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Abstract. In this paper, we introduce some refinements of the arithmetic-geometric-logarithmic mean

inequality. The obtained results allow us to get new inequalities for the inverse sine function and refined
inequalities for well-known hyperbolic inequalities.

Further, as a new track in this field, we present a possible arithmetic-geometric mean inequality in the

complex plane, with applications towards complex inequalities for concave functions and their sub-additive
behavior.

Moreover, the celebrated Jensen-Mercer inequality for convex functions is refined in a way that implies
some new relations among the arithmetic, geometric, Heinz, and weighted logarithmic means.

1. Introduction

Given two positive numbers g, b, the arithmetic-geometric mean inequality (AM-GM inequality) states
that Vab < ©b_This inequality is a special case of its weighted version, which asserts, for 0 <v <1,
a,b < aV,b, (1)

where afl,b = a'™'b” and aV,b = (1 - v)a + vb are the weighted geometric and arithmetic means, respectively.
The inequality () is usually referred to as Young’s inequality in the literature. Whenv = 1, we simply write
afb and aVb instead of affy and aV b, respectively.

The n—tuple version of (I) states that

n n

P
[ = X
i=1 i=1

(2)
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where x;,p; >0and Y./, pi = 1.
Research in this field includes obtaining refinements, reverses, new insights, and new relations that govern
the inequalities above. For example, (2) was refined and reversed in the following multiplicative forms

Z” X \"™Pmin _n n Z” Xi \"Pmax n

i=1 . i=1 ;

S IIED e B

Hn xl/n 1 Hn xl/n 1
i=1%; i=1 i=1 i=1%; i=1

and in the following additive forms

Zl'qlxi - 1/ - - Zn1xi - 1/

= i 1= n

Wpuin | == = | |xi "< E Pixi_l |Xf’ < Mo | = - | |xi , (3)
i=1 1

i=1 i i= i=1

where pmin = min{py,--- ,ps} and pmax = maxipi,---,pa}. We refer the reader to [1, [7, 12] for further
discussion, applications and related references.
When 7 = 2, the inequalities in (3) can be stated as follows [4} [5]:

al,b < aV,b —2r (aVb — affb), 4)
and
aV,b < ath,b + 2R (aVb — afib), ®)

where r = min {v,1 — v} and R = max {v,1 — v}. We refer the reader to [9,[13] for further discussion of these
forms.

For a general discussion of the AM-GM inequality and its applications, we refer the reader to [2,[3] 8,
10, [T1].

Related to the geometric mean, the logarithmic mean of the positive numbers a, b is given by

1
b—a

f(ﬂﬁtb)dt—m, (ﬂ,b>0,ﬂ¢b). (6)

0
It is well known that

1
affb < f(al:itb) dt < aVb. 7)
0

In this paper, we first give an upper and a lower bound of the difference aVb — fol (a:b)dt, as a refinement
and a reverse of the inequality fol (a}b)dt < aVb, as follows.

Proposition 1.1. Leta,b > 0. Then
1
% (aVb — afib) < aVb — f(ajitb) dt < 3 (aVb — afib).
0

Proof. This follows immediately upon integrating @) and (§). O

This paper aims to introduce new refinements of the AM-GM inequality afb < aVb, which enable us to
obtain new inequalities for the inverse trigonometric functions and the hyperbolic functions. A detailed
discussion of the obtained inequality and its relations to the existing literature will be included. For example,
our results will enable us to show that

inh
coshy — i(1 —e¥)? < antnld

1 2
(1 —eY
o ” < coshy 4ey(1 e)
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as a refinement and a reverse of the well-known inequality

sinh y

< coshy.

Further, we present a refinement of Stolarsky inequality [16]

X
exp(tanhx - 1) < coshx; (x>0),

and the well-known inequality
2

coshx < exp(%); (x>0),
where the Specht ratio interferes.

Further, as a new investigation in this field, we present AM-GM inequalities in the complex plane,
emphasizing how convex inequalities work in the complex plane. The significance of this discussion is due
to the fact that the complex plane needs to be better ordered. This will be done using the modulus function.

