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A note on EP element and Hermitian element in rings
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Abstract. Leta € R* N R* in this paper. We give several characterizations for a to be an EP element or an
Hermitian element in terms of reverse order laws of two elements from the given set.

1. Introduction

Let R be a ring with an involution. If a € R, then the Moore-Penrose inverse a' of 4 is the unique solution
of the system of equations

(1) axa = a, (2) xax = x,(3) (ax)* = ax, (4) (xa)* = xa.

Also, letali, j,- - - , I} denote the set of elements x which satisfy equations (i), (j), - - - , (/) from among equations
(1)-(4), and in this case, x is called the {i, j, - - - , [}-inverse of . An elementa € R is group invertible if there is
an x € a{1,2} that commutes with 4, the group inverse of a is unique if it exists and is denoted by a*. We use
R" and R* to denote the set of all Moore-Penrose invertible and group invertible elements in R, respectively.

Recall thatin [1, 5] an element a € R is called an EP element if a € Rt N R* with at = 4*. An elementa € R

is called Hermitian (or symmetric) if 2 = a*. We use REF and RH" to denote the set of all EP and Hermitian
elements in R, respectively.

Asis known to all, if a,b € R7!, thenab € R™! and
(ab)y ' =v1a7l

This equation is called the reverse order law. In 1966, Greville [6] studied the problem when (AB)" = BtA*
holds, where A and B are two complex matrices. Since then, the reverse order law for the generalized
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inverses has been widely investigated, see for example, [7-17]. Later, Mosi¢ and Djordjevi¢ [13, 18]
considered the hybrid reverse order law (ab)* = b%a" in rings with involution.

There are many conclusions about characterizations of EP element. For example, Hartwig [2] proved
that if a € R', then a € REY if and only if aa" = a'a. Patricio and Puystjens [3] characterized EP element by
ideals, they proved that if a € RY, then a € RFF if and only if aR = a*R. Xu et al. [4] characterized EP element
by three equations, that is to say, a € RFF if and only if there exists x € R such that

xa* =a, ax*=x, (xa)' =xa.
In these equivalent characterizations of EP element, most of them are related to a*, at and a*. So we
first investigate the Moore-Penrose inverse of the product of two elements in the set {1, 4", (a")*,a",a*, (a%)"}
under the condition a € Rt N R*, which will improve some conclusions in [19]. And then we give several
characterizations such that a is an EP element by hybrid reverse order laws of the Moore-Penrose inverse
and group inverse of two elements from the set {a, a*, (@a*),at,a*, (a")"}. In addition, we give some new
characterizations of Hermitian element in the third section.
The following notations will be used in this paper:

T, = {a, Ll#, (Ll+)*},

Va = {a+/ ar, (a#)*}/

Xa =T Uy, = {a,a*, @), al,a, (@)}

2. Characterizations of EP element by hybrid reverse order laws

In this section, we give expressions for the Moore-Penrose inverse and group inverse of the product of
two elements in x,. And then we characterize EP element by hybrid reverse order laws.

Lemma 2.1. [19] Let a € Rt N R¥, then
(1) a* € R* with (a")* = (aa*)*a(aa®)*;

(2) a* € R* with (a")t = atala’.

Lemma 2.2. Leta € R N R* and w € x,. Then w € R* N R¥, and we have the following results:

+
aat, wer
Dww' ="’ v
ata, wevy,.
. ata, wenr,
Quw'w=4 |
aa’, wevy,.

aa®, W E T,

3 L -
(3w = whw {(aa#)*, W € Y,

Proof. 1f a € Rt N R¥, according to Lemma 2.1 and the definitions of Moore-Penrose inverse and group
inverse, it is easy to verify that
(a#)# =a, (a#)‘i' — a‘l'a3u‘l"

(@) = (@M = ad*aaa®, (@) =a".

Thus w € R* N R*, where w € 7,.

As we all know, w € Rt N R* if and only if w* € Rt N R*. When w € y,, w* € 1, thus w* € R" N R¥, hence
w e RTNR.

So we have proved above that if a € R" N R* and w € x,, then w € R" N R*. Next we are going to prove
conclusions (1)-(3) in this paper.

(1). When w € 1,

() If w = a, then ww' f

=aa .
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(i) If w = a*, then

+

ww :a#(a#)'l" # 1 .3 1 3.1

=d'a'a®at = (a")aa'ala
= (a"?a’a" = aa®.

