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Marcinkiewicz integral operators associated with the Dunkl setting
and their commutators on some spaces

Miaomiao Wanga, Shuangping Taoa,∗

aCollege of Mathematics and Statistics, Northwest Normal University, Lanzhou, China

Abstract. In this paper, we introduce a Marcinkiewicz integral operatorMd whose kernels satisfy the size
and the smoothness conditions associated with the Dunkl metric d. In terms of sharp maximal estimates
for Md and its commutators Md,b generated by Md with b ∈ BMOd(RN), we show that the Md and the
commutatorMd,b are bounded on spaces Lp(RN), Morrey spaces Lp,q

d (RN) related to the Dunkl metric d and
generalized Morrey spaces Lφ,pd (RN) associated with the Dunkl metric d, respectively.

1. Introduction

In 1938, to give an analogue of certain Littlewood-Paley 1-functions, Marcinkiewicz [1] introduced a
Marcinkiewicz integral operator, and proved that the Marcinkiewicz integral is bounded on Lp([0, 2π]),
where 1 < p < ∞. In 1958, Stein [2] present that the classical Marcinkiewicz integral operator and proved
that M is bounded on Lp(RN) for all 1 < p ≤ 2 whenever Ω ∈ Lipα(RN), 0 < α ≤ 1. In 2002 [3], Al-
Salman etc proved that µΩ is bounded in Lp if 1 < p < ∞ and Ω ∈ L(lo1L)

1
2 (Sn−1). In 2019, Hu and Qu [4]

prove that if Ω ∈ Lq(Sn−1) for some q ∈ (1,∞], then for p ∈ (q′,∞) and ω ∈ Ap(Rn), the following bounds

hold: ∥µΩ( f )∥Lp(Rn,ω) ≤ C∥Ω∥Lq(Sn−1)[ω]max 1
2 ,

1
p−q′ +max1, q′

p−q′ ∥ f ∥Lp(Rn,ω), where the constant C > 0 is independent of
f , ω,Ω. In 2015, Lu and Tao [5] establish the boundedness ofMb from Lp(µ) to Lq,∞ for 1 ≤ p ≤ n/β with
1/q = 1/p − β/n, from Lp(µ) to RBMO(µ) for p = n/β, and from Lp(µ) to Lip(β − n/p)(µ) for n/β ≤ p < ∞.
In 2023, Wu[14] establishes some bounds for the commutator of the Marcinkiewicz integral on the Hardy
space H1 and its weighted space, here the commutator is considered in Lipβ. More researches about such
operators and commutators can be seen[6–8, 16–18, 20].

Based on the information provided in the search results, what is done in this paper to extend this result
to the context to of Dunkl theory[15], where a similar operator a similar operator is already defined. Since
then, remarkable progress has been achieved in its development, for example, in 2020, Guliyev et al.[22]
discusses the boundedness of the maximal commutator Mb,υ and the commutator of the maximal operator
[b,Mυ] on Orlicz spaces LΦ(R, dmυ), where b belongs to the BMO(R, dmυ) space. In 2024, Han et al.[9] show
that the Lipschitz spaces Λβ connects to the Triebel-Lizorkin spaces Ḟα,qp,D, where 1 < p < ∞, 1 ≤ q ≤ ∞,
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associated with the Dunkl Laplacian ∆D in RN and to the commutators of the Dunkl Riesz transform and
the fractional Dunkl Laplacian ∆−2/α

D , 0 < α < N, which is represented via the functional calculus of the
Dunkl heat semigroup e−t∆D . More researches see [21, 23–26].

We now recall some notations about the theory of Dunkl introduced in [9, 15]. Consider the Euclidean
spaces RN endowed with the standard inner product ⟨x, y⟩ =

∑N
i=0 xiyi. If the reflection σα with respect to

the hyperplane orthogonal to α, α is a nonzero vector α in RN, is given by

σα(x) = x − 2
⟨x, α⟩
∥α∥2

α.

A finite set R ⊂ RN
\ {0} is called a root system if σα(R) = R for all α ∈ R. Let R be a root system in RN

normalized so that ⟨α, α⟩ = 2 for α ∈ R and G the finite reflection group generated by the reflection σα(α ∈ R),
where σα = x − ⟨x, α⟩α for x ∈ RN. Corresponding to this reflection group, we denote by O(x) the G-orbit of
a point x ∈ RN. There is a natural metric between two G-orbit O(x) and O(y), given by

d(x, y) := min
σ∈G
∥x − σ(y)∥.

It is clear that d(x, y) ≤ ∥x − y∥ and it is possible that for certain x, y ∈ RN, d(x, y) = 0 while ∥x − y∥ > 0.
For a multiplicity function κ defined on R (invariant under G), let

dω(x) =
∏
α∈R

|⟨α, x⟩|κ(α)dx

be the associated measure inRN (see[11]). Here and in what follows, dω(x) represents the Lebesgue measure
in RN.

Let B(x, r) := {y ∈ RN : ∥x − y∥ < r} stand for the ball with center x ∈ RN and radius r > 0. We denote by
N = N +

∑
α∈R κ(α) the homogeneous dimension. The measure dω(x) satisfies

ω(B(tx, tr)) = tNω(B(x, r))

and that there is a positive constant C such that

ω(B(x, 2r)) = Cω(B(x, r)) < ∞

for all x ∈ RN, t, r > 0. Furthermore, we have the following estimate(see[19])

C−1
( r2

r1

)N
≤
ω(B(x, r2))
ω(B(x, r1))

≤ C
( r2

r1

)N
for 0 < r1 < r2.

Obviously, we have the following results are evident from the definition of G-orbits

O(B(x, r)) =
⋃
σ∈G

B(σ(x), r) = {y ∈ RN : d(x, y) < r},

and

ω(B(x, r)) ≤ ω(O(B(x, r))) ≤ |G|ω(B(x, r)). (1)

Motivated by the above results, in this article, we mainly establish the boundedness of Marcinkiewicz
integral operators Md associated with the Dunkl metric d and their commutator Md,b formed by b ∈
BMOd(RN) and theMd on Lebesgue spaces Lp(RN), Morrey spaces Lp,q

d (RN) and generalized Morrey spaces
L
φ,p
d (RN), respectively.

Before stating the organization of this paper, we need to recall some necessary notions. The following
definition of the space BMOd(RN) associated with a Dunkl metric d is from [9].
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Definition 1.1. A real-valued function f ∈ L1
loc(Rn) is said to be in the space BMOd(RN) associated with a Dunkl

metric d if

∥ f ∥d = sup
B⊂RN

1

ω
(
O(B)

) ∫
O(B)
| f (x) − fO(B)|dω(x), (2)

where fO(B) represents the mean value of functions f over balls B, that is,

fO(B) =
1

ω
(
O(B)

) ∫
O(B)

f (y)dω(y).

