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Sufficient conditions for the existence of an isolated solution to a
nonlocal boundary value problem for a nonlinear third-order

pseudoparabolic equation

Nurgul Orumbayevaa, Alua Manata, Tenggesh Tokmagambetovaa,∗

aInstitute of Applied Mathematics, Buketov Karaganda National Research University, Karagandy, Kazakhstan

Abstract. In this paper, a third-order nonlinear pseudo-parabolic equation with nonlocal boundary con-
ditions is studied. The original boundary value problem is reduced to a multicharacteristic nonlinear
boundary value problem with functional parameters. Subsequently, the resulting problem is transformed
into a system of integro-differential equations, which enables the proposal of an iterative algorithm for
finding the solution. Sufficient conditions for the existence, uniqueness, and convergence of the solution
are established. It is proved that the sequence of approximations generated by this algorithm converges to
an isolated solution of the problem.

1. Introduction

Linear and nonlinear partial differential equations with nonlocal boundary conditions have been studied
by numerous authors [1–3, 5–7, 11, 12, 14, 20, 22]. Such equations arise in various applications, including
heat conduction in materials with memory, fluid filtration in porous media, and other processes involving
nonlocal interactions. In this paper, we consider a boundary value problem for a third-order nonlinear
pseudo-parabolic equation with nonlocal boundary conditions. The main goal is to establish sufficient
conditions for the existence of an isolated solution and to propose an efficient algorithm for its computation.

To this end, the original problem is reduced to a multicharacteristic boundary value problem, to which
the method of parameterization is applied. The parameterization method was introduced in [8] for solving
a two-point boundary value problem for an ordinary differential equation. In earlier works [4, 13, 15–19],
this method was extended to address periodic boundary value problems for linear and nonlinear partial
differential equations of second and third orders.
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In the present work, the resulting multicharacteristic boundary value problem is transformed into a
system of integro-differential equations, allowing us to apply an iterative algorithm for constructing an
approximate solution.

The relevance of this research lies in the need to develop mathematical methods for analyzing complex
nonlinear systems under nonlocal conditions. The results of this study can be applied to a wide range of
problems arising in mathematical physics and engineering applications.

2. Statement of the boundary value problem

In this paper, on the domain Ω = [0, ω] × [0,T] we consider the following boundary value problem

∂3u(x, t)
∂x2∂t

= f
(
x, t,u(x, t),

∂u(x, t)
∂t

,
∂2u(x, t)
∂x2

)
, (x, t) ∈ Ω, u ∈ R, (1)

u(0, t) = φ(t), t ∈ [0,T], (2)

∂u(0, t)
∂x

= ψ(t), t ∈ [0,T], (3)

b1(x)
∂2u(x, 0)
∂x2 + b2(x)

∂2u(x,T)
∂x2 + b3(x)

∂u(x, 0)
∂t

+ b4(x)
∂u(x,T)
∂t

+

+b5(x)u(x, 0) + b6(x)u(x,T) = θ(x), x ∈ [0,X], (4)

where f : Ω × R × R × R→ R is a continuous function. The functions θ(x), b j(x), j = 1, 6 are continuous on
[0,X], and the functions φ(t), ψ(t) are continuous on [0,T].

A function u(x, t) ∈ C(Ω,R), that possesses the partial derivatives ∂u(x,t)
∂x ∈ C(Ω,R), ∂u(x,t)

∂t ∈ C(Ω,R),
∂2u(x,t)
∂x2 ∈ C(Ω,R), ∂

2u(x,t)
∂x∂t ∈ C(Ω,R), ∂

3u(x,t)
∂x2∂t ∈ C(Ω,R) is called a solution of problem (1)–(4) if it satisfies system

(1) for all (x, t) ∈ Ω, and the boundary conditions (2)–(4).
In order to find a solution, we introduce the function w(x, t) = ∂2u(x,t)

