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Pre-orders defined by weighted core-EP inverse

Katarina S. Stojanovié¢*’, Dijana Mosi¢?

*Faculty of Sciences and Mathematics, University of Nis, P.O. Box 224, 18000 Nis, Serbia

Abstract. Our aim is to introduce new binary relations on the set of all Wg-Drazin invertible bounded linear
operator between two Hilbert spaces in terms of the weighted core-EP inverse. Different characterizations
of new binary relations are presented as well as block operator matrix forms for operators in these relations.
We prove that three of four our new binary relations are pre-orders on the corresponding set and we state
as an open problem to check is the fourth relation a pre-order on the same set.

1. Introduction

Let B(X, Y) be the set of all bounded linear operators from X to Y, where X and Y are arbitrary Hilbert
spaces. The range, null space and adjoint of A € B(X, Y) are denoted by R(A), N(A) and A*, respectively.
We state B(X) = B(X, X). The sets of all invertible and quasinilpotent (6(Q) = {0}) operators of B(X, Y) are
represented as B(X, Y)™! and B(X, Y)7, respectively.

Different questions in mechanics, physics, control theory, and so on, reduce to the solvability of systems
of equations, and for practical reasons, generalized inverses are defined as solutions of systems of equations
[3, 5,14, 28, 30, 31].

For W € B(Y, X)\{0}, an operator A € B(X, Y) is Wg-Drazin invertible if there exists B € 8(X, Y) such that
AWB =BWA, BWAWB=B and A-AWBWA e B(X,Y)™!.

When the Wg-Drazin inverse B of A exists, it is uniquely determined and marked by A*W [6]. In the
case that A — AWBWA is nilpotent, A% = APW is the W-weighted Drazin inverse of A [7]. If X = Y and
W = I, A? = A%W is the generalized Drazin inverse of A [16] and AP = APW is the Drazin inverse of A
[7]. The symbols B(X,Y)*" and B(X)? denote the sets of all Wg-Drazin invertible operators of B(X,Y)
and generalized Drazin invertible operators of B(X), respectively. Recall that A € B(X, Y)*" if and only
if AW € B(Y)? if and only if WA € B(X)? [6]. In addition, A% = A[(WA)']> = [(AW)?]*)A. Weighted
pre-orders and partial orders introduced for Wg—Drazin invertible operators can be found in [21].
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If W e B(Y,X)\{0} and A € B(X, Y)*W, there exists the unique W-weighted core-EP inverse B of A,
denoted by A", such that [23]

WAWB = Pgyayy and R(B) € R(AW)).

In particular, when X = Yand W = I, A® = A®W is the core-EP inverse of A [24]. It is known that
APV = A[(WA)®]? and (WA)® = WASW [23].

The core-EP inverse has attracted attention of many researches from defining. Properties and represen-
tations of the core-EP inverse were established in [9, 11, 19, 26, 29, 32, 33] Characterizations of the weighted
core-EP inverse were studied in [1, 2, 10, 12, 15, 17, 23]. Some constrained approximation problems were
solved in [18, 25] applying the weighted core-EP inverse.

Using the core-EP inverse and the weighted core-EP inverse, various kinds of pre-orders and partial
orders were defined and investigated in [8, 22, 27]. For A € B(X)? and B € B(X), the core-EP pre-order is
defined by

A<®B & AA®=BA® and A®A = A°B.

In [23], the pre-orders WA <® WB and AW <® BW were considered in terms of the weighted core-EP
inverse as well as the pre-order which is a conjunction of WA <® WB and AW <® BW. Based on weighted
core-EP inverse, new pre-orders were presented in [14] on the set of rectangular complex matrices.

Motivated by previously mentioned results about weighted pre-orders, we continue to develop this
area. In particular, we define four new binary relations on the set of all Wg-Drazin invertible bounded
linear operator between two Hilbert spaces, applying the weighted core-EP inverse. Two of four new binary
relations are introduced through two equalities, that is, they are two-sided relations, and the rest two binary
relations are defined by one equality, i.e. they are one-sided relations. We present characterizations of new
binary relations and we establish block operator matrix forms of operators in these relations. We obtain
new results and we extend some results given in [14] for rectangular matrices to more general settings. We
verify that three of four our new binary relations are pre-orders on the set B(X, Y)*" and we state as an
open problem to show is the fourth relation a pre-order on B(X, Y)*".

