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Further results on the m-weak core inverse
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Abstract. This work establishes multiple novel representations for the m-weak core inverse, accompanied
by proofs of their validity. Furthermore, we derive perturbation bounds and analyze continuity properties
for this generalized inverse. By utilizing the m-weak core inverse, we characterize the unique solution to a
constrained minimization problem in the Frobenius norm framework: min HM’”“X - M?"(M™*B

i, subject
to the range constraint R(X) C R(M*), where m € N, B € C™7, M € C™" and ind(M) = k.

1. Introduction

Typically, for any matrix M € C"™", we denote by M is its conjugate transpose, rank (M) is its rank, R (M)
is its range space, and N (M) is its null space. The symbol C”" is the set of p X n matrices with complex
entries. As always, C"" = {M € C"™"| rank (M) = r}. When C"™! is direct sum of subspaces G and H, we

use P¢ i to denote a projector onto G along H. Also, P stands for the orthogonal projector onto a subspace
G.

We begin with a few important generalized inverses [1, 3, 5, 6, 8, 10, 24, 31]. For any matrix M € C"™",
its Moore-Penrose inverse M' represents the unique solution satisfying the Penrose equations (see [1]):

XMX = X, MXM = M, (MX)" = MX, (XM)" = XM.

The matrix X € C"™" is called an outer inverse (or also called {2}-inverses) of M € C™™ if it satisfies the
condition XMX = X. The {2}-inverse of M with the range T and null space S, denoted by M(TZ)S [1] satisfies

XMX =X, RM)=T, N(M) =S,

where T and S are the subspaces of C" and C™" and with dimensions s < v and m — s, respectively.
In [3], Drazin first proposed the notion of pseudo inverse while studying the structure of combining
rings and semigroups. Among these, the Drazin inverse emerged as an important outer inverse formulation
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for square matrices. Let M € C"™" and k = ind (M), there exists a unique matrix X € C"™" called the Drazin
inverse (written MP) such that

XMX = X, MX = XM, M*'X = MF.

In the specific case where ind (M) = 1, the Drazin inverse coincides with the group inverse (MP = M*). A
matrix M € C™" is said to be range-Hermitian if its range coincides with that of its conjugate transpose
R(M) = R(M").

The core-EP inverse has gained considerable attention in current research as a fundamental generalized
inverse. First presented in [10] for general square matrices, it represents a special class of outer inverses.
For M € €™ having index k, the core-EP inverse exists uniquely as X = M® e C™" fulfilling these key
equalities:

XMX = X, R(Mk) =R(X) = R(X").

+
According to [25], the core-EP inverse admits the representation M® = MPM* (Mk ) . Notably, when k =1,

the core-EP inverse becomes the core inverse M® = M*MM?.

In 2018, Wang et al. [25] generalized the group inverse concept by introducing the weak group inverse
for square matrices of arbitrary index, utilizing core-EP inverse theory. For M € C™", the weak group
inverse refers to a matrix X € C"™" satisfying:

MX? = X, MX = M®M,

such a matrix X is termed the weak group inverse (WGI) of M, denoted by M" and when it exists, this
inverse is unique. Zhou et al. [31] later expanded this concept to ring theory. Current developments
regarding the weak group inverse appear in [4, 11].

According to the findings in [8], the m-weak group inverse of matrix M can be characterized through
the following system of matrix equations employing the core-EP inverse:

MX? = X, MX = (M®)" M™,

such a matrix X is termed the m-weak group inverse (m-WGI) of M, denoted by MWr. Furthermore, the
authors established an explicit representation of the m-weak group inverse using the core-EP inverse:

X = (M®)"l+1 Mm

In recent times, Ferreyra et al. [5] proposed a new generalization of the core inverse. They utilized the
WGI to define the weak core inverse (WCI), which is represented by the following matrix:

MVt = MWDy,

Ferreyra et al. [6] proposed a new type of generalized matrix inverse applicable to matrices with any
index. This new inverse is named the m-weak core inverse (m-WCI). It serves as a generalization of the
core-EP inverse, the weak core inverse, and by extension, the core inverse. For any m € IN, the m-weak core
inverse of a matrix M € C"™" is defined as

X = MWm PMm,

such a matrix X is termed the m-weak core inverse of M, denoted by M®» and when it exists, this inverse
is unique. In scenarios where m > k, the m-weak core inverse and the core-EP inverse are equal, satisfying
M®» = M®. A key finding in the work reveals that this inverse can be explicitly constructed from the
core-EP inverse via the relation

M®n = (M®)" M" Py
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Let M be an n X n complex matrix with index k. If b € R (Mk), the solution x = MPb is known to be the
unique Drazin inverse solution to the constrained linear system [2]

Mx =b, xeR(Mk).