Strongly related to our discussion, we present a new refinement of the Jensen-Mercer inequality for
convex functions. The result willimply new relations among the arithmetic, geometric, Heinz, and weighted

logarithmic means.

2. An inverse trigonometric refinement of the AM-GM inequality

In this section, we present a refinement of the AM-GM inequality in terms of the arc sine function. While
this refinement is interesting, its application in obtaining an inequality for the arc sine is essential.

Theorem 2.1. Let a,b > 0. Then

1 aVb\[a+Db . [Ib—a aVb
1SE{1+(E)(|b_al)arcsm(a+b)}Sm. (8)

Proof. Let 0 <t < 1. Then by applying (1) twice, we get

a+b (A-tHa+th+(1-t)b+ta
2 2
V(@ =t)a+th) (1 —t)b + ta)

> V(a-'b') (b1 a)

v

~~

I
5%
s

Since

(1-Ha+th)(1-Hb+ta)=1-tlab+t(1—t)a®+t(1 - ) b* + ab
= (-7 +£)ab+t(1-t)(a +1?),

we can write (9), in the following form

a+b

Vab < \/((1—t)2+t2)ab+t(1—t)(a2+b2)s -
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Now, by integrating over 0 < ¢t < 1, we get

1
f (@ =02+ R)ab+ 11— 1) (@ + 1)t
0

1

(a+ b)2 arcsin(lb_”ﬂ‘(+_l)) 2t-1) \/((1 - t)z + tz)ab +t(1—1)(a%+b?2)

8b—a ’ z
0
_ b)z arcsin —lb —al — arcsin ——|b —al + @
"~ 8|b—aq a+b a+b 2
Therefore,
@+b’( . (lb-al ( Ib—al\\ Vab _a+b
%S8Ib—a| arcsin P arcsin P + > < 5
Since arcsin (—y) = — arcsin y, we get
@+b® . (lb-al\ Vab _a+b
< < .
\/@_4|b_a|arcsm ol R e
This completes the proof of the theorem. [
Remark 2.2. The second inequality in (8) is written by
-1
a+b . [lb—a aVb
=[2- —— —| <=
&(a, b) (2 b arcsm(ﬂ+b )) < 2

< EforO <x<1,and 0 < |b—Z| <1, wealso find 1 < &(a,b) <

x
inequality (8) improves the arithmetic-geometric mean inequality.

arcsin(x)

Since 1 < ET(. Therefore, the

4

We also notice the following inequality for the arc sine function as a conclusion of Theorem

Corollary 2.3. Leta,b > 0. Then

ah  a+b . (Ib—al)sz_ﬁ
a

L St .
b = —a T Tt avb

In particular, if x > 0, then

2+x

<2- .

3. A hyperbolic inequality via the AM-GM inequality

In this section, we prove a refinement of the AM-GM inequality to enable us to obtain newly refined
inequalities for the hyperbolic functions. First, we show the following refinement and a reverse for the
second inequality in (7).

Theorem 3.1. Let a,b > 0. Then

g (8~ + () (i~ VB + [y <ave
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and
4 3 2 1 4 2 4 2
Vb < [ @ro)a+ 3V~ VB - g (Vb - V) + (Vb - va)')
0

Proof. It follows from [17, Lemma 1] that
ro( Vb~ &)’ + (Ve - VB) + atb <avib; (0t <)
and
ro(Vab = VBY + (1 = 1) (Va - Vb)' +atb <avib; (3 <1<1)

where rg = min {2r,1 — 2r} and r = min {¢, 1 — t}. Since

a+b—|a-b

7 ; (@a,beR),

min {a, b} =
wegetfor0<t<1/2,
min (21,1 - 2r} (Yab - V&) +#(Va— Vb) +atib
= () (8 - VB (V- VB)' atit

2
=(1_|4min{2t’1_t}_1|)<‘4/ﬂ_—\/ﬁ)2+t(\/_—\/l_1)2+al:itb
= (2 (Vb - VR + o Vi - VB +atb
<aVib

ie.,

(w)(w_ \/ﬁ)Z +t{ Va - \/5)2 +aflib < aVib.