The organization of this paper follows. In Section 2, we introduce and characterize two binary relations
which are two-sided. Section 3 contains definitions and properties of two one-sided binary relations. An
open problem is also proposed in Section 3.

2. Pre-orders defined by weighted core-EP inverse

Using the weighted core-EP inverse, we introduce two new binary relations between two bounded
linear operators on Hilbert spaces, extending corresponding definitions for rectangular matrices proposed
in [14].

Definition 2.1. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then we say

(i) A<V Bif
AWA®Y = BWA®Y  and  A®"WA = ASYVWB;

(ii) A <®WR B if
AWAYW = BWAYW  and  A®YWWAW = A"WBW.

Remark that, for X = Yand W =1, A <®" B and A <®"R B reduce to A <® B. If we state that A <®WL B
holds when WAWA®W = WBWA®W and WA®WWA = WA®"WWB, by (WA)® = WA®", we deduce that
A <®WL B is equivalent to WA <® WB, which is the relation studied in [23]. Notice also that if A <®" B is
satisfied, then A <®WR B and WA <® WB hold.

In the first theorem of this section, we will present some characterizations of the new relation <®".

Theorem 2.2. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then the following
statements are equivalent:
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(i) A <@V B,
(i) AWASWW = BWASWW and WASWIWA = WASWWB;
(iii) AW(AW)® = BW(AW)® and (WA)°WA = (WA)PWB;
(iv) AWAP"WW = BWAY"W and WA®"WWA = WASWWB;
(v) AWAW) = BW(AW) and (IWA)PWA = (WA)°WB;
(vi) AWA)? = BIWA)? and (WA)PWA = (WA)CWB;
(vii) A(WA)® = B(WA)® and (NA)PWA = (WA)°WB;
(viil)) AWAYYW = BWAYW and ASWWA = A"WWB.

Proof. (i) = (ii): This is clear by the definition of the relation <®".
(ii) = (iv): Using ASWWAWA®W = A4W [22, 23] and AWA®VW = BWA®"W, we obtain

AWA YW = (AWAPWW)AWAPWW = BWA*VWAWA? ™M)V = BWA" VI

(iv) = (v): It follows by the equalities AYWW = (AW)? and WA®W = (WA)® from [23].
(v) = (iii): The equalities (AW)!AW(AW)® = (AW)® and AW(AW)? = BW(AW)“ give us

AW(AW)® = [AW(AW) JAW(AW)® = BW[(AW)!AW(AW)®] = BW(AW)®.
(iii) = (vi): From (AW)?AW(AW)? = (AW)? and AW(AW)® = BW(AW)?, we have
AW(AW) = [AWAW)?JAW(AW)? = BW[(AW)2AW(AW)?] = BW(AW) .
Therefore, by properties of the generalized Drazin inverse,
AWAY = AWAYWAWA)! = [AWAW)]AWA)*
= BW(AW)?A(WA)! = BWWA)'WA(WA)?
= B(WA).
(vi) = (vii): Applying (WA)!WA(WA)® = (WA)® and A(WA)? = B(WA), we obtain
A(WA)® = AWAY'WA(WA)® = BIWAYWA(WA)® = B(WA)®.
(vii) = (i): By the equalities WA®" = (WA)® and A(WA)® = B(WA)?, we can conclude
AWA®W = A(WA)® = B(WA)® = BWA®W.

The assumption (WA)°WA = (WA)®WB gives

AYYWA = AYWWAWAYYWIWA = AYVWA[(WA)°WA]
AYYWA(WA)WB = A*VWB.