(i) If w = (a%)*, then ww' = (a")*((a*))t = (@*)'a* = aa®.
When w € y,:

(i) If w = at, then ww' = a*(a")t = a'a.

(ii) If w = a*, then ww' = a*(a*)" = a*(a®)* = a'a.

(ii) If w = (a*)*, then

T =@ (@) = @) (@) = @'y @'d’a") = (@'a’a'a")

= (a'dlataa*a®) = (ataaa®) = (aTa) = a'a.

+)+

+
; aa®, weE T,

As a consequence, ww' = + .
ata, wey,.

(2). If w € x,, then w* € x,. According to (1), we obtain

b ey |ad, wrer,  |aa', wey,
ww=w(w) ={, . =4
ata, w'ey, |aa, wen,.

(3). When w € 1,:
() If w = a, then ww" = aa®.
(ii) If w = a*, then ww* = a*(a
(ii) If w = (a%)*, then

F =@y (@)) = @) (@ = @) (aa®) a(aa®yy
= (@dtaayada'ad® = (a'ya'aad®a ad® = (a¥Yataa ad®

= (@'Ya'ad® = (aa*)aa® = aataa® = aa®.

Y = aa = aa®.

When w € y,, w* € 7,. Thus ww" = (w*(w*)*)* = (aa®)".

#
aa w e T,
Therefore, ww® = ww = . !

(ad®)", w ey,

From Lemma 2.2, we have the following two results, which will be applied repeatedly in the following
paper.
Corollary 2.3. Leta € R" N R¥ and w € x,. Then a € RE? if and only if w € REP.

Proof. w € R¥Y = ww' = wtw X & a € R,

+  Lemma 22 aa’ = ﬂ+€l, W E Ty,
ata=aa", wevy,

O

Corollary 2.4. Leta € R" "R and x,y € x,. Then

(1) xxt = yy, X,YET, OF X, €V,
vy, xe€T,y€Ey, or x €Y, Y E T,

(2) xtx = vy, x,yet, or x,y €y,
yy', xXE€T,yEY, or X €V, Y E T,

(3)xat = AWV XYET 0T Xy €Y
(yy#)*/ XE€Ty, Y €EYqg OF XE€ Yy, Y €Ty



T. Li et al. / Filomat 39:3 (2025), 799-807 802

Li and Wei [19, Theorem 2.1] gave expressions for the Moore-Penrose inverse and the group inverse of
product of two elements in x,. Now we are going to show you more concise formulae and the proof.

Theorem 2.5. Leta € R N R¥. Ifx,y € x,, then xy € Rt N R*. And in this case, (1) (xy)" = yta¥xxt.
In particular, (xy)t = ytx*xxt = y'x" whenx € v,y € v, or x €y, y € 10

v, x,y e, or x,y €y,

ot
yx,

2) (xy)* =
()(xy) { xETu/yeyﬂ or XEVa/]/GTﬂ'

Proof. (1). Sincea € R*NR* and x, Y € X4, from Lemma 2.2, we know that x,y € RN R*.
According to Corollary 2.4,

ot t
P xxx'x"xx', X,y €1, or X,y €Yy +

= = 1

(ey)(y x"xx) {xx*xx#xx’f, XET,YEY, OF XE Yy, Y E Ty " ()
is symmetric. And
+o#
+x#Xx1' XY) = +x#x = Yy Y €Ta 07 LY € Ya =y'
Y Jxy) =y iy VWYY, xE€ETLyEY. or XEYLYET, Y

is also symmetric. Thus, y'x*xx" is a {3, 4}-inverse of xy. Furthermore,

(ep)(y' ) xy) == xx'xy = xy
and
(y*x#xx‘L)(xy)(y*x#xf) 4 (y’Lx’(‘txfo)xxJr = yJ‘x#xxJr

show that y'x*xx" is a {1, 2}-inverse of xy. Hence, (xy)" = y'x*xx", where x, y € x,.

In particular, when x € 7,y € ¥, or x € Y,y € T,

()" = y'ata® =y )t =y ey yy ' = iyt =y

(2). From the above proof, we know that y'x*xx" is a {1,2}-inverse of xy, (xy)(y'x*xx") = xx' and
(') (xy) = y'y.