Taking integral over 0 <t < 1/2, we obtain

o[-

%
4 2
(V& - Va) + (Ve - V5) )+f(am)dtg Sagh
0
In a similar way, we have

(w)(%—b— VB) + (1 -8 (Va- Vb) +atib <avVib

for 1/2 <t < 1. Taking integral over 1/2 <t <1, we reach

%((W— \/};) \/__ ‘/_ f(aﬁtb)dtg éa+ gb.

10987

(10)

(11)
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By combining inequalities and (11I), we have

3 1

(457 (48557}« 5005 0+ [ s [

0

™|

= (Vb - VY’ + (Y~ b))+ (Ve - va)ﬁf(amb)dt

<aVb

as desired.
The second inequality follows from the following inequalities [17, Lemma 2]:

aVib < atb+ (1= (Vi - VB) ~ro(Vab - VB ;{012 3),
and
aVib < atb+ 1V - VB)' = ro( Ve~ a)'; (3 < £ <1).
This completes the proof. [J
Now we use Theorem 3.1|to obtain the following hyperbolic inequality.

Corollary 3.2. Let y € R. Then

inh
Sy < coshy— ﬁ(l —eY)?. (12)

3 2
21—
coshy v (1-¢Y) <
Proof. It follows from Theorem that, for x > 0,

1 3 2 -1 1 1 2
erx_Z(l_\/;) SicogxS erx_Z(l_\/;) (49

thanks to (6). In (I3), replace x by %, to get

2y _ 2y
ulere _1(1_ey)2_
2y 2 4

1+e%
2

- Z(l —e¥)’ <

Dividing by e¥ implies the desired inequalities. [

It is possible to express the Taylor series at zero of the sinh and cosh functions explicitly. Indeed, we can
write

1+ —=+—=+
x 3! 5! !
x2  x*
coshx=1+5+5+ ,
and, of course,
inh
1< sy < cosh x. (14)

Clearly, delivers a refinement and a reverse for the inequality (14).

We have the following remark related to the hyperbolic functions, which provides a refinement and
a reverse of the simple inequality coshx > 1. This further illustrates the relation between hyperbolic and
mean inequalities.
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Remark 3.3. If, in () and (@), we replace a and b by e* and e™*, we get

1+ % ((1 —v)er +ve ™t — (e")l_v(e‘x)v)

< coshx

<1+ %((1 — V) &+ et — (ex)l—V(e—X)V),

wherer =min{v,1 —v}, R =max{v,1—v},and 0 <v < 1.

In [16], Stolarsky obtained a possible bound for the exponential function whose power involves a
hyperbolic function, as follows:

X
exp (m - 1) < coshx; (x>0). (15)

A well-known upper bound for cosh x is also given by
$2
coshx < exp (3), (x>0)), (16)

which is confirmed by setting the function

2
flx) = x? —logcoshx, (x> 0).

x+ 1+ (x = 1) 20 _1\?

1
Then we have f’'(x) = T and f”(x) = (iz;:ﬁ) > 0 for x > 0. Therefore we have f’(x) >
£f'(0) = 0 which implies f(x) > f(0) = 0. The direct proof of is not so tricky by setting the function

(x> 0).

X
g(x) := log coshx — (tanhx - 1),

2x _ 2x
Then we have g’'(x) = % with h(x) := %. Since the function h(x), is just the same as
f'(x) above, we find h(x) > 0. Therefore we have g’(x) > 0 which implies g(x) > g(0) = 0 since we have

X
=1.
tanh x
On the other hand, as a converse of the arithmetic-geometric mean inequality, Specht [15] estimated the
ratio of the arithmetic mean to the geometric one in the following form

lim
x10

=t

a
aVbSS(—)ab;S(h)z _
b (ath) eloghit

h#1. (17)

Interestingly, the Specht ratio S(k) can be used to obtain better bounds for the hyperbolic functions. In
the following result, we obtain upper and lower bounds for cosh x in a way that refines (15) and (16).