∂x2 , then we can write

u(x, t) = φ(t) + ψ(t)x +

x∫
0

ξ∫
0

w(ξ1, t)dξ1dξ,
∂u(x, t)
∂t

= φ′(t) + ψ′(t)x +

x∫
0

ξ∫
0

∂w(ξ1, t)
∂t

dξ1dξ

with this substitution, problem (1)–(4) can be rewritten as

∂w(x, t)
∂t

= f
(
x, t, φ(t) + ψ(t)x +

x∫
0

ξ∫
0

w(ξ1, t)dξ1dξ, φ′(t) + ψ′(t)x +

x∫
0

ξ∫
0

∂w(ξ1, t)
∂t

dξ1dξ,w(x, t)
)
, (5)

b1(x)w(x, 0) + b2(x)w(x,T) + b3(x)

x∫
0

∂w(ξ, 0)
∂t

dξ + b4(x)

x∫
0

∂w(ξ,T)
∂t

dξ+

+b5(x)

x∫
0

ξ∫
0

w(ξ1, 0)dξ1dξ + b6(x)

x∫
0

ξ∫
0

w(ξ1,T)dξ1dξ = θ̃(x), x ∈ [0,X], (6)

where θ̃(x) = θ(x) + [b3(x) + b4(x)]ψ′(t) + [b5(x) + b6(x)][φ(t) + ψ(t)x].
The problems (1)–(4) and (5), (6) are equivalent in the following sense: if u(x, t) is a solution of prob-

lem (1)–(4), then the function w(x, t) = ∂2u(x,t)
∂x2 is a solution of the nonlocal boundary value problem for

the nonlinear equation (5), (6). Conversely, if w(x, t) is a solution of problem (5), (6), then the function
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u(x, t) = φ(t) + ψ(t)x +
x∫

0

ξ∫
0

w(ξ1, t)dξ1dξ is a solution of the third-order nonlocal boundary value problem

(1)–(4).

At step h > 0 : Nh = T we will perform the partition [0,T) =
N⋃

r=1
[(r − 1)h, rh), N = 1, 2, . . . . In this case,

the domain Ω is divided into N parts. By wr(x, t) we denote, respectively, the restriction of the functions
w(x, t) toΩr = [0, ω] × [(r − 1)h, rh), r = 1,N. Then problem (5), (6) will be equivalent to the boundary value
problem

∂wr(x, t)
∂t

= f
(
x, t, φ(t) + ψ(t)x +

x∫
0

ξ∫
0

wr(ξ1, t)dξ1dξ, φ′(t) + ψ′(t)x +

x∫
0

ξ∫
0

∂wr(ξ1, t)
∂t

dξ1dξ,wr(x, t)
)
, (7)

b1(x)w1(x, 0) + b2(x) lim
t→T−0

wN(x, t) + b3(x)

x∫
0

∂w1(ξ, 0)
∂t

dξ + b4(x) lim
t→T−0

x∫
0

∂wN(ξ, t)
∂t

dξ+

+b5(x)

x∫
0

ξ∫
0

w1(ξ1, 0)dξ1dξ + b6(x)

x∫
0

ξ∫
0

lim
t→T−0

wN(ξ1, t)dξ1dξ = θ̃(x), x ∈ [0,X], (8)

lim
t→sh−0

ws(x, t) = ws+1(x, sh), x ∈ [0,X], s = 1,N − 1, (9)

where (9) is the condition of continuity of the solution in the internal lines of the partition. The solution
to problem (7)–(9) is the system of functions w∗(x, [t]) = (w∗1(x, t),w∗2(x, t), ...,w∗N(x, t))′ ∈ C(Ωr,RN), where
each function w∗r(x, t), r = 1,N has partial derivatives with respect to t that are continuous and bounded on
Ωr for all (x, t) ∈ Ωr, r = 1,N. Moreover, the equalities (8), (9) hold for w1(x, 0), lim

t→T−0
wN(x, t), lim

t→sh−0
ws(x, t),

ws+1(x, sh).
The problems (5), (6) and (7)–(9) are equivalent. Their equivalence is established in the same way as the

equivalence of problems (1)–(4) and (5), (6).
In problems (7)–(9), we introduce the notation λr(x) = wr(x, (r − 1)h), and perform the substitution

w̃r(x, t) = wr(x, t) − λr(x), r = 1,N. Hence, we derive an equivalent boundary value problem with unknown
functions λr(x):