According to Corollary 2.4, when x € 7,y € Y, or x € ¥,y € T, xx' = y'y. Thus (xy)(yTx¥xx) =
(vt x*xx)(xy). So, (xy)* = yixfxxt = yfxt.

When x,y € 7, or x,y € y,, xx* = yy*. Since (xy)(y*x*) = xxx®x* = xx* and (v*x*)(xy) = v*v*yy = vy,
we obtain (xy)(y*x*) = (y*x*)(xy). Moreover,

) xy) = vy = xy, () ) () = vt = v,
thus (xy)* = y*x*. O

Leta € RTNR¥, from Theorem 2.5 we know that (xy)* = y'xt = (xy)* whenx € 1,y €y, or x €y, y € 14,
thus we obtain the following result.

Corollary 2.6. Leta€ R"NR*. Ifx € 1,y € v, or X € 4,y € 14, then xy € REL,

If w € 7, (resp. w € y,), then w* € y, (resp. w € 7,). Thus, from Corollary 2.6 and Theorem 2.5 we have
the following conclusion.

Corollary 2.7. Leta € R" N R* and w € x,. Then ww*,w*w € REY. And in this case,
(ww")" = (ww')* = (w)'w',

(ww) = ww)* =w (W)
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Many references have considered the characterizations of EP element, we characterize a € REF by hybrid
reverse order laws in the following theorem, which is an interesting conclusion.

Theorem 2.8. Leta € R' N R¥ and x,y € x,. Then the following conditions are equivalent:
(1) a € RE?;
(2) (xy)" = y'a;
(3) ()" = y'x;
@) (xy)t = y*x¥;
(5) (xy)* = y'x¥;
(6) (xy)* = y*xt.

Proof. (1) = (2)(3)(4)(5)(6) by Corollary 2.3 and Theorem 2.5.

Conversely, according to Corollary 2.4 and Theorem 2.5, we show that the condition (1) can be derived
from any one of conditions (2)-(6). If we want to prove that a € RE', we just need to prove that x € RE or
y € RFY by Corollary 2.3.

(2) = (1). Since (xy)" = y'x*xx?, the condition (xy)" = y*x* can be equivalently replaced by y'x*xx" =
y'x*. Pre-multiplying the equality by xy, we have

todtyo b ot b
xyy' X xx’ = xyy' x7,

ie.,
{xxx"x"*xx”r =xxx'x¥, x,ye1, or x,y €y,

t txx, xert,yey, or x€v,y €T,

xxt ot = xx
Both of these two equations can be simplified to xx" = xx*, thus x € RF'".
(3) = (1). The condition (xy)" = y*x" is equivalent to y'x*xx" = y*x'. Post-multiplying the equality by
xy, we have
yifaxtxy = y¥atay,

ie.,
viv'yytyy=vtytyy,  xyet or xyey,
vy yyty =vtyyty, xet,yey, or xeyy et

The equality ¥ y*yy'yy = y*y'yy can be simplified to y'y = y*y, thus y € RFF. For the equality
vy yy'y = v yy'y, theleft-hand side y' (") yy'y = v'yy (vy")'y = y' (vy*yy")'y = y'(yy")'y = y'y and
the right-hand side y*yy'y = y*y, thus y'y = y*y, which leads to y € RE.

(4) = (1). The assumption (xy)" = y*x* is equivalent to y'x*xx" = y*x*, pre-multiplying the equality by
Y, we obtain

yy = yyfat, (2)

When x,y € 1, or x,y € y,, Eq.(2) implies that xx"x*xx" = xx*x*, pre-multiplying the equality by x, we
have xxx'x*xxt = xxa¥x*. simplifying this formula yields xx* = xx*. Hence x € RFP.
When x € 7,y € ¥, or x € ¥,y € 75, Eq. (2) follows that xtxxtxat = (xa®)*x*, this is further reduced to
xt = (ex®yx¥, thus
xxtxt = xt o) = oy = ata® = o
Furthermore,
xx? = x(exx™) = (o aHat = xfant = xaf,

so x € RFP,

Since (xy)t = y'x" = (xy)* when x € 1,y € y, or x € y,,y € 7, by Theorem 2.5, in this case, conditions
(5) and (6) are equivalent to conditions (2) and (3), respectively. Therefore, we only need to show that the
condition (1) can be derived from any one of conditions (5) and (6) when x, y € 7, or x,y € y,.
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(5) = (1). When x,y € 7, or X,y € y,, (xy)* = y*x*, thus the condition (xy)* = y'x* is equivalent to
y*x* = y'x*. Post-multiplying the equality by xy, we have y*x*xy = ytx*xy, ie., y*y*yy = yTy*yy, this yields
y# = y* y, which shows that y € REP,

