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Abstract. For convex, s—convex and h—convex functions, the Hermite-Hadamard inequality is already
well known in the theory of inequalities. In this regard, this work presents new inequalities associated with
the weighted integrals for (h, m)-convex modified functions by utilizing a different technique. These novel
inequalities are also obtained by means of Power-mean, Young, and Hélder inequalities.

1. Introduction

A fundamental principle in mathematics, convexity has a wide range of applications in both applied
and pure mathematics. Convexity is used to evaluate functions and sets, to prove inequality, and to model
and solve real-life problems. This concept is crucial for estimating integrals and defining limits in many

branches of mathematics and beyond (see [1]-[5]).
In convex analysis, we thus remember the basic notation as follows:
Definition 1.1. ([6]) A set I C R is said to be convex function if
$€+(1-1)cel

foreach &,¢c € I and T €0,1].

Definition 1.2. ([6]) The mapping ¢ : I — R, is said to be convex function if the following inequality holds:
P (& + (1= 1)) < (&) + (1 = 1)ip(c)

forall &,¢c € I and © € [0,1]. If (=) is convex, then  is said to be concave. This suggests that U is geometrically
on or below the chord B if B, U and Z are three different places on the graph of ¥, with U between B and Z.
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Convex functions are essential in many different areas. For example, a convex function applied to the
expected value of a random variable is never bounded below the expected value of the convex function,
according to probability theory [[7],[8],[9],[10]]. This result, called Jensen’s inequality, may be used to
generate additional inequalities, such as Holder’s inequality and the geometric-arithmetic mean inequality.
Because of its many applications, its robustness, and its widely held views, the concept of convexity has
become a rich source of inspiration for researchers [[11],[12],[13]]. The concept of convexity has allowed
mathematicians to create amazing tools and numerical techniques that they use to tackle and solve a huge
variety of problems that arise in the pure and applied sciences. Because of its many views, adaptability,
and wide range of applications, the concept of convexity has grown to be a rich source of inspiration and an
intriguing subject for researchers [[14],[15]]. Mathematicians have focused on this theory for more than a
century because of its long and significant history. Nevertheless, there are many novel problems in applied
mathematics for which the idea of convexity is not sufficient to characterise them sufficiently to have useful
consequences. For this reason, the idea of convexity has been extended and developed in various research
projects [[16],[17]].

Convex mappings and sets have been extensively studied in mathematics due to their robustness (as
mentioned above), particularly in convexity theory, which has been used to prove numerous inequalities
found in the literature.To the best of our knowledge, the Hermite-Hadamard type integral inequality, of-
ten known as the Hadamard inequality, is a well-known, significant and immensely useful inequality in
the practical literature on theory of inequalities [[18],[19],[20]]. The classical Hermite-Hadamard integral
inequality is closely related to a number of classical inequalities, including the arithmetic-geometric, Os-
trowski, Opial, Young, Hardy, Holder, Simpson, Minkowski, and Griiss inequalities [[21],[22],[23],[24]].
These inequalities are quite important. Following is a statement of this double inequality: Assume that ¢
is a convex mapping on [&, ¢] € R, where & # ¢. Therefore

£+g IP(E)J”#(C)
IP(T c- Eflp(

A particular area of study in the calculus of non-integer order, or fractional calculus, is inequality
using fractional integrals. Generalizing integrals and derivative operators is the focus of this topic. In the
literature, there are several definitions for fractional integral operators, such as Riemann-Liouville fractional
integral, Hadamard integral, conformable fractional integral, k-Riemann-Liouville fractional integral, and
Caputo-Fabrizio fractional integral [[25],[26],[27]]. The fractional operators can be made more generic
by giving new parameters to such fractional integral operators, leading to the following inequalities:
Ostrowski, Hermite-Hadamard, Jensen-Mercer, Griiss, Minkowski, and others. [[28],[29],[30]]. Future
work should aim to present original concepts using unified fractional operators and derive inequalities
employing such operators. These generalizations have motivated further research. Inequalities related to
fractional integral operators have practical applications across various fields of study. An understanding
of fractional calculus theory is necessary for solving many additional special function problems, such
as those that require the solution of differential equations, integral equations, and integral-differentiable
equations. In order to obtain remarks and corollaries, it is important to recall the preliminary formulae and
notations of well-known Riemann-Liouville fractional integral operators.

