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Abstract. In this paper, we introduce and analyze several new classes of D-asymptotically almost periodic
type functions of the form F : IX X — Y, where @ # I C R", (X, - |[) and (Y,|| - |ly) are complex Banach
spaces. We present many structural results for the introduced classes of ID-asymptotically almost periodic

type functions, providing also some illustrative examples and applications of the established results to the
abstract Volterra integro-differential equations.

1. Introduction and preliminaries

The class of almost periodic functions was introduced and studied by the Danish mathematician H.
Bohr around 1924-1926. Suppose that (X, || - |) is a complex Banach space and F : R" — X is a continuous

function, where n € IN. Then F(-) is called almost periodic if and only if for each € > 0 there exists » > 0 such
that for each ty € IR” there exists

T€B(tg,r)={acR":la—ty| <1}
such that

|Ft+7) -F@®)||<e, teR?,

where | - — - | is the Euclidean distance in IR". This is also equivalent to saying that for any sequence (by)
in R" there exists a subsequence (ax) of (bx) such that the sequence of functions (F(- + ax)) converges in

2020 Mathematics Subject Classification. Primary 42A75, 43A60; Secondary 47D06, 47D60, 47D99.

Keywords. ID-asymptotically almost periodic type functions, composition principles, convolution invariance, abstract Volterra
integro-differential equations.

Received: 16 October 2023; Accepted: 30 September 2025
Communicated by Dragan S. Djordjevié

Alan Chévez and Manuel Pinto were funded by CONCYTEC through the PROCIENCIA program under the E041-2023-01
competition, according to contract PE501082885-2023, Manuel Pinto was also partially supported by Fondecyt 1170466. Marko Kosti¢
is partially supported by grant 451-03-68/2020/14/200156 of Ministry of Science and Technological Development, Republic of Serbia.

* Corresponding author: Marko Kosti¢

Email addresses: ajchavez@unitru.edu.pe (Alan Chévez), kamal.khalil.®0@gmail.com (Kamal Khalil), marco.s@verat.net
(Marko Kosti¢), pintoj.uchile@gmail.com (Manuel Pinto)

ORCID iDs: https://orcid.org/0000-0001-5120-0705 (Alan Chévez), https://orcid.org/0000-0003-0666-2219 (Kamal
Khalil), https://orcid.org/0000-0002-0392-4976 (Marko Kosti¢), https://orcid.org/0000-0002-6466-213X (Manuel Pinto)



A. Chdvez et al. / Filomat 39:31 (2025), 1106111077 11062

Cp(R" : X), the Banach space of all bounded continuous functions on R", equipped with the sup-norm. Any
trigonometric polynomial in R” is almost periodic and any almost periodic function F(:) is bounded and
uniformly continuous. It is also well known that a continuous function F(-) is almost periodic if and only if
there exists a sequence of trigonometric polynomials in IR” which converges to F(-) in C;(R" : X).

The notion of asymptotical almost periodicity for scalar-valued functions of one real variable was
introduced by A. S. Kovanko [21]in 1929; the usually employed definition of asymptotical almost periodicity
was introduced later, by M. Fréchet [15] in 1941. Let us recall that a continuous function f : I — X, where I
is either IR or [0, o), is said to be asymptotically almost periodic if and only if there exist an almost periodic
function g : R — X and a continuous function ¢ : I — X such that limyes -+ g(t) = 0 and f(t) = g(t) + o(t)
for all t € I. The notion of asymptotical almost periodicity for a continuous function f : R — X can be
introduced in some other ways; for example, we may require that the function g(-) vanishes only at plus
infinity or minus infinity. This fact has influenced us to consider the general notion of ID-asymptotical
almost periodicity here, for the functions of the form F : IX X — Y, where @ # I € R" and (Y, || |ly) is another
complex Banach space; in the one-dimensional setting, the above described notions of asymptotical almost
periodicity are very special cases of ID-asymptotical almost periodicity with ID being IR, [0, +0) or (o0, 0].
But, the situation is much more complicated in the multi-dimensional setting; for example, under certain
reasonable assumptions, the unique solution of the mixed initial value problem

u(x,t) = tye(x, t), x>0,t>0;
u(x,0) = up(x), x >0, u(0,t) =g(t), t >0

is given by
1 (YOE " OF,
u(x, t) = 2.3y (y, uo(x — y)dy — fo T (x,t=s)g(s)ds, x>0,t>0,
where

172 (™
Eq(x,t) := (nt) / f eV /4 dy, x€R, t>0.
0

In our analysis of the existence and uniqueness of ID-asymptotically almost periodic type solutions of the
above problem, we fix first a finite real number T > 0 and require that ID is any unbounded subset of [0, co)?
such that
: NS
|(x,t)|—>1-:g,l(x,t)ED mm(4(t +T)’ t) = e
see Example 3.1 for more details.

The organization and main ideas of this work can be briefly described as follows. After explaining
the basic notation and terminology used throughout the paper, we recollect some definitions and results
about multi-dimensional almost periodic type functions in Subsection 1.1. Our main results are given
in Section 2, where we analyze several new classes of ID-asymptotically almost periodic type functions;
here, D is a non-empty subset of R” obeying certain properties. Definition 2.1 introduces the notion of
space Cop(I X X : Y), which is crucial for introducing the notions of various types of ID-asymptotically
(R, B)-multi-almost periodicity and ID-asymptotically Bohr $-almost periodicity; see Definition 2.2. Some
relations between the range of an asymptotically almost periodic function and its almost periodic part
are given in Lemma 2.3 and Lemma 2.4. After that, we discuss the uniqueness of decomposition in
Definition 2.2; see Proposition 2.5. Closure properties under uniform convergence and differentiation of
ID-asymptotically almost periodic type functions are examined in the continuation; see Proposition 2.6,
Proposition 2.7 and Proposition 2.8. Definition 2.9 introduces the notion of ID-asymptotical Bohr (8, I’)-
almost periodicity of type 1 and ID-asymptotical (8, ’)-uniform recurrence of type 1. Relations between
ID-asymptotically almost periodic functions and ID-asymptotically almost periodic functions of type 1 are
analyzed in Subsection 2.1; the composition theorems for ID-asymptotically almost periodic type functions
are analyzed in Subsection 2.2, while the invariance of ID-asymptotical almost type periodicity under the
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actions of convolution products are analyzed in Subsection 2.3. The final section of paper is reserved
for some examples and applications of the introduced notion to the partial differential equations and the
systems of abstract first-order differential equations.