Specifically, if ind(M) = 1 and b € R (M), then x = M*b (equivalently, M®b) is the unique solution to Mx = b.
In [26], Wang et al. investigated the constrained matrix approximation problem in the Frobenius norm
by employing the core inverse:

IMx —bllr = min subjectto x € R(M), (1)
and provided the unique solution
x =M%, (2)

where b € C", ind(M) = k and M € C"™", omitting the condition b € R (M).
Ji, Mosi¢ et al. [9, 12] examined the constrained matrix approximation problem:

min |[Mx — bl[r subjectto x € R(M"), 3)
and provided the unique solution
x = M®, (4)

where b € C", ind(M) = k and M € C™". Note that this formulation differs from [2] by omitting the
condition b € R(MF).

Wang et al. [27] provided the solution to the matrix minimization problem under the Frobenius norm
for the WGI:

min [|[M2X — MB||r subjectto R(X) € R(M"), (5)

then X = M"B is the unique solution to equation (5), where B € C, ind(M) = k and M € C"™".
The uniquely specified solution of the Frobenius-norm constrained minimization is derived via m-WGI
[13]:

min |[M"*1X — M"B||[r subjectto R(X) € R(M"), 6)

then X = M"»B is the unique solution to equation (6), where ind(M) = k, m € N, B € C™7 and M € C™".
Taking inspiration from preceding studies on optimization problem tractability, we concentrate on the

most inclusive minimization formulation. This investigation strives to both generalize and incorporate

existing findings, particularly regarding solutions to the Frobenius-norm constrained optimization:

min |[M"1X — M*"(M™)'B|lp  subjectto R(X) € R(M"), 7)
where ind(M) =k, m € N, B € C"™1 and M € C"™". Here is a detailed explanation of our results.

(1) Novel expressions and descriptions of the m-weak core inverse are developed using Moore-Penrose
inverses and specific projection operators;

(2) Perturbation and continuity for the m-weak core inverse are investigated;

(3) We establish that the solution to problem (7) exists and is unique, with this solution being given by the
m-weak core inverse.

The remaining sections are organized as follows. In Section 2, necessary definitions and lemmas are
presented. In Section 3, various expressions for calculating the m-weak core inverse are given. Section 4
contains perturbation representations and continuity results for the m-weak core inverse. Section 5 focuses
on the solvability of the minimization problem (7) and its specific cases. Numerical examples are given in
Section 6. Section 7 provides some concluding remarks.
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2. Preliminaries

Lemma 2.1. [23] Let M € C™" and there exists a unitary matrix U € C™". If rank (Mk) =1, then

M1 Mz,
M—U[O Mg]u, (®)
where My € C™ is nonsingular and upper-triangular and Mz € C"=9*"=D js nilpotent of index k.
Further, it follows [8], for any m € IN:
Mt 0
® _ 1 +
M® = u[ ] 0] u, ©)
=y My M zyﬁalomiMzM;"“] u (10)
and
[ 71— —(m+1) ym-1 1 m—1—i
M@m — u ]\/gll Ml " Zi:o A?)lMZMg, ! PMZ;} u* (11)
: _ —(m+1) xm=1 3 i m—1—ip fm m *
_ Myt M R MMMV <M3) u. (12)
| 0 0
The expression below represents an orthogonal projector:
_ ! I t _ It 0 .
Py = M (M) _u[o PMJU, leN. (13)
nxn M MG 2nx2n 4 1y 7 ;
Lemma 2.2. [14] Let M,G,H, U € C™" and Z = HM U |€ C , the following rank equality is valid:
rank (M) + rank (U — HMG) = rank (Z). (14)
Lemma 2.3. [12] Let M € C™" and let a matrix Y satisfy:
N YY) = R(Mk) (or equivalently R(Y) = N(Mk)*). (15)
Then MM + YY* is nonsingular and
M® = MK + YY) (16)

Lemma 2.4. [7] Let M € C™", ind (M) = k and m € IN. Then the following statements hold:

®n = MO =M
M= MR(Mk),N((Mk)*MmPMm) - MR(Mk),N((Mk)*Mzm(MW,)+)'

3. Representations and characterizations of the m-weak core inverse

This section provides various representations of m-WCL
If matrix M is invertible, U = M! is the unique matrix such that

1rank([]\1/I Z[]) = rank(M).