∂w̃r(x, t)
∂t

= f
(
x, t, φ(t) + ψ(t)x +

x∫
0

ξ∫
0

w̃r(ξ1, t)dξ1dξ +

x∫
0

ξ∫
0

λr(ξ1)dξ1dξ,

φ′(t) + ψ′(t)x +

x∫
0

ξ∫
0

∂w̃r(ξ1, t)
∂t

dξ1dξ, w̃r(x, t) + λr(x)
)
, (x, t) ∈ Ωr, (10)

w̃r(x, (r − 1)h) = 0, x ∈ [0,X], (11)

b1(x)λ1(x) + b2(x)λN(x) + b2(x) lim
t→T−0

w̃N(x, t)+

+b3(x)

x∫
0

∂w̃1(ξ, 0)
∂t

dξ + b4(x) lim
t→T−0

x∫
0

∂w̃N(ξ, t)
∂t

dξ + b5(x)

x∫
0

ξ∫
0

λ1(ξ1)dξ1dξ+

+b6(x)

x∫
0

ξ∫
0

lim
t→T−0

w̃N(ξ1, t)dξ1dξ + b6(x)

x∫
0

ξ∫
0

λN(ξ1)dξ1dξ = θ̃(x), x ∈ [0,X], (12)
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λs(x) + lim
t→sh−0

w̃s(x, t) = λs+1(x), x ∈ [0,X], s = 1,N − 1. (13)

Here, the function w̃∗r(x, t), which is continuous and continuously differentiable in t on Ωr, satisfies the
integro-differential equation (10) under the condition λr(x) = λ∗r(x), r = 1,N, and the initial condition (11).
Furthermore, for the values λ∗r(x), λ∗r(x) + lim

t→rh−0
w̃∗r(x, t), r = 1,N, the equalities (12), (13) hold.

If the system of functions {λ∗(x), w̃∗(x, [t])} is a solution of (10)–(13), then the function w∗(x, t), defined by
w∗(x, t) = λ∗r(x) + w̃∗r(x, t), (x, t) ∈ Ωr, r = 1,N, w∗(x,T) = λ∗N(x) + lim

t→Nh−0
w̃∗N(x, t) is a solution of the nonlinear

boundary value problem for the integro-differential equation (5), (6).
We denote by C(Ωr,RN) (respectively, C([0,X],RN) the space of functions w̃r : Ωr → RN (λr : [0,X]→ RN)

that are continuous on Ωr, r = 1,N, and equip these spaces with the norms ∥w̃∥1 = max
r=1,N

sup
(x,t)∈Ωr

∥w̃r(x, t)∥,

∥λ∥2 = max
r=1,N

sup
x∈[0,X]

∥λr(x)∥.

For fixed λr(x), problems (10), (11) form a one-parameter family of Cauchy problems for integro-
differential equations, where x ∈ [0,X] and they are equivalent to the following nonlinear integral equation:

w̃r(x, t) =

t∫
(r−1)h

f
(
x, τ, φ(τ) + ψ(τ)x +

x∫
0

ξ∫
0

w̃r(ξ1, τ)dξ1dξ +

x∫
0

ξ∫
0

λr(ξ1)dξ1dξ,

φ′(τ) + ψ′(τ)x +

x∫
0

ξ∫
0

∂w̃r(ξ1, τ)
∂t

dξ1dξ, w̃r(x, τ) + λr(x)
)
dτ. (14)

By taking the limit as t→ rh− 0 in (14) and, in (12), (13) substituting the corresponding right-hand sides for
the unknown functions λr(x), r = 1,N in place of lim

t→rh−0
w̃r(x, t), lim

t→T−0

∂w̃N(x,t)
∂t r = 1,N, and then multiplying

both sides of equation (12) by h > 0 we obtain the following system of nonlinear equations:

hb1(x)λ1(x) + hb2(x)λN(x) + hb2(x)