Our main results are Theorem 2.11 and Theorem 2.13. Concerning the proof of Theorem 2.11, we would
like to emphasize that H. Bart and S. Goldberg have proved in [3] that, for every function f € AP([0, o) : X),
there exists a unique almost periodic function Ef : R — X such that Ef(t) = f(t) for all f > 0 (see also the
paper [13] by S. Favarov and O. Udodova, where the authors have investigated the extensions of almost
periodic functions defined on R” to the tube domains in C", and the paper [4] by ]. F. Berglund, where the
author has investigated the extensions of almost periodic functions in topological groups and semigroups).
In Theorem 2.11 and Theorem 2.13, we follow the argumentation contained in the proof of the important
theoretical result [25, Theorem 3.4], established by W. M. Ruess and W. H. Summers.

Notation and terminology.

We assume henceforth that (X, || -]I), (Y, || |ly) and (Z, || - ||z) are complex Banach spaces, n € N, # I C R”,
8 is a non-empty collection of non-empty subsets of X, R is a non-empty collection of sequences in R” and
Rx is a non-empty collection of sequences in IR” X X; usually, 8 denotes the collection of all bounded subsets
of X or all compact subsets of X. Set Bx := {y € X : (B € B) y € B}. We will always assume henceforth that
Bx = X, i.e., that for each x € X there exists B € 8 such that x € B. By L(X, Y) we denote the Banach algebra
of all bounded linear operators from X into Y; L(X, X) = L(X). Further on, by B°, dB and B we denote the
interior, the boundary and the closure of a subset B of a topological space, respectively. If F: A — Cis a
function, then its range is denoted by R(F). Set N, := {1, - - -, n}.

The symbol C(I : X) stands for the space of all X-valued continuous functions defined on the domain
I. By Cy(I : X) (respectively, BUC(I : X)) we denote the subspace of C(I : X) consisting of all bounded
(respectively, all bounded uniformly continuous functions). Both Cy(I : X) and BUC(I : X) are Banach
spaces with the sup-norm. This also holds for the space Cy(I : X) consisting of all continuous functions
f : 1 — X such that limse jj—+00 f(£) = 0.

1.1. Multi-dimensional almost periodic type functions and supremum formula
We open this subsection by recalling the following notion from [8]:

Definition 1.1. ((R, 8)-multi-almost periodic) Suppose that® # I CIR", F : IXX — Y is a continuous function,
and the following condition holds:

Iftel, beR and 1 € N, then we have t+b(l) € L (1)

Then we say that the function F(-; -) is (R, 8)-multi-almost periodic if and only if for every B € B and for every sequence
(be = (b}, b7, -, b})) € R there exist a subsequence (by, = (bil,bi,- ++, b})) of (by) and a function F* : IX X =Y
such that

lim F(t+ (b, b} );x) = F'(t;x) )

[—>+00

uniformly forall x € Band t € I.

Definition 1.2. ((Rx, 8)-multi-almost periodic) Suppose that 0 # I € R", F : I Xx X — Y is a continuous
function, and the following condition holds:

If tel, (b;x) €Rx and 1 € N, then we have t+ b(l) € L. 3)

Then we say that the function F(-;-) is (Rx, B)-multi-almost periodic if and only if for every B € B and for every
sequence ((b; X)x = ((by, b7, - - -, b"); X)) € Ry there exist a subsequence ((b; X)y, = ((bll,bi, “ ) x)k) of (b %))
and a function F* : I X X — Y such that

lim Ft+ (b, -+ bl );x +x ) = F (%) (4)

uniformly forall x € Band t € L.



A. Chdvez et al. / Filomat 39:31 (2025), 1106111077 11064

Definition 1.3. Suppose that @ # 1 CR", F : I X X — Y is a continuous function and I + I C 1. Then we say that:

(i) (Bohr B-almost periodic) F(-;-) is Bohr B-almost periodic if and only if for every B € B and € > 0 there
exists | > 0 such that for each ty € I there exists T € B(tp,I) N I such that

|F(t+ ;) - F(tx)||, <€, tel, xeB. ®)

(ii) (B-uniformly recurrent) F(-;-) is B-uniformly recurrent if and only if for every B € B there exists a sequence
(tx) in I such that limy_, 1 |Tx| = +00 and

lim sup ||F(t + 74, x) — F(t; x)HY =0. (6)

k—+oco tel;xeB

If X € B, then it is also said that F(-;-) is Bohr almost periodic (uniformly recurrent).

If F: Ix X — Y is a Bohr B-almost periodic function and the set I unbounded, then it can be simply
shown that the function F(:; -) is 8- uniformly recurrent. In the sequel, we will use the following supremum
formula ([8]):

Proposition 1.4. (Supremum formula for (R, 8)-multi-almost periodic functions) Suppose that F : IX X — Y is
(R, B)-multi-almost periodic, a > 0 and x € X. If there exists a sequence b(-) in R whose any subsequence is unbounded
and for which we have t — b(l) € I whenever t € I and | big enough, then we have

stu}D”F(t;x)“Y = sup ”F(t;x)Hy. (7)

tel Jt1>a

2. D-Asymptotically almost periodic type functions

We start this subsection by introducing the following definition (many other classes of weighted ergodic
components in R” and their metrical generalizations, introduced and analyzed recently in [19]-[20], can be
used to slightly extend the notion from Definition 2.2 below):

Definition 2.1. SupposethatD C I C R" and the set ID is unbounded. By Cop s(IXX : Y) we denote the vector space
consisting of all continuous functions Q : I x X — Y such that, for every B € B, we have limyep jj—+0 Q(t;x) = 0,
uniformly for x € B.

Now we are ready to introduce the following notion:

Definition 2.2. Suppose that the set ID C I € R" is unbounded, and F : I X X — Y is a continuous function. Then
we say that F(-;-) is D-asymptotically (R, B)-multi-almost periodic, resp. ID-asymptotically (Rx, B)-multi-almost
periodic, if and only if there exist an (R, B)-multi-almost periodic function G : I x X — Y, resp. an (Rx, B)-multi-
almost periodic function G : I X X — Y, and a function Q € Cop g(I X X : Y) such that F(t; x) = G(t; x) + Q(t; x) for
allteland x € X.

Let I = R". Then it is said that F(-;-) is asymptotically (R, B)-multi-almost periodic, resp. asymptotically (Rx, B)-
multi-almost periodic, if and only if F(-; -) is R*-asymptotically (R, B)-multi-almost periodic, resp. R"-asymptotically
(Rx, B)-multi-almost periodic.

We similarly introduce the notions of (ID-)asymptotical Bohr B-almost periodicity, (ID-)asymptotical B-
uniform recurrence, (ID-)asymptotical Bohr (8, I')-almost periodicity and (ID-)asymptotical (8, I’)-uniform
recurrence (cf. [8, Definition 2.14]). If X € B, then we omit the term 8 from the notation introduced, with
the meaning clear.

