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Marcinkiewicz integral operators associated with the Dunkl setting
and their commutators on some spaces

Miaomiao Wang?, Shuangping Tao*"

?College of Mathematics and Statistics, Northwest Normal University, Lanzhou, China

Abstract. In this paper, we introduce a Marcinkiewicz integral operator M; whose kernels satisfy the size
and the smoothness conditions associated with the Dunkl metric 4. In terms of sharp maximal estimates
for M; and its commutators M, generated by M, with b € BMO,(RY), we show that the M, and the
commutator M, are bounded on spaces LP(RY), Morrey spaces LZ/q(IRN ) related to the Dunkl metric d and
generalized Morrey spaces £ (IR) associated with the Dunkl metric d, respectively.

1. Introduction

In 1938, to give an analogue of certain Littlewood-Paley g-functions, Marcinkiewicz [1] introduced a
Marcinkiewicz integral operator, and proved that the Marcinkiewicz integral is bounded on L([0, 27]),
where 1 < p < 00. In 1958, Stein [2] present that the classical Marcinkiewicz integral operator and proved
that M is bounded on LF(RY) for all 1 < p < 2 whenever Q € Lip,(RN), 0 < @ < 1. In 2002 [3], Al-
Salman etc proved that pq is bounded in L, if 1 <p < coand Q € L(logL)%(S”‘l). In 2019, Hu and Qu [4]
prove that if Q € L1(S""!) for some g € (1,0], then for p € (¢, ) and w € Ap(R"), the following bounds

hold: [luo(Hllr®ew) < CIIQIIU(Sn_l)[a)]m”x%’ﬁmm’# lfllLy(r" ), Where the constant C > 0 is independent of
f,w,Q. In 2015, Lu and Tao [5] establish the boundedness of M, from L?(u) to L7 for 1 < p < n/f with
1/q = 1/p — B/n, from LP(u) to RBMO(u) for p = n/B, and from LP(u) to Lip(B — n/p)(u) for n/p < p < oo.
In 2023, Wu[14] establishes some bounds for the commutator of the Marcinkiewicz integral on the Hardy
space H; and its weighted space, here the commutator is considered in Lipg. More researches about such
operators and commutators can be seen[6-8, 16-18, 20].

Based on the information provided in the search results, what is done in this paper to extend this result
to the context to of Dunkl theory[15], where a similar operator a similar operator is already defined. Since
then, remarkable progress has been achieved in its development, for example, in 2020, Guliyev et al.[22]
discusses the boundedness of the maximal commutator M, and the commutator of the maximal operator
[b, M, ] on Otlicz spaces Lo(R, dmv), where b belongs to the BMO(R, dmv) space. In 2024, Han et al.[9] show
that the Lipschitz spaces AP connects to the Triebel-Lizorkin spaces FZ”q, where 1 < p < o0,1<g < oo,
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associated with the Dunkl Laplacian Ap in RN and to the commutators of the Dunkl Riesz transform and
the fractional Dunkl Laplacian A 2% 0 < a < N, which is represented via the functional calculus of the
Dunkl heat semigroup e~ More researches see [21, 23-26].

We now recall some notations about the theory of Dunkl introduced in [9, 15]. Consider the Euclidean
spaces RN endowed with the standard inner product (x, y) = YN, x;y;. If the reflection o, with respect to
the hyperplane orthogonal to a, a is a nonzero vector a in RV, is given by

(x,a)

a.
lladll?

A finite set R ¢ RN \ {0} is called a root system if 0,(R) = R for all @ € R. Let R be a root system in RN
normalized so that {(«, a) = 2 for @ € R and G the finite reflection group generated by the reflection o,(a € R),
where 0, = x — (x, a)a for x € RN. Corresponding to this reflection group, we denote by O(x) the G-orbit of
a point x € RN. There is a natural metric between two G-orbit O(x) and O(y), given by

Oa(x) =x-2-—"7+

d(x,y) := rglelg llx — a()ll-

It is clear that d(x, y) < ||x — y|| and it is possible that for certain x, y € RN, d(x, y) = 0 while [lx — y|| > 0.
For a multiplicity function x defined on R (invariant under G), let

daw(x) = H e, x)[F@dx

a€eR

be the associated measure in RN (see[11]). Here and in what follows, dw(x) represents the Lebesgue measure
in RN,

Let B(x,r) := {y € RN : ||x — y|| < r} stand for the ball with center x € RY and radius r > 0. We denote by
N = N + Y ez k() the homogeneous dimension. The measure dw(x) satisfies

w(B(tx, tr)) = tNw(B(x, 1))
and that there is a positive constant C such that
w(B(x,2r)) = Cw(B(x, 1)) < 00

for all x € RN, t,r > 0. Furthermore, we have the following estimate(see[19])