Various varieties of fractional integrals have been described in literature, with the most traditional being
Riemann-Liouville fractional integrals. These are defined as follows:

Definition 1.3. ([31])Let ¢ € L[&, c]. The Riemann-Liouville integrals ], and J_1 of order a > 0 with %, = 0
are defined by

1 ¢ —
]g+17[)(¢) = Ta) j‘; ((Z) - G) ' I,D(G)dal ¢ > 5
and

JEy() = ﬁ f (o-9)"" oMo, ¢ <<
q)



J.E.N. Valdés, C. Yildiz / Filomat 39:3 (2025), 1019-1032 1021
respectively where I'(ar) = fom e "u*"du. Here is [%, () = ]Z‘, P(P) = P(P).

In the case of a = 1, the fractional integral reduces to the classical integral.
In [32], Sarikaya et al. proved the following Hadamard type inequalities for fractional integrals as
follows:

Theorem 1.4. Let ¢ : [&,¢c] — R be positive function with 0 < & < ¢ and € L[, c]. If ¢ is convex function on
[, c], then the following inequalities for fractional integrals hold:

P(&) +P(c)
<=5

“b(é;g) = r(a+51)l

with a > 0.

[12.9(0) + JE (&)

The famous Young inequality is defined as follows:

Theorem 1.5. ([33]) Let p > 1and | + ; = 1. Then
1 1
o< =&+ =1 1)
p q

where @ and ¢ are nonnegative numbers. The reversed version of inequality (1) reads

1 1
ég215p+1g‘7, £¢>0, O0<p<1l, -+-=1
q p 9

The following is the most commonly used version of Young’s inequality, which is often used to demon-
strate the well-known inequality for L, functions:

e+ (1-1),

where {,¢ >0and0<17<1.

Important inequalities have been identified using different types of convexity. (h, m)-convex modified
is one of several varieties of convexity. The definition of this class in [34] is as follows:

The mapping ¢ : 7 — R, is said to be convex function if the following inequality holds:

Y (té+ (1 -1)c) <€) + (1 — ()
forall §,c € 7 and T € [0, 1].

Definition 1.6. Let i : [0,1] — R be a nonnegative function, h # 0. The mapping ¢ : I € R* — R* is said to be
(h, m)-convex modified of the first type on I if the following inequality holds:

P (t&+m(l —1)c) < K (D)YP(E) + m(1 = 1 (1) (c) 2)
forall §,¢c € Iand t € [0,1], where m € [0,1], s € [-1,1].

Definition 1.7. Let h : [0,1] — R nonnegative functions, h # 0. The mapping 1 : I € R* — R* is said to be
(h, m)-convex modified of the second type on I if the following inequality holds:

U (& +m(l — 1)) < B ()Y(&E) + m(1 — h(7))’Y (¢) (3)
forall §,c € Iand T € [0, 1], where m € [0,1], s € [-1,1].



J.E.N. Valdés, C. Yildiz / Filomat 39:3 (2025), 1019-1032 1022

Next, the weighted integral operators are presented ([34-36]), which will serve as a starting point for
our investigation.

Definition 1.8. Let ¢ € L[&, ] and let w be a continuous and positive function, w : [0,1] — R*, with second order
derivatives integrable on 1. Then (left and right, respectively) define the weighted fractional integrals as follows:

Je g(r) = f; w” (Z:Z)gb(a)do, r>&

and
c(r) = fy; w” (%)gb(a)da, r<c.

Remark 1.9. In order to have a better understanding of the amplitude of Definition 1.8, let us examine a few specific
instances of the kernel w" :

a) Taking w”’ () = 1, we obtuin the classical Riemann integral.

b) If we have w" (1) = a), then we have the right fractional integral of Riemann-Liouville, and the left integral
can be obtained in the same manner.

c) With convenient kernel choices w" we can get the k-Riemann-Liouville fractional integral right and left of
([37]), the right-sided fractional integrals of a function { with respect to another function h on [, c] (see [38]), the
right and left integral operator of [39], the right and left sided generalized fractional integral operators of [40] and the
integral operators of [41] and [42], can also be obtained from above Definition by imposing similar conditions to w” .