It is interesting to consider analogous result for the m-weak core inverse.
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Theorem 3.1. Let M € C™" be in the form (8) with ind(M) = k and t = rank (Mk) Then there exist the unique
matrix P satisfying

P2 =P, (M) M*"(M")'P=0, PM‘=0, rank(P)=n-t; 17)
the unique matrix Q satisfying
Q*=Q, (M) M (M™)'Q =0, QM* =0, rank(Q)=n -t 18)

the unique matrix R satisfying
M I-P
rank (M) = rank([l 0 R ]), (19)

the matrix R is the m-weak core inverse M®n of M. Furthermore, we have
P=1-MM®, Q=1-M®M.

Proof. Assume that matrix M is decomposed as shown in equation (8). By using (12), we get that

- -1 a 1] m—1—j
P oI MM® — u[o ~M;" R MIMa M, PM;] u
0 I
which implies (17) for P = I - MM®».
To demonstrate that (17) has a unique solution, suppose (17) for the matrices P and P; = U [(];: ?] u,

where C € C™. From P;M* = 0 and

k k=1 p rk=1-i i
Mk = U[]\gl Lizo M101 M2M3] u,

we have C = 0 and E = 0. Now, P? = P; and rank (P;) = n — t imply D = DF, F = F?, F is invertible and
F =1. From

0 = (]\/Ik)yr M2 (Mm)+ P,

Y N N OHW z:'ialmgmzmglfnz 0 HO D]u*
(i MEivpME) 0] O Mz 0 Pyrl|l0 I
I B R (M) L2g" MMMy Py [0 D] r
T | (B MMM My (R MMM ) T MMM Py | [0
B e N A T N
0 (Zi MMM ) (MYD + X7 ME MMy~ Py )

we deduce that M”'D + Yot MaMzMg"’l’iPMgn =0, thatis, D = -M;™ Yot MiMzMg”’l”'PMvsn. So, P; = P.
Similarly, we demonstrate that it is satisfied for a unique Q = I - M®»M.
Under the settings P = I - MM®» and Q = I - M®=M, it can be verified

M MM®I:1_ M I_P
M®nM R |~ [I-0 R |

By (19) and Lemma 2.2, notice that R = M®MM®» = M®. [
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The study also examines the correlation between an invertible bordered matrix and m-WCI.

Theorem 3.2. Let M € C™" with ind (M) = k. Assume that two full column rank matrices G and H* which satisfy
N ((MF) M2 (7)) = R (G) and R (MY) = N (H). Then

M G
x=[i
is invertible and
B M®n ( I — M®n M) Ht
X7 =], N - (20)
G'(1- MM®r) —G' (M - MM®M)H
Proof. By using Lemma 2.4, we have M®n = M@ . For

ROME)N (M) MY
R(I - MM®) = N (M®) = N (M) M2" (V™)) = R (G) = R(GGY) = N (I - GG).
Consequently, (I - GG') (I - MM®n) = 0, we get that
GG* (I - MM®) = (1 - MM®»).

Further, we know that HM®" = 0 by using R (M®m) =R (Mk) = N (H). Let Y represents the right-hand side
of equation (20), we get that

[MM®» + GG' (I - MM®») M (I - M®M)H' - GG (I - MM®» ) MH!
XYy =
» HM® H (I - M®M) H
_ [ MM®n 1 - MM® (1 - MM®)MHT - (I - MM@")MHJF]
o 0 HH'
[1 0
= |o 1] =L

Therefore, matrix X is invertible, and its inverse matrix equals Xl=Y O

By making use of the expression for the m-WGI that was put forward in [13], we derived a new
expression for the m-WCIL.

Theorem 3.3. Let M € C™", m € N, k = ind(M) and a matrix Y satisfying (15), the matrix MF(MF)' M + YY* is
invertible and

M® = (KM + YY) K(MP)" M* (M) M2 vyt (21)
= (KM + YY) KM (M"*’”)+ M (Mm (22)
where K = MF(MF)'.
Proof. By [13], we know that
M™ = (KM + YY)~ K (MP)" M* (Mk)+ M™
= (KM + YY) KM (M) M,

where K = M*(M*)". And M®» = MW M™ (M™)}, therefore, it is proven. [
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Theorem 3.4. Let M € C™", m € N, k = ind(M) and a matrix Y satisfying (15), the matrix MM+ YY* is invertible
and

M®n = (Mk + (MP)" Mk (MF) vz vyt YY*) H (23)
- (Mk + M (M) gz vyt YY*) H, (24)
where H = (M"Jrl + YY*)_l.