Theorem 3.4. Let x > 0. Then
coshx < S (32") , (18)

and

1 (cosh x) arcsin(tanh x)
=11+
2 tanh x

) < coshx. (19)
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Proof. Tt follows from the inequality that

%ssm) Va.

for any a > 0. Substituting va = t, we conclude

1+

<S()t.
From this, we can write,

2 2
With the substitution ¢ by e*, (20) becomes

t

elnt 4 g-Int 9 1y 1+#£ )
e te (t )= —— <5(8). 20)

e elne" +e Ine*
coshx = 5 = 5 <S ((e")z),

which shows the first desired result.

We reach the inequality by applying the same method for the second inequality in (). Indeed,
if we set 4 := ¢* and b := ¢7* in the second inequality in (8), then we have the inequality by simple
calculations, noting that e* > ™ for x > 0.

|

The following proposition shows that the inequalities (19) and (I8) give sharper lower and upper bounds
of cosh x than the inequalities (15) and (16), respectively.

Proposition 3.5. For x > 0, the inequalities

(cosh x) arcsin(tanh x) ( x )
tanh x > 2exp tanh x ! @1
and
2
exp (E) > 5(e*) (22)
hold.

Proof. The inequality is equivalent to

t+1 t+1 . (t—1 t+1
1+2—\/E-marcsm(m)>2exp(mlog\/E—l), t>1), (23)
by putting ¢* := t > 1 for x > 0. The inequality is equivalent to
1
arcsin(s) 2(1+s)Z
1+ —22 5 2(2 22 1
+s 1_Sz>e 1<) - 0<s<1),

t—1
by putting 1 =:sfort > 1. Now we consider the function

f(s):zlog(1+s — o

M)_lo [2 (1+S)B], (0<s<1).
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The proof of the first desired inequality will be accomplished upon showing the positivity of the function

f(s). We have
, 1 1+s 4s arcsin(s)
= —11 — .
fe) ZSz{Og(l—S) s\/1—52+arcsin(s)}

Setting s := sin 0, we may set the following function also

©) =1 (1+sin9)_ 40sin O
g =08\ 1T "gin6) B +sinBcosd’

(0<6<m/2).

Then we have
2 4(0sin® 0+ cos 0(62 + sin? 0))
cosO (6 + cos O sin 6)?

2(0 — sin 0 cos 0)(0 + cos O sin O — 20 cos? )
cos 9(0 + cos O sin 0)? '

7'(0)

For the function h(0) := 0 — sin 0 cos 0, we have 1’ (0) = 2sin*6 > 0 for 0 < 6 < 7/2 so that we have
h(0) > h(0) = 0. Also for the function k(0) := 6 + cos 0sin O — 20 cos? 8, we have k’(0) = 20sin(20) > 0 for
0 < 6 < m/2 so that we have k(0) > k(0) = 0. Therefore we have g'(0) > 0 which implies g(6) > g(0) = 0.

arcsin(s) _ 1. This shows that

This means f’(s) > 0 so that f(s) > f(0) = 0 since lirrol(i * S)ZS = e and lim

205Vl - 52
f(s) > 0, and the proof of (21 is complete.
To prove (22), we set the function

Fx) = %xZ - (ezf’i -~ 1-log2v + log(e™ - 1)), (x> 0)

By a simple calculation, we have
2
{x2’f(x -1 +x+ 1}
x(e —1)?

2
So we have f(x) > f(0) = lifg f(x) = 0, which means % > log S(¢**). Therefore we have exp ("2—2) > 5(e?) for

f(x) = > 0.

x > 0. This completes the proof. [
From Theorem [8.4and Proposition 3.5, we have for all x € R,

x 1 (cosh x) arcsin(tanh x) - x2
exp(tanhx 1) < > (1 + anh x < coshx < 5(e™) < exp 7
since arcsin(—x) = — arcsin x, tanh(—x) = —tanhx, cosh(—x) = coshx and S(1/h) = S(h) for 1 # h > 0 with

S(1) =: lim S() = 1.