Of course, readers interested in such matters may find other known integral operators, fractional or not,
which can be produced as special instances of the previous one. (see [43]-[46])

In this paper we derive several versions of the Hermite-Hadamard inequality using generalised opera-
tors of Definition 1.8 within the framework of (h, m)-convex modified functions.

2. Main Results
The following equality, which will be basic in obtaining the other results.

Lemma 2.1. Let ¢ beareal function defined on some interval [E, c] C IR, twice differentiableon (€, c). If " € L[&, <],
then we obtain the following equality:

X g - o ()] - [ - w0 (2]
S ey @) - v ()| - [ i) - wow ()|
Bl et

< i [ o (e e G [ o (S S

with n € [&,¢c] and @ € IN.

Proof. First denote

Ilzfl w(t )¢”(®+T + 1_TK)dT

o+1 o+1
1

! ’” T — T
bzy[ w(M)(®+1 * +1%Pt
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Integrating by parts twice, we obtain

L
_ i”[wa)lp &) - W(O)I//((Dj:;{ )]
B E‘”Sﬁ [w’w(é) W( £+%)]
R Ei+3§f W@ E s
_ i”[ w()y' (&) - w(O)y’ (f:f)]
_ Ei * 22 [wayp(é) ~ w0y (@@5 : 1% )]
v (%)
since
[ w25t 2 tar
= TAE= 0
and %5 - £ = &34,
Analogously,
I
_ f* [(W (€ - w Oy (Z )]
- O e w222
- D (22

Adding I and I and reordering, we obtain the desired result.

1023

The breadth and generality of the previous Lemma can be verified with the following points. So we

have

Remark 2.2. Withw(t) =t(1-1)% @ =0, put x = ¢ in I and » = £ en I, we obtain the Lemma 1.5 of [34].

Remark 2.3. Ifw(t) = (1 - 72), @ = 0, and working only with I (x = ¢) and using the argument t& + m(1 — 1)c,

the Lemma 2 of [47] is obtained.

Remark 2.4. Considering w(t) = 7(1 — 1), ® = 0, putting n =
T8 + (1 - 7)c we get Lemma 2.1 of [48].

in I and working in I, with arqument

Remark 2.5. Making w(t) =1(1-1), @ =1, put » = ¢ in Iy and » = & en I, we obtain the Lemma 2.1 of [49].
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Remark 2.6. The Lemma 2.1 of [50] is derived from preceding result making w(t) = (1 — 7)*", @ = 1, and put
u=cenliand x =& in .

Remark 2.7. If we take w(t) = (1 — 7)**!, and considering » = ¢ en I and » = & in I, we obtain the Lemma 1.3 of
[51].

Corollary 2.8. If we take w(t) = %, @ = 0 we obtain the following equality, new for Riemann Integral:

v f%f S
(- &

1 _ 2 !
= — fo " (TE + (1 - T)n)dt + % fo Y (tc + (1 — 1)n)dr.

(E-x)

¥'(©) 1 ("
0 + =057 9@+ T [ v

Corollary 2.9. If we take w(t) = @ = 0 we can derive a new result for Riemann-Liouville Integral:

i
lffa+%2))¢(5) r(<a+2)‘¢’<>—r(a+1 () + PO}
e 15>a1|(% e Vo) + 2 %)IW( )]

_ (r}(ta—f; fo Ta+1¢”(r5+(1—f)x)d1+(rg(a‘f; ! oy + (1 = D0

Remark 2.10. Throughout this paper, we use the following notation:

I(w,¢,&¢,n,0) =
X Ty - wow (2] - [ e - o 0 (Z22)]
+ =2 0y @) - 0w ()| - [ e - w oy ().