We now state the definition of a Marcinkiewicz integral operatorMd associated with the Dunkl metric
d is as follows.

Definition 1.2. A real-value measurable function K(·, ·) ∈ L1
loc(RN

× RN
\ {(x, x) : x ∈ RN

}) is said to a Calderón-
Zygmund kernel associated with Dunkl metric d if there is a constant C such that

(i) for all x, y ∈ RN with x , y,

|K(x, y)| ≤ C
d(x, y)

ω(B(x, d(x, y)))
, (3)

(ii) for all x, x′, y ∈ RN with ∥x − x′∥ ≤ d(x,y)
2 ,

|K(x, y) − K(x′, y)| + |K(y, x) − K(y, x′)| ≤ C
∥x − x′∥
∥x − y∥

d(x, y)
ω(B(x, d(x, y)))

. (4)

Let L∞b (RN) be the space of all L∞(RN) functions with bounded support. A sublinear operator Md
associated with the Dunkl metric d is called a Marcinkiewicz integral operator with kernels K satisfying (3)
and (4) if, for all f ∈ L∞b (RN) and x ∈

(
RN
\ supp( f )

)
,

Md( f )(x) =
( ∫ ∞

0

∣∣∣∣∣ ∫
d(x,y)≤t

K(x, y) f (y)dω(y)
∣∣∣∣∣2 dt

t3

) 1
2

. (5)

Given b ∈ BMOd(RN), the commutatorMd,b generated by b and theMd is defined by

Md,b( f )(x) =
( ∫ ∞

0

∣∣∣∣∣ ∫
d(x,y)≤t

K(x, y)
(
b(x) − b(y)

)
f (y)dω(y)

∣∣∣∣∣2 dt
t3

) 1
2

. (6)

It is now position to state the organization of this paper as follows. In section 2, in terms of sharp
maximal estimates for the Marcinkiewicz integral operatorMd associated with the Dunkl metric d and its
commutatorMd,b formed byMd with b ∈ BMOd(RN), the authors prove that theMd and the commutator
Md,b are bounded on spaces Lp(RN). By using the boundedness of the Md and the commutator Md,b on
spaces Lp(RN), the authors show that theMd and the commutatorMd,b are bounded from Morrey spaces
Lp,q

d (RN) associated with the Dunk metric d into itself, where 1 < q ≤ p < ∞. Under assumption that the
Lebesgue measurable function φ(·, ·) defined on RN

× (0,∞) satisfies certain conditions, the authors show
that the theMd and the commutatorMd,b are bounded on generalized Morrey spaces Lφ,pd (RN) associated
with the Dunk metric d.

Throughout this paper, we always denote by C or Ci(i = 1, 2) a positive constant being independent of
the main parameters, but they may be different from line to line. Given any p ∈ [1,∞], we denote by p′ as
its conjugate index, i.e., p′ = p/(p − 1). Moreover, for any measurable subset E ⊂ RN, we let χE denote its
characteristic function.
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2. Boundedness forMd andMd,b on space Lp(RN)

In this section, the authors mainly investigate the boundedness of the Marcinkiewicz integral operator
Md associated with the Dunkl metric d and its commutatorMd,b which is formed by b ∈ BMOd(RN) and
theMd on Lebesgue spaces Lp(RN) for 1 < p < ∞.

It is now position to state the main results of this section as follows.

Theorem 2.1. Let kernels K(x, y) satisfy conditions (3) and (4), and 1 < p < ∞. Suppose that the Md is bounded on
spaces L2(RN). Then there exists some positive constant C such that, for all f ∈ Lp(RN),

∥Md( f )∥Lp(RN) ≤ C∥ f ∥Lp(RN).

Theorem 2.2. Let kernels K(x, y) satisfy conditions (3) and (4), b ∈ BMOd(RN), and 1 < p < ∞. Suppose that the
Md is bounded on spaces L2(RN). Then there exists some positive constant C such that, for all f ∈ Lp(RN),

∥Md,b( f )∥Lp(RN) ≤ C∥b∥d∥ f ∥Lp(RN).

To prove the main theorems, we need to recall the following lemmas, see [9, 10], respectively.

Lemma 2.3. Let b be measurable function on RN and 1 < p < ∞.
(1) Then there exists a constant C > 0 such that, for any ball B,

∥b∥d ≈ sup
B⊂RN

( 1
ω(O(B))

∫
O(B)
|b(x) − bO(B)|

pdω(x)
) 1

p

. (7)

(2) Then there exists a constant C > 0 such that, for any ball B and j ∈N,

|bO(B) − bO(2 j+1B)| ≤ C( j + 1)∥b∥d. (8)

Lemma 2.4. Let 0 < p < q < ∞. Then there exists a positive constant C = Cp,q such that

|ω(B)|−
1
p ∥ f ∥Lp(B) ≤ C|ω(B)|−

1
q ∥ f ∥Lq,∞(B)

for all measurable functions f .

We now recall some definitions of maximal operators introduced in [9]. The Hardy-Littlewood maximal
function M( f )(x) is defined as

M f (x) = sup
B∋x

1
ω(B)

∫
B
| f (y)|dω(y), (9)

the definition of the Hardy-Littlewood maximal operator Md associated with the Dunkl metric d is defined
by

Md f (x) = sup
B∋x

1
ω(B)

∫
B

| f (y)|dω(y) (10)

for any x ∈ RN and r > 0, where B := {z ∈ RN : d(x, z) < r}. And the sharp maximal function M♯ is defined
as

M♯ f (x) = sup
x∈B

∫
B
| f (y) − fB|dω(y),

Also, we need to establish the following lemma about theMd.
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Lemma 2.5. Let kernels K satisfy conditions (3) and (4), and 1 < s < ∞. Suppose that the Md is bounded from
spaces Ls(RN) into spaces Ls,∞(RN). Then there exists a positive constant C such that, for all f ∈ L∞b (RN),

M♯(Md( f ))(x) ≤ CMs
d( f )(x).

