + 22 0 10 [s]; + 2
521‘ b:ll}{]h(y q)
[S]q([s]q +1) q
A(J/ [s]_+m)s+1q51b (yq) PR Rt ()

T (sl + D) Z [s11,<[s1,,+1>Z q

=

o e b
- [s]q[s]q+1 s]q+%2 LUl 0 7Y 7V Bl v o),

( [sl, ([s]q o )
[sms]q D Wisl, ), Sl 1Y

s—1 S + x 1 s+1
_[S”]‘?( [s]q+xz)l_[( St )_(y_[s]q+%2)q }

0
( [s], ) ([81q+%1_w)
[1([s DBl + ), LB w50 1Y

_ _ el N [S]q ° _ _ N ’
(y [s1, + %z)q ~ls+ ”q( [s1, + xz){([s]q T %z)q (3/ [s1, + %z)q }]

Similarly, we use q[j]2 =[jly ([] +1], - 1), then easy to get

_ 2q)\[s + 1]q ]]2 [s + 1], n g i [sl; +x1
o Z[s+11q ( [ ) H( _”)

[s1,([s = [s = jl'[j + 114! slg + %2 5 [s]; + 2

1003
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2
= %l o b%1 A2
BREEY ]Z;- boi, o) = ([S]Z ]Z :9)

s—1 pHi2e

21 w1 (W)
TR -DE ; ]

~ A _ " 2 [S]q )s—l _( ~ % )s—l
T E-1 [Z[S”]"(y [s]q+%2)q{([5]q+%2 A G E Ay ) }
el [S]q )S B ( B 1 )S
q[s],,[SJr ]q( [s]q+%2){([s]q+%2 VB q}
i [S]q )s+1 _ s ([S]q + 2 o )_( ~ % )s+1
+q[s]q[([s]q+%2 ; WHO s+ TV TV T ), }]

These explanations gives Z2\**(t; y,¢). O

Lemma 2.3. For the basic test functions g(t) = t2, the operators Z;“A’”Z have the moments:

erl %z(tZ Y, q) — 1 (y _ U1 )2 n 1 A (]/ [s +/t )[S + 1]q
(ﬂ)s [slg + 2], ( I, )5 [s]y([s1, - 1)
[sly+32 q [s];+x2 .

LS [S]q s U1 s—1
X[q(y— [s]; + %2){([5111 + %2),7 ) (y sl + %z) }]

—ZA(y TG )[s+1] [s] s s
" ([s]mlq ) [5[15—1 q[[S]q{([Squ:%z )q _(y - [slq%+1 m)q}
),

" [s]q s—1 ” s—1
42 +4) (y - [s]; + %2){([5],1 + %Z)q a (]/ B [s]; + %2) }

2 s=2 s=2
el [S]q 1
+ls =1, (y "L+ %2 )q {([s]q IR )q - (y T+ %2) }]

1

slg+xa

S b E) =)
gl Y7 Bl ) Bl + 20 ), YT Bl +

L [S]q )S+l_ S ([S]q+%1 o )_( ~ o) )S+1
+q[s]q{([s]q+%2q g lrxe 1Y) TV T Bl ), ]

1 21 ~ o VB )52_( B
+(“[s1q I [s1q<[s1§—1>[q[s ”q[s”]"(y [s1q+%z)q{([slq+%zq !
slg+x2 .