(6) = (1). When x,y € 7, 0or X, € y,, the hypothesis (xy)* = y*x" is equivalent to y*x* = y*x". Pre-
multiplying the equality by xy, we have xyy*x* = xyy*xt, i.e., xxx*x* = xxxx", this yields xx* = xxt, which

shows that x e REF. O

After reading Theorem 2.8, you may ask: whether (xy)* = y'x" and (xy)* = y*x" are also equivalent to
a € RFP? The following two results will tell you the answer.

Corollary 2.9. Leta € R" N R* and x,y € 7, or x,y € y,. Then the following conditions are equivalent:
(1) a € RE?:
(2) xy € REY;
(3) (xy)* = y'x".

Proof. When x,y € 1, or x,y € v,, (xy)" = y'x*xx" and (xy)* = y*x* according to Theorem 2.5.

(1) © (2). Suppose that a € REY, then x, y € REF by Corollary 2.3. Therefore, (xy)" = y'x*xxt = y*x¥xa® =
yix* = (xy)*, thus xy € RFP,

Conversely, if xy € RE, then (xy)t = (xy)* = y*x¥, so a € REF by Theorem 2.8.

(1) & (3). Assume thata € REP, then x, y € REF by Corollary 2.3. Hence (xy)* = y*x* = y'x'.

Conversely, the condition (xy)* = y'x" is equivalent to y*x* = y*x?, pre-multiplying the equality by y,

we get yy*x* = yy'at, ie, xx¥x = xxtx®, which yields x* = xxx". Moreover,

xx? = x(exx™) = (ot = xfant = xaf,
so x € REF. Hence a € REF by Corollary 2.3. [J
Corollary 2.10. Leta € R'NR*. Ifx € 7,,y € y, or x € y,,y € T,, then a € RE if and only if (xy)* = y¥x*.

Proof. According to Corollary 2.6, xy € RE' When x € 1,y € y, or X € Y,y € T, thus (xy)* = (xy)".
Therefore, (xy)* = y*x* if and only if (xy)' = y*x*, which is equivalent to the condition a € REY by
Theorem 2.8. [

3. Characterizations of Hermitian Element

An element a € R is called Hermitian (or symmetric) if a = a*. In this section, we characterize Hermitian
element by hybrid reverse order laws.

Lemma 3.1. [4, Theorem 3.9] Suppose that a € R*. Then a € R if and only if one of the following equivalent
conditions holds:

(1) aR C a*’R;

(2) a'R C aR;

(3) Ra C Ra*;

(4) Ra* C Ra.

Lemma 3.2. [5, Theorem 1.4.2] Suppose that a € R' \R¥. Then a € R ifand only if one of the following equivalent
conditions holds:

(1) aa* = a*a*;

(2) aa® = ata*;

(3) aa*a® = a.

From the definition of Hermitian element, we immediately get the following lemma.

Lemma 3.3. Leta € RY N R* and w € x,. Then a € RA" if and only if w € RHer,
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Therorem 2.8 give the characterizations of EP element by hybrid reverse order laws. Inspired by it,
we made some changes to hybrid reverse order laws in Therorem 2.8 and found the following interesting
results.

Theorem 3.4. Let a € R' N R¥ and x,y € x,. Then the following conditions are equivalent:
(1) a € RHer;
(2) (xy)" = (y)'x";
(3) (ay)' = y* ()
(4) (xy)" = (y)'x";
(5) (y)' = y' ()"

Proof. (1) = (2)(3)(4)(5). Leta € R" N R*. If a € RH", then a € REY by Lemma 3.1. In this case, x, y € R, so
x = x"and y = y*, therefore, conditions (2) and (3) are valid according to Theorem 2.8.

In addition, when a € REP n RHer, x, y € REP N RHer. Thus from Theorem 2.5, we have (xy)" = yfxxxt =
y'xt = (y)Txt = T (x")", which shows that conditions (4) and (5) are valid.