Nh∫
(N−1)h

f
(
x, τ, φ(τ) + ψ(τ)x +

x∫
0

ξ∫
0

w̃N(ξ1, τ)dξ1dξ +

x∫
0

ξ∫
0

λN(ξ1)dξ1dξ,

φ′(τ) + ψ′(τ)x +

x∫
0

ξ∫
0

∂w̃N(ξ1, τ)
∂t

dξ1dξ, w̃N(x, τ) + λN(x)
)
dτ+

+hb3(x)

x∫
0

∂w̃1(ξ, 0)
∂t

dξ + hb4(x) lim
t→T−0

x∫
0

∂w̃N(ξ, t)
∂t

dξ + hb5(x)

x∫
0

ξ∫
0

λ1(ξ1)dξ1dξ+

+hb6(x)

x∫
0

ξ∫
0

lim
t→T−0

w̃N(ξ1, t)dξ1dξ + hb6(x)

x∫
0

ξ∫
0

λN(ξ1)dξ1dξ = hθ̃(x), x ∈ [0,X],

λs(x) +

sh∫
(s−1)h

f
(
x, τ, φ(τ) + ψ(τ)x +

x∫
0

ξ∫
0

w̃s(ξ1, τ)dξ1dξ +

x∫
0

ξ∫
0

λs(ξ1)dξ1dξ,

φ′(τ) + ψ′(τ)x +

x∫
0

ξ∫
0

∂w̃s(ξ1, τ)
∂t

dξ1dξ, w̃s(x, τ) + λs(x)
)
dτ − λs+1(x) = 0,
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x ∈ [0,X], s = 1,N − 1, which can be written in the form

Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)
= 0. (15)

In order to find the system of functions {λr(x), w̃r(x, t)}, r = 1,N, we obtain a closed system consisting of
equations (15), (14), which is defined by the function f and the partition step h > 0.

We choose a step size h > 0 : Nh = T(N = 1, 2, . . .), and define the vector function

λ(0)(x) = (λ(0)
1 (x), λ(0)

2 (x), . . . , λ(0)
N (x))′ ∈ C([0, ω],RN).

Suppose that problem (10)–(13), whereλr(x) = λ(0)
r (x), r = 1,N, admits a solution w̃(0)

r (x, t) ∈ C̃(Ωr,R), r = 1,N.
We denote by G0( f , x, h), the set of all such λ(0)(x) ∈ C([0,X],RN). The corresponding system of solutions
to problems (10)–(13) for a given λ(0)(x) is denoted by w̃(0)(x, [t]) = (w̃(0)

1 (x, t), w̃(0)
2 (x, t), . . . , w̃(0)

N (x, t))′. Taking
λ(0)(x) ∈ G0( f , x, h), the function w̃(0)(x, [t]), and the numbers ϕ1 > 0, ϕ2 > 0, we construct the following sets:

S(λ(0)(x), ϕ1) =
{
(λ1(x), λ2(x), . . . , λN(x))′ ∈ C([0,X],RN) : ∥λr(x) − λ(0)

r (x)∥ < ϕ1, r = 1,N
}
,

S(w̃(0)(x, [t]), ϕ1ϕ2) = {(w̃1(x, t), w̃2(x, t), . . . , w̃N(x, t))′, w̃r(x, t) ∈ C(Ωr,RN) :

∥w̃r(x, t) − w̃(0)
r (x, t)∥ < ϕ1ϕ2, (x, t) ∈ Ωr, r = 1,N},

G0(ϕ1(x), ϕ2) = {(x, t,w) : (x, t) ∈ Ω, ∥w − λ(0)
r (x) − w̃(0)

r (x, t)∥ < ϕ1(1 + ϕ2), (x, t) ∈ Ωr, r = 1,N,

∥w − λ(0)
N (x) − lim

t→T−0
w̃(0)

N (x, t)∥ < ϕ1(1 + ϕ2), t = T}.

We denote by U( f ,L1,L2,L3, x, h) the set of all tuples
(
λ(0)(x), w̃(0)(x, [t]),u(0)(x, [t]), ∂u(0)(x,[t])

∂t , ϕ1, ϕ2

)
for

which the function f (x, t,u,ut,w) in G0(ϕ1, ϕ2) has continuous partial derivatives f ′w(x, t,u,ut,w), f ′u(x, t,u,ut,w),
f ′ut

(x, t,u,ut,w) and ∥ f ′w(x, t,u,ut,w)∥ ≤ L1, ∥ f ′ut
(x, t,u,ut,w)∥ ≤ L2, ∥ f ′u(x, t,u,ut,w)∥ ≤ L3, where L1,L2,L3 −

const.
From the system {λr(x), w̃r(x, t)}, r = 1,N, we form the pair {λ(x), w̃(x, [t])}, where

λ(x) = (λ1(x), λ2(x), . . . , λN(x))′, w̃(x, [t]) = (w̃1(x, t), w̃2(x, t), . . . , w̃N(x, t))′.