4. The AM-GM inequality in the complex plane

In this section, we present some inequalities in the complex plane. While the AM-GM inequality spins
off first, we present other inequalities for convex functions. In this context, the modulus will be used in
order to be able to compare complex quantities. Also, additional conditions on the arguments of the used
complex numbers will be imposed. We begin with the following complex version of (2).

For zi,...,z, € C and positive scalars wy, ... w, with Y, wi =1, we have

Assuming a condition for arguments, we have a reverse inequality above in the following.
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Theorem 4.1. Let wy, ... w, be positive scalars with Y.y w; = 1. If z3,...,2z, € C and 0 € [-n, 7] satisfy
largz| <160; (i=1,...,n),

then

n
2 w;izi| .
i=1

n
cos 6 Z w; |zi] <
i=1
Proof. We have
n
2w
i=1
n
>R Z w;z;
i=1

= ‘R(w1 |z1] €287 4 .. + ), |zn|eiargz”)

= R (w1 |z1]| (cos (arg z1) + isin (argz1)) + - - - + Wy |z4| (cos (arg z,) + isin (arg z,))) (24)

= cos (argzi) wi |z1] + - - - + cos (arg z,) Wy, |z,

= cos (|arg z1|) wy |z1] + - - - + cos (| arg z,|) wy, |z,]

n
> cos|6)| Z w; |zi|
i=1

n
=cos 0 Z wi |zil,
i=1

where we have used the assumption 0 < |argz;| < |0| < 7 to obtain the second inequality, cos(—x) = cos(x)
and cos(x) is monotone decreasing in x € [0, r]. O

Remark 4.2. If we restrict 6 € [-7t/2, /2] in Theorem 4.1} we have

n n
cos 6 H |zi|“" < cos O Z w; |zi] <
i=1 i=1

since cos 0 > 0 for 0 € [-1/2,7t/2].

7

n
E wizi
i=1

At this stage, we point out that when the z; are all real numbers, one can take @ = 0,6 = 0 in Remark
This implies ). Another observation here is the use of [2) to obtain the first inequality in Remark 4.2}
Notice that one can use a refined version of () to obtain a refined version of Remark[4.2] This will be left
to the interested reader.

Having presented the AM-GM inequality for complex numbers, we proceed with further complex
inequalities. The significance of this inequality is due to the fact that a concave function f : [0, 00) — [0, c0)

satisfies the Jensen inequality
n n
Z wif (x;) < f[Z wixi] ,
i=1 i=1

where x;, w; > 0 and ), w; = 1. We also recall that such a concave function f : [0, c0) — [0, ) satisfies the
simple inequality

rf(x) < f(rx),0<r<1. (25)
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Corollary 4.3. Let f : [0,00) — [0, 00) be a concave function, and let wy, . .. wy be positive scalars with Y, w; = 1.
Ifzy,...,2z, € Cand O € [-1t/2, 7t/2] satisfy

largzi| <16, (i=1,...,n),

then

cos 0 z": wif (zil) < f[
i=1

n
Z w;zil |-
i=1

Proof. We notice that if f : [0,00) — [0, 00) is concave, then it is necessarily increasing. This, together with
(24), implies the first inequality below

f[ A ] > f[cos GZH“ wilzil] > cos O i w; f (i)

n
Z w;z;
i=1
where we have used with 0 < w; cos 0 < 1 in the last inequality. This completes the proof. [

A non-negative function f : R — (0, o0) is logarithmically concave (or log-concave for brief) if log f is
concave; that is

(1-1t)log f(a) +tlog f(b) <log f((1 —t)a+th); (0<t<1)
for all 4,b € R. This is equivalent to stating that
@) FL(b) < F((1—bDa+th).