_(1—q)[s+11q( o )2{( [s], )5‘1_( o )1}
7 U Blhre), B+, "\ B,

) a Ny Iy Y7 %
+([“—]")5 rERER LA (y Bl ) { ([slq o ) i (y eI

1004

|

52
N1 ) }
[S]q + X q
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[s+1l,( 4 ) ( [s]q )s_( S )S
) (y 5, + { BL+x) UL+ }

q q

_ 1 [S]q s+1_ s [S]q"'%l e )_( B » )s+1
qz[s]q{([s]qmz)q WUO([s]qmz TV B+, }]

Proof. For f(t) = t?, we have f ([J) ({ﬁ’) , then we easily conclude that

Z/tl %2(t2 ]// q)

- 17
- [s]1 ° bul %2( 9 [i]Z
([s]qsz) j=0 q

q

1 il o [717 [s1g — 2141 s
B [s]y )S{Z [s ]Z s WA Z - [s]2 - ]17 bs+1,j y:9,7)

([5]q+%z , =

B i U1 [sl, — 2q11, -

Lisp B

C U (g [y =2 [y 2 [Sh”l_)
‘( sl )S{[s]q [[S]q(y [s]q+%z) +(y [s]q+%z)([s]q+%z y]

S (g »)

[slg+32 q
[] q ;{1 o 2A []]l] Xl “y
[S]q—lz ]2 s+1]( 4, A) — [S]2_ Z [s ]2 s+1](y, q,A)
[] q P 2qA ! []2 i
i L e+ 2 5 U o)
-1 1 i\ % [s], + 21
- ( Of ) [@{[S]q (y sl + %2) i (y sl + xz)([s]q + Uy y)} + L5+ Lo+ L7+ 28] (suppose).
[s]y+22
q

To obtain X5, we use [j]g = [jl,(1 +q[j — 11,), thus

]]é Kl J'tz
5 - L
2
s+ by ) ool
— b%l,%z ; //\ + bzq A2 ; ,/\
[s1,([s1, = 1) ]20 s W) B, - D L, 0 Ya,)

_ Als + 1], (y - [s]:t—i%z)[( [s], )s ) (y % )s

2L, -1 Wsh+x/, 7 B+

N1 [S]q o adl 7
+q[s (y sl + %2) {([S]q + % )q - (y sl + %z) }]
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To obtain X4, we use [j]; = [y + 9(q + 2)[j14[] — 11g + $°[f14[j — 114[j — 2],, thus

_ —2A []]W pase
S ,Z# s =i Y
2

—2A[s + 1], (y - [1,%) s-1 e 292 + g)Als + 1][s], (y - []q%) =2 o
= [5]3([5]5 — 1) ; 5,j (}/f 4, ) - [Slé([s]g _ 1) = s—=1,j (y/ 4, )

243l + 1],[s)yls — 1], ( [SWZ) »
B [s([s]2 -1 st 5 )
kel
" BEGE - T Bl W] ), 0

2 s—1 s—-1
% [slg 3\
+q(2 + Q)[S]q (]/ - [S]q + %2) {([S]q + Ko )q B (y B [S]q + %2) }
3 s=2 5—2

3 A1 [5]q 1

+q [S]q[s - 1117 (y - [S]q + th2) {([S]q + % )q - (]/ - [S]q + %2) }]
For finding X7, we use [ ]]3 = % - Ui#, thu
7 s;+ 1 Z [S]Z :+11%]2+1(y; M)
2

—Als +1]4[s], (y m) 52 Als + 1], (y - [s]%) s-1

— q ey A T B2 (g, A
q[S]Z([S]q +1) JZ‘ s—1,j (]/ q )+ q2[S]§([S]q+1) ; s,j (]/ q )

s—1

([S]q + 1) Z :ilkjil(y/ q, /\)
=

ol s [y 2 ){( )y )_( o )}

IR s1q+1> T ), Bl ), TV ),
N [S]q ° ny °

_[s”]‘?(y_ [s]qmz){([s]qmz)q_(y_ [s]q+%2) }

[S]q s+1 s [S]q + . % s+1
+([s]q+%2) _uH—()([S]’i+%2 —1 y)—(y— [s]q+%2) }]

q q

Next, we obtain Xg, thus by a simple computation we use [j]?i = [j+11,l71 - 11— % [+11,0715+ UJ;;]” - q%,
thus

et 2qAls + 1,[slls - 11q( )