Proof. According to Lemma 2.3, note that M¥*! + YY" is invertible. Therefore,

M® (M 4+ YY)

(2" M () (M 4+ YY)

(MD)’“+1 ME (Mk)+ M2 (M) (Mk+1 + YY*)
(MD)’"“ ML (Mo)m+1

= M+ (MP)" ME (M) M vy,

ME (M) M2 () Y

O

When m = 1 in Theorems 3.3 and 3.4, we obtain novel representations for the WCI.

Corollary 3.5. Let M € C™", k = ind(M), m = 1 and a matrix Y satisfying (15), the matrix M*(M*)'M + YY* is
invertible and

_ +
MY = (KM + YY) KMPMF (M) M2M? (25)
= (KM + YY) KMH (M) M2 (26)
where K = MF(MF)'.

Corollary 3.6. Let M € C*", k = ind(M), m = 1 and a matrix Y satisfying (15), the matrix MM+ YY* is invertible
and

MV = (Mk + (MD)2 MF (M")+ M2M+YY*)H 27)

- (Mk + M (M)’ MZMWY*) H, 28)

where H = (M"Jrl + YY*)_l.

Theorem 3.7 provides characterizations of the m-WCI using the full-rank decomposition of the matrix
k
power M".

Theorem 3.7. Let M € C™", m € N and k = ind(M). Assume that M¥ = QP is a full-rank decomposition, then
Q*M"™*1Q is invertible and
-1
M@m - Q (Q*Mm+1Q) Q*MZm (Mm)'l' (29)

=M? . 30
RQ)N(Q M2 (v (30)
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Proof. 1t follows by [13] that Q*M™*1(Q is invertible and

W -1
MWn = Q (Q*Mm+1 Q) Q'M".
Thus
M®m — MW"‘Mm (Mm)+ — Q (Q*Mm+lQ)_l Q*MZm (Mm)+ )
Finally, the derivation of (30) can be obtained by applying the full-rank characterization of outer inverses

M,(Ig()B), N which specifies both range and null space constraints. This representation, originally established
by Urquhart [22], takes the form B(CMB)'C. Further generalizations of this result have been subsequently

developed in [20], providing extended formulations of the original expression. [
In the special case of m = 1, Theorem 3.7 yields the corresponding weak core inverse formulas.
Corollary 3.8. Let M € C™", k = ind(M), m = 1 and assume that MK=QPisa full-rank decomposition, then

MV Q( " Q)_l oM2M!

— @
B MR(Q),N QMM

I
Q
3

Since the expression for M®» given in Theorem 3.7 depends only on Q from the full-rank decomposition
MF = QP, we present an alternative characterization of M®n.

Theorem 3.9. Let M € C™", k = ind(M), m € N and S € C"™" satisfying R(S) = N(Mk), then

M® = 5 (sM™18) " s M2 (! (31)

— @
- M‘R(S),N(S*MZ"I(M'")*)' (32)

Proof. It follows by [13], we have:
W -1

M"Y = §(SM™1S) s M.
So, we get that
-1
M®n = S(SM™IS) - SME (MM
O

4. Perturbations and continuity of m-weak core inverse

In [14-17], the perturbation formula and its perturbation boundary of various generalized inverses of
matrices have been studied under certain conditions recently. This section will discuss the perturbation
formula of m-weak core inverse. Let’s start with a lemma.

Lemma4.1. Let M € C™ me N,indM) = kand B =M+ E € C™". Assume that E = MM"»E and
(IMWnE|| < 1, then

_ -1 m+1
BWr = ((1+MWwE) MW'”) MM® (M + E)" . (33)
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Proof. Let M be defined as in (8) and

_ B E2|
ouft B

where E; € C™. Applying (10), we have
MmM"E = g [Br M Zﬁz’lé\/l (MM Es Ep + M ZSOM MM ES
The equality E = MMWnE yields E3 = 0 and E4 = 0. Since || MWnE [|< 1, then