Proof. Let B = B(x, r) be a ball centered at x and its radius r > 0. Represent functions f as

f = f1 + f2 = fχO(2B) + fχRN\(O(2B)). (11)

Then, we write

1
ω(B)

∫
B

∣∣∣Md( f )(y) −
(
Md( f )

)
B
)
∣∣∣dω(y)

≤
1
ω(B)

∫
B

∣∣∣Md( f1)(y) +Md( f2)(y) −
(
Md( f2)

)
B
−

(
Md( f )

)
B
+

(
Md( f2)

)
B

∣∣∣dω(y)

≤
1
ω(B)

∫
B
|Md( f1)(y)|dω(y) +

1
ω(B)

∫
B

∣∣∣Md( f2)(y) −
(
Md( f2)

)
B

∣∣∣dω(y)

+
1
ω(B)

∫
B

∣∣∣(Md( f )
)

B
−

(
Md( f2)

)
B
)
∣∣∣dω(y)

≤
1
ω(B)

∫
B
|Md( f1)(y)|dω(y) +

1
ω(B)

∫
B

∣∣∣Md( f2)(y) −
(
Md( f2)

)
B

∣∣∣dω(y)

+
1
ω(B)

∫
B

∣∣∣(Md( f1)
)

B
−Md( f2)

)
B
−

(
Md( f2)

)
B
)
∣∣∣dω(y)

≤
2
ω(B)

∫
B
|Md( f1)(y)|dω(y) +

1
ω(B)

∫
B
|Md( f2)(y) −

1
ω(B)

∫
B
Md( f2)(w)dω(w)|dω(y)

≤
2
ω(B)

∫
B
|Md( f1)(y)|dω(y) +

1[
ω(B)

]2

∫
B

∫
B
|Md( f2)(y) −Md( f2)(w)|dω(w)dω(y)

= D1 +D2,

From 1 < s < ∞, the (Ls(RN),Ls,∞(RN))-boundedness of the maximal operatorMd and (8), it then follows
that

D1 ≤ C
1
ω(B)

∥Md( f1)∥L(B)

≤ C
1

[ω(B)]
1
s

∥Md( f1)∥Ls,∞(RN) ≤ C
1

[ω(B)]
1
s

∥ f1∥Ls(RN)

≤ C
[ω(O(2B)
ω(B)

] 1
s
( 1
ω(O(2B)

∫
O(2B)
| f (y)|sdω(y)

) 1
s

≤ CMs
d( f )(x),

To estimate D2, we first consider |Md( f2)(y)−Md( f2)(w)|with w, y ∈ B. By applying (3), (5) and the Hölder’s
inequality, we have

|Md( f2)(y) −Md( f2)(w)|

≤

∫
Rn
|K(y, z) − K(z,w)|| f2(z)|

( ∫
max{d(z,y)≤t,d(z,y0)≤t}

dt
t3

) 1
2

dω(z)

≤ C
∫
Rn\O(2B)

∥y − y0∥

∥z − y∥
1

ω(B(z, d(z,w)))
| f (z)|dω(z)
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≤ Cr
∫
Rn\O(2B)

1
d(z,w)

1
ω(B(w, d(z,w)))

| f (z)|dω(z)

≤ Cr
∞∑

i=0

∫
(2r)×2i≤d(z,w)≤(2r)×2i+1

1
d(z,w)

1
ω(B(w, d(z,w)))

| f (z)|dω(z)

≤ Cr
∞∑

i=0

1
2r × 2i

1
ω(B(w, 2r × 2i))

∫
d(z,w)≤(2r)×2i+1

| f (z)|dω(z)

≤ C
∞∑

i=0

1
2i

[ω(B(x, 2i+1
× (2r)))]1− 1

s

ω(B(w, 2r × 2i))

( ∫
d(z,w)≤2i+1×(2r)

| f (z)|sdω(z)
) 1

s

≤ CMs
d( f )(x),

therefore, we have D2 ≤ CMs
d( f )(x). Hence, the proof of Lemma 1.9 is finished. □

Proof of theorem 2.1. By Lemma 2.5 and the (Lp(RN),Lp(RN))-boundedness of the maximal operator
Ms

d(see [12]), we obtain

∥Md( f )∥Lp(RN) ≤ C∥M♯
d(Md( f ))∥Lp(RN) ≤ C∥Ms

d( f )∥Lp(RN) ≤ C∥ f ∥Lp(RN).

Hence, the proof of Theorem 2.1 is completed. □
Proof of theorem 2.2. Let B = B(x0, r) be the open ball centered at x0 ∈ Rn and its radius r > 0. And

decompose functions f using the same form in (11), that is,

f = f1 + f2,

where f1 = fχO(2B) and f2 = fχRN\(O(2B)).
We first claim that, for all s ∈ (1,∞), f ∈ Lp(RN) and x ∈ RN,

M♯
(
Md,b( f )

)
(x) ≤ C∥b∥d

(
Ms(Md( f ))(x) +Ms

d( f )(x)
)
. (12)

Once (12) is proved, takeing 1 < s < p < ∞, by applying Theorem 2.1 and the (Lp(RN),Lp(RN))-boundedness
of operators Ms and Ms

d, we conclude that

∥Md,b( f )∥Lp(RN) ≤ C∥M♯
(
Md,b( f )

)
∥Lp(RN)

≤ C∥b∥d
(
∥Ms(Md( f ))∥Lp(RN) + ∥Ms

d( f )∥Lp(RN)

)
≤ C∥b∥d

(
∥Md( f )∥Lp(RN) + ∥ f ∥Lp(RN)

)
≤ C∥b∥d∥ f ∥Lp(RN),

which is our desired result.
To show (12), by applying the definition of sharp maximal operator M♯, for all x and B with B ∋ x,

1
ω(B)

∫
B
|Md,b( f )(y) − hB|dω(y) ≤ C∥b∥d

(
Ms(Md( f ))(x) +Ms

d( f )(x)
)
, (13)

where hB = (Md((b(·) − bO(B)) f2))B.
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To prove (13), write

1
ω(B)

∫
B
|Md,b( f )(y) − hB|dω(y)

≤
1
ω(B)

1
ω(B)

∫
B

∫
B
|Md,b( f )(y) −Md((b(·) − bO(B)) f2)(z)|dω(y)dω(z)

≤
1
ω(B)

1
ω(B)

∫
B

∫
B
|b(y) − bO(B)||Md( f )(y)|dω(y)dω(z)

+
1
ω(B)

1
ω(B)

∫
B

∫
B
|Md([b(y) − bO(B)]( f1))(y)|dω(y)dω(z)

+
1
ω(B)

1
ω(B)

∫
B

∫
B
|Md((b(y) − bO(B)) f2))(y) −Md((b(·) − bO(B)) f2)(z)|dω(y)dω(z)

= E1 + E2 + E3.