Theorem 2.11. Let ¢ : I C R — R be twice differentiable function on I° (the interior of I) such that " € L[&, c]. If

o+1 ((Dg+%) o+1

ch;+x)‘
-c’c o+1

\I(wnpa,g,% »+2 et

ey

H{ S o)+ 2 . AC >|}
S )
where
H, = Llw(f)hs(miT)dT,
H, = folw(T)[l_h(Z:I)] dr.
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Proof. Taking modulus in Lemma 2.1 and using the (h, m)- "1, we
have
7,600 + S () 4 2oy (222)
- ®+1 ®+1

< G o ool (G 55

TG, ol (e 55
¢ L2 [l (@) el nin B o ()
T (@+1)y @+1 @+1 m

o2

o+1

(2o
5 [v"(c )!}
()

oz ), ol (5)
1
UO ()hs(cvi’lf)dT]{—((Dil; &)+ 2L

+m[]0‘1w(f) [1 _h(gii)]sdr}{(% —i);i-%z_ K)z

Thus, the proof is completed. []

(c—x) %)
(@ +

Corollary 2.12. Under the assumptions of Theorem 2.11,

1. If we choose m = 1, then we obtain the following inequality;

o+1 QC+ n ca+1w OC+ %
’I(wlpé,c,%@)Jr gc+ (@+1) ] ¢(@+1)’
(=&, (c—»)° o
< 1{( 2|¢<>| e >I}
(%_é) +(C—K) 7"
%{ CET (%)|}‘
H, and H; are as Theorem 2.11.
2. Ifs=m=1, then
1 1
rosecnon S ) 22l (527
(=& . W
< 743{( ZIIP 5)| —1)1,0 (c)|}
(%_é) +(C—J’C) 7"
+7‘{4{ ((D+1)2 Y (%)'}
where
1 @+T
Hy, = fo w257 )ar,
@+T
H, = j(;w(’c)[l h( +1)]d’£.

3. If we take w(t) = T— , @ = 0 we obtain the following inequality, new for Riemann Integral.

4. Withw(t) =
Integral.

r(a 5, ® = Oreaders will have no difficulty in obtaining a new inequality for for Riemann-Liouville
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To understand the generality of Theorem 2.11, we have the following comments.

Remark 2.13. If we work with s-convex functions, i. e., m = 1 and h(z) = z Theorem 9 of [52] is a particular case
of our result, the same for Theorem 2 of [50], Theorem 2.1 of [51]. If we consider h-convex functions (s = m = 1),
Theorem 6 of [53] follows from our result. If the functions considered are (a, s, m)-convex, h(z) = z%, then we can
derive Theorem 3.2 of [54]. Analogously, for Theorems 3.2 and 3.5 of [55] with » = %

Theorem 2.14. Let 1 : I C R — IR be twice differentiable function on I° (the interior of I) such that "' € L[&,c].
[0,1], then we obtain the following

inequality:
o+1_,  (©c+x CD+1w wc+n
‘IW&%££J©@%+%_ J (®+1) ik ¢(®+1N
(%_5)2[ ” 7 ”(%)qr]
H; H, m
5{0D+1f oy @) 17\
(g_%)z 7_{ l]l)/’( )|q+mﬂ lp//(z)q;
@+12 | e 17 \m
where
1 ;
# = ([ wow)
0
T (o+T
Hy = ‘L.h(m+1)dL
1 @+ T\J°
H; = fo [1_h((p+1)] dt
N
with st =1
Proof. From Lemma 2.1 and using Holder Inequality, we obtain
®+1 OC+ K m+1 oc+xu
‘j(wzlp/g/gl}‘/@)"- ( D+1 )+ ( o+1 )‘
(n — &2 ‘,,m+7
< (®+1)2f ()l[l o+1 % 4t
(c — x)? O+T 1-1
+&D+Dzl:wu) QD+1 +@+1%)dT
(K_é)z ! P ’ fl N((D+T 1_T ! %

9\
dT) .

ll},,(ca+1(;+1—7%)

o+1 o+1

c=2?*( (" o
Y@rip (fo wﬂ(”‘”) (fo
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Therefore, gb"’q is the (h, m)-convex modified of the second type, we get