Conversely, if we want to prove that a € RHT, we just need to prove that x € RH or y € RHer by
Lemma 3.3.

(2) = (1). The assumption (xy)" = (y")'x* can be equivalently written as y'x*xx" = (y*)'x*, post-

multiplying the equality by x, we have y'x*xx'x = (y)x*x, ie.,

yixx = (y) . ©

When x,y € 7, or x,y € y,, Eq.(3) is equivalent to y'y*y = (y")'y*y, post-multiplying the equality by y
we get y'y*yy = (y)Ty'yy, it is further reduced to

vy =)'y, (4)

taking an involution on it we get y'y = y*y'. Pre-multiplying the equality by y, we have y = yy*y', thus
y € RHer according to Lemma 3.2.
Whenx € 74,y € v, 0r X € Y4,y € 14, Eq.(3) is equivalent to

v ') =) vy
Post-multiplying the equality by y* we get
vy =)y
which can be simplified to

vy =yy'. (5)
Hence
y=w'y=yyy=yyyyyeyR

which yields that y € RE' by Lemma 3.1. Moreover, from Eq.(5) we obtain yy* = yy' = y'y*, thus y € RHer
according to Lemma 3.2.

(3) = (1). Since x,y € xa, x°,y" € xa. Suppose that (xy)" = y*(x*)!, taking an involution on it, we get
(')t = (")) (y")*, from the proof of (2) = (1) we obtain that x* € RH, thus x € RHer,

(4) = (1) Suppose that (xy)' = (y*)*x, then y'x*xxt = (y*)*x!. Post-multiplying the equality by xy we
have

yixtxxtxy = (v) xxy,

ie.,
yixtxy = (y)xTxy.
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According to Corollary 2.4, the above equality can be written as

vtyy =)'y, xyet o or xyey,
vy =) 'yty, xet,yey, or xey,y e,

Both of these two equations can be simplified to y'y = ()", which is the same as Eq.(4), thus y € RH" by
the proof of (2) = (1).

(5) = (1). Since x,y € x4 X', y* € xo. Assume that (xy)" = y'(x")', taking an involution on it, we get
(y'x)t = ((x))(y")*, from the proof in (4) = (1) we obtain that x* € RHr, so x € RHer. [

Theorem 3.5. Leta € R' N R¥ and x,y € 1, or x,y € y,. Then the following conditions are equivalent:
(1) a € RHer;
(2) (xy)* = (y)*x";
(3) (xy)* = y*(x)";
(4) (xy)* = (y )",
(5) (xy)* = yr(x)"

Proof. Leta € R" N R, ifa € RH*r, then a € REP by Lemma 3.1. From Theorem 2.5 we know that (xy)* = y*x*
whenx,y € 1, or x,y € y,.

(1) = (2)(3)(4)(5). Obviously.

(2) = (1). Suppose that (xy)* = (y*)*x¥, then y*x* = (y*)*x*. Post-multiplying the equality by x we have

vt = (),
which is equivalent to
vty =)'y
when x,y € 7, or x,y € y,. The above equality can be further simplified as

v ="'y, ©)
Thus
y=yy =y =Y =y @YY e vR,

which yields y € REF. In this case, Eq.(6) can be written as y' = (y")y'y = ('), thusy = (") = (v")) = v
shows that y € RHer.

(3) = (1). Since x, ¥ € x4, x°,y* € x,. Taking an involution on the hypothesis (xy)* = y*(x*)*, we get
(y*x)* = ((x"))*(y")*, from the proof in (2) = (1) we obtain that x* € RHT, so x € RHer,

(4) = (1). Assume that (xy)* = (y)*x', then y*x* = (y")*x". Post-multiplying the equality by x we have

y#x#x — (yx-)#x‘i"xl
ie.,

vy =)'y,
where x,y € 7, or x,y € y,. the above formula can be simplified as

v =)'y, 7
Furthermore,
y=v"y =Yy =Y =y Y Y €y R,

soa € R, Moreover, Eq.(7) can be written as y* = (y')*'y'y = (y*)*, Hence y € RHer.

(5) = (1). Since x,y € x4, X', y* € xao Taking an involution on the assumption (xy)* = y'(x*)* we get
(yx)* = ((x))*(y")'. According to the proof of (4) = (1), we obtain that x* € RHT, thus x € RHer. [
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