The main strucural properties of multi-dimensional almost periodic type functions clarified in [8, Propo-
sition 2.28] can be simply formulated for the corresponding classes of ID-asymptotically almost periodic
type functions introduced above.
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Relation between range of asymptotically almost periodic function and its almost periodic part. In
Definition 2.2, the function G(-; -) is usually called the principal part of F(-;-) and the function Q(-; -) is usually
called the ergodic part of F(:;-). We will prove here two auxiliary results which relates the range of G(-;-) and
the range of F(-;-). The first result reads as follows:

Lemma 2.3. Let I be unbounded and I +1 C I. Assume that F(-;-) is I-asymptotically B-uniformly recurrent,
G:IXxX->Y,QeCyg(IXX:Y)and F(t;x) = G(t; x) + Q(t; x) for all t € I and x € X; then, we have

Gt :tel xeXc{Fx) tel xeX] (8)

Proof. Since G is B-uniformly recurrent, for every B € B, there exists a sequence (i) C I such that |tx| — oo
as k — oo and:
lim sup [|G(t + 7k, x) — G(¢, x)lly = 0.

k—co tel,xeB

Let fy € I and xy € X be fixed. Then we have

F(to + %, x0) G(to + Tk, x0) + Q(to + Tk, X0)

G(to + %, X0) — G(to, x0) + G(to, x0) + Q(to + Tk, X0);

since [|to + Tx|]| = o0 as k — oo, from this equality we may conclude that limy_,., F(ty + %, x0) = G(to, X0)-
Therefore, (8) holds. O

It is worth noting that the inclusion (8) also holds for asymptotically Bohr B-almost periodic functions,
which can be simply shown. For the sequel, we need the following auxiliary lemma (see also [7, Lemma
2.12)):

Lemma 2.4. Suppose that there exist an (R, B)-multi-almost periodic function G(-;-) and a function Q € Co;g(IXX :
Y) such that F(t;x) = G(t;x) + Q(t; x) for all t € [ and x € X. Then (8) holds provided that for each sequence b € R
we have I + b(l) € I, I € IN and there exists a sequence in R whose any subsequence is unbounded.

Proof. Let (bx) € R be a sequence such that any subsequence is unbounded. Since G is (R, 8)-multi almost
periodic, given any B € B, there exist a subsequence (by,) € (bx) and a function G* : I X X — Y such that the
following limits hold:

llim G(t+by,x) = G(tx) )
llimG*(t—bk,,x) = G(tx), (10)

and are uniformly for t € I and for x € B.
Let us consider t) € I and x¢ € X; then, from the equality:

F(to + by, x0) = G(to + by, x0) + Q(to + by,, x0),

we have
lim F(tp + by, x0) = G(to, x0),

1-

which means that

[Gtx):tel xeX| c{Fx) tel, xeX]. (11)

From (10), we obtain

[Gtw:tel xex|c{G(tn tel xeXx]. (12)

Therefore, using (11) and (12) we conclude (8). O
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Uniqueness of decomposition. Using the supremum formula clarified in Proposition 1.4, we can simply
deduce that the decomposition in Definition 2.2 is unique:

Proposition 2.5. (i) Suppose that there exist a function G;(-;-) which is (R, B)-multi-almost periodic and a
function Q; € Corg(l X X : Y) such that F(t; x) = G;(t;x) + Qi(t; x) forall t € I and x € X (i = 1,2). Suppose
that, for every sequence which belongs to R, any its subsequence belongs to R. If there exists a sequence b(-) in
R whose any subsequence is unbounded and for which we have T — b(l) € I whenever T € I and | € N, then
G1 = Gz and Ql = Qz.

(ii) Suppose that B is any collection of compact subsets of X, there exist a Bohr B-almost periodic function
Gi: R" X X — Y and a function Q; € Corg8(I X X : Y) such that F(t;x) = Gi(t; x) + Qi(t;x) forall t € [ and
x€X(i=1,2). Then Gy = Gy and Q1 = Q.

Closure properties under uniform convergence. Keeping in mind the inclusion (8) and the argumentation
used in the proof of [12, Theorem 4.29], we can simply deduce the following result:

Proposition 2.6. Suppose that for each integer j € IN the function F(-; -) is I-asymptotically Bohr B-almost periodic
(I-asymptotically B-uniformly recurrent). If for each B € B there exists eg > 0 such that the sequence (F;(:;-))
converges uniformly to a function F(-;-) on the set B® U (U cy5 B(x, €p), then the function F(-;-) is I-asymptotically
Bohr B-almost periodic (I-asymptotically B-uniformly recurrent).

Now we will state and prove the following result:

Proposition 2.7. Suppose that, for every sequence b(-) which belongs to R, any its subsequence belongs to R and
T — b(l) €  whenever T € I and | € IN. Suppose, further, that there exists a sequence in R whose any subsequence
is unbounded. If for each integer j € IN the function F;(-;-) is I-asymptotically (R, B)-multi-almost periodic and for
each B € B there exists eg > 0 such that the sequence (F;(-;-)) converges uniformly to a function F(-;-) on the set
B° U U,eon B(x, €3), then the function F(;-) is I—asymptotzcally (R, B)-multi-almost periodic.

Proof. Due to Proposition 2.5, we know that there exist a uniquely determined function G(;-) which is
(R, B)-multi-almost periodic and a uniquely determined function Q € Cy;s(I X X : Y) such that F(t;x) =
G(t;x) + Q(t; x) for all t € [ and x € X. Furthermore, we have

Fi(t;x) = Fu(t%) = [Gj(t;%) = Gu(t0)| + [ Qi %) — Qu(t: )],

forallt € I, x € X and j, m € IN. Due to [8, Proposition 2.28], we have that the function G;(-;*) = Gu(-;-)
is (R, B)-multi-almost periodic (j, m € IN). Keeping in mind this fact as well as Lemma 2.4 and the
argumentation used in the proof of [12, Theorem 4.29], we get that

Fit6) = Fa(t2)], > sup 66 - Gt + sup Q62 - Quts

3 sup
tel,xeX
for any j, m € IN. This implies that the sequences (G;(:;-)) and (Q;(; -)) converge uniformly to the functions
G(-;-)and Q(:; -), respectively. Due to [8, Proposition 2.9], we get that the function G(:; ) is (R, 8)-multi-almost
periodic. The final conclusion follows from the obvious equality F = G + Q and the fact that Co;g(I X X : Y)
is a Banach space. [J

Differentiation of ID-asymptotically almost periodic type functions. Concerning the partial derivatives
of ID-asymptotically almost periodic type functions, we will only state the following result (by (e1, €2, - -+, €n)
we denote the standard basis of IR"); the proof is similar to the proof of [8, Proposition 2.41] and therefore
omitted:

Proposition 2.8. Suppose that, for every sequence b(-) which belongs to R, any its subsequence belongs to R and
T — b(l) € I whenever T € I and | € IN. Suppose, further, that there exists a sequence in R whose any subsequence is
unbounded as well as that the function F(-;-) is I-asymptotically (R, B)-multi-almost periodic the partial derivative
‘93: 2 pyists forall t € I, x € X and it is uniformly continuous on B. Then the functlon is I-asymptotically
(R, 8) -multi-almost periodic.