&l

+1,
-c¢’c

OC+ K
o+1

OC+ A
o+1

) o+1

‘I(w,l,b,é,c,%,@)“‘i ]w¢( )‘
(j: wp(T)dT);
=& ("
“V@+17 (fo [h (
_ 1
([ e
" {(% - &)? [
(@+1)°

Thus, the desired result is obtained. [

IA

O+T
+1

v (=

m

D+T

)

V@) + mH;

)
I

I
I

Yol o -o(2
sl
o]
2]}

Corollary 2.15. Under the assumptions of Theorem 2.14,

®+T
+1

v (2

m

@+T
o+1

(c—xn)?
(@ +1)2

He [y () +mH;

1. If we choose m = 1, then we obtain the following inequality;

e
(x—&)? 1 " a
= et ol
— %)2 1
2 el of + 7y ol
Hs, Hs and Hy are as Theorem 2.14.
2. Ifs=m=1, then
‘I(w,l[l,ff,c,%,(D)+ iti]?+¢(@c§:1%) (D+1]<; lp(@;:l%)‘
(% B 5)2 7" ’” q
= et
— %)2 1
2 [yl vl cof |
where
1 ;
H; = (f w”(T)dT)
0
L o+
Hy = Lh(@+1)dT'
1 @+
T R

q] dT)é

1027

|
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3. Taking into account the Corollary 2.12, items 3 and 4, we can derive new inequalities for Riemann and
Riemann-Liouville Integrals, respectively.

The breadth and generality of the previous Theorem can be verified with the following points:

Remark 2.16. Following what was pointed out in Remark 2.13, it is easy to verify that the following results are
particular cases of the previous one: Theorem 10 of [52], Theorem 7 of [53], Theorem 3 of [50], Theorem 2.2 of [51],
Theorem 4 of [47], Theorem 2 of [56], Theorem 3.2 of [54] and Theorem 3.1 of [48].

Theorem 2.17. Let ¢ : I C R — R be twice differentiable function on I° (the interior of I) such that " € L[&, c]. If
|, q 2 1, is (h, m)-convex modified of the second type on I for some fixed m € [0, 1], then we have

‘I@m#b&gﬁ@@y+iti]§¢(?§:fﬂ @+1
s 5l ol (2 |

Y Ok
A ol oo ()]

@g+xﬂ
o+1

|

IA

Bb/,(g)r]

where

1-1

1 q
7’[10 = (fo w(T)dT) .

Proof. From Lemma 2.1 and using well-known power mean inequality, we get

1y

o+1_, (oc+xn) o+1
‘I(wr#}rérg/%r@)—i_ _ ];+17l)( (D+1 )

(% —&)? ,,@+r 1-1
(w+Dzj‘ (ww w+1 +ca+1 )
(c — xn)? L(o+T  1-1
_W@+D2i;w“) (@+1g+@+1%)
_y2 /ol =5/ _
gb‘jzz (fo w(T)dT) (fo w(t) ¢"(—‘D+T<§+ ! T%)

o+1 o+1
BN =5
[ v

([

o+1 DC + M o+1
I 7 7 7 7 7 ( )
‘@Uwég%d»+%— ®+1

cag+%)
o+1

dt

dt

'Y
dT)

1
L(@®+T 1-7 7.\’
(—g+ %) de| .

o+1 o+1
(Dg+2«t)‘
o+1

q .
1", we obtain

ey

1-1

< ( f 1 w(T)d’t) 1,
0

R e I )

+ E;;?;z (jo‘lw(f)[h (@+1) v ©Qf +m[1—h(‘£:§)]s W'(%)Haﬁ)q},
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After the necessary modifications, the desired result is obtained, and the proof is completed. [

Corollary 2.18. Under the assumptions of Theorem 2.17,

1. If we choose m = 1, then we obtain the following inequality;

@+ 1] (cDg+%)+cD+1w¢((Dg+%)’

I Ay —
’(w1/;5g%m)+ n-c o+1 c—n'° o +1

< 7ﬁo{$§ 52&H’¢"@ "+ oy Gol']
o [ty @f + 76y <x)|q]”}

Hg is as Theorem 2.17.
2. Ifs=m=1, then

S
< ﬂlo{ik 9 74 ¢"(é) + |y (o]
2 vl vl oo |}

H is as Theorem 2.17 and Hs, Hy are as Corollary 2.12.
3. Corollary item 3 above is still valid.