[+M"E=U

I+MIlE1 M;lEz u
0 I

is nonsingular. Therefore, I + M7 1E; = My L(M; + Ey) is nonsingular implies that M; + E; is nonsingular.
Because

B:M+E:U[M1+E1 M2+E2]u*,

0 Ms
we have )
o _7|Mi+E)" 0],
B® = u[ 0 0} u
and 1 1 1 ' i
W, _ o |[M1+ EDTT My + En)TY (M + By (Mo + Ep) MR
BWr = U 0 0 .
Therefore, by (9),
_ -1 _ ym+1
((1 + MW'”E) MW'”) MM® (A + E)"
- - m=1 4 ri m—1-i]"+1
My +E)™ My + B M Yt MMM
u 0 0 u
U [(I) 8] [(M1 +0E1>’" Yo' (M + Eq) My + E2>Mgf-1-l] o
_u [(M1 . E)' M+ E) R 1 + E) (M + E2>Mgf-1-l] U = B
O

Theorem 4.2. Let M € C™", m € N, ind(M) = kand B = M + E € C™". Assume that E = MM"rE and
IMW=E|| < 1, then

_ -1 m+1
B®n = ((1 + M""E) MWm) MM® (M + E)" Piyipy (34)

_ ((1 + M) M )m+1 MM® (M + EY" (M + E)™)" (35)

Proof. The proof follows from Lemma 4.1 and M®» = MW Pogyr = MW pm Y !

Lemma4.3. Let M € C™ me N,indM) = kand B =M+ E € C™". Assume that E = MW ME and
(IM"WrE|| < 1, then

_ -1 m+1
BWr = ((1+MWwE) MW'”) MM® (M + E)" . (36)
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Theorem 4.4. Let M € C™ m e N,indM) =kand B= M+ E € C*. Assume that E = MY ME and
(IMWnE|| < 1, then

. 1 m+1
B®n (([ + MWY"E) MW"’) MM® (M + E)" Py

((1 + MY-E) " M7 )m+1 MM® (M + EY*" (M + E)™)} . 37)

According to the relationship between the m-weak core inverse and the weak group inverse, we can
obtain the following theorem.

Theorem 4.5. Let M € C™", m € N, ind(M) = kand B = M+ E € C™". Assume that E = MYME and
IMWYE|| < 1, then

B@m

(((1 + MYE)" MW)2 MM® (M + E))m (M +E)"™ Py, gy

— -1 R — -1 m
((1 +MVE) M™(1+M"E) M® M+ E)) (M +E)" ' ooy (38)
Proof. From in [18, Theorem 4.1], we know
— — -1 —\2 — -1 = — -1
B = ((1 + M"E) MW) MM® (M +E) = (I1+M"E) M"(1+ M"E) M®(M+E).

Also, according to [6, Theorem 4.5],
M@m — (Mw)m Mm_lp(Mm).

Thus, we get that

a1 2 "
B®n (((1 + MWE) MW) MM® (M + E)) (M +E)y"* Povispy

((1 + MWE)_l MY (1+ MWE)_l M® (M + E))m (M + E)" 7 Py
O

The continuity of the Moore-Penrose inverse was examined in [21], while [19] addressed this property
for the m-WGIL. In the current section, we focus on investigating continuity characteristics of the m-WCI.
An auxiliary result concerning the m-WGlI is provided in Lemma 4.6.

Lemma 4.6. Let M € C™", m € N and M, € C™", y € N be a sequence which satisfying M,, — M as y — oo.
Then

@ M; — M" as y — oo iff there is yo € N satisfying rank(M,) = rank(M), for y > yo ;

(2) Mme — MWn gs y — oo iff there is yy € IN satisfying rank(Mi,) = rank(M), for y > yo and
I = max{ind(M), ind(M,), ind(My41), ...}.

Theorem 4.7. Let M € C™", m € N and M, € C"™", y € N be a sequence which satisfying M, — Mas y — oo.
Then M,®" — M®n as y — oo iff there is yo € N satisfying rank(M,) = rank(M') and rank(M') = rank(M™),
for y > yo and | = max{ind(M), ind(M,), ind(M,+1), ...}.
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Proof. By using Lemma 4.6, if 1o € IN and rank(M’y) = rank(M') and rank(M’y”) = rank(M™), for y > yo and
I = max{ind(M), ind(M,), ind(My41), ...}, we conclude that My”’ — MW and (M’y")Jr — (M™)t. Hence,

My@”’ _ MyW,,, MZz(Mryn)'r N MWm Mm(Mm)+ = M®n

On the other hand, let M,®» — M®. Because M, — M, we have M,®"M, —» M®M as y — oo, which
is equivalent to M;"M, — M""M as y — co. To verify that (M) — (M™)" as y — oo, assume that
(My)" - (M™)" as y — oco. Therefore,

My@m — Myw'” MWM;!)* — MWn M (M™M= M®n,
which is a contradiction with M,®» — M®». Thus, (M)t — (M™)" as y — oo, which gives, for a sufficiently

large y, rank(M}) = rank(M™) by Lemma 4.6.