By applying the Hölder’s inequality and (7), we have

E1 =
1
ω(B)

1
ω(B)

∫
B

∫
B
|b(y) − bO(B)||Md( f )(y)|dω(y)dω(z)

≤

( 1
ω(B)

∫
B
|b(y) − bO(B)|

sdω(y)
) 1

s′
( 1
ω(B)

∫
B
|Md( f )(y)|sdω(y)

) 1
s

≤ C
( 1
ω(O(B))

∫
O(B)
|b(y) − bO(B)|

sdω(y)
) 1

s′
( 1
ω(B)

∫
B
|Md( f )(y)|sdω(y)

) 1
s

≤ C∥b∥dMs(Md( f ))(x),

where we use the following fact

ω(B) ≤ ω(O(B)) ≤ |G|ω(B).

Choosing p =
√

s with s > 1, by the (Lp(RN),Lp(RN))-boundedness of theMd, (7) and the definition of
Ms

d, we deduce

E2 =
1
ω(B)

1
ω(B)

∫
B

∫
B
|Md([b(y) − bO(B)]( f1))(y)|dω(y)dω(z)

=
1
ω(B)

∫
B
|Md((b(y) − bO(B)) f1)(y)|dω(y)

≤

( 1
ω(B)

∫
B
|Md((b(y) − bO(B)) f1)(y)|pdω(y)

) 1
p

≤ C
( 1
ω(B)

∫
O(2B)
|b(y) − bO(B)|

p
| f (y)|pdω(y)

) 1
p

≤ C
1

[ω(B)]
1
p

( ∫
O(2B)
|b(y) − bO(B)|

pp′dω(y)
) 1

pp′
( ∫
O(2B)
| f (y)|ppdω(y)

) 1
pp

≤ C
( 1
ω(B)

∫
O(2B)
|b(y) − bO(B)|

pp′dω(y)
) 1

pp′
( 1
ω(B)

∫
O(2B)
| f (y)|sdω(y)

) 1
s

≤ C∥b∥dMs
d( f )(x).

To estimate E3, we first consider the form |Md((b(y) − bO(B)) f2))(y) −Md((b(·) − bO(B)) f2)(z)| with y, z ∈ B.
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By using (5), write

|Md((b(y) − bO(B)) f2))(y) −Md((b(·) − bO(B)) f2)(z)|

≤

( ∫ ∞

0

∣∣∣∣∣ ∫
d(y,w)≤t

K(y,w)(b(w) − bO(B)) f2(w)dω(w)

−

∫
d(z,w)≤t

K(z,w)(b(w) − bO(B)) f2(z)dω(w)
∣∣∣∣∣2 dt

t3

) 1
2

≤

( ∫ ∞

0

[ ∫
d(y,w)≤t≤d(z,w)

|K(y,w)||b(w) − bO(B)|| f2(w)|dω(w)
]2 dt

t3

) 1
2

+
( ∫ ∞

0

[ ∫
d(z,w)≤t≤d(y,w)

|K(z,w)||b(w) − bO(B)|| f2(w)|dω(w)
]2 dt

t3

) 1
2

+
( ∫ ∞

0

[ ∫
d(z,w)≤t
d(y,w)≤t

|K(y,w) − K(z,w)||b(w) − bO(B)|| f2(w)|dω(w)
]2 dt

t3

) 1
2

= E1
3 + E2

3 + E3
3.

By applying (3), the Hölder’s inequality, (7) and the Ms
d, we get

E1
3 ≤ C

∫
RN\O(2B)

d(y,w)
ω(B(y, d(y,w)))

|b(z) − bO(B)|| f (w)|
( ∫ d(z,w)

d(y,w)

dt
t3

) 1
2

dω(w)

≤ C
∫
RN\O(2B)

d(y,w)
ω(B(y, d(y,w)))

|b(z) − bO(B)|| f (w)|
( d(x, y)

d(y,w)3

) 1
2

dω(w)

≤ Cr
1
2

∞∑
i=0

∫
O(2i+1B)\O(2i+2B)

1

d(x,w)
1
2

1
ω(x, d(x,w))

|b(z) − bO(B)|| f (w)|dω(w)

≤ Cr
1
2

∞∑
i=0

∫
2i+1r≤d(x,w)≤2i+2r

1

d(x,w)
1
2

1
ω(x, d(x,w))

|b(z) − bO(B)|| f (w)|dω(w)

≤ C
∞∑

i=0

1

(2i)
1
2

∫
d(x,w)≤2i+2r

1
ω(x, 2i+1r)

|b(w) − bO(B)|| f (w)|dω(w)

≤ C
∞∑

i=0

1

(2i)
1
2

{∫
d(x,z)≤2i+2r

1
ω(x, 2i+1r)

|b(w) − bO(2i+2B)|| f (z)|dω(w)

+

∫
d(x,w)≤2i+2r

1
ω(x, 2i+1r)

|bO(2i+2B) − bO(B)|| f (w)|dω(w)
}

≤ C
∞∑

i=0

1

(2i)
1
2

{∫
d(x,w)≤2i+2r

1
ω(x, 2i+1r)

|b(w) − bO(2i+2B)|| f (z)|dω(w)

+ (i + 1)||b||d
1

ω(x, 2i+1r)

∫
d(x,w)≤2i+2r

| f (w)|dω(w)
}

≤ C
∞∑

i=0

1

(2i)
1
2

{( 1
ω(x, 2i+1r)

∫
d(x,w)≤2i+2r

|b(w) − bO(2i+2B)|
s′dω(w)

) 1
s′

×

( 1
ω(x0, 2i+1r)

∫
d(x,w)≤2i+2r

| f (w)|sdω(w)
) 1

s
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+ (i + 1)∥b∥d
1

ω(x, 2i+2r)

∫
d(x,w)≤2i+2r

| f (w)|dω(w)
}

≤ C∥b∥d
∞∑

i=0

i + 1

(2i)
1
2

( 1
ω(x, 2i+1r)

∫
d(x,w)≤2i+2r

| f (w)|sdω(w)
) 1

s

≤ C∥b∥dMs
d( f )(x).

With an argument similar that used in the estimate of E1
3, it is easy to get

E2
3 ≤ C∥b∥dMs

d( f )(x).