C(2) < 2R < c(2) for 0<n<r

Obviously, we have the following results are evident from the definition of G-orbits

OB, 1) =|_JBlo(),n) =1y e RN :d(x,y) <7},

0eG

and
w(B(x, 7)) < w(O(B(x,7))) < |Glw(B(x, 7)). (1)

Motivated by the above results, in this article, we mainly establish the boundedness of Marcinkiewicz
integral operators M, associated with the Dunkl metric d and their commutator M, formed by b €
BMO,(RY) and the M, on Lebesgue spaces L(R"), Morrey spaces L(IRV) and generalized Morrey spaces
L(RN), respectively.

Before stating the organization of this paper, we need to recall some necessary notions. The following
definition of the space BMO,(RN) associated with a Dunkl metric d is from [9].
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Definition 1.1. A real-valued function f € L}OC(]R”) is said to be in the space BMO4(RN) associated with a Dunkl
metric d if

7l = b a)(O(B))

[ 1= fowdatw), @
O(B)
where fo) represents the mean value of functions f over balls B, that is,
1 f f(y)da(y)
a)(O(B)) O(B) ‘

We now state the definition of a Marcinkiewicz integral operator M, associated with the Dunkl metric
d is as follows.

fom) =

Definition 1.2. A real-value measurable function K(-,-) € Lj, (RN x RN \ {(x, ) : x € RN}) is said to a Calderdn-

Zygmund kernel associated with Dunkl metric d if there is a constant C such that
(i) for all x,y € RN with x # y,

IK(x, y)| < CM, o
w(B(x, d(x, y)))
(ii) for all x, %', y € RN with ||lx — x'|| < &2,
—-x d(x,
IK(x, y) = K&, )l + IK(y, x) = K(y, x')| < =l ) @

lIx = yll w(B(x, d(x, y)))

Let L°(RN) be the space of all L(R) functions with bounded support. A sublinear operator M;
associated with the Dunkl metric d is called a Marcinkiewicz integral operator with kernels K satisfying (3)

and (4) if, for all f € LX(RV) and x € (R \ supp(f)),

M =( [

Given b € BMO,4(IRN), the commutator M, generated by b and the M, is defined by

Musthie =( [

It is now position to state the organization of this paper as follows. In section 2, in terms of sharp
maximal estimates for the Marcinkiewicz integral operator M, associated with the Dunkl metric d and its
commutator M, formed by M, with b € BMO,(RY), the authors prove that the M; and the commutator
M), are bounded on spaces LP(RY). By using the boundedness of the M, and the commutator M), on
spaces LF(RY), the authors show that the M, and the commutator M, are bounded from Morrey spaces
Lg'q(]RN ) associated with the Dunk metric d into itself, where 1 < q < p < co. Under assumption that the
Lebesgue measurable function ¢(-, ) defined on RN X (0, c0) satisfies certain conditions, the authors show
that the the M, and the commutator M;; are bounded on generalized Morrey spaces Lf’p (RN) associated
with the Dunk metric d.

Throughout this paper, we always denote by C or C;(i = 1,2) a positive constant being independent of
the main parameters, but they may be different from line to line. Given any p € [1, 0], we denote by p’ as
its conjugate index, i.e., p’ = p/(p — 1). Moreover, for any measurable subset E C R, we let xr denote its
characteristic function.

f K(x, 1) f()da(y)
d(x,y)<t

1
2 2

[ Koo - ) et
d(x,y)<t
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2. Boundedness for M, and M, on space L*(RY)

In this section, the authors mainly investigate the boundedness of the Marcinkiewicz integral operator
M, associated with the Dunkl metric d and its commutator M, which is formed by b € BMO4(RY) and
the M, on Lebesgue spaces LP(IRN) for 1 < p < oo.

It is now position to state the main results of this section as follows.

Theorem 2.1. Let kernels K(x, y) satisfy conditions (3) and (4), and 1 < p < oo. Suppose that the My is bounded on
spaces L2(RN). Then there exists some positive constant C such that, for all f € LP(RY),

IMa(llrwyy < Clflle @)

Theorem 2.2. Let kernels K(x, y) satisfy conditions (3) and (4), b € BMO4(IRN), and 1 < p < oo. Suppose that the
M, is bounded on spaces L>(RYN). Then there exists some positive constant C such that, for all f € LP(RN),

M (Ollpryy < ClIBall fllzr vy
To prove the main theorems, we need to recall the following lemmas, see [9, 10], respectively.