As the initial approximation for problem (10)–(13), we choose the function w̃(0)(x, [t]) and then construct
successive approximations according to the following algorithm:

Step 1. From equations (10), (15), where w̃r(x, t) = w̃(0)
r (x, t), we determine the functions ∂w̃(1)

r (x,t)
∂t , λ(1)

r (x),
r = 1,N. Using integral equation (14), we determine w̃(1)

r (x, t).

Step 2. From equations (10), (15), where w̃r(x, t) = w̃(1)
r (x, t), we determine the functions ∂w̃(2)

r (x,t)
∂t , λ(2)

r (x),
r = 1,N. Using integral equation(14), we determine w̃(2)

r (x, t).

Continuing this process, at the k-th step we obtain the collection of triples
{
∂w̃(k)

r (x,t)
∂t , λ(k)

r (x), w̃(k)
r (x, t)

}
.

Sufficient conditions for the feasibility and convergence of the proposed algorithm, as well as for the
existence of a solution to the multicharacteristic boundary value problem with functional parameters
(10)–(13), are established as follows:

Theorem 2.1. Suppose there exists a step size h > 0 : Nh = T, (N = 1, 2, ...), numbers ϕ1 > 0, ϕ2 > 0,

(λ(0)(x), w̃(0)(x, [t]), ϕ1, ϕ2) ∈ U( f ,L1,L2,L3, x, h), for which the Jacobian matrix
∂Qh

(
x, λ(x), w̃(x, [·])

)
∂λ

is invertible

for all (x, λ(x), w̃(x, [·])), where x ∈ [0,X], λ(x) ∈ S(λ(0)(x), ϕ1), w̃(x, [t]) ∈ S(w̃(0)(x, [t]), ϕ1ϕ2), and the following
inequalities are satisfied:
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1)
∥∥∥∥∥[∂Qh

(
x, λ(x), w̃(x, [·])

)
∂λ

]−1∥∥∥∥∥ ≤ ϑ(h),

2) κ(h) = hµ
(
1 + L2

ω∫
0

x∫
0

eL2
ξ2
2 dξdx

)
< 1,

3)
[hϑ(h)]2

1 − κ(h)
max

x∈[0,X]
∥p(x)∥ max

x∈[0,X]
∥p0(x)∥ max

x∈[0,X]

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥ + ϑ(h) max
x∈[0,X]

∥Qh(x, λ(0)(x), w̃(0)(x, [·]))∥ < ϕ1,

4)
h

1 − κ(h)
max

x∈[0,X]
∥p0(x)∥ < ϕ2,

where

µ = eL2
ω2
2!

(
L3
ω2

2
+ L1

)(
1 + hϑ(h) max

x∈[0,X]
∥p(x)∥

)
, p0(x) =

(
L3

x2

2
+ L2

x∫
0

ξ∫
0

eL2
ξ1

2

2

(
L3
ξ2

1

2
+ L1

)
dξ1dξ + L1

)
,

p(x) =
(
p1(x) + p̃2(x) + p3(x)

x2

2!

)
ehϑ(h)p̃2(x), p1(x) = L1 max{h∥b2(x)∥, 1},

p2(x) = L3 max{h∥b2(x)∥, 1} + h∥b3(x)∥ + h∥b4(x)∥, p3(x) = L2 max{h∥b2(x)∥, 1} + h∥b5(x)∥ + h∥b6(x)∥,

p̃2(x) = p2(x)
x∫

0

ξ∫
0

e
L2ξ

2
1

2

(
L3

ξ2
1

2! +L1

)
dξ1dξ. Then, the sequence defined by the algorithm

{
λ(k)(x), w̃(k)(x, [t])

}
, k = 1, 2, ...,

is contained in S(λ(0)(x), ϕ1)×S(w̃(0)(x, [t]), ϕ1ϕ2), converges to the solution of the problem (10)–(13)
(
λ∗(x), w̃∗(x, [t])