We now turn E3
3. For any y, z ∈ B, by applying (4), the Hölder’s inequality, (7) and Ms

d, we obtain

E3
3 ≤ C

∫
RN\O(2B)

|K(y,w) − K(z,w)||b(w) − bO(B)|| f (z)|
( ∫ ∞

d(y,w)

dt
t3

) 1
2

dω(w)

≤ C
∫
RN\O(2B)

∥y − z∥
∥y −w∥

d(y,w)
ω(B(y, d(y,w)))

|b(w) − bO(B)|| f (w)|dω(w)

≤ Cr
∞∑

i=0

∫
O(2i+1B)\O(2i+2B)

1
d(x,w)

1
ω(B(x, d(x,w)))

|b(w) − bO(B)|| f (w)|dω(w)

≤ Cr
∞∑

i=0

∫
2i+1r≤d(x,w)≤2i+2r

1
d(x,w)

1
ω(B(x, d(x,w)))

|b(w) − bO(B)|| f (w)|dω(w)

≤ Cr
∞∑

i=0

1
2i+1r

∫
d(x0,z)≤2i+2r

1
ω(B(x, 2i+1r))

|b(w) − bO(B)|| f (w)|dω(w)

≤ C
∞∑

i=0

1
2i

[ 1
ω(B(x, 2i+1r))

∫
d(x,w)≤2i+2r

|b(z) − bO(2i+2B)|| f (w)|dω(w)

+
1

ω(B(x, 2i+1r))
|bO(2i+2B) − bO(B)|| f (w)|dω(w)

]
≤ C

∞∑
i=0

1
2i

[( 1
ω(B(x, 2i+1r))

∫
d(x,w)≤2i+2r

|b(w) − bO(2i+2B)|
s′dω(w)

) 1
s′

×

( 1
ω(B(x, 2i+1r))

∫
d(x,w)≤2i+2r

| f (z)|sdω(w)
) 1

s

+ (i + 1)∥b∥d
( 1
ω(B(x0, 2i+1r))

∫
d(x,w)≤2i+2r

| f (w)|sdω(w)
) 1

s
]

≤ C∥b∥d
∞∑

i=0

i + 1
2i

( 1
ω(B(x, 2i+1r))

∫
d(x,w)≤2i+2r

| f (z)|sdω(z)
) 1

s

≤ C∥b∥dMs
d( f )(x),

which, combining the estimates for E1
3,E

2
3, E1 and E2, yields (12). Hence, the proof of Theorem 2.2 is finished.

□

3. Boundedness forMd andMd,b on spaces Lp,q

d
(RN)

In this section, we mainly establish the boundedness of the Md and its commutator Md,b on Morrey
spaces Lp,q

d (RN) associated with the Dunkl metric d, respectively. Before stating the main results of this
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section, we first state the definition of a Morrey space Lp,q
d (RN) as follows.

Definition 3.1. Let 1 < q ≤ p < ∞. Then the Morrey space Lp,q
d (RN) associated with the Dunkl metric d is defined

by

Lp,q
d (RN) =

{
f ∈ Lp

loc(RN) : ∥ f ∥Lp,q
d (RN) < ∞

}
where

∥ f ∥Lp,q
d (RN) = sup

B
[ω(O(B))]

1
p−

1
q

( ∫
O(B)
| f (x)|qdω(x)

) 1
q

. (14)

It is now position to state the main theorems of this section as follows.

Theorem 3.2. Let kernels K(·, ·) satisfy conditions (3) and (4), and 1 < q ≤ p < ∞. Suppose that theMd is bounded
on spaces L2(RN), and the following inequality

∞∑
j=0

[ ω(O(B))
ω(O(B(x, 2 j+1r)))

]τ
≤ C (15)

holds for all τ ∈ (0, 1). Then there is a positive constant C such that, for all f ∈ Lp,q
d (RN),

∥Md( f )∥Lp,q
d (RN) ≤ C∥ f ∥Lp,q

d (RN).

Theorem 3.3. Let kernels K(·, ·) satisfy conditions (3) and (4), b ∈ BMOd(RN) and 1 < q ≤ p < ∞. Suppose that
theMd is bounded on spaces L2(RN), and the following inequality

∞∑
j=0

( j + 1)
[ ω(O(B))
ω(O(B(x, 2 j+1r)))

]τ
≤ C (16)

holds for all τ ∈ (0, 1). Then there is a positive constant C such that, for all f ∈ Lp,q
d (RN),

∥Md,b( f )∥Lp,q
d (RN) ≤ C∥b∥d∥ f ∥Lp,q

d (RN).

Proof of theorem 3.2. Let B = B(x, r) be the open ball centered at x ∈ Rn and its radius r > 0. And
decompose functions f using the same form in (11), that is,

f = f1 + f2,

where f1 = fχO(2B) and f2 = fχRN\(O(2B)). Then, by the Minkowski’s inequality, write

sup
B

[ω(O(B))]
1
p−

1
q
( ∫
O(B)
|Md( f )(y)|qdω(y)

) 1
q

≤ sup
B

[ω(O(B))]
1
p−

1
q
( ∫
O(B)
|Md( f1)(y)|qdω(y)

) 1
q

+ sup
B

[ω(O(B))]
1
p−

1
q
( ∫
O(B)
|Md( f2)(y)|qdω(y)

) 1
q

= F1 + F2.
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From Theorem 2.1, (14) and(15), it then follows that

F1 ≤ sup
B

[ω(O(B))]
1
p−

1
q
( ∫
RN
|Md( f1)(y)|qdω(y)

) 1
q

≤ C sup
B

[ω(O(B))]
1
p−

1
q ∥ f1∥Lp(RN)

≤ C sup
B

[ ω(O(B))
ω(O(2B))

] 1
p−

1
q

[ω(O(2B))]
1
p−

1
q

( ∫
O(2B)
| f (y)|qdω(y)

) 1
q

≤ C∥ f ∥Lp,q
d (RN).

To estimates F2, we first consider the form |Md( f2)(y)| with y ∈ O(B). By using (2), (14), the Hölder’s
inequality and (15), we have

|Md f2(y)| ≤
∫
RN\O(2B)

|K(y, z)|| f (z)|
( ∫ ∞

d(y,z)

dt
t3

) 1
2

dω(z)

≤ C
∫
RN\O(2B)

1
ω(B(x, d(y, z)))

| f (z)|dω(z)

≤ C
∞∑
j=0

∫
O(2 j+2B)\O(2 j+1B)

1
ω(B(x, d(y, z)))

| f (z)|dω(z)

≤ C
∞∑
j=0

1
ω(B(x, 2 j+1r))

∫
O(2 j+2B)

| f (z)|dω(z)

≤ C
∞∑
j=0

1
ω(B(x, 2 j+1r))

( ∫
O(B(x,2 j+2r))

| f (z)|qdω(z)
) 1

q [
ω(O(B(x, 2 j+2r)))