For more details about the subject, see [8, Subsection 2.3].
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2.1. Relations with D-asymptotically almost periodic functions of type 1

In this subsection, we will first introduce the following general definition following the approach obeyed
in [15]; for any set A C IR", we define Ay :={A € A; |A| > M} :

Definition 2.9. Suppose that ID C 1 C R" and the set ID is unbounded, aswellas® #I' CICR", F: IXX — Y'is
a continuous function and I + I’ C I. Then we say that:

(i) F(-;-) is D-asymptotically Bohr (B, 1")-almost periodic of type 1 if and only if for every B € B and € > 0 there
exist | > 0 and M > 0 such that for each ty € I’ there exists T € B(t, ) N I’ such that

||F(t +17;x) — F(t; x)||Y <€, providedt, t+ 7 €Dy, x € B. (13)

(ii) F(;-) is D-asymptotically (B,I')-uniformly recurrent of type 1 if and only if for every B € B there exist a
sequence (t) in I' and a sequence (M) in (0, co) such that limy_, . |T¢| = limy_,4e0 My = +00 and

lim sup ||F(t + 11, x) — F(t; x)HY =0.

k—-+co tt+1,€Dyy, xeB

IfI' = I, then we also say that F(-;-) is ID-asymptotically Bohr B-almost periodic of type 1 (ID-asymptotically B-
uniformly recurrent of type 1); furthermore, if X € B, then it is also said that F(-; -) is D-asymptotically Bohr I'-almost
periodic of type 1 (ID-asymptotically I'-uniformly recurrent of type 1). If I' = I and X € B, then we also say that
F(-;-) is ID-asymptotically Bohr almost periodic of type 1 (ID-asymptotically uniformly recurrent of type 1). As before,
we remove the prefix “ID-"in the case that ID = I and remove the prefix “(B,)” in the case that X € B.

The proof of following proposition is trivial and therefore omitted:

Proposition 2.10. Suppose that ID C I C R" and the set ID is unbounded, as well as @ # ' C 1 C R*, F :
I'x X — Y is a continuous function and I + 1" C L. If F(-;-) is D-asymptotically Bohr (B,I)-almost periodic, resp.
D-asymptotically (B, I')-uniformly recurrent, then F(-;-) is ID-asymptotically Bohr (8B, 1")-almost periodic of type 1,
resp. ID-asymptotically (B, I')-uniformly recurrent of type 1.

Suppose now that the general assumptions from the preamble of Definition 2.9 hold true. Keeping in
mind Proposition 2.10, it is natural to ask the following;:

(i) In which cases the ID-asymptotical Bohr (8, 1’)-almost periodicity of type 1, resp. ID-asymptotical
(8, I')-uniform recurrence of type 1, implies the ID-asymptotical Bohr (8, I’)-almost periodicity, resp.
ID-asymptotical (B, I’)-uniform recurrence of function F(:;-)?

(ii) In which cases the asymptotical Bohr 8-almost periodicity (of type 1) implies the (R, B)-multi-almost
periodicity of F(-;-), where R denotes the collection of all sequences in I?

(iii) In which cases the asymptotical Bohr 8-almost periodicity (of type 1) is a consequence of the (R, B)-
multi-almost periodicity of F(-;-), where R denotes the collection of all sequences in I?

Concerning the item (ii), it is well known that the answer is negative provided that X = {0}, 8 = X and
I = R because, in this case, the asymptotical Bohr B-almost periodicity of F : R — Y is equivalent with the
asymptotical Bohr 8-almost periodicity of type 1 of F(-), i.e., the usual asymptotical almost periodicity of F(-),
while the (R, 8)-multi-almost periodicity of F(-) is equivalent in this case with the usual almost periodicity
of F(:); see [30, Definition 2.2, Definition 2.3; Theorem 2.6] for the notion used. With the regards to the items
(i) and (ii), we have the following statement which can be applied in the particular case I = [0, c0)" :

Theorem 2.11. Suppose that 0 # I C R", I +1 C I, I is closed and F : I X X — Y is a uniformly continuous,
I-asymptotically Bohr B-almost periodic function of type 1, where B is any family of compact subsets of X. If
(Y1 >0)(YM > 0) Tty € I) Tk > 0) (Vt € Iyy)( Tty € 1)
(Vtg € B(ty, ) N I) t —t; € B(to, kI) N Iy, (14)
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there exists L > 0 such that Iiy \ sy # 0 for all k € N and Iyg + I C Iy for all M > 0, then the function F(-;-)
is (R, B)-multi-almost periodic, where R denotes the collection of all sequences in I. Furthermore, if X = {0} and
8B = {X}, then F(-) is I-asymptotically Bohr almost periodic function.

Proof. Let F: R" X X — Y be a Bohr B-almost periodic function, where 8 is any family of compact subsets
of X. Let B € B be fixed. We will consider the Banach space I.(B : Y) consisting of all bounded functions
f: B =Y, equipped with the sup-norm. Define the function Fp : R" — I(B : Y) by

[Fs®]0) = F(tx), teR", xeB. (15)

The function Fp(-) was introduced in our work [8]. Since F(:;-) is uniformly continuous, we have that the
function Fg(-), given by (15), is likewise uniformly continuous. Arguing as in the proof of [8, Proposition
2.19], the assumption (14) enables one to deduce that the set {F(t;x) : t € I, x € B} is relatively compact in Y
as well as that the set {Fp(t) : t € I} is relatively compact in the Banach space BUC(B : Y), consisting of all
bounded, uniformly continuous functions from B into Y, equipped with the sup-norm. We know that there
exist/ > 0 and M > 0 such that for each ty € I there exists 7 € B(ty, /) NI such that (13) holds with ID = I. Using
these facts, we can slightly modify the first part of the proof of [25, Theorem 3.3] (with the segment [N, 3N]
replaced therein with the set Iy \ Isy, where N = max(L, I, M), and the number 7 € [kN, (k + 1)N] replaced
therein by the number 7 € iz, \ Ijk+1y; we need condition Iy + I C Iy, M > 0 to see that the estimate given
on [25, 1. 2, p. 23] holds in our framework) in order to obtain that the set of translations {Fp(- + 7) : T € I} is
relatively compact in BUC(B : Y), which simply implies that F(-;-) is (R, 8)-multi-almost periodic, where R
denotes the collection of all sequences in I. Suppose now that X = {0} and 8 = {X}. Then for each integer
k € IN there exist [, > 0 and M} > 0 such that for each t; € I there exists T € B(ty,[) N I such that (13) holds
with € = 1/k and ID = I. Let 14 be any fixed element of I such that |7¢| > M + k? and (13) holds with € = 1/k
and ID = I (k € IN). Then the first part of proof yields the existence of a subsequence (tx,) of (7x) and a
function F* : I — Y such that lim;,+. F(t + T¢,) = F*(t), uniformly for t € I. The mapping F*(:) is clearly
continuous and now we will prove that F*(-) is Bohr almost periodic. Let € > 0 be fixed, and let [ > 0 and
M > 0 be such that for each ty € I there exists T € B(ty, [) N I such that (13) holds with ID = I and the number
€ replaced therein by €/3. Let t € I be fixed, and let Iy € IN be such that |t + T;%I >Mand |t+ 1+ Tkl0| > M.
Then we have