¥ ‘7%1%2 ,,/\+ q bm/(z ”/\
8 S]Z S]Z s+1 J+1 y q ) [S]q([s]é = 5-2,j (y q )

1=1
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201 = Als + 111, (v —]—) o

q 1%
- b 1r Z(y q /\
G -1 2,V
2A[s +1], (y - —[S];ﬁjkz) s-1 o
ST b (150, )
5]2[5]2([5]2 -1) ; 5] ([ ]2 1) P s+1 Jj+1

[S]q s—2 7 s—2
2[s12<s]2 1>[‘7 ls+ Lslslyls = ( slq+%z) ([slqwz) _( _[slq+%z) }

2
—‘1(1—11)[5+1]q[s]q(y_ ! ) ( [s], ) (

[s]; + 2 [s]; + 2

el [S]q ’
+[S+1]q(y_[s]q+%2){([s]q+%2) _( s]q+%2)

(Bl )S“_ : ([s]qml_ ) ( 0 )
([s]qmzq WHO S 1Y [l + %), }]

[s]; + %2)

O

Lemma 2.4. Operators Z:“A”“(t; Y, q) have the central moments of order one given by:
Z =y y,0)
[sly

/\(y—m)[s+1] oL v :
B ( [s][s_]lq )[ [s][q(][s]q—n q{([s]quxz)q_(y‘[s]ﬁ kz)q}]
q

gt H2

e R )

([ Is], )5 ([s12 - Ds), [sly + %2, [s]g + %2/,

slo+x
2 /g

_ [S]q ( [S]q )5_1_( B i )s_l
+’4[S]q(y [S]q+%2){ Sl+), T+, }]

L1 A [( [s]; )5_(_ e )b
() 7T+ DL i + ) Il ),

[slg+3¢2

9
s] g +t1 w e [S]q ° A ’
_H( L+ ] y)—[s+1]q(]/— [s]q+x2){([s]q+x2)q_(y_ [s]q+%2)q}]

1 A _ 1 2 [S]q )S_l_( _ A )S_l
*( I, q[s]q([s]g_n[zq[slq[“”q(y [s1q+%2)q{([slq+xz A G ey | f

[S]q+742

_([[s_]t)s [2[5 +1] (y - [s]:-: U ) { ([S]Fi‘i%z )q B (y h [s]:i H )q }]

slp+xo
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1 [S] s+1 2 s+1 s [S] + .
+2(ﬂ)s[([s]q +’7%2)q _(y— [s]q-:%z)q _H([S]Zﬂtz -4 3/)}]

G+ w=0
q

= W72(A; g, ) (suppose).

Lemma 2.5. Operators Z:“A”“(t; Y, q) have the central moments of order two is given by:
Ze (= v v.0)

1 1 1

[slg+x2 [s]g+2

1 Als +1], (y— [s]:—sz)[( [s], )s ) (y x )s
[

+ _ .
[sly [S]q([slq -1) [S]q + X q S]q + A3 q
[slg+22 q

” [S]'7 s—1 % s—1
+I][S]q (y - [S]q + %2) {([S]q + Uy )l] a (y - [S]q + U )q }]

[slg+22

RSN PR TS S P
92+l |y [S]q+%2)q{([5]q+%2)q _(y_[slq+%2)q }

3 s—2 §=2
3 A1 [S]‘i !
+q°[s]gls — 1 (y Isly + )q { ([S]q + %2 )q B (y Il %2 )q }]

1 A

| il i (] -
(ﬂ)qu[S]ﬁ(lﬂﬂq)q T\ T ), \B ), TV

Slg+x
[]q Zq

X [s]q ° 1 s
_[S]q (]/ - [S]q + %2){([5]11 + %2)’1 - (]/_ [S]q n %2)q}

[s], s+l »” s+l s [sly+21
+([S]q+%2)q _{(y_[s]qu%z)q _H([s]q+%2_q y)}]

w=0

- ( [s] )s (y_ [S]%J:%z)erﬁ s, Y (y— [s] %J:% ){([SI[SJ]rq% )s _(
S q q q(_z) q 2 q 2/q

1 21 s i Y[ sl
+([][S_]q)s qZ[S]g([S]s _ 1) [q [S + 1]47[5]11[5 - 1]4 (]/ - [S]q + %2)q {([S]q + %
[+ .