] 1
q′

≤ C∥ f ∥Lp,q
d (RN)

{ ∞∑
j=0

[ω(O(B(x, 2 j+2r)))]1− 1
p

ω(B(x, 2 j+2r))

}
,

further, by (14) and (15), we deduce

F2 ≤ C∥ f ∥Lp,q
d (RN) sup

B
[ω(O(B))]

1
p

{ ∞∑
j=0

[ω(O(B(x, 2 j+2r)))]1− 1
p

ω(B(x, 2 j+2r))

}

≤ C∥ f ∥Lp,q
d (RN) sup

B

[ ∞∑
j=0

ω(O(2B))
ω(O(B(x, 2 j+2r)))

] 1
p

≤ C∥ f ∥Lp,q
d (RN),

which, together with the estimate for F1, yields the desired result. Hence, the proof of Theorem 3.2 is
finished. □

Proof of theorem 3.3. Let B = B(x, r) be the open ball centered at x ∈ Rn and its radius r > 0. And
decompose functions f using the same form in (11), namely,

f = f1 + f2,

where f1 = fχO(2B) and f2 = fχRN\(O(2B)). Then, using the Minkowski’s inequality, write

∥Md( f )∥Lp,q
d (RN) ≤ ∥Md( f1)∥Lp,q

d (RN) + ∥Md( f2)∥Lp,q
d (RN) = G1 +G2.



M. Wang, S. Tao / Filomat 39:32 (2025), 11433–11450 11444

From (14), Theorem 2.2 and (16), it follows that

G1 = sup
B

[ω(O(B))]
1
p−

1
q
( ∫
RN
|Md,b f1(y)|qdω(y)

) 1
q

≤ C∥b∥d sup
B

[ω(O(B))]
1
p−

1
q ∥ f1∥Lq(RN)

≤ C∥b∥d sup
B

[ ω(O(B))
ω(O(2B))

] 1
p−

1
q

[ω(O(2B))]
1
p−

1
q
( ∫
O(2B)
| f (y)|qdω(y)

) 1
q

≤ C∥b∥d∥ f ∥Lp,q
d (RN).

To estimate G4, we first consider the equation |Md,b( f2)(y)|with y ∈ B. By applying (2), (5), the Hölder’s
inequality, (7) and (8), we get

|Md,b( f2)(y)| ≤
∫
RN\O(2B)

|K(y, z)||b(y) − b(z)|| f (z)|
( ∫ ∞

d(y,z)

dt
t3

) 1
2

dω(z)

≤ C
∫
RN\O(2B)

|b(y) − b(z)|
ω(B(z, d(y, z)))

| f (z)|dω(z)

≤ C|b(y) − bO(2B)|

∫
RN\O(2B)

1
ω(B(z, d(y, z)))

| f (z)|dω(z)

+ C
∫
RN\O(2B)

|b(z) − bO(2B)|

ω(B(z, d(y, z)))
| f (z)|dω(z)

≤ C|b(y) − bO(2B)|

∞∑
i=1

∫
O(2i+2B)\O(2i+1B)

1
ω(B(x, d(y, z)))

| f (z)|dω(z)

+

∞∑
i=1

∫
O(2i+2B)\O(2i+1B)

|b(z) − bO(2B)|

ω(B(x, d(y, z)))
| f (z)|dω(z)

≤ C|b(y) − bO(2B)|

∞∑
i=1

1
ω(O(2i+1B))

∫
O(2i+2B)

| f (z)|dω(z)

+

∞∑
i=1

1
ω(O(2i+1B))

∫
O(2i+2B)

|b(z) − bO(2B)|| f (z)|dω(z)

≤ C|b(y) − bO(2B)|

∞∑
i=1

1
ω(O(2i+1B))

∫
O(2i+2B)

| f (z)|dω(z)

+

∞∑
i=1

|bO(2B) − bO(2i+2B)|

ω(O(2i+1B))

∫
O(2i+2B)

| f (z)|dω(z)

+

∞∑
i=1

1
ω(O(2i+1B))

∫
O(2i+2B)

|b(z) − bO(2i+2B)|| f (z)|dω(z)

≤ C|b(y) − bO(2B)|

∞∑
i=1

1

[ω(O(2i+1B))]
1
q

( ∫
O(2i+2B)

| f (z)|qdω(z)
) 1

q

+ C∥b∥d
∞∑

i=1

i
1

[ω(O(2i+1B))]
1
q

( ∫
O(2i+2B)

| f (z)|qdω(z)
) 1

q
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+ C
∞∑

i=1

1
ω(O(2i+1B))

( ∫
O(2i+2B)

|b(z) − bO(2i+2B)|
q′dω(z)

) 1
q′

×

( ∫
O(2i+2B)

| f (z)|qdω(z)
)q

≤ C∥ f ∥Lp,q
d (RN)|b(y) − bO(2B)|

∞∑
i=1

1

[ω(O(2i+1B))]
1
p

+ C∥b∥d∥ f ∥Lp,q
d (RN)

∞∑
i=1

(i + 1)
1

[ω(O(2i+1B))]
1
p

≤ C∥ f ∥Lp,q
d (RN)

{
|b(y) − bO(2B)|

∞∑
i=1

1

[ω(O(2i+2B))]
1
p

+ ∥b∥d
∞∑

i=1

i + 1

[ω(O(2i+2B))]
1
p

}
,

by this, (8) and (16), we deduce

G2 ≤ C∥ f ∥Lp,q
d (RN) sup

B
[ω(O(B))]

1
p−

1
q

{ ∞∑
i=1

1[
ω(O(2i+2B))

] 1
p

( ∫
O(B)
|b(y) − bO(2B)|

qdω(y)
) 1

q

+

∞∑
i=1

[
ω(O(B))

] 1
q (i + 1)∥b∥d[
ω(O(2i+2B))

] 1
p

}

≤ C∥b∥d∥ f ∥Lp,q
d (RN) sup

B

{ ∞∑
i=0

(i + 1)

[
ω(O(B))

] 1
p[

ω(O(B(x, 2i+1r)))
] 1

p

}
≤ C∥b∥d∥ f ∥Lp,q

d (RN).

Which, combining the estimate for G1, yields our desired result. Therefore, the proof of Theorem 3.3 is
completed. □

4. Boundedness forMd andMd,b on spacesLφ,p
d

(RN)

In this section, we mainly investigate the boundedness of the operators Md and Md,b on generalized
Morrey spaces Lφ,pd (RN) associated with the Dunkl metric d, where 1 < p < ∞ and φ(x, r) : RN

× (0,∞) →
(0,∞) is a Lebesgue measurable function.