Because My®m M, and M®» M are projectors, according to [30], there exists yo € N such that rank(My@" M) =

rank(M®+M), for y > yo. Set | = max{ind(M), ind(M,), ind(My+1), ...}, we have rank(M.) = rank(M"""") =

rank(My®"') = rank(My@”My) and rank(M') = rank(M™M)) = rank(M®n) = rank(M®=M). So
rank(Mly) = rank(My@"’My) = rank(M® M) = rank(M"),

fory>y,. O

5. Solvability of (7) based on the m-weak core inverse
Theorem 5.1. For any m € IN, the optimization problem (7) possesses a unique solution in the following form
X = M®B. (39)

Proof. (a) Let m < ind(M). The subspace constraint R(X) € R(M) implies the matrix factorization X = M*Y
for some Y € C™7. Assume that M is given by (8) as well as

B= u[Bl}, Y = u[?] By Y, € C™".
2 2

Remark that the solution condition for X in (7) is equivalent to Y is a solution to
min ”Mm+k+1Y _ MZWZ (Mm)‘l' B”IZ: )

k=1 p rk—1~i i m m=1  rj m—1-j
u M} Yl My MoM M Yy MiMoM;

Using M = ] U and M" = ll[ U*. So we can get that

0 0 0 My

i —1 5 gj+1 m—1-j

MR Y g MTH Z;’ZO M; MaM, + MZM?] UMy
0 Mm+1

L 3

_ U M§n+k+1 Zﬁal M;1n+k—iM2Mé Y,
0 0 Y,

_ U >M11n+k+1 Y; + Z:ZB(; MT+k—iM2MgY2] .
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So,
Myt mimvpMe T [ 0 B,
MZm Mme = M"M" Mm‘fB:u 1 j=0 1424Vl +
(M) () 0 M 0 My (M) ||B
- i —1-j t
_y|MiB o+ I MMM My (M) B
M2 (M) By
Thus,
||Mm+k+1Y — M2 vyt B”i
[ty T My MM Y, - M1 - Y MMM, v (M) By
—M2" (M) B .
2
m—1 ) ] m-1 . i + + 2
= MY Y MEIMOMIY, - MYBy - Y MMM MG (M) By|| + M3 (M) B
i=0 =1 F

which implies

+ 2
i ”Mm+k+1y_ M2 (M™)' B |R=]| M3" (M) Bz‘ p'

for arbitrary Y, € C"9*4 and
m—1 m—1 ) ) t
Yy = —M; kD ZMT*"‘ZMZM;YZ — MI'B; — ZM{M2M§‘1‘1M§ (M2) By |.
i=0 j=1

From formula (12), it can be derived

, o +
OB U[Ml—lBl MO MMM v (M) Bz]'
0

Therefore,
X=MY=U [M'{Yl +Li 12)/1’;1szng2]
. . i i t . .
M (T MM MEY - MyBy = 5 MMM My (M) B+ A M VLMY

0

B 04 5y

]:
0

Obtained the unique solution for problem (7).
(b) Let m > ind(M), the result follows directly from [12], where it was established that for k = ind(M), the
core-EP inverse solution M®B uniquely solves the minimization problem
min |[MX - Bl subjectto R(X) C R(M").
It suffices to observe X = M¥Y , Y € C"™" and B = M*D, D e C™". O

When B = [, in Theorem 5.1, the m-WCI emerges as the unique solution to the minimization problem.
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Corollary 5.2. Let M € C"™", m € N and k = ind(M). Then the constrained minimization problem

min ”Mm”X - M2 (Mm)+| ;+ subjectto R(X)C R(Mk)

possesses a unique solution in the following form
X = M®n,
The next proposition is a direct consequence of Theorem 5.1.