Lemma 2.3. Let b be measurable function on RN and 1 < p < co.
(1) Then there exists a constant C > 0 such that, for any ball B,

1 g
Il ~ sup (i [ ) bopaato) 7)

BCRN

(2) Then there exists a constant C > 0 such that, for any ball B and j € N,

lbom) — bogi+ip)l < C(j + DIIblla- (8)

Lemma 2.4. Let 0 < p < q < oco. Then there exists a positive constant C = C, 4 such that

lwB)I7 |l fllr) < ClwB)I™ ]| fllLa=(s)
for all measurable functions f.

We now recall some definitions of maximal operators introduced in [9]. The Hardy-Littlewood maximal
function M(f)(x) is defined as

Mf(x)=sup$ fB FWldw(y), ©)

Bax

the definition of the Hardy-Littlewood maximal operator M, associated with the Dunkl metric d is defined

by

Mafw) = sup L F(lda(y) (10)

Box

for any x € RN and r > 0, where B := {z € RY : d(x,z) < r}. And the sharp maximal function M? is defined
as

M f(x) = sup f ) - folda(y),
x€B JB

Also, we need to establish the following lemma about the M,.
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Lemma 2.5. Let kernels K satisfy conditions (3) and (4), and 1 < s < oo. Suppose that the My is bounded from
spaces L*(RN) into spaces L (RYN). Then there exists a positive constant C such that, for all f € L;"(]RN ),

MAMu(f)@) < CM(F)().
Proof. Let B = B(x, r) be a ball centered at x and its radius 7 > 0. Represent functions f as

f=HA+f2=fxoes + fXrv\©00eB)- (11)

Then, we write

%B) fB}Md(f)(y) —- (Ma(h)lda(y)
< $fB|Md(f1)(J/)+Md(f2)(y)—(Md(fz))B—(Md(f))B+(Md(f2))3|dw(y)
< ﬁ fB |Md(f1)(]/)|dw(y)+$ fB IMa(£)(y) = (Ma(£2) |dey)
+$ fB (Ma(h), = (Ma(2)]deo(y)
< =5 | Mo + = [ M) - (M), [4o)
+ ﬁ f3|(Md(f1))B - Md(fZ))B - (Md(fz))B)|da)(y)
2 1 .
< @LIMd(fl)(}/)|dw(y)+wLIMd(fz)(y)—mj;Md(fz)(W)dw(W)ldw(y)

2 1
<2 fB IMa(F))lda(y) + o

f f MU (W) — Malf)(w)ldewo(w)da(y)
B JB

=Dy + Dy,
From 1 < s < oo, the (L*(RY), L**(IRN))-boundedness of the maximal operator M, and (8), it then follows
that
1
w(B)
< O M)y S Cr
< TIMa(f)llLse ryvy = 1
[w(B)]: [w(B)]:
w(O@B)1: [ 1 :
< C[ ] ( *dw )
o® | \a0@B) Jou If(y)Fdw(y)
< CMG (),

To estimate D,, we first consider |M;(f2)(y) — Ma(f2)(w)| with w, y € B. By applying (3), (5) and the Holder’s
inequality, we have

IMa(f2)(y) = Ma(f) (W)l
dt

1
< f K(y,2) - Kz wilAG)( f &Y do)
R" max{d(z,y)<tdzyo)<t}

lly — woll 1
d
= fﬂ%ﬂ\oam llz - yll @(B(z,d(z, w))) [f@)ldw(z)

D <C IMa(f)lle)

Il fallzsrvy
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1 1
<Cr jﬂ; noes) 4z w) w(B(w, d(z, w))) |f(2)ldw(z)

<oy [ L  _f@)ld)

o J (2x2i<d(z,w)<(2r)x2i+1 d(z, w) w(B(w, d(z, w)))

IA

Cr; 5 ! 1 If(@)dw(z)

x 21 a)(B(W/ 2r X 21)) d(z,w)<(2r)x2i+1

" 1 [w(BE, 24 x @A) ( !
C — A "
- =2 w(B(w,2rx2Y) L‘(Z,W)QMX(M If @) a)(z))

< CM(HX),

A

therefore, we have D, < CM( f)(x). Hence, the proof of Lemma 1.9 is finished. O

Proof of theorem 2.1. By Lemma 2.5 and the (LP(RY), LP(RY))-boundedness of the maximal operator
M (see [12]), we obtain