2 s—1 s-1
M1 [S]q A1
*+4(q = Dls + 1slsl, (y CIsly+ )q { ([S]q + % )q - (y  [sly + %2 ),7 }
X [5]q ’ ! ’
*ls+ 1, (y T+ %2){([S]q T %z)q B (y_ [s1, + xz)q}

[sl, \™' a N Bt
_{([s]q+x2)q _(y_[s]q-f-%z)q }_H([s]q+%2_q y)]

w=0

1 2s+1] [(_ t ){( [s], )5‘1_(_ x1 )1}
( Bl ) SEGE - DL T Tl o) W\l o), T Bl + ),

It

_ )S}
Bl

%1 )S—l }
[sly + %2,

1
[s]; + 2

1008

|
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/\[s+1]q(y[51?_l%2)¢2,{( [s], )—( S )}
[

‘( O N L s+xa), VT B+

[S]q"'}fz

q

2
2A[S + 1]q (y - [S]:-:Kz )q

+ (7], b )
( b, ) [s1, (52 - 1) [l + %), YT + ;

f ),
+qls], (3/ - [5];2 %2) { ( [s]:SJ]j%z ):1 B (y a [s]:: % )Z_l }]
etk b T o

~ls+ 1, (y B [s]q%i %2) { ([s]js}sz )q B (y B [s]q%: % )q }]

= b g o g ) - o))
+2[s + 1], (y - [s]q%: % ) { ([s]q[squz ); - (3/ - [S]:il ™ )Z }

+2{ ([s]q[sJ]j%2 )jl B (y } [s]:t PR ):1 } B E) (E}Z : Z T ) }]

= @L12(A; q, ) (suppose).

: TN (1,
3. Convergence properties of operators ZS,/‘ &y, q

Here, for the operators Z}**(t;y,q) by (8), we derive various global and local approximation theo-

rems. Using the Ditzian-Totik uniform modulus of smoothness, we first define the uniformly convergence
property for our operators and then obtain the local and global approximations. Next, we derive some
straightforward theorems based on the Lipschitz type maximal approximation property and Peetre’s K-
functional property. Given a continuous function g in C[0, 1] on [0, 1], we can replace g with a real-valued
function equipped with the norm || g ||cjo,11= SUP, 101 |g(y)).

Theorem 3.1. ([17, 24]) Any series of positive linear operators K, that acts uniformly on [u,v] forall p = 0,1,2
will fulfill lim K (t°; y) = y, for all C[u,v]. Then, for each compact subset of [u, v], the operators lim Ks(g) = g are

uniformly convergent for each g € Clu, v].

Theorem 3.2. Let q = g, be any real numbers satisfying 0 < g5 < 1, then for all g € C[0, 1] we get
lim ZX°2(g; y, q) = g(y)

5—00
is converges uniformly on [0, 1], specifically, C[0, 1] represents the set of all continuous functions on [0, 1]).
Proof. 1t is evident from Lemma 2.2 and Lemma 2.3 that in order to achieve

im Z47(#;y,9) = v (p=0,1,2).
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It follows that the operators Z2}”*(g;y,q) are uniformly convergent to set g € C[0,1] by considering the
Bohman-Korovkin-Popoviciu theorem. We finish the needed Theorem proof. [

Theorem 3.3. [19, 20] {Ps}s»1 for any operator taking action from C[0, 1] to C[0, 1]. Let lims_,o [IPs(t?) = ¥ llcpo1] =
0, p=0,1,2, therefore for every g € C[0, 1], to obtain

lim [P5(9) = gllcroa) = 0.