Proposition 4.4. Let f : (0, 00) — (0, 00) be an increasing log-concave function, and let wy, . . . w, be positive scalars
with Y.l jwi=1.Ifz1,...,2z, € Cand 6 € [-711/2, 71/2] satisfy

largzil <0, (i=1,...,n),

then

[THf Gy’ <5 (

i=1

n
Z wizil |-
i=1

Since the function f (x) = x" (x,r > 0) is an increasing log-concave function, we get the following result
from Proposition [£.4]

Corollary 4.5. Let wy, ... wy, be positive scalars with Y,/ w; = 1. If z1,...,z, € C and 0 € [-1/2, /2] satisfy
largzi| <10, (i=1,...,n),
then

; (r>0).

n n
rw; cos 0

H |zi T < Z Wwiz;

i=1 i=1

In particular,

lz1 + -+ -+ z,]
- .

|Z1 . .ancosﬁ <
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5. AM-GM Inequality Through Convex Functions

The weighted version of (7) has been given in [14, Theorem 2.2] in the following form
ﬂﬁtb < Lt(ﬂ, b) < thb, (26)

where the weighted logarithmic mean was defined by

1 1t gy t B 1—tt)
Li(a,b) := logb—loga( = (0 —a) + —— (-t ). 27)

To obtain (26), the authors in [14] first proved that if f : [4,b] — Ris a convex function, then forany 0 <t <1

f((Q=t)ya+tb)
1 1
S(1—t)ff(ta(b—a)+a)da+tff((1—t)a(b—a)+(1—t)a+tb)doz (28)
0

0
<(A-10)fa)+tf (),

holds. In the following, we utilize to improve the celebrated Jensen-Mercer’s inequality [6], i.e.,

f[M+m - Zwiti] < f(M)+ f (m) - Zwif(ti)/
i=1 i=1

where f : [m,M] — Ris a convex function, m < t; <M, (i =1,2,...,n), and wq,w>, ..., w, are positive real
numbers such that Y./, w; = 1.

Theorem 5.1. Let f : [m,M] — R be a convex function, let m <t; <M, (i =1,2,...,n), and let wy,w,, ..., wy, be
positive real numbers such that ).\, w; = 1. Then

szf(t)+f[M+m Z t]

i=1

sZwl(M f U (i = m)a+m) + f((m = ti) a + M)} dx
i=1

+sz i m)f{f((t’ M)a+M)+f((M—t)0(+m)}

i=1

< f(m)+ f(M).

Moty _

Proof. Letm <t; <M,(i=1,2,...n). If wereplace 1 -t = 71—, M s, a=m,and b = M, in (28), we obtain

fey< M ff((M—t)a+t)da

1
V= ff((t—m)a+m)da+
0

(29)

f( )+ f(M)
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From this, we have
Zn: wif (t:)
i=1
Zwl[ ff((t— a+m da]+2w,[

M_Zi:1 witi Zz 1wzz_
< - =
< M—m f(m)+ N

ff((M—t)a+t) ] (30)
fM).

Since m < t; < M, we infer thatm < M+ m —t; < M. Of course, m < Y., w; (M + m — t;) < M. Thus, we can
replace t; by Y.i_; w;i (M + m — t;), in (29), to get

f[M+m—Zn:witi]

i=1

Z'lw”_ ff[Zwl —t)a+m)]da
+M pI 1wzsz[2wz((t m)a+M+m—t)]

Y witi—m M- 1w,
<z=L T &=l
- M-m f(m) + M-

(31)

-f(M).

Combining and (31), we infer that

f[M+m Y ] Zw,fu)

i=1

Z'lw”_ ff[Zw, —t)a+m)]da

M- Ei witi Zzlwztsz[Zwl((tl m)a+M+m—t)J

+sz[ ff((t—m)a+m)da]+2w,[

< fM) + f(m).

ff((M—t)a+t) ]

Since

1 1
ff((M—ti)oz+t,-)da:ff((t,-—M)oz+M)da,
0 0
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we get

i wif (ti) + f[M +m— i witi]
i=1

i=1

n 1
32%[) (F (5 = m)a+m) + f ((m - t) a + M)} dav

i=1

n 1
£y wﬁ__—}:) fo (F (6 = M) a+ M) + £ (M — £) o + m)} da

i=1
< f(m)+ f(M),
as desired. O
In Theorem 5.1} if f is additive (linear), then both sides become the same f(1n) + f(M).
Remark 5.2. The case n = 1 in Theorem[5.1 reduces to
fM+m—1t)+ f ()

1 1
SAZZI__;Z[ff((t—m)ll+m)da+ff((t—m)a+M+m—t)da]
O 0 (32)

1 1
o [ff((M—t)0€+f)d0t+ff((M—t)a+m)da]
0 0

< f(m)+ f(M).