IMa(Hllrwsy < CIMEMa(lI@yy < CUME iy < ClLAllgy)-

Hence, the proof of Theorem 2.1 is completed. O

Proof of theorem 2.2. Let B = B(xo, r) be the open ball centered at xy € R" and its radius » > 0. And
decompose functions f using the same form in (11), that is,

f=h+r,

where fi1 = fxoes and f = fxwr¥\oes)-
We first claim that, for all s € (1, o), f € LP(RN) and x € RY,

MA(Mus(P)x) < Qb M OMA()0) + M (D) 12)

Once (12) is proved, takeing 1 < s < p < oo, by applying Theorem 2.1 and the (L’(RY), L’ (RY))-boundedness
of operators M* and M}, we conclude that

IMap(Allrm) < CIMHMap(H))llbs)
< ClB IV My + Ml

< C”b”d(”Md(f)”Lﬂ(RN) + ||f||U’(]RN))
< ClIbllall fller @y,

which is our desired result.
To show (12), by applying the definition of sharp maximal operator M?, for all x and B with B 5 x,

1
KB) j};lMdb(f)(y) - hB|da)(]/) < C“b”d(Ms(Md(f))(x) =+ M;(f)(x)), (13)

where hg = (Ma((b(:) — bog)) f2))5-
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To prove (13), write

1
@(B) LIMd,b(f)(y) — hpldw(y)
1 1
= () w(B) fB fB IMas(F)(Y) = Mal(b() = boge) f2)(2)lda(y)dew(2)
1 1
< 2B @) fB fB 1b(y) = bow)IMa()(W)Idw(y)dw(z)

1 1
’ MW fflMd([b(y) = bow)l(/1))(y)ldw(y)dw(z)
1
" w(B) w(B) a)(B)
= El + E2 + E3

f IMa(b(y) — bos) )W) — Mal(b() — bogs) ) @ldew(y)dalz)

By applying the Holder’s inequality and (7), we have
1 1
E1=—B)® | [ rw )~ oMMt
< (s J 1o = bowt dot)’ (B) f Mot

<@y L, 10~ o) (5 [ M et
< M M),
where we use the following fact
“(B) < w(O(B)) < (Glu(®)

Choosing p = Vs with s > 1, by the (LP(RN), LP(RY))-boundedness of the Mj, (7) and the definition of
M, we deduce

1 1
E, = «(B) @(B) j; fB IMa([b(y) — bom)1(f1))(W)Idw(y)dw(z)
1
= o(B) fB IMa((b(y) = bow) f1)(Y)ldw(y)

1 P
< (=5 fB IMa((bly) = borm) ()P day)

) z
= C(ﬁ L(ZB) o) = bow Ff I dely ))

N [w(lB)]; (fO(ZB) )~ Bol” duty ))”1’( fo(zB) If (y)l””dw(y));}’

1 , nl 1 s s
= C(@ f()(ZB) by) = bow dw(y)) ( (B) Joes) ) da)(]/))
< ClIbllaM;(f)(x).-

To estimate E3, we first consider the form |[Mu((b(y) — bow)) f2))(v) — Ma((b(-) — bos)) f2)(z)| with y,z € B.
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By using (5), write
IMa((0(y) = bow) f2)(y) = Ma((b() = bow) f2)(2)]

- (f(; fzi;y,w)St K(y, w)(b(w) = boge) fo(w)da(w)

- fd( K wH09) ~ o) )

2

dt\?

)

s(f‘”[f lK(y’w)“b(w)_bO(B)||f2(w)|dw(w)]2g);
0 LJdwst<dew) =

+( j; m[ j;( o |I<(z,w)||b(w)—bO(B)IIfz(W)|dw(w)]2%)

1
2

2 1

“ dt\2
([ ], KW = K wibe) - bolfmidoon] %)
0 d(;,vvt')z
=E} +E+E.
By applying (3), the Holder’s inequality, (7) and the M?, we get
d(y, w) e dpy 2
Elscf A w(f —)da)w
3 wopn OB, d(y,w)))' (@) = bog) |l f(w)l oy P (w)
d(y, w) d(x,y) \}
<C f ———2 L __|b(z) - b w ( ) daw(w
w0 @B, Ay w0 el I Ge s ) det)

IA

| 1 1
Crh f 1 1b(2) — bogs)lLF(w)lda(w)
;‘ 0@+1B)\0@2+2B) d(x, W)?2 w(x, d(x, w)) owlf

Re 1 1
Cr2 f |b(z) — bo) || f(W)|daw(w
; 2+ < d(x, w) <2427 d(x/ W)% w(X, d(x, W)) ( ) O(B) f( ) ( )

IA

= 1 1
<C —1|b -b d
ey fd( T M) ~ ol )
=1 1
<C —— b — bpoi+ d
<c). (21.);{ fd( o 7 ) o)