Fm+ﬂ—Pm”

<

Ft+1)— F*(t + 7+ TkIO)H +

F@+T+%J—P@+uﬁqu@+u0—Puws3mq$=a

as required. The fact that the function t — F(t) — F*(t), t € I belongs to the space Cy (I : Y) follows trivially
by definition of F*(-). The proof of theorem is thereby complete. [

Remark 2.12. Suppose that the requirements of Theorem 2.11 hold with X = {0} and 8 = {X}. Suppose further
that, for every t' € IR", there exist 6 > 0 and Iy € IN such that the sequence (ty) from the above proof satisfies that
t'+1y, € Iforalll € Nwithl > lgand t” € B(t', 0). Then the limit lim_, ;o F(' + 7y,) = F(t) exists forall t' € R",
which can be easily seen from the estimate
||F(t’ + ’l'kll) - F(t’ + Tklz)”y

< HF(t' + Tkll) - F(t’ + T, + T)HY + HF(t’ + 1 + ’l') - F(t' +1p, + T)HY

+ “F(t’ + Tg, + T) - F(t’ + Tklz)”Y (16)

<3-(e/3)=¢,

which is valid for all numbers T such that there exist | > 0 and M > 0 such that for each ty € I there exists T € B(ty, [)NI
such that (13) holds with the number € replaced therein with the number €/3 and 1D = I, all sufficiently large natural
numbers Iy and 1, depending on 1, where we have also applied the Cauchy criterion of convergence for the limit
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lim), o0 F(t + T¢,) = F*(t), uniform in t € I and our assumption I + I C I. The function F*(-) is clearly continuous
and it can be easily shown that it is Bohr I-almost periodic. Furthermore, if for every t' € R" and My, My > 0 there
exists lp € IN such that t' + ty, — T € Iy, for all | € N with | > Iy, then F*(-) is Bohr (I U (=I))-almost periodic. Using
a simple translation arqument, the above gives an extension of [25, Theorem 3.4] in Banach spaces.

Concerning the item (iii), we will clarify the following result:

Theorem 2.13. Suppose that 0 € I CIR", Lis closed, I +1 C Tand ® # I C I. Suppose, further, that the set D C I is
unbounded and condition (MD) holds, where:

(MD) For each My > 0 there exists a finite real number My > Mo such that Dy, —t € Land I, —t € I’ for all
tell IMO-

Let R denote the collection of all sequences in I, and let B denote any family of compact subsets of X. Then any
(R, B)-multi-almost periodic function F : I X X — Y is ID-asymptotically Bohr (8B, 1")-almost periodic of type 1.

Proof. Let B € 8 and € > 0 be fixed. Since [ is closed, we have that the restriction of function F(:; -) to the set
I X B is uniformly continuous, which easily implies that the function Fp : I — BUC(B : Y), given by (15), is
well defined and uniformly continuous. Now we will prove that the function Fp(-) has a relatively compact
range. Denote K = [k, k]” for all integers k € IN. Since the set Fp(Ki NI) is relatively compact in BUC(B : Y)
for all integers k € IN, it suffices to show that there exists k € IN such that, for every t € I, there exists a point
s € I N K such that ||F(t; x) — F(s; x)|ly < € for all x € B. Suppose the contrary. Then for each k € IN there
exists ty € I such that, for every s € I N Ky, there exists x € B with ||F(t; x) — F(s; x)|ly > €. Define by := t
for all k € IN. Due to our assumption, there exists a subsequence (by,) of (bx) such that (2) holds true. Since
0 € I, this implies the existence of a number ly(€) € IN such that

"F(tk,,‘x> - F(tkm;x)”Y <e, I, meNN,I m>Iye),
uniformly for x € B. In particular, we have
[F(t:x) - P(tklo(e);x)” <e, 1€N,I>le), xeB.

Therefore, t, , ¢ K; for all I € N with [ > [y(¢), which is a contradiction. Now it is quite simply to prove
with the help of Cauchy criterion of convergence and the (R, 8)-multi-almost periodicity of F(:;-) that the
set of translations {Fg(- + 7) : T € I} is relatively compact in BUC(B : Y). Applying [25, Theorem 2.2; see 1.
and 3.(ii)] (see also the second part of the proof of [25, Theorem 3.3]), we get that there exist a finite cover
(Ti)f.‘:1 of the set I; and points t; € T; (1 < i < k) such that ||[Fz(t + @) — Fe(t; + w)llpuc.y) < € forall w € I
andt € T; (1 <i<k). Let My :=1:=1+max{lt;| : 1 <i <k}, and let M; > 0 satisfy condition (MD) with
this My. Set M := 2M; + . Suppose that t, t + 7 € Dy and ty € I;,. Then there exists i € Ny such that t; € T;
andt =ty —t; € T; — t; € B(tg,[) N I’ due to the first condition in (MD) and the obvious inequality |t;| < I.
Furthermore, the second condition in (MD) implies t — t; € I and therefore

”FB(t + T)_FB(t)HBLIC(B:Y) = ”PB(t +to—t) - FB(t)”BUC(B:Y)

= ||Fa(to + [t — t:]) — F(t; + [t - <e,

ti])HBUC(B:Y)
which simply completes the proof. [

Remark 2.14. (i) In [25, Theorem 3.3], W. M. Ruess and W. H. Summers have considered the situation in which
I =[a,00), X = {0} and the set of all translations {f(- + 7) : T > 0} is relatively compact in BUC(I : Y). But,
the obtained result is a simple consequence of the corresponding result with I = [0, o), which follows from a
simple translation arqument. In Theorem 2.13, which therefore provides a proper extension of the corresponding
result from [25, Theorem 3.3] with D = I' = I = [0, 00), we have decided to consider the collection R of all
sequences in 1, only. The interested reader may try to further analyze the assumption in which the function
F(-;-) is (R, B)-multi-almost periodic with R being the collection of all sequences in a certain subset I"’ of R"
which contains 0 and satisfies [ + I C .
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(ii) In the multi-dimensional framework, we cannot expect the situation in which D = I’ = I. The main problem lies
in the fact that condition (MD) does not hold in this case; but, if I = [0, 00)", for example, then the conclusion
of Theorem 2.13 holds for any proper subsector I’ of I, with the meaning clear, and 1D = I'.