Theorem 3.4. Consider Z;‘;”“ as an actuator that moves from C[0, 1] to C[0, 1] and is associated with the property
lim,, e [1Z25°2(t7; v, 9) = yPlicroa) = 0. Moreover, take the positive number sequences q = g, such that g5 € (0,1).
Then for any g € C[0, 1], we get

lim || Z75°(9; y,9) = 9 o= 0.
Proof. We take in account Theorem 3.3 and Korovkin’s theorem then easily we lead to show that

21—1;130 ”Z:fj\,%z(tpr }// 5]) - yp”C[O,l] = O/ p= Or 1r 2.

In the view of Lemma 2.2, easy to obtain ||Z"1 “2(L;y,9) — Ul = sup (22971 y,9) -1 =0. Forp =1,
yeloa]”

easy to see

sup |22 (ty,q) =
yel0,1]
sup WE2(A;, ).
ye[01]

||Z%1 *2(t;y,9) — Yllcroa

[S]r]‘*'kl ]q
[S]A7+K2

Since s — oo then ﬁ -0, — 1 therefore we get ||Z”l “2(t;y,9) = Yllcpo,] — 0. Similarly for p = 2, we

see

Z%l Az(tZ Y, q) y ”C[O,l] — sup Z}ﬂ %z(tZ v, q)
ye[0,1]

= sup ®7%(A;q,v).
yel01]

which leads to get IIZ:‘;’”Z(tZ; v,q) — ]/ZHC[OJ] — 0 as s — oo. These observations leads to get our proof. O
Using the Ditzian-Totik uniform modulus of smoothness, we present some results on global approxi-

mations. We go over the fundamental characteristic of the uniform modulus of smoothness for orders first
and second, which is

w(g,0) := sup sup  {lg(y + By(v) — gl
0<lpl<6 y,y+py(y)€l0]

wy(g,6):= sup  sup {lg(y +By(y) - 29(y) + gy — ByW)I},
0<IBI<6 y,y£Py(y)€l0,1]

and the step-weight function y on [u, v] and suppose y(y) = [(y — u)(v — y)]V2if y € [u,v] (see [16]). Let we
denote the set of all absolutely continuous functions be C*, then the Peetre’s K-functional property is given

by

K90 = inf {lg = ety + 811> llcpoy = T € C*[0,11),

for any & > 0, ©(y) = {C € C[0,1] : T’ € C*[0,1], y*C” € C[0,1]} and C2[0,1] = {C € C[0,1] : T’, " € C[0, 1]}.
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Remark 3.5. ([15]) For any absolute positive constant M one has
May(g, Vo) < Kj(g,6) < M~ wy (g, Vo). )

Theorem 3.6. Let y(y) (y # 0) be any step-weight function such that y* is concave, then, for all g € C[0,1] and
s € [0, 1] operators Z* satisfying

[QWWM%W+W?“MWWWQ)H% ggf@wmn

0 y,9) - 9)l < May|g 2)(y) Y
where the number 0 < g < 1 and \y:n,%z(/\; 0,y ) Z»ﬂ M (t -y, q) and (Dm %2(/\ q, y) Z?j\:“z ((t — y)z,' Y, q) .

Proof. If we consider an auxiliary operators

Q2 (g:y,9) = 227 (g39,9) + 9(v) — g2 (A0, ) + ), (10)
given g € C[0,1] and s € [0, 1], it is simple to obtain the following relations using Lemma 2.2.
Q72 (1;y,9) = Land XY (K y,9) = v,

QU (t=y;y,9) = 0

Let y = By + (1 — )t for B € [0, 1]. Following the property y(y) = py*(y) + (1 — B)y?(t) as y? is concave
on [0,1] and

u—m< Bly — | <u—m

< < . 11
VW) = AW + A= A0 - AW an
We get the following identities:
QX7 (g;y,9) = 9| < 19 = Gyl +1QL7(C v, 9) = L)l +19(y) = Tyl
< 4lg - Clcpo,145a] + IKY1 (G y,q9) - W)l (12)