)
,

and the following estimates hold:

a) ∥λ∗ − λ(k+1)
∥2 ≤ [hϑ(h)]2 max

x∈[0,X]
∥p0(x)∥ max

x∈[0,X]
∥p(x)∥

[κ(h)]k

1 − κ(h)
max

x∈[0,X]

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥,
b) ∥w̃∗ − w̃(k+1)

∥1 ≤
[κ(h)]k+1

1 − κ(h)
hϑ(h) max

x∈[0,X]
∥p0(x)∥ max

x∈[0,X]

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥.
Moreover, any solution

(
λ(x), w̃(x, [t])

)
of problem (10)–(13) in S(λ(0)(x), ϕ1) × S(w̃(0)(x, [t]), ϕ1ϕ2

)
is isolated.

Proof. The functions ∂w̃(1)
r (x,t)
∂t , ∂w̃(0)

r (x,t)
∂t , r = 1,N are determined by the relations

∂w̃(1)
r (x, t)
∂t

= f
(
x, t, φ(t) + ψ(t)x +

x∫
0

ξ∫
0

w̃(0)
r (ξ1, t)dξ1dξ +

x∫
0

ξ∫
0

λ(1)
r (ξ1)dξ1dξ,

φ′(t) + ψ′(t)x +

x∫
0

ξ∫
0

∂w̃(1)
r (ξ1, t)
∂t

dξ1dξ, w̃(0)
r (x, t) + λ(1)

r (x)
)

and

∂w̃(0)
r (x, t)
∂t

= f
(
x, t, φ(t) + ψ(t)x +

x∫
0

ξ∫
0

w̃(0)
r (ξ1, t)dξ1dξ +

x∫
0

ξ∫
0

λ(0)
r (ξ1)dξ1dξ,

φ′(t) + ψ′(t)x +

x∫
0

ξ∫
0

∂w̃(0)
r (ξ1, t)
∂t

dξ1dξ, w̃(0)
r (x, t) + λ(0)

r (x)
)
,
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the following estimate holds

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∥∂w̃(1)
r (x, t)
∂t

−
∂w̃(0)

r (x, t)
∂t

∥∥∥∥∥ ≤ L3

x∫
0

ξ∫
0

max
r=1,N

∥λ(1)
r (ξ1) − λ(0)

r (ξ1)∥dξ1dξ+

+L2

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∥∂w̃(1)
r (ξ1, t)
∂t

−
∂w̃(0)

r (ξ1, t)
∂t

∥∥∥∥∥dξ1dξ + L1 max
r=1,N

∥λ(1)
r (x) − λ(0)

r (x)∥.

Using a linear integral inequality that includes multiple integrals [10, p. 58], we obtain

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∥∂w̃(1)
r (x, t)
∂t

−
∂w̃(0)

r (x, t)
∂t

∥∥∥∥∥ ≤
≤ eL2

x2
2

(
L3

x∫
0

ξ∫
0

max
r=1,N

∥λ(1)
r (ξ1) − λ(0)

r (ξ1)∥dξ1dξ + L1 max
r=1,N

∥λ(1)
r (x) − λ(0)

r (x)∥
)
. (17)

The functions w̃(1)
r (x, t), w̃(0)

r (x, t), r = 1,N, are determined by the relations

w̃(1)
r (x, t) =

t∫
(r−1)h

f
(
x, τ, φ(τ) + ψ(τ)x +

x∫
0

ξ∫
0

w̃(0)
r (ξ1, τ)dξ1dξ +

x∫
0

ξ∫
0

λ(1)
r (ξ1)dξ1dξ,

φ′(τ) + ψ′(τ)x +

x∫
0

ξ∫
0

∂w̃(1)
r (ξ1, τ)
∂t

dξ1dξ, w̃(0)
r (x, τ) + λ(1)

r (x)
)
dτ,

w̃(0)
r (x, t) =

t∫
(r−1)h

f
(
x, τ, φ(τ) + ψ(τ)x +

x∫
0

ξ∫
0

w̃(0)
r (ξ1, τ)dξ1dξ +

x∫
0

ξ∫
0

λ(0)
r (ξ1)dξ1dξ,

φ′(τ) + ψ′(τ)x +

x∫
0

ξ∫
0

∂w