2.2. Composition theorems for ID-asymptotically almost periodic type functions

Suppose that F : X X — Yand G : [ X Y — Z are given functions. The main aim of this subsection
is to analyze ID-asymptotically almost periodic properties of the multi-dimensional Nemytskii operator
W:Ix X — Z given by

W(t; x) := G(t; F(t; x)), tel,xeX

Our first result is in a close connection with [8, Theorem 2.37] and [12, Theorem 3.49]:
Theorem 2.15. Suppose that the set ID C R" is unbounded, Fy : I X X — Y is (R, B)-multi-almost periodic,
Qo € Cop,s(IxX:Y)and F(t;x) = Fo(t; x) + Qo(t; x) for all t € I and x € X. Suppose further that G; : IXY — Z s

(R’, B')-multi-almost periodic, where R’ is a collection of all sequences b : IN — IR" from R and all their subsequences
as well as B’ is defined by

B = {U Fo(t;B):B e B}. (17)

tel

Suppose also that Q1 € Copg,(I X Y : Z), where

B, = {U F(t;B):Be B}, (18)

tel

and G(t;x) = G1(t; x) + Q1(t; x) for all t € I and x € Y. If there exists a finite constant L > O such that the estimate
[Git;x) —Git )|, LIk —ylly, tel x, yey, (19)
holds, then the function W(-; -) is ID-asymptotically (R, B)-multi-almost periodic.

Proof. By [8, Theorem 2.37], the function (t;x) = Gi(t; Fo(t;x)), t € I, x € X is (R, 8)-multi-almost periodic.
Furthermore, we have the following decomposition

W(t;x) = Gi(t; Fo(t; %)) + [G1 (6 F(& 1)) — Ga(6 Fo(t )| + Qi(6 F(t ),

for any t € I and x € X. Since

tel, xeX,

616 E60) - Ga Fos )], < Lot

we have that the function (t; x) = Gi(t; F(t; x)) —G1(t; Fo(t; x)), t € [, x € X belongs to the space Cop,g(IXX : Z).
The same holds for the function (t;x) — Q1(t; F(t;x)), t € I, x € X due to our choice of the collection B; in
(18). O

Corollary 2.16. Suppose that B is any collection of compact subsets of X, the set ID C R" is unbounded, Fy :
R" X X — Y is Bohr B-almost periodic, Qo € Cop,g(I X X : Y) and F(t; x) = Fo(t; x) + Qo(t; x) forallt € [and x € X.
Suppose further that Gy : IXY — Z is Bohr B’-almost periodic, where B’ is defined by (17), Q1 € Cop,s,(I XY : Z),
where By is given by (18) and G(t; x) = G1(t; x) + Q1(t; x) for all t € L and x € Y. If there exists a finite constant L > 0
such that the estimate (19) holds, then the function W(; -) is ID-asymptotically Bohr B-almost periodic.

We can also prove the following result which corresponds to [8, Theorem 2.39] and [12, Theorem 3.50]:
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Theorem 2.17. Suppose that the set D C R" is unbounded, Fy : I x X — Y is (R, B)-multi-almost periodic,
Qo € Cop,gIx X :Y)and F(t;x) = Fo(t; x) + Qo(t; x) for all t € I and x € X. Suppose further that G; : IXY — Zis
(R’, B’)-multi-almost periodic, where R’ is a collection of all sequences b : IN — IR" from R and all their subsequences
as well as B’ is defined by (17), Q1 € Cop,s,(IXY : Z), where By is given through (18), and G(t; x) = G1(t; x)+ Q1 (t; x)
forallt € [ and x € Y. Set

B, = {U Fo(t;B):B e B} U U {Fg(t;B) te 1}.

tel (bx)eR;BeB
If
(VB € B) (Ye>0) (35> 0)(x, y€ B1UByand |[x—y|, <6 = |[Gi(tx) - Gity)|, <e, tel),
then the function W(; -) is ID-asymptotically (R, B)-multi-almost periodic.

It is clear that Theorem 2.17 can be reformulated for Bohr B-almost periodic functions with small
terminological difficulties concerning the use of limit functions. Similar results can be established for the
class of B-uniformly recurrent functions ([19]).

2.3. Invariance of ID-asymptotical almost type periodicity under actions of convolution products

This subsection investigates the invariance of (R, 8)-multi-almost periodicity under the actions of con-
volution products. We will use the following notation: if any component of tuple t = (1, f, - - -, ) is strictly
positive, then we simply write t > 0.

It seems that we must slightly strengthen the notion introduced in Definition 2.2 in order to investigate
the invariance of ID-asymptotical almost periodicity under the actions of “finite” convolution products:

Definition 2.18. Suppose that the set D C R" is unbounded, and F : I x X — Y is a continuous function.
Then we say that F(-; ) is strongly ID-asymptotically (R, B)-multi-almost periodic, resp. strongly ID-asymptotically
(Rx, B)-multi-almost periodic, if and only if there exist an (R, B)-multi-almost periodic function G : R* x X = Y,
resp. an (Rx, B)-multi-almost periodic function G : R" X X — Y, and a function Q € Cop,g(I X X : Y) such that
F(t;x) = G(t;x) + Q(t;x) forall t € [ and x € X.

Let I = IR™. Then it is said that F(-;) is strongly asymptotically (R, B)-multi-almost periodic, resp. strongly
asymptotically (Rx, B)-multi-almost periodic, if and only if F(-;-) is strongly R"-asymptotically (R, B)-multi-almost
periodic, resp. strongly R"-asymptotically (Rx, B)-multi-almost periodic. Finally, if X = {0}, then we also say that
the function F(-) is strongly asymptotically R-multi-almost periodic, and so on and so forth.