1
+ —————\bpis2py — b, d }
jd‘( ey 0,2 +1r)| o@+p) — bo)ll f(W)ldw(w)

(]

1 1
<C {f ——————|b(W) — bogipy | f (2)ldaw(w
Z;‘ Ty 5,27 ) ~ Hoean @)
1
+ (i +1)|b —f W da)w}
(+ Dbl [ o)

| 1 )
<C : ( . f b(w) — bope Sda)w)
Z (2i)§ { CL)(X, 2H—17’) d(x,w)SZ’*zrl ( ) 0@ B)l ( )

i=0

1

1 s

X | ————— |[f(wW)Pdaw(w )
(Q)(X(), 21+17’) Lx,w)s?*% f( ) ( )
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1
+ (@ +Dblls————= w)ldw(w
(4 Dol ey |, Ve )}
00 1
i+1 1 :
<Clb —(— °d )
|| ||diZO‘(2i); ST gy SN )

< ClibllaM(f)()-
With an argument similar that used in the estimate of E}, it is easy to get
E3 < ClIbllaM(f)().
We now turn E3. For any y,z € B, by applying (4), the Holder’s inequality, (7) and M, we obtain

00

at ) daw(w)
d(yw) t

Bl<C [ IKww) - K wilbe) - bow @) |

< f lly -zl d(y, w)
~ Jrvoes) Iy = wil o(B(y, d(y, w)))

- 1 1
C —
= rZ f 0By o@-p) 406 W) DB di,wy) W) ~ bowIf Wlda(w)

1 1
: CrZ LKWW ey 805, ) (B, G, L) T PowlIf (wldew(w)

Ib(w) = bog)llf (W)ldw(w)

- - 2’+17’ d(xg,z)<2i*2r a)(B(x, 2”17’))

1=

lb(w) = boe|l f(w)ldw(w)

(o]

c}. %[m S 1) = ol 0o

P
BT

Lilmmrm

2"\ w(B(x, 2”17)) A, w) <227

IA

Do - bO(B)uf(wndw(w)]

1

[bw) = bo-ap” dw(w))

Mg

1 s 1
% (m ey If @) dw(W))

1

. 1 S :
P 1>||b||d(—(B(xolzi+lr)) fd( I dow)) |

< cnbndz S If(Z)Isdw(Z)):

a)(B(x, 2i+1 1’)) d(x,w)<2i+2r

< CIIbIIdMZ(f)(X),
which, combining the estimates for Eé, Eg, E; and E;, yields (12). Hence, the proof of Theorem 2.2 is finished.
O
3. Boundedness for M, and M,; on spaces LZ “T(RN)

In this section, we mainly establish the boundedness of the M; and its commutator M,;, on Morrey
spaces LZ’q(]RN ) associated with the Dunkl metric d, respectively. Before stating the main results of this
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section, we first state the definition of a Morrey space Ls’q(lRN ) as follows.

Definition 3.1. Let 1 < g < p < oo. Then the Morrey space LZ’q(]RN ) associated with the Dunkl metric d is defined
by

LP IRN) = {f € Lloc(IRN) : ”f”LZ/ﬂ(]RN) < 00}

where

Il = suplao @) f FeHda) (14)
B O(B)

It is now position to state the main theorems of this section as follows.

Theorem 3.2. Let kernels K(-,-) satisfy conditions (3) and (4), and 1 < q < p < co. Suppose that the M is bounded
on spaces L*(RN), and the following inequality

. w(O(B)) ]T
<C 15
]Z‘ [a)(() (B(x,2/*1r))) (15
holds for all T € (0,1). Then there is a positive constant C such that, for all f € LZ’q(]RN ),

||Md(f)||LZ”7(]RN) < C”f”Lgf’l(]RNy

Theorem 3.3. Let kernels K(-,-) satisfy conditions (3) and (4), b € BMO4#(RN) and 1 < g < p < oo. Suppose that
the M is bounded on spaces L*(RN), and the following inequality

o)

- wOB) T
;‘(”1)[m] =€ (16)

holds for all T € (0,1). Then there is a positive constant C such that, for all f € LZ’W]RN ),

IMap(Dllaany < Clbllall fll g

Proof of theorem 3.2. Let B = B(x, r) be the open ball centered at x € IR” and its radius r > 0. And
decompose functions f using the same form in (11), that is,

f=h+h
where f1 = fxoes) and f» = fxrv\es)- Then, by the Minkowski’s inequality, write

OB M 1do(y)’
supl (O] fo M)
< suplo@EN ([ IM(WIde()
B O(B)

#suploOEN ([ IMaI0Fd0)’
B O(B)