By use of Taylor’s series, we can conclude that

s ' 2 wa) |
Gy g) - L) < Z( f It =] IC”(J/)quy;y,q)+ f Q;;’”Z(t;yﬂ)—y‘ ()] dgy
Y Y
271 S U1, | _y|
< I llcon 22 ( 0y v} 1) + 1T e
fﬁg}“z(f;yrq) .
x 7t y,q) - ‘
y Y=Y
< z(y)llyzC"llqouTt1 (=5 yg) + Y POV g, I oy (13)

We use the Peetre’s K-functional properties and the relations (9), (12), and (13), then easy to get

gy, q) ~ g(y)‘ < 4llg ~ Tleton + 7 2T e (@272 (A; g, y) + 272(A;q, 1)

EJQ?MMW40+W?“MWVn

<M y(,
“2\93 y(y)
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Hence, from the order one uniform smoothness property, it is obvious that

WA q,y)

(WA, 9) + )~ g(}/)‘ ‘9 V(]/)—( ” )- g(y)' <als, ey )

YY)
Thus, finally, we get the inequality

257 (g y,9) — gl < Q7 (g5 y,9) — 9l + ‘g (W2 (Nq, ) +y) - 9(3/)’

Mo (g 1 [®N72(A;q,y) + WA (A;q, y))+w( \I’;‘“"z(A;q,y))
’ (y—u)(v-y) ()] ’

which completes the desired proof of Theorem 3.6. [

Theorem 3.7. Suppose f' € C[0,1] and y € [0, 1], then for any real 0 < q < 1 we get the inequality:

2550 (Fy,0) = FO)I < O, 1) 1F (D] + 2922 (0, ol f 250, 1) ).

Proof. We know the relation
t
f0)= 0+ 10+ [ (O Foz 14
v
for all t, y € [0,1]. On apply the operators Z|”* to equality (14), we obtain

t
ZA 0 - 05w = P2y + 225 [ (70 - F)dEa)
y

For all f € C[0,1] and y € [0, 1], one has

It -yl
5

WWJ@K@+ pum5>a

From the above inequality, we have

(t-y)?

(1£= 1+ =25 o0,

[[rw-reads<
Therefore, easy to obtain
122572 (fry,0) = FOL < UF WDNZE (= iy, 9)]

+a(f’, 5){525 VA -y 9 + 2 - Yy, ‘1)}‘

The Cauchy-Schwarz inequality yields,

75971t = yly,q) < Z2 (L2270 =y )t = 2970 - Py 0

Thus, we have

225 (i) - FON < FOZ = 0% w) + {5 207 G = i, + 1257 = sy el 0),

by use of 6 = \/Zf}\’%z((t - 1)?2;,4), then we get the desired results. [
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Next, we estimate the local direct approximation by use of Lipschitz-type maximal function thus we
recall from [37]

LK” s,t €0, 1]}
(Bry* + P2y + )2

where 1 20, f2 >0, x € (0,1] and M > 0 be any constant (see [37]).

Lipm() = {g € C[0,1] : Ig(t) - g(y)| < M

Theorem 3.8. Let g € Lipyi(x), then for any x € (0,1] and 0 < q < 1, we obtain

[D72(A; q, y)]*
(Bry? + Bay)*

Proof. Take g € Lipp(x) for any « € (0,1]. First, we want to show that our result is valid for k = 1. Thus for
any g € Lipp(1) we have

Z5 gy, ) - 9wl < 1Z) “z(lg(t)— gLy, Dl +9w) 1257 (L y,9) - 1

— 2 B, o) - )|
(mqu)

1
<M
Bl \ Z:;
Bl ), =

By +Pay + )2 < (B + foy)? (B1 20,82 > 0)

and by Cauchy-Schwarz inequality, we see

225 (g v,9) — 9(y)l <

B (y; 9, Mt~ yl
By + oy + 1)