Since both sides are trivially equal to f(m) + f(M) for special cases such as t := m or t := M, we consider the case
m < t < M. Changing variables of the integrals in (32), we have for m < t <M,

fM+m—1t)+ f ()

t M
M- 1 1
< M —Tfl [m ff(x)dx + m f f(.X')dX]

M+m—t (33)
M+m—t M
t—m 1 1
+ Fy— [M——t f f(x)dx + M_tff(x)dx]
m t
< f(m)+ f(M).
By letting f (x) = e* in (33), we get
€M+m—t +€t
M-t et — e eM _ eM+mft t—m et _ eM emn — eM+m7t
< + + +
M—m(t—m t—m ) M—m(t—M t—M )
<em+eM.
Now, by substituting m, M, t by Inm, In M, In ¢, respectively, we have for m <t < M
Mm
— 4t

t

< lnM—lnt( t—m M—Mm/t)Jr lnt—lnm( t—M +m—Mm/t)
" InM-Inm InM-Inm\Int—-InM Int-InM
<M+m.

Int—Inm Int—Inm
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If we take t :== VMm, then the above inequalities imply

M-m M+m
VMm < <
Mm < logM-logm = 2

by elementary calculations.

a+b

Remark 5.3. Puttingm :=a, M :=bandt := in (33), we obtain the famous Hermite—Hadamard inequality:

b
b 1 b
eI —

by elementary calculations. Putting m := 0 and M := 1 in (33), we also have for 0 < t <1,
fA=8+f()

t 1 1—t 1
1-t¢ t
< — f@dx+ | f (x)dx] +— [ fxydx+ | f (x)dx] (34)
! [bf 1[ Tt of tf

<fO+f(1).

In particular,

1
0 1
12)s [ s LOIQ -
0

Integrating with respect to t from 0 to 1, we have a refinement of the second inequality in (35):

1
ff(x)dx
0
1 ' 1 1 1-t 1
< %[ | %[ [ oo [ f(x)dx]dt+ | ﬁ[ [ oo [ f(x)dXJdt] (36)
0 0 1-t 0 0 t

_fO+f)
- 2

For example, if we take f(x) := —log(1 + x) in (B5), then we have logg < 10g§L < log \/g, which gives rough

bounds for Napier’s e as g < e <2V2. Ifwealso take f(x) := —log(1 + x) in (36), we have

log & <3—”—2+(1o 2)2 —log4 < lo \/I
The inequalities give interesting inequalities related to means. We recall the Heinz mean defined by

ﬂl:ttb + aﬁl_tb

Hz(a,b) := > , (@b>0,0<t<1).
It is well known that aflb < H,,(a,b) < aVb. In the following, we present a refinement of the inequality

H,,(a,b) < aVb in terms of the weighted logarithmic mean.
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Theorem 5.4. Leta,b>0and 0 <t <1. Then
Li(a,b) + Ly(b,a) L4t b

Hzi(a,b) < > < (37)
where Ly(a, b) is defined as in @27).
Proof. Putting f(x) := u*, (u >0, 0 < x < 1) in (34), we have

Wt ut <L, )+ Liw, 1) <1+u, u>0,0<t<1) (38)

. Li(u, 1) := = {u (u - uH) L (ul‘f - 1)}
A T 1—¢ :

. (1 1
Since we have a relation L; (;, 1) = ;Lt(u, 1), the inequalities (38) is written as
1=t | ot 1
W SLt(u,1)+uLt(;,1)§1+u, Ww>0,0<t<1)