Set, for brevity, Iy := (-0, t1] X (=00, 5] X - - - X (=00, t,] and Dy := [N ID for any t = (t1,t,- - -, t,) € R™.
Now we are ready to formulate the following result:

Proposition 2.19. Suppose that (R(t))e=0 € L(X,Y) is a strongly continuous operator family and f( oyt [IR(V)]| dt <
oo If f : I — X is strongly ID-asymptotically almost periodic (bounded strongly D-asymptotically R-multi-almost
periodic),

lim f IR(t—s)llds =0 (20)
[t|—o0,teD LNDe
and for each r > 0 we have
lim f [|R(t—s)|lds =0, (21)
[t|—00,teD DyNB(0,7)

then the function

F(t) := fD R(t—s)f(s)ds, tel

is strongly ID-asymptotically almost periodic (bounded strongly ID-asymptotically R-multi-almost periodic).
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Proof. We will consider only strong ID-asymptotical almost periodicity. By definition, we have the existence
of an almost periodic function g : R" — X and a function g € Cop(I : X) such that f(t) = g(t) + q(t) for all
t € I. Clearly, we have the decomposition

F@t) = fIR(t —s)g(s)ds + [L R(t—s)q(s)ds — flm]Df R(t —s)g(s) ds], tel

Keeping in mind [8, Theorem 2.44], it suffices to show that the function

te Lt R(t —s)q(s)ds — j;ch R(t—s)g(s)ds, tel

belongs to the class Cop(I : X). For the second addend, this immediately follows from the boundedness of
function g(-) and condition (20). In order to show this for the first addend, fix a number € > 0. Then there
exists r > 0 such that, for every t € ID with |t| > r, we have ||q(t)|| < €. Furthermore, we have

f R(t —s)q(s)ds = f Rt —s)q(s)ds + f R(t—-s)q(s)ds, tel
D DeNB(0,7) IDeNB(0,1)

Clearly, M := sup,, llg(t)|l < oo and

f Rt —-s)q(s)ds|| < Mf [R(t—s)|lds, tel,
DiNB(0,7) v DinB(0,7)

so that the first addend in the above sum belongs to the class Cop(I : X) due to condition (21). This is also
clear for the second addend since

f R(t —s)q(s) ds
DNB(O,r)

§ef IR(s)llds, tel
Y (O,oo)”

O

IfID = [, 00) X [ap, 00) X - - - X [y, 00) for some real numbers a1, ay, -+, ay, then Dy = [a1, 1] X [z, £2] X+ X
[an, tn] and conditions (20)-(21) hold, as easily shown, which implies that the function F(t) = fta R(t—s)f(s)ds,
t € I is strongly ID-asymptotically almost periodic, where we accept the notation

fa ftl ftz ftn
t a a ay

Using composition principles established in the previous subsection, the Banach contraction principle
and Proposition 2.19, we can analyze the existence and uniqueness of asymptotically almost periodic type
solutions for the abstract semilinear integral equations of the form

u(t) = f(t) + f; R(t — s)F(s,u(s))ds, te€[0,00)".

Details can be left to the interested readers; see also the fourth application given in [9, Section 6].

3. Some examples and applications

We start this section by examing the existence and uniqueness of ID-asymptotically almost periodic type
solutions for the heat equation on the first quadrant (see also the second application given in [9, Section 6]):
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Example 3.1. Set
12 (T
Eq1(x,t) := (nt) e v/ dy, xeR, t>0.
0

Concerning the homogeneous solutions of the heat equation on domain I := {(x,t) : x > 0, t > 0}, we would like to
recall that F. Tréves [28, p. 433] has proposed the following formula:

X

1 (Y9E " OF;
u(x, t) = 5 j: B_y(y’ Huo(x —y)dy — f(; 7(9(, t—s)g(s)ds, x>0,t>0, (22)

for the solution of the following mixed initial value problem:

up(x, t) = ux(x,t), x>0, t>0; 23)

u(x,0) = up(x), x>0, u(0,t)=g(t), t>0
(for simplicity, we will not consider here the evolution analogues of (22) and the generation of various classes of
operator semigroups with the help of this formula). Concerning the existence and uniqueness of multi-dimensional
almost periodic type solution of (23), we will present only one result which exploits the formula (22) with g(t) = 0.
Suppose that 0 < T < oo and the function ugy : [0,00) — C is bounded Bohr Iy-almost periodic, resp. bounded
Io-uniformly recurrent, for a certain non-empty subset Iy of [0, 00). Set I := Iy X (0, T). If D is any unbounded subset
of I which has the property that

: NS
|(x,t)|—>1:oor{1,(x,t)€]D mm(4(t +T) t) = +eo
then the solution u(x, t) of (23) is ID-asymptotically I'-almost periodic of type 1, resp. ID-asymptotically I-uniformly

recurrent of type 1 (see Definition 2.9). In order to see that, observe that the formula (22), in our concrete situation,
reads as follows

u(x, t) = % f (nt)_l/ze_yZ/“ug(x -ydy, x>0,t>0
-x

as well as that for any (x,t) € I and (11, T2) € I we have:

Ju(x + 71, £+ 12) =~ (e, )] < ||u02|Im f X+T1(n(t + Tz))il/ze‘yz/‘*(f”” dy
X

w [F -1/2
+ IIu;II f (n(t + Tz)) P i ase) dy (24)
—(x+11)

1 X
+ -
2],
The consideration for both classes is similar and we will analyze the class of ID-asymptotically I'-almost periodic

functions of type 1 below, only. Let € > 0 be given. Then we know that there exists | > 0 such that for each xy € Iy
there exists 11 € (xo — I, xo + 1) N Iy such that

(n(t + Tz))il/ze‘yz/‘l(””)uo(x +1T - y) - (nt)il/ze‘yz/‘”uo(x - y)|dy.

ug(x +11) —up(x)| <e, x>0. (25)
| |

Furthermore, there exists a finite real number My > 0 such that fv e dx<e forallv > My. Let M > 0 be such
that

NS 2. 1 ,
mm(m, t) > Mg + = provided (x,t) € ID and |(x, t)| > M. (26)
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So, let (x,t) € ID and |(x, t)| > M. For the first addend in (24), we can use the estimates

X+T1

Up|loo _1/2 —

“ ;H f (r(t + 1)) eV gy
X

(x+171)/2 Vt+12 5
= 1072 |[uglloo f e do
x/2t+12

+00
— _2
< 7 gl f e do
x/2t+12

+00

— -2 -

<n 1/2””0”°“’f e dv < e ?|[uglloo;
x/Z\/ﬁ

the same estimate can be used for the second addend in (24). For the third addend in (24), we can use the decomposition
(see (25))

1 X
dh

< % Ix<n(t 1) e O+ 1 - )~ -y )' Y

(n(t + Tz))il/ze‘yz/‘*(””)uo(x +11 — y) - (nt)71/2e_yz/4tu0(x - y)’ dy

X

1 X
1),

which enables one to further continue the computation as follows:

(n(t + 72))_1/26—y2/4(t+fz)u0(x - y) - (nt)_l/ze‘yz/‘”uo(x - y)' dy,

e ™ -1/2 wolle [ i o
= 2 f (n(t M T2)) eV dy + | 02” f (ﬂ(t + Tz)) oV IAtT) _ (T(t) oV A
h —X

X

+00 X

u
< en‘mf e du+ olles f
oo 2 Ju

Applying the substitution v* = y?[At, we get that

lluollo fx
2 —X
+00

< ﬂ‘l/zlluollmf
—o0

Applying the Lagrange mean value theorem for the function x + xe ™%, x € [ /=L

i’ 1] (v € R is fixed), we obtain
-1/2 = [
Tt Il240llco t+’L’2€ 2 —e

dy

(m(t+ Tz))il/ze‘yz/‘l(tm) - (nt)fl/ze‘yz/“ dy.