By using

1 5
by g, M|t —
( [s], )s; s Wi )| y|
Bl ), /
= M(B1y* + Boy) PIZ27 (= y; y, 9)|
< MB1y? + Boy) PZI (1 =yl v, 9)
<M(ZE7((E = %0, ) By + Pay)

As aresult, we get our result is true for ¥ = 1. Furthermore, using the monotonicity property to operators
Z:X’“ (9, y,9) and introducing the Holder’s property easy to get the required statement is also satisfy for
x € (0,1] as follows:

Z%1 2 (g;y,9) — gl < M(Bry? + Bay) ™2

1 v
b2y g, A)|g(t) —
o ; Wi )'g() g(y)‘
i ),
1 v 5
( ” sZbﬁ}’“z(y;q,A)'g(t)—g(y)') Ze y,q))
Sy -
([sw%z)q =0
s THA1,42 2 .
(! 5o 27, M(t - y) )3
( [sly )S Biy* +poy +t

25 @ y,9) - 9|

IN

[s]g+22
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1 = 22 Lk
M{ 0V st,}’”z(y;q,A)(t—y)} (Bry* + oy +)2
([S]q+]%2) =0
q
M(B1y? + Bay) ™[22 ((t = )% y,9)|°

[P 9, )
(Bry? + Bay)©

IN

O

4. Voronovskaja type asymptotic formula

Based on the article [8, 35], we examine the quantitative Voronovskaja-type approximation theorem
and derive the Voronovskaja-type approximation properties for our novel operators Z;X“z. Use of the
definition of the modulus of smoothness discussed in the section before allows for this. An explanation of
this smoothness modulus is

o 52)-dv- 257

®
we(C,8) = sup { oyt pT(y) e [0,1]}.

0<lpl<s

Here C € C[0,] and ©(y) = (y — ¥*)"/?, and related Peetre’s K-functional given by:

Ke(C,0)= _inf {If = Cll+olOf I+ f € Cl0,11,8 > 0},

i
€w

where wel0,1] = {f : f" € C[0,1], II®f'|| < oo} and C*[0, 1], which represents completely absolutely
continuous functions on the intervals [, b] C [0, 1]. A positive constant M exists such that

Ke(f,6) < M we(f, ).

Theorem 4.1. Forall C,C’,C" € C[0,1], it verify that

A1,42

757 o W)+l
2 (G y) - L) ~ YT~ )

n 1)

where y €[0,1], C > 0a constant, W***(\;q,y) = ZX)7* (t = y; y,9) and 87 (A;q, y) = 223 ((t -5y, q),

Proof. Let C € C[0,1], then from the Taylor series expansion we examine the results as follows:

f
GO - L) - )t —y) = f 6)(t - 6)d,6,
y

then easy to get
77 t
) =) = =T - CT“”((t —y+1)< f (£~ 0)[T"(0) = " (v)]d,0. (15)
y
Therefore, (15) give us,
TN (7. 7H1,A2 . ’ C”(y) 711, 2, FARLA2 (1.
Z (G = L) = Z =y )T () = S5 (20 = ) ) + 2257 (L)
t
<7 f /O - 01~ "] ;6] ). (16)
y
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We can estimate the following from the right part of equality (16):

t
f It = 611C7(0) = C" () 46| < 211" = fll(t = y)* + 2l f IO~ W)t = yP, (17)
y
where C € wg[0,1]. A positive constant suppose M exists such that
- - M
n1,%2 _ 2 Ay, _ 4. 4
Z(t-9hy) < _2[s] ®(y) and Z ™ ((t-y)hy) < —2[5139 v) (18)

We may determine by applying the Cauchy-Schwarz inequality that
C// (y)

Z9 Gy ) = L) = CWZE7a =y y) — = (2272 = 95 y,0) + 22 ”2(1;y,q))‘
<2UIC” = FIZZE((E - )% y) + 20w f 10 1<y>2’“ (it =y, 9)

< %G)ZW)IIC" A+ 200@) £ I ONZE7 (= w7y, N PZe (= )by, )
q

2(y)
[ sl

We determine that by taking the infimum over all f € wgl0, 1].