Definition 4.1. Let 1 ≤ p < ∞ and φ(x, r) : RN
× (0,∞) → (0,∞) be a Lebesgue measurable function. Then the

generalized Morrey space Lφ,pd (RN) associated with the Dunkl metric d is defined by

L
φ,p
d (RN) =

{
f ∈ Lp

loc(RN) : ∥ f ∥
L
φ,p
d (RN) < ∞

}
,

where

∥ f ∥
L
φ,p
d (RN) = sup

x∈RN ,r>0
[φ(x, r)]−1

( ∫
O(B(x,r))

| f (y)|pdω(y)
) 1

p

, (17)

and the supremum is taken over all balls B ⊂ RN.

We now state the definition of a class Wϵ as follows.
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Definition 4.2. Let ϵ ∈ (0, 1). A Lebesgue measurable function φ(x, r) : RN
× (0,∞) → (0,∞) is said to be in the

classWϵ if

∞∑
i=0

[ ω(O(B(x, r)))
ω(O(B(x, 2i+1r)))

]ϵφ(x, 2i+1r)
φ(x, r)

≤ C1, (18)

and there exists a positive constant C2 such that

φ(x, r) ≥ C2, (19)

for all r ≥ 1 and x ∈ RN.

It is now position to state the main results of this section as follows.

Theorem 4.3. Let kernels K(x, y) satisfy conditions (3) and (4), φ(·, ·) be a Lebesgue measurable function defined as
Definition 4.2, and 1 < p < ∞. Suppose that Md is bounded on spaces L2(RN). Then there exists some positive
constant C such that, for all f ∈ Lφ,p(RN),

∥Md( f )∥
L
φ,p
d (RN) ≤ C∥ f ∥

L
φ,p
d (RN).

Theorem 4.4. Let kernels K(x, y) satisfy conditions (3) and (4), b ∈ BMOd(RN), 1 < p < ∞, and the Lebesgue
measurable function φ(·, ·) meet the following condition

∞∑
i=0

(i + 1)
[ ω(O(B(x, r)))
ω(O(B(x, 2i+1r)))

]ϵ
φ(x, 2i+1r) ≤ Cφ(x, r) (20)

for ϵ ∈ (0, 1). Suppose thatMd is bounded on spaces L2(RN). Then there exists some positive constant C such that,
for all f ∈ Lφ,p(RN),

∥Md,b( f )∥Lφ,pd (RN) ≤ C∥b∥d∥ f ∥Lφ,pd (RN).

To prove the above theorem, we need to establish the following lemma.

Lemma 4.5. Let ϵ ∈ (0, 1) and φ(x, r) ∈Wϵ. Then there exists a positive constant CN such that, for all ball B,

φ(x, 2r)
φ(x, r)

≤ CN.

In the other word, φ(x, r) is a double function respecting to the radius r.

Proof. By applying (18) and (1), we deduce that[ ω(O(B(x, r)))
ω(O(B(x, 2r)))

]ϵφ(x, 2i+1r)
φ(x, r)

≤ C1 ⇔
φ(x, 2i+1r)
φ(x, r)

≤ C1

[ω(O(B(x, 2r)))
ω(O(B(x, r)))

]ϵ
⇒
φ(x, 2i+1r)
φ(x, r)

≤ C1

[
|G|ω(B(x, 2r))
ω(B(x, r))

]ϵ
⇒
φ(x, 2i+1r)
φ(x, r)

≤ C1

(2r
r

)Nϵ

⇒
φ(x, 2i+1r)
φ(x, r)

≤ CN. □

It is now position to state the proofs of Theorem 4.3 and Theorem 4.4 as follows.
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Proof of theorem 4.3. Let B = B(x, r) be the open ball centered at x ∈ Rn and its radius r. And decompose
functions f using the same form in (11), that is,

f = f1 + f2,

where f1 = fχO(2B) and f2 = fχRN\(O(2B)). Then, by the Minkowski’s inequality, write

∥Md( f )∥Lφ,p(RN) ≤ ∥Md( f1)∥Lφ,p(RN) + ∥Md( f2)∥Lφ,p(RN) = H1 +H2.

From (17), Theorem 2.1 and Lemma 4.5, it follows that

H1 ≤ sup
x∈RN ,r>0

[φ(x, r)]−1
( ∫
RN
|Md( f1)(y)|pdω(y)

) 1
p

≤ sup
x∈RN ,r>0

[φ(x, r)]−1
∥ f1∥Lp(RN)

≤ sup
x∈RN ,r>0

[φ(x, 2r)]
[φ(x, r)]

[φ(x, 2r)]−1
∥ fχO(2B)∥Lp(RN)

≤ CN∥ f ∥
L
φ,p
d (RN)

To estimate H2, we first consider |Md( f2)(y)| with y ∈ B(x, r). By applying (2), the Hölder’s inequality,
(17) and (18), we get

|Md( f2)(y)| ≤
∫
RN\O(2B)

|K(y, z)|| f (z)|
( ∫ ∞

d(y,z)≤t

dt
t3

) 1
2

dω(z)

≤ C
∫
RN\O(2B)

1
ω(B(z, d(y, z)))

| f (z)|dω(z)

≤ C
∞∑

i=0

∫
O(2i+2B)\O(2i+1B)

1
ω(B(x, d(y, z)))

| f (z)|dω(z)

≤ C
∞∑

i=0

1
ω(B(x, 2i+1r))

∫
O(2i+2B)

| f (z)|dω(z)

≤ C
∞∑

i=0

1
ω(B(x, 2i+1r))

( ∫
O(2i+2B)

| f (z)|pdω(z)
) 1

p
[
ω(O(B(x, 2i+2r)))

] 1
p′

≤ C∥ f ∥
L
φ,p
d (RN)

{ ∞∑
i=0

1[
ω(O(B(x, 2i+2r)))

] 1
p

φ(x, 2l+2r)
ω(O(B(x, 2i+2r)))
ω(B(x, 2i+1r))

}

≤ C∥ f ∥
L
φ,p
d (RN)

{ ∞∑
i=0

1[
ω(O(B(x, 2i+2r)))

] 1
p

φ(x, 2i+2r)
}
,

further, by applying (17) and (18), we have

H2 = sup
x∈RN ,r>0

[φ(x, r)]−1
( ∫
O(B(x,r))

|Md f2(y)|pdω(y)
) 1

p

≤ C∥ f ∥
L
φ,p
d (RN) sup

x∈RN ,r>0

{ ∞∑
i=0

{ ω(O(B(x, r)))
ω(O(B(x, 2i+1r)))

} 1
p φ(x, 2i+1r)
φ(x, r)

}
≤ C∥ f ∥

L
φ,p
d (RN).
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Hence, the proof of Theorem 4.3 is finished. □
Proof of Theorem 4.4. Let B = B(x, r) be the open ball centered at x ∈ Rn and its radius r. And decompose

functions f using the same form in (11), that is,

f = f1 + f2,

where f1 = fχO(2B). Then, by the Minkowski’s inequality, write

∥Md,b( f )∥Lφ,p(RN) ≤ ∥Md,b( f1)∥Lφ,p(RN) + ∥Md,b( f2)∥Lφ,p(RN) = I1 + I2.