Putting u := b/a in the above and multiplying g > 0 to both sides, we have the inequalities by some

calculations. [

1
If we take t := - in Theorem then the inequalities recover the famous ordering between three

means: 2 . .
Vab< — 2 <217
logb —loga 2
If we also take f(x) := u*, (u >0, 0 < x < 1) in (35) and (36), then we have

1
a+b

b—a 1
\/% < m < E f(Lt(a/b) +Lt(b/ﬂ))dt < T
0

1
However, the integral f (L(a, b) + Ly(b,a)) dt is not given by a simple form.
0

Declarations
e Availability of data and materials: Not applicable.

e Competing interests: The authors declare that they have no competing interests.

e Funding: This research is supported by a grant (JSPS KAKENHI, Grant Number: 21K03341) awarded
to the author, S. Furuichi.

e Authors’ contributions: Authors declare that they have contributed equally to this paper. All authors
have read and approved this version.

References

[1] S. Furuichi, On refined Young inequalities and reverse inequalities, ]. Math. Inequal. 5 (2011), 21-30.

[2] S.Furuichi, and H. R. Moradi, On further refinements for Young inequalities, Open Math. J. 16(1) (2018), 1478-1482.

[3] S.Furuichi and H. R. Moradi, Some refinements of classical inequalities, Rocky Mountain J. Math. 48(7) (2018), 2289-2309.

[4] E Kittaneh and Y. Manasrah, Improved Young and Heinz inequalities for matrix, J. Math. Anal. Appl. 361 (2010), 262-269.

[5] F. Kittaneh and Y. Manasrah, Reverses Young and Heinz inequalities for matrices, Linear Multilinear Algebra 59 (2011), 1031-1037.
[6] A.M. Mercer, A variant of Jensen’s inequality, ]. Inequal. Pure Appl. Math. 4(4), article 73 (2003).



[7]
(8]

1]
[10]
[11]

[12]
[13]
[14]

[15]
[16]
[17]

S. Furuichi et al. / Filomat 39:31 (2025), 10983-10999 10999

E. Mitroi, About the precision in Jensen-Steffensen inequality, Ann. Univ. Craiova Math. Comput. 37(4) (2010), 73-84.

H. R. Moradi, and M. E. Omidvar, Complementary inequalities to improved AM-GM inequality, Acta. Math. Sin.-English Ser. 33
(2017), 1609-1616.

M. Sababheh and D. Choi, A complete refinement of Young's inequality, ]. Math. Anal. Appl. 440(1) (2016), 379-393.

M. Sababheh, H. R. Moradji, and I. H. Glimtis, Further inequalities for convex functions. Bull. Malays. Math. Sci. Soc., 46, 42 (2023).

M. Sababheh, S. Furuichi, Z. Heydarbeygi, and H. R. Moradi, On the arithmetic-geometric mean inequality, J. Math. Inequal. 15(3)
(2021), 1255-1266.

M. Sababheh, Graph indices via the AM-GM inequality, Discret. Appl. Math. 230(4) (2017), 100-111.

M. Sababheh and M. S. Moslehian, Advanced refinements of Young and Heinz inequalities, ]. Number Theory 172 (2017), 178-199.

R. Pal, M. Singh, M. S. Moslehian, and ]. S. Aujla, A new class of operator monotone functions via operator means, Linear Multilinear
Algebra 64(12) (2016), 2463-2473.

W. Specht, Zur theorie der elementaren Mittel, Math. Z. 74 (1960), 91-98.

K. B. Stolarsky, Generalizations of the logarithmic mean, Math. Mag. 48(2) (1975), 87-92.

J. Zhao and ]J. Wu, Operator inequalities involving improved Young and its reverse inequalities, J. Math. Anal. Appl. 421 (2015),
1779-1789.



	Introduction
	An inverse trigonometric refinement of the AM-GM inequality
	A hyperbolic inequality via the AM-GM inequality
	The AM-GM inequality in the complex plane
	AM-GM Inequality Through Convex Functions