S H1,H *1, % , 6;{1'%2(/\,' , )+ 1
757 Gy, ) - Cy) = P44, )T (y) - +

——=={IT” = fll + [s1; IO £ 1.

77 o2 ’” 1
<) < g & wee(c” )

which brings the proof. [
Theorem 4.2. For any C € Cp[0, 1], we examine

~ %1 2%) A , .,
lim{s], [ZA Gy, - Cy) ~ W (g, ) () - <>]

Proof. 1f C € Cp[0, 1], we can write using Taylor’s series expansion as follows:

) = L) + (= TG + (=P G) + (= 4 Q) (19)

Moreover, Q,(t) — 0 as t — y, where Q,(t) € C[0, 1] and specified for Peano form of remainder. Using
the operators Z2\”?(;; y,q) to the equality (19), then easy to see

C”(}/)

Z07 Gy, g) - Ly) = CWZ -y y,9) + 29t = 9%y, 9) + 227 (= v Qy(8); v, ).

Cauchy-Schwarz inequality gives us

Z (= 9y Qy(t) v, 9) < \/Zf}\m(Qﬁ(f); V.9 22 (= y)% ) (20)
We clearly observe here g — 1 and lim;_,« Z“1 "Z(Qi(t) ;1,9) = 0 and therefore
lim[s]q{ (Z257(( = P Qy( v, @) = 0

Thus, we have

// (y) 5

Um[s],{Z257 (G, q) = L)) = lms]y{Z272 (¢ = w3y, T () + —5= 2272 = )% y,0)

+ 27t =y Qy(1); v, q)}.
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5. Graphical analysis
In this section, we will give some numerical examples with illustrative graphics with the help of MATLAB.

Example 5.1. Let g(y) = y* + 2, x1 = 4,4, = 55,1 = 0.7 and s € {18,34,80}. The convergence of the operator
towards the function g(y) is shown in Figure 1.

30 T

For s=18

For s=34

For s=80 K
3 T function </

0 . . . .
0 1 2 3 4 5

y (for A=0.7, x1 =4, x2 =5.5)

Figure 1: Convergence of the operator towards the function g(y) = y? + %

Example 5.2. Let g(y) = (y - 3)(y — 2), x1 = 3,420 = 4,1 = 25and s € {11,25,91}. The convergence of the
operator towards g(y) is shown in Figure 2.

3.5 ' /
For s=11 /
3 For s=25 7
[ For s=91 7/
........ function /

-0.5 ! * !
0 05 1 15 2 25

y(for \=25,x1=3,x2=4)

Figure 2: Convergence of the operator towards g(y) = (y — %)(y - %)
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From these examples, we observe that approximation of function by the operators becomes better when we
take larger values of s.
Notice that for %1 = #; = 0, the operators (8) reduce to operators (7).

6. Conclusion & Observation

In the present article, we clearly conclude that our new operators (8) are the shifted knots variant of
Bézier basis of (A, g)-Bernstein operators. For g = 1 in the equality (8), then our operators Z:X“z (f;y,9) have
the approximation properties to the operators(3) by [6]. For 4 = 1 and »; = %, = 0 in the equality (8),
then our operators Z:lA’V‘Z (f;y, ) reduced to the approximation results of operators(7) defined by Cai et al.
[11]. As a result, we can define our operators (8) as special examples of classical Bernstein-operators [9],
Lupas g-Bernstein-operators [25], A-Bernstein operators [11], (A, q)-Bernstein operators [10] and A-Bernstein
operators with Bézier basis [6]. Based on these data, we conclude that the new operators we have are more
capable than the previous types of operators.
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