From (17), Theorem 2.2 and Lemma 4.5, it then follows that

I1 ≤ sup
x∈RN ,r>0

[φ(x, r)]−1
( ∫
RN
|Md,b f1(y)|pdω(y)

) 1
p

≤ C∥b∥d sup
x∈RN ,r>0

[φ(x, r)]−1
∥ f1∥Lp(RN)

≤ C∥b∥d sup
x∈RN ,r>0

φ(x, 2r)
φ(x, r)

[φ(x, 2r)]−1
∥ fχO(2B)∥Lp(RN)

≤ C∥b∥d∥ f ∥
L
φ,p
d (RN).

To estimate I2, we first consider the form |Md,b( f2)(y)|with y ∈ B. Since

|Md,b( f2)(y)| ≤ |b(y) − bO(2B)||Md( f2)(y)| + |Md((b(·) − bO(2B)) f2)(y)|,

write

∥Md,b( f2)∥Lφ,p(RN) = sup
x∈RN ,r>0

[φ(x, r)]−1
( ∫
O(B(x,r))

|Md,b( f2)(y)|pdω(y)
) 1

p

≤ sup
x∈RN ,r>0

[φ(x, r)]−1
( ∫
O(B(x,r))

|b(y) − bO(2B)|
p
|Md( f2)(y)|pdω(y)

) 1
p

+ sup
x∈RN ,r>0

[φ(x, r)]−1
( ∫
O(B(x,r))

|Md((b(·) − bO(2B)) f2)(y)|pdω(y)
) 1

p

= I1
2 + I2

2.

By applying the estimate of |Md( f2)(y)|, (7), (8) and (18), we obtain

I1
2 ≤ C∥ f ∥

L
φ,p
d (RN) sup

x∈RN ,r>0
[φ(x, r)]−1

{ ∞∑
i=0

1[
ω(O(B(x, 2i+2r)))

] 1
p

φ(x, 2i+2r)
}

×

( ∫
O(B(x,r))

|b(y) − bO(2B)|
p
|dω(y)

) 1
p

≤ C∥b∥d∥ f ∥
L
φ,p
d (RN) sup

x∈RN ,r>0

{ ∞∑
i=0

[ ω(O(B(x, r)))
ω(O(B(x, 2i+2r)))

] 1
p φ(x, 2i+2r)
φ(x, r)

}
≤ C∥b∥d∥ f ∥

L
φ,p
d (RN).

We now turn I2
2, we first consider |Md((b(·) − bO(2B))( f2)(y)| with y ∈ B. By applying (3), the Hölder’s
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inequality, (17), we have

|Md((b(·) − bO(2B)) f2)(y)|

≤

∫
RN\O(2B)

|K(y, z)||b(z) − bO(2B)|| f (z)|
( ∫ ∞

d(y,z)

dt
t3

) 1
2

dω(z)

≤ C
∞∑

i=0

∫
O(2i+2B)\O(2i+1B)

|b(z) − bO(2B)|

ω(B(x, d(y, z)))
| f (z)|dω(z)

≤ C
∞∑

i=0

1
ω(B(x, 2i+1r))

∫
O(2i+2B)

|b(z) − bO(2i+2B)|| f (z)|dω(z)

≤ C
∞∑

i=0

|bO(2i+2B) − bO(2B)|

ω(B(x, 2i+1r))

∫
O(2i+2B)

| f (z)|dω(z)

+ C
∞∑

i=0

1
ω(B(x, 2i+1r))

∫
O(2i+2B)

|b(z) − bO(2i+2B)|| f (z)|dω(z)

≤ C∥b∥d
∞∑

i=0

(i + 1)
1

ω(B(x, 2i+1r))

( ∫
O(2i+2B)

| f (z)|pdω(z)
) 1

p

[ω(O(2i+2B))]1− 1
p

+ C
∞∑

i=0

1
ω(B(x, 2i+1r))

( ∫
O(2i+2B)

| f (z)|pdω(z)
) 1

p
( ∫
O(2i+2B)

|b(z) − bO(2i+2B)|
p′dω(z)

) 1
p′

≤ C∥b∥d∥ f ∥Lφ,pd (RN)

∞∑
i=0

(i + 1)
φ(x, 2i+2r)
ω(B(x, 2i+1r))

[ω(O(2i+2B))]1− 1
p

≤ C∥b∥d∥ f ∥Lφ,pd (RN)

∞∑
i=0

(i + 1)
φ(x, 2i+2r)

[ω(B(x, 2i+2r))]
1
p

,

further, by (17) and (20), we deduce

I2
2 = sup

x∈RN ,r>0
[φ(x, r)]−1

( ∫
RN
|Md((b(·) − bO(2B)) f2)(y)|pdω(y)

) 1
p

≤ C∥b∥d∥ f ∥Lφ,pd (RN) sup
x∈RN ,r>0

{ ∞∑
i=0

(i + 1)
[ ω(B)
ω(B(x, 2i+2r))

] 1
p φ(x, 2i+2r)
φ(x, r)

}
≤ C∥b∥d∥ f ∥Lφ,pd (RN),

which, combining the estimates of I1
2 and I1, yields our desired result. Hence, we finish the proof of Theorem

4.4. □
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[24] J. Dziubański, A. Hejna, A note on commutators of singular integrals with BMO and VMO functions in the Dunkl setting, Math. Nachr.

297 (2) (2024), 629-643.
[25] V. Almeida, J.J. Betancor, J.C. Fariña and L. Rodrı́guez-Mesa, Maximal, Littlewood-Paley, variation, and oscillation operators in the

rational Dunkl setting, J. Fourier Anal. Appl. 30 (5) (2024), 1-41, Paper No. 60.
[26] T.A. Bui, Harmonic analysis in Dunkl settings, J. Math. Pures Appl. 199 (9) (2025), 1-71, Paper No. 103725.