(i) & (viii): This equivalence follows by AYWWAWAYW = A%W and AYWWAWASW = A®W [22,23]. O

Remark that the second equality in statements (i)—(viii) of Theorem 2.2 can be replaced with the equality
A®WWA = ASWWB from the definition.
As Theorem 2.2, we get characterizations for the relation A <®" B to hold.

Theorem 2.3. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then the following
statements are equivalent:
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(i) A <®"WRB;
(i) AWASWW = BWASWW and WASWWAW = WASWWBW;
(iii) AW(AW)® = BW(AW)® and (WA)°WAW = (WA)SWBW;
(iv) AWAPWW = BWAYWW and WASWWAW = WASWIWBW;
(v) AW(AW)? = BWAW) and (WA)PWAW = (WA)PWBW;
(vi) A(WA)? = BIWA)? and (WA)PWAW = (WA)°WBW;
(vii) A(WA)® = BIWA)® and (WNA)WAW = (WA)*WBW;
(viil) AWAYYW = BWAYW and ASWWAW = AW WBW;
(ix) AWA®W = BWA®W and WASWWAW = WASWWBW.

Observe that A" WAW = AWWBW can be stated instead of the second equality in statements (i)—(ix)
of Theorem 2.3.

To prove new characterizations of the relations <®" and <®"R, we will use the next result from [23].
Lemma 2.4. [23] Let W € B(Y, X)\{0} and let A € B(X,Y) be Wg-Drazin invertible. Then

A:[Al Az].[R«WA)d»]%R((Aww»]
0 As|” [NI(WAYY]| ™ |NI(AW)')]

and

W = [Wl Wz] , [ R((AW)) ] . [ R((WAY")) ]
0 W [NI((AW)')T| ~ [NI(WA))T|’

where Ay € BR(WAYY, R(AWY))™L, Wy € BRIAW)YD, R(WAYY)™, AsW5 € BIN[((AW)Y) ) and WsAs €
B(N[(WA)*) ). In addition, we have

| RawAY)) R((AW)Y)

P -
CINIWAYYT] T INT(AWYYT|

0 0
We firstly get block operator matrix forms for operators A, W and B when A <®" B.

Theorem 2.5. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then the following
statements are equivalent:

(i) A=<*VB;
(ii) there exist the following matrix representations with respect to the orthogonal sums X = R((WA)') &
NI(WA)'yTand Y = R(AW)") & N[(AW)")']:

_ A A _ Wi W, _ Aq A2+W1_1W2(A3—B3)
A‘[ 0 AS]'W‘[ 0 W3]’B_[ 0 B, ‘

where Ay € BR(WA)), R(AW)))™!, Wi € BR(AW)Y), R(WAY))™, AsWs € BN[(AW)*) )™ and
W3A3 € B(N[(WAY) ™.
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Proof. (i) = (ii): Let A and W be represented as in Lemma 2.4 and

B:|B1 Bz]:[ R((WA)") ]_)[ R((AW)") ]

By Bs NI(WA)")] NI((AW))]
We have, by
ByWy (W1 A; W)™t 0 Wt 0
oW _ 1Vvl 1411VV] _ oW _ 1
BWATT = [B4W1(W1A1W1)‘1 0} = AWA ‘[ 0 of

that By = A; and B4 = 0.
On the other hand, from A"WWA = A"WWB and also from

AOWINA = [W{l (W1 A1 W1)"H(W1 Az + WzAs)]
0 0 !

AOWIWB = [(W1A1W1)_1(W131 + W2Bs) (Wi A1Wi) " (WiB; + W233)]’

0 0

we obtain W1A; + WrAsz = W1B, + W)B3. Hence, B, = A + W{l Wz(Ag - B3)
(ii) =(i): This part follows by elementary computations. [

In the case that A <®"R B, we develop the next block operator matrix forms of A, W and B.

Theorem 2.6. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then the following
statements are equivalent:

(i) A <®"RB;
(ii) there exist the following matrix representations with respect to the orthogonal sums X = R(WA)Y) @

NI(WAY)Tand Y = R(AW)") & N[(AW)")']:

| A1 A Wi W, | A1 By
A‘[ 0 Ag]’w_[ 0 wg,]'B‘[ 0 Bg,]f

where Ay € BR(WA))), R(AW)))™!, Wi € BR(AW)"), R(WAY))™, AsWs € BIN[(AW)') )™,
W3A; € BIN[(WAY) )™ and

(W1Az + WrA3)W3 = (W1B, + W2B3)W3.