=F +F>.
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From Theorem 2.1, (14) and(15), it then follows that

Fy < suplw(OB)1F f M) WIda)’
B RN

< CSl;p[w(O(B))]%_%“fl”Lﬂ(]RN)

w(O(B)) 1774 - i
< Cup[ Ty | woem ([ irwirde)
< Cllfllagesy

To estimates F,, we first consider the form [M,(f2)(y)| with y € O(B). By using (2), (14), the Holder’s
inequality and (15), we have

IMafo(y)l < LN\O(ZB) IK(y,z)IIf(z)l(L %)Edw(z)

Y:2)
1

¢ —m———|f(z)ld
< [{{N\O(zg) w(B(x, d(y,z))) If (2)ldw(z)
3 1
‘ —a————|f(z)ld
< ; L(2f+23)\0(2j+13) a)(B(x/ d(]/, Z))) |f(Z)| CU(Z)

1
<c). BRI If@)ldw(z)

j=0 O(2/+2B)
) : % j+2 qi’
: C;‘ m( L(B(x’zmr» If (Z)lqda)(z)) [w(O(B(x,zf r)))]

= 2L
< Uty 3 OB2 T
=0

w(B(x, 27*r))

further, by (14) and (15), we deduce

w(B(x, 2/*2r))

1
0

w(O(2B)) :|"
< Clfllypapn E _—
< ||f||Ld (R )SI;P[ j:o w(O(B(x, 2/*2r)))

1 > i+2 1—%
Fy < Cllfllraryy sgp[axow))]n{ Y [w(O(B(x, 2*71)))] }
j=0

< CHf“LZ/"(]RN)/

which, together with the estimate for F;, yields the desired result. Hence, the proof of Theorem 3.2 is
finished. O

Proof of theorem 3.3. Let B = B(x, r) be the open ball centered at x € R” and its radius r > 0. And
decompose functions f using the same form in (11), namely,

f=h+hy
where fi = fxoes) and fo = fxrv\oes)- Then, using the Minkowski’s inequality, write

IMaDllasy < Mgy + M)l = Gi + G,



M. Wang, S. Tao / Filomat 39:32 (2025), 1143311450 11444

From (14), Theorem 2.2 and (16), it follows that

Gr = supla @B ([ IMufiidot)’

< Cllblla sup[w(©BNI* " | fllsrny
B

w(O(B)) 177 .
[ (0(23))] [w(O@B) fO(ZB) fW)lFiday))

< C”b”d”f”LZ’q(RN)'

< Cliblla su

To estimate G4, we first consider the equation | M, (f2)(y)| with y € B. By applying (2), (5), the Holder’s
inequality, (7) and (8), we get

IMas(F))l < fIR o Ky, 216w - b f( )fﬁ) dw(z)
yZ

bt -6
- CfIRN\O(zB) w(B(z,d(y, 2))) [f(@)ldw(2)

1
< Clb(y) — boes)|

r\oeB) @(B(z,d(y,2)))

b(z) — boes)|
¢ — o |f(2)ld
+ j]l;N\O(zB w(B(z,d(y, z))) |f(z)ldw(z)

1
<Cb b f 1
| (]/) 023)| Z O(2+2B)\O(2i*1B) a)(B(x, d(y, Z)))
|b(z) — boes)|
’ —| |[dw(z
;‘ j(;(zi+23)\o(2i+13) a)(B(x d(]/ f( ) ( )

< Clb(y) = boes)| Zf —w(O(Zli”B)) j(;(zi+23) If (2)|dw(z)

(o)

1
* L T Joa )~ Povalf N

< CIb(y) - bop) Z; B fo oy O

— [boes) — bopip)|
Yoes) ~ Joe2p) |
LT @) Jogpan O

[f(z)ldo(z)

|f(2)ldw(z)

(e8]

1
* Z‘ w(OQ2*1B)) f - b(z) = bo@ip)llf (2)ldw(z)
Clb(y) - b - - 1 ]
< Clb(y) - O(ZB)|IZ;‘ a)(O(Z”lB)) (L(zf+23) If ()] a)(z))

- 1 i
Clib _ id
+Cll ||d; [w(@(sz))p( fo N w(@)
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1

) 1 | q
o(O(2+1BY) — b |1
+C; w(0(2f+1B))(f0(2,-+zB) 1b(z) = bogi) da)(z))

< Cllfllzaeny b(¥) = boes)| Z m
w 1+ r

+ Clblall ey GG+ 1) ———
Mo ); o B

(o) . 1
< g 6 Bonl Y, ———— e ), ——
A Z;‘ woemy "L boarmr

by this, (8) and (16), we deduce

) 1

Ga < Clfllay sup[w<0(B>>]5‘3{Z — f 1by) - bocpl1de(y) |
B ) [w(0(2i+23))]%’ O(B)