(n(t + T2))—1/2e_y2/4(m2) - (nt)_l/ze‘yz/‘” dy

t e_vZ.ﬁ _ e_vz
t+ 1o

do.

dv

+00
t
< 77 Y2uigllo —1| max e F(1+20%0%)dv
—o [ VEFT2 o [
t+1o 7
+00
t __t 2
< 7T_1/2||M0||oof P 1le 72" (1 + 2712) dv
—oo T2

-1/2
< 71 fugleo

t +00 ";% o2
N - 1| f e MotT (1 + 22)2) do.
t+ 1 oo
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The final conclusion now follows from the estimate (26), by observing that

~13

t+1 E+ 1o+ 2 +1Ty

The following observation should be also made: If ug : [0,00) — C is an essentially bounded function, then it
can be easily shown that for each x > 0 the function t — u(x,t), t > 0 is bounded and continuous. Furthermore, the
calculus established above enables one to see that for each x > 0 the function t v u(x,t), t > 0 is S-asymptotically
w-periodic for any positive real number w > 0 (see H. R. Henriquez, M. Pierri, P. Tiboas [17] for the notion).

It is our strong belief that the existence and uniqueness of ID-asymptotically almost periodic type solutions of the
mixed initial value problems on quadrants will receive considerable attention of the authors in the near future.

Example 3.2. Consider the system of abstract partial differential equations
uS(SI t) = Au(sl t) + fl (S/ t)/ ut(sl t) = BM(S, t) + fZ(S/ t) s (27)

for (s, 1) € [0,00)2. In this part, we would like to note that some partial results on the existence and unigueness of
D-asymptotically almost periodic type solutions of this problem can be obtained by using the results from [1, Section
2.1] and some additional analyses. For simplicity, let us assume that A and B are two complex matrices of format
nXn, AB = BA, and A, resp. B, generate an exponentially decaying, strongly continuous semigroup (T1(s))sz0,
resp. (Ta(})i=0. Let the functions fi(s,t) and fo(s,t) be continuously differentiable, let the compatibility condition
(f2)s—Afa = (fi)i—Bfihold (s, t > 0), D := {(s,t) € [0,0)? : ¢18 < t < ¢y for some positive real numbers c; and cy},
and let the following conditions hold true:

(i) There exists a finite real constant M > 0 such that | f1(v, 0)| + |f2(0, )| < M, provided that v, w > 0 (here and
hereafter, (z1,- -+, zu)| := (|z1]* + - - - + |za*)/? if z; € C for all i € N,,);

(ii) The mappings g; : R* — C" are continuous, bounded (i = 1,2) and satisfy that, for every € > 0, there exists
I > 0 such that any subinterval I of R of length | > 0 contains a number t € I such that, for every s, t > 0, we
have |g1(s + 7,t) — g1 (s, )| < € and |g2(s,t + T) — go(s, t)| < €;

(iii) We have that the function gq; : [0, 00)? — C" is bounded, q; € Cop([0, 00)? : C") and fi(s, t) = gi(s,t) + qi(s, t)
for (s,t) € [0,00)* and i = 1,2.

Then there exists a unique classical solution u(s,t) of (27) (see [1, Definition 2.13]), and moreover, there exist a
continuous function ugy(s,t) on [0, 00)? and a function uy € Cop([0,00)? : C") such that u(s, t) = Ugp(s, t) + 1o(s, 1)
forall (s, t) € [0, 00)?, as well as for every € > 0, there exists | > 0 such that any subinterval I of [0, o) of length 1 > 0
contains a number T € I such that, for every s, t > 0, we have [ugy(s+7, t)—ttay(s, )| < € and |ugy(s, t+7)—ugy(s, t)| < €.
Keeping in mind [1, Theorem 2.6, Theorem 2.16], all that we need is to prove that the above conclusion holds for the
function

u(s, t) = T1(s)Ta(t)x + Tl(s)f Th(t — w) 20, w) dw + f Ti(s —v)fi(v, t)dv
0 0

S t
= Tl(S)Tz(t)x + Tz(t) f T1(S - U)fl(v, 0) dv + f Tz(t - a))fz(S, a)) dw, s, t>0.
0 0

Since the quantities s, t and |(s, t)| are equivalent on 1D, with the meaning clear, our assumption (i) and the exponential
decaying of (T1(s))s=0 ((T2(t))e=0) together imply that:

t
|:T1(S)T2(t)x + Tl(S) f(; Tz(t - a))fz(O, a)) da)]

lim
(s,£)eD,|(s,t)|— o0

_ lim [Tl(s)Tg(t)x + To(t) fs Ti(s —v) f1(,0) dv] =0.
0

= i
(s,H)ED|(s,)|—00
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Using the decomposition (s, t > 0)

S 0
f Ti(s —v)q(v, t)dv — f Ti(s —v)g1(v, 1) dv|,
O —

00

fs Ti(s —v)f1(v, t) dv = fs Ti(s —v)g1(v, t)dv +
0 -

00

the corresponding decomposition for the term t fot To(t — w) fo(s, w) dw, t > 0, our assumptions (ii)-(iii) and the
argumentation contained in the proofs of [18, Proposition 2.6.11, Proposition 2.6.13; Remark 2.6.14], the required
conclusion simply follows. Let us note, finally, that there exists a great number of concrete situations where the above
assumptions are really satisfied. Suppose, for example, that n =1, A = B = [-1],

t S—t

e
,f) =sins + + | ——=dé&, s, t20
fi(s,t) = sins + coss f01+52 &, s

and

1
fa(s, t) = sins + T2 s, t>0;

see also [2, Proposition 1.3.5(d)]. Then the above requirements hold.

Finally, we would like to note that the Stepanov multi-dimensional almost periodic type functions and
their applications have been analyzed in [9] as well as that the results established in this paper and [9] have
been published in the research monograph [19].

Sadly, our coauthor Prof. Manuel Pinto, a renowned researcher in the field of differential equations and
a mentor to several generations of mathematicians, has recently passed away. We would like to dedicate
this paper to the memory of our dear friend and master. Conference on ordinary and functional differential
equations “Celebrating the life and legacy of Professor Manuel Pinto J.” will be held at Facultad de Ciencias,
Universidad de Chile, Chile (November 20-21, 2025).
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