Proof. (i) = (ii): Theorem 2.3(ix) gives that A <®"R B if and only if AWA®" = BWA®W and WA®WWAW =
WA@"WWBW. Using the same notations as in the proof of Theorem 2.5, we have that BWA®W = AWA@W
implies By = A; and By = 0. Since

WASW WA = [w1 Wa + (WiA1) ™ (W1 Az + W2A3)w3]

0 0

and

WASYWBW = |W1 Wy + (W1 A1) "H(W; B, + WzB3)W3] ,

0 0

we see that WASWWAW = WA®WWBW is equivalent to (W1 Az + W2A3)W;3 = (W1 B + WoB3)Ws.
(ii) = (i): This implication can be verified by basic calculations. [

Applying Theorem 2.5, we verify that <®" is a pre-order on the corresponding set.

Theorem 2.7. The binary relation <*" is a pre-order on B(X, Y)*.
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Proof. To prove that some binary relation is a pre-order, we have to prove that it is reflexive and transitive.
Here, it is obvious that the reflexivity of relation <®" holds from the Definition 2.1.

In order to verify the transitivity, for A, B,C € B(X, Y)*", assume that A <®" B and B <®" C hold. We
can represent A, W and B as in Theorem 2.5(ii). Let

c| & G |.[ RWA) | [ RAW))
| G Ca || NI(WAYY] NI(AW)T |

From Theorem 2.2(vii), B <®" C is equivalent to BOIWB)® = C(WB)® and (WB)®WB = (WB)®WC. Because

WB = [WlAl WiA; + W2A3]

0 W3B3

is generalized Drazin invertible, by [4, Theorem 2.3] and [20, Lemma 2.3], we have that W;3Bj3 is generalized
Drazin invertible and

(WB)® = [(W1A1>-1 —(Wi A1) (W1 A; + WzAs)(WsBs)@}
p .

(W3B3)®
Since we know that B(WB)® = C(WB)® holds, from

Wt * ]

B(WB)® = [ 0 Bs(WsBs)®

and

C(WB)® = [Cl(wlAl)_l ]

Cs(WiAy)™t =
we get C; = A; and C3 = 0. The equalities

I (W1A1) {(Wh Az + W A3 — (W1 A, + WhA3)(W3B3)° W5 Bs)
@ —
(WB)*WE = [O (W3B3)®W3B; ’

0 (W3B3)®W5Cy

and (WB)@(WB) = (WB)@(WC) give (W3B3)@W3C4 = (W3B3)@W3B3 and W1 A, + WAz = W1C, + W) Cy, that
is, Co = Ay + Wy 1W,(As — Cy). By Theorem 2.5, we observe that A <®W C which means that the relation
<®W is transitive and hence a pre-order too. [J

(WB)®WC = [I (W1A1) T (W1Ca + WoCy — (WA + W2A3)(W333)@W3C4)} ,

By [14, Example 2.6], we conclude that the relation <" is not antisymmetric.
Now, we show that <®"R is also a pre-order on B(X, Y)»W.

Theorem 2.8. The binary relation <*"R is a pre-order on B(X, Y)*W.

Proof. Clearly, <®"R is reflexive.