Corollary 5.3. Let M € C"™", b € C", m € N and k = ind(M). Then the constrained minimization problem
min ||M’”+1x - M2 (Mt b(

~ k
;s subjectto xe€ R(M )
possesses a unique solution in the following form

x = M®nb,

6. Numerical examples

Example 6.1. In this example, M is of relatively high indices and with rational entries, generated with the aim to
perform numerical experiments applying exact calculation. Input matrix M is defined as

1 0 0 01 0 0 O
01000100
001 00010
0 0010O0O0°T1
M= 0 00 0O0T1O0 0
0 000O0OO0OT1FPO
0 00 0O0O0TO0OT1
0 0 000 0 0 O

The powers of matrices M fulfill rank (M) = 7, rank (MZ) = 6, rank (M3) = 5, rank (M4) = 4, rank (MS) =4,
therefore k = ind (M) = 4.

(a) At the initial stage of this example, we calculate the core-EP inverse and m-weak core inverses according to their
definitions. The core-EP inverse of M is

1 0 00 0 0 0 O
010000TCO00O0

00100000

. . j00010000
M@:Mk(Mk“) :M4(M5) =0 oo o0 0 0 of
0000O0O0T 0O

0000O0O0T 0O

0000O0O0T 0O

000O0O0O OO0 O

The weak core inverse (or 1-weak core inverse) inverse of M is given by

10001000
01000100
001000710

B 00010000

MYt = MMM =0 0 0 0 0 0 0 Of,
0000O0GO0TO OO
0000DO0GO0TO OO
0000O0O0TO OO

0 000 00 0 0
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the 2-weak core inverse inverse of M is given by

M®2 — (M63)3M4(M2)+ —

OO OO OO
OO OO O OO
[l NoNell oo
[N eNoNoNell e NeNo)
OO OO OO
OO O OO O~
OO OO OO OO

coo0o000O0OO

the 3-weak core inverse inverse of M is given by

M®3 — (M®)3M4(M2)+ —

OO OO OO O
S OO OO O OO
[l e NoNoeNel ool
[N eNeNeNell e NoNo)
OO OO OO O
S OO OO OO OO
S OO OO OO oo

coocooco0O0O0O

and its m-weak core inverse inverse, for m > k = 4, as
m+1
M®n = (M®)"" M Py = M®.

(b) Consider the matrix

CoNR, PO NN
OR R P ORFR R R/
NONRNONN
R R NR R EPRNO

O R = OO ==

to empirically verify Theorem 5.1. The solution of the least squares minimization.
min {|IM?X - M2M'Bl|, R(X) € RQM*)} is provided by

M"*B =

SO DODODO O HW
C OO OOONNDN
OO O OONO W
OO OO RN kM-

OO OO NNR
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the solution to min {|IM®X — M*(M?)" B, R(X) € R(M")} equals

M®:B =

OO OO~ OO
OO OO, NW
O OO OO N O KU
OO OO O~ kbW

o ocoo o, NN

the solution to min {||M4X - MO(M3)'BJ|F, R(X) € ﬂ(M‘l)} equals

M®B =

SO OOPNODNW

DO OOORrRONW
OO OO O RPN
OO OO =N M=
oo OO Rk

Ultimately, for each integer m > ind(M) = 4, the constrained matrix equation ||M™*1X — M*"(M™)*B||g, subject to
the range condition R(X) C R(M*) admits the solution

1

M®B = M®B =

S OO O R ONN
S OO OO -

S o oo PNMNODNdDN
SO OO R, P, DNO
QOO OO EF =

7. Conclusion

The m-weak core inverse concept was put forward in [6], serving as an extension of the weak core
inverse concept. References [7, 29] elaborate some properties of the m-weak core inverse. In this paper,
we introduce several extra representations of the m-WCI. The results are established by means of full-rank
factorizations of rank-stable matrix powers M* with k > ind(M). Based on the perturbation analysis and
continuity theory developed in [14-17, 21], we extend these concepts to the proposed inverses. Our approach
is further motivated by the constrained optimization framework in [13], which was originally addressed
via m-weak group inverses. By employing the m-weak core inverse, we obtain the unique solution to
the Frobenius-norm minimization: min ||M’"+1X — M>"(M™)"B|| ., subject to R(X) € R(MF), where m € N,
B e O™, M € C"" and ind(M) = k. Some well-known results regarding the weak core inverse and the
core-EP inverse are special cases of the considered minimization problem. Notably, existing results for
weak core and core-EP inverses emerge as special cases.
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