Remark 2.19. Following the idea of Remark 2.16 we can derive the following as particular cases of this last result:
Theorem 11 of [52], Theorem 8 of [53], Theorem 3.8 of [551, Theorem 4 of [501, Theorem 2.4 of [51], Theorem 6 of [47]
and Theorem 5 of [56].

Theorem 2.20. Let ¢ : I € R — R be twice differentiable function on I° (the interior of I) such that " € L[&, c]. If
; =1, then we obtain the

following inequality:

+1]w (cD(;-i—%) ®+1

o+1
q
7o () }
v (g)|q}

(Dg-i—%)‘

()
1@ e cn0+ AR

(=P +(c-x)7 (1
(@ +1)2

(x=9&)
2 (H {(@+1)2

|

c—%)
(@ + 1)2

¢/l(£)|q +
where
1
7-(11=f wh(t)dt
0

and Hg, Hy are as Theoremy 2.14.
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Proof. From Lemma 2.1 and using Young Inequality, we have

1]w (cDg+74) o+1
o+1

(% —&)? ., LD+’L' 1-
(@+Dzj‘ (w¢ m+1 +cD+1 )
(c—xn)? T 1-1
+@D+D2j‘ w(®) (w+1g+@+1 )
(x—&2 (1 (* 1 (Y, (o+t, 1-1 [
(®+1)2{—£ w’”(’f)d’[+a‘f; Y (cv+15+w+1%) dT}
1 1
ECCD:;;i{ pr(r)d1f+%f v ((DJFT + 1_T%)qd’[}.
0 0

o+1" o+l
is the (h, m)-convex modified of the second type, we obtain

766000+ 22 et

o+1

]

dt

dt

Thus,

IPII q

o+1_, (®g+%) o+1
‘I(w,w,é,c,x,coﬂ ) 11

Eg;fiz {%Llwp(T)dT+%£ [h(Z:) 4}"(%)?&}
el folwpmm% fol e (25) (2]}

After the necessary modifications, the desired result is obtained, and the proof is completed. [

@g+%ﬂ
o+1

=

4’" (£)|q +m[1 h(®+7)]s

o+1

(D+T)5
o+1

v (c )|"+m[1 h(

Corollary 2.21. Under the assumptions of Theorem 2.20,

1. If we choose m = 1, then we obtain the following inequality;

’I(w,¢,§,g,%,m)+ iti]ﬁ (ch+%)+ @+1 w(@gM)’

o+1 c—u'° o+1
( _é)2+( - )2 1 1 ’7
e At
(% 5 ” q " q
e G ol + S ol

where

1
7'(11:f wh (t)dt
0

and Hg, Hy are as Theoremy 2.14.
2. Ifs=m =1, then

o+1_, (©oc+n @+1w oG+
‘I@w#y&gﬂaw)+ - L+¢(ar+1) s ¢((D+1)‘
( _‘5)2+( — )2 ” ( é) ’” ( — )2 ’”
et ol (“)’q}+' (BTl G o)

and Hg, Hy are as Corollary 2.15.

3. Taking into account the Corollary 2.12, items 3 and 4, we can derive new inequalities for Riemann and
Riemann-Liouville Integrals, respectively.
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3. Conclusions

In this work we have obtained new inequalities of the Hermite-Hadamard type for weighted operators,

via modified (h, m)-convex functions of the second type. Throughout the work we have shown how several
results known from the literature are particular cases of ours. Aside from the Corollaries and Remarks
presented, we can expand by saying that under certain values for x in I; and I;, new results can be derived.
Situation that remains valid considering other weights or other notions of convexity. All of the above shows
the breadth and generality of the results obtained and how new work directions are opened with the ideas
presented here.
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