To check transitivity of the relation <®"R, let A, B,C € B(X, Y)W satisfy A <®"R B and B <®"R C. We
express A, W and B as in Theorem 2.6(ii) and set

c| & G |[ RwA) | [ RAW))
Cs Gy |'[ NI(WA)YT)] NI(AWY)T |
Applying Theorem 2.3, B <®"R C if and only if BIWB)® = C(WB)® and (WB)*WBW = (WB)®WCW.
Similarly as in the proof of Theorem 2.7, we have
0 (W3B3)°

(WB)® = [(W1A1>-1 ~(W1A1)" (W1 B, + WzBa)(WsB3)@]
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and B(WB)? = C(WB)? yields C; = A; and C3 = 0. Note that

W1 Wa + (W1 A1) "H(W1By + WaB3)(I — (W3B3)®W3B3) W
@ —
(WB)"WBW = | 0 (W3B3)®W3B3 W3

and

0 (W3B3)®W3Cy W3

Because (WB)®WBW = (WB)®WCW, we obtain (W3B3)°WsCysWs = (W3B3)®W3B3W3 and, by (WA, +
W2A3)W3 = (W1B2 + Wng)We,, we get (W1A2 + W2A3)W3 = (W1C2 + W2C4)W3. Theorem 2.6 1mp11es
that A <®"WRC. O

(WB)PWCW = [Wl Wa + (W1 A1) H(W1Co + WoCy — (Wi B, + WzBs)(WsB3)@W3C4)W3)} .

By Theorem 2.7 or Theorem 2.8, we obtain the next known result.

Corollary 2.9. The binary relation <° is a pre-order on B(X)".

3. One-sided binary relations
Inspired by Definition 2.1, we define one-sided binary relations in terms of the weighted core-EP inverse.
Definition 3.1. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then we say

(i) A<®W Bif
A*YVWA = A*VWWB;

(ii) A <®"r Bif
AWASW = BWASW,

From Definition 2.1 and Definition 3.1, we deduce that A <®"! Band A <®"" Bisequivalentto A <®" B.
Also, A <®"R B implies A <®"" B.
By Theorem 2.2, we have the next characterizations for the relations <"/ and <®"r,

Theorem 3.2. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then the following
statements are equivalent:

(i) A <®WI B;
(i) WA*"WA = WASWIWB;
(iii) (WA)®WA = (WA)*WB.

Theorem 3.3. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then the following
statements are equivalent:

(i) A<®""B;

(i) AWASWW = BWASWW;
(iii) AW(AW)® = BW(AW)?;
(iv) AWAPWW = BWA“"W;

(v) AW(AW)? = BW(AW);
(vi) A(WA)! = B(WA);
(vii) A(WA)® = B(WA)®;
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(viii) AWAYW = BWAYW,

Similarly as in the proof of Theorem 2.5, we obtain block operator matrix forms for operators satisfying
A <®WIBor A <oW" B.

Theorem 3.4. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then the following
statements are equivalent:

(i) A <*W B;

(ii) there exist the following matrix representations with respect to the orthogonal sums X = R((WA)Y) &
NI(WAY')Tand Y = R(AW)") & N[(AW)")]:

A= A A W= Wi, W, B= A — W1_1W2B4 Ay + W1—1W2(A3 - B3) )
0 Aj 0 Ws By B3

where Ay € BR(WA))), R(IAW)))™!, Wi € BR(AW)"), R(WAY))™, AsWs € BIN[(AW)T) )™,
W3A; € BNI(WA)T) ™.

Theorem 3.5. Let W € B(Y, X)\{0}, B € B(X,Y) and let A € B(X,Y) be Wg-Drazin invertible. Then the following
statements are equivalent:

(i) A <®W B;

(ii) there exist the following matrix representations with respect to the orthogonal sums X = R((WA)?) &
NI(WAY')Tand Y = R(AW)") & N[(AW)?)]:

_ Al A _ Wy W, _ A1 B
A‘[ 0 A3]’W_[ 0 w3]'3‘[ 0 Bg]'

where Ay € BR(WAY), R(AW)))™, Wi € BR(AW)), RAWAY)™, AsW5 € BIN[((AW))y 1),
W3A; € BIN[(WA)?) 7.

As Theorem 2.7, we can show the following result.

Theorem 3.6. The binary relation <®"" is a pre-order on B(X, Y)*W.

a,Wl )d,W

In this paper, we do not prove that <®"* is a pre-order on 8(X, Y)*" and thus we state it as a conjecture.

Conjecture. The binary relation <®"/ is a pre-order on B(X, Y)*".
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