Y [a)(O(B))]% L”b”dl}
i=1 [a)(O(Z”’zB))] P
. o@®))’
< ClIbllall fllpa oy sup{z (i+1) [w( ( ))] : }
i=0 [a)(O(B(x, 2i+1r)))]f7

< C||b||d||f||L§'”(]RN)‘

Which, combining the estimate for G, yields our desired result. Therefore, the proof of Theorem 3.3 is
completed. O

4. Boundedness for M, and M, on spaces Lj’p (RN)

In this section, we mainly investigate the boundedness of the operators M,; and M, on generalized
Morrey spaces L;’p(]RN ) associated with the Dunkl metric d, where 1 < p < o0 and @(x,7) : RN X (0, 00) —
(0, 00) is a Lebesgue measurable function.

Definition 4.1. Let 1 < p < oo and p(x,7) : RN x (0,00) — (0, ) be a Lebesgue measurable function. Then the
generalized Morrey space Lf’p (IRN) associated with the Dunkl metric d is defined by

LR = {F € LR : fll gy < o),

where

1

M= swp lon( [ o), 7

x€RN,r>0
and the supremum is taken over all balls B C RN.

We now state the definition of a class W, as follows.
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Definition 4.2. Let € € (0,1). A Lebesgue measurable function @(x,r) : RN X (0, 00) — (0, 0) is said to be in the

class W, if

i [ w(O(B(x,1))) ]E@(x, 271y)
w(O(B(x, 21N 1 @(x, 1)

<y, (18)

i=

and there exists a positive constant C, such that
px,r) = Cy, (19)
forallr > 1and x € RV,
It is now position to state the main results of this section as follows.

Theorem 4.3. Let kernels K(x, y) satisfy conditions (3) and (4), ¢(-,-) be a Lebesgue measurable function defined as
Definition 4.2, and 1 < p < co. Suppose that M is bounded on spaces L*(RN). Then there exists some positive
constant C such that, for all f € L, ,(RY),

||Md(f)”LZ””(]RN) < C||f“£§"’”(RN)'

Theorem 4.4. Let kernels K(x, y) satisfy conditions (3) and (4), b € BMO4#(RY), 1 < p < oo, and the Lebesgue
measurable function @(-,-) meet the following condition

w(OB(x,1)) 1 i+1
Z( . 1)[w oEG )))] o(x,21r) < Co(x, 1) 20)

for € € (0,1). Suppose that My is bounded on spaces L>(RN). Then there exists some positive constant C such that,
forall f € LPP(RN),

IMap(Dllerrsy < ClBlal i oy
To prove the above theorem, we need to establish the following lemma.
Lemma 4.5. Let € € (0,1) and @(x,r) € W,. Then there exists a positive constant Cy such that, for all ball B,

o(x, 2r)
P(x, 1) :

N-

In the other word, (x, 1) is a double function respecting to the radius r.

Proof. By applying (18) and (1), we deduce that

[w(O(B(x,T))) ]E@(x,2”17) < P, 2" _ [w(O(B(x,Zr)))]6

wOBE 2] e, T T e ' wO®B:, )
e 2 11Gk(Bex, 20)¢
e T wBE )
@(x,21*1r) 2r\Ne
e =)
w < CN' O
P(x,7)

It is now position to state the proofs of Theorem 4.3 and Theorem 4.4 as follows.
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Proof of theorem 4.3. Let B = B(x, 1) be the open ball centered at x € R” and its radius r. And decompose
functions f using the same form in (11), that is,

f=h+ty

where fi = fxoes) and fo = fxrv\oes)- Then, by the Minkowski’s inequality, write

IMa(Hllz,, &y < IMa(fllz,, @y + IMa(f2)ll g, ey = Hi + Ha.

From (17), Theorem 2.1 and Lemma 4.5, it follows that

([ whrdom)

< sup (oG )7 Allrgy

x€RN,r>0

[p(x, 2r)]

xeRN,r>0 [QO(X, 7’)]

< CN“f“L;’fV(RN)

H; < sup [(p(x,r)]‘1

x€RN,r>0

[o(x, 20171 xo@B) I @)

To estimate Hy, we first consider |[M;(f>)(y)| with y € B(x,r). By applying (2), the Holder’s inequality,
(17) and (18), we get

< dt
IMa(f2) ()] < fw\oam IK(yIZ)IIf(z)I(fd(ylz)g P

re
1
=€ f]RN\O(zB) mmz)ldw(z)

);dw(z)

<

C _ d
L j;)(zf+23)\0(zz+13) By, ) D

- 1
¢ Z w(B(x,2i+17))

i=0

Y

i=0

IA

 f@ldoe)
0(21+2B)
1 v
w(B(x, 2i*17))

A

 f@Pde(z) : w(O(B(x,2"**1))
(Jy 0P 2009) ]

(o8]

1
[0(OB, 2i+2r)))]%
1

X,

i=0

< C”fHLZ’W(IRN){

(o)

< Clf| por N{ 1
Al gy ; (0O 2720y

further, by applying (17) and (18), we have

H, sup [p(x, r)]‘l(

xeRN,r>0

[ Meperaem)
O(B(x,1))

(e8]

w(O(B(x,1)))

w(O(B(x,2'*?r)))

P, 27) w(B(x, 2*17r))

}

p(x, 2i+2r)},

(P(x/ 2i+11,)

{

< C”f”LZ’P(]RN) sup

x€RN,r>0

w(O(B(x, 2i+1r)

5

=

))}}7

}

P(x,7)
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Hence, the proof of Theorem 4.3 is finished. O
Proof of Theorem 4.4. Let B = B(x, r) be the open ball centered at x € R" and its radius v. And decompose
functions f using the same form in (11), that is,

f=h+ty

where fi = fxoes). Then, by the Minkowski’s inequality, write

IMap(Hllz,, @y < IMap(fllz,,wy) + IMap(L)llg,, @y =1 + L.

From (17), Theorem 2.2 and Lemma 4.5, it then follows that

I < sup [(p(x,r)]_l(jﬂ;N I/\/(d,bfl(y)|pd€0(y))E

x€RN,r>0

< Cliblla sup [, NI N Aill v

X€RN,r>0

<Cllbly sup 220

X€RN,r>0 ( 2 )

< Cblallfll oy

[o(x, 2017 I X0l @y

To estimate I, we first consider the form | M, ;(f2)(y)| with y € B. Since

IMap(£2)(W)] < b(y) — boe)lIMa(f2)(W)| + IMa((b(-) — boes) 2) W),

write

1

IMap(2)llg, @y = sup [(p(x,r)]‘l(j(;(B( ) |Md,b(f2)(y)|pdw(]/))p

x€RN,r>0

< sup o ([ 1b) - bon MA@ datw)
x€RN,r>0 O(B(x,r))

¢ sup oGl [ MU0 - boan) BX0Pde)
O(B(x,1))

x€RN,r>0

=L+ 1.

By applying the estimate of |M;(f2)(y)l, (7), (8) and (18), we obtain

L < Cllfll oy sup [pCx, NI {Z 1 1(p(x,2i+2r)}
xR0 = [w(O(B(x,2i2n))|"

1

<[ 1) - boaPidet)
O(B(x,1))

S (OB ) 1 e, 2i+27)}
Cllb PPN
< ClIbllall A1l £or )XE;UI;O{;[@(O(B(JC 21+27)))] P(x, 1)

< Clbllallfll oy

We now turn I3, we first consider |Mu((b(-) — boes))(f2)(y)| with y € B. By applying (3), the Holder’s
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inequality, (17), we have

IMa((b(-) = boes)) f2)(y)!
dt

< fm oo Ky, 2)b62) = bouanF f )ts) 402

) 1b(z) - boc)|
¢ “(Blx d(v. ) dw
- 120‘ fO‘(Z’*zB)\O(ZM B) w(B(x,d(y, z))) |f (2)ldew(z)

(o)

1
< C L BT oy " ™ Lol

Iboi+2p) = boes)
CZ w(B(x,217))  Jowis) [f(@)ldw(z)

* C; m b(z) — boi2p)llf (2)ldw(z)

O(2i*2B)

0o

1 % i+2 1—%
scubud;amm( | INCIEEC) RECER)

+Ci T o rrdao) ( [, 0= towanp dota)

(x 21+21’)
< ClIal g ey Z(z ) o
(x 2i+2 )

[w(B(x, 242r)]F

[w(O@Q**B))]"7

< Clldl £l vy Z(z +1)

further, by (17) and (20), we deduce

B= sup [p(nN]™" IMa((b() = bo@s)) f2)(y)IF dw(y) ;
RN

x€RN,r>0

Fox, 22
< Bl ey sup { 1) (Bw<B) I r)}

X€RN r>0 (x,2%2r)) o(x,7)

< Clibllall fller gy

which, combining the estimates of I% and I;, yields our desired result. Hence, we finish the proof of Theorem
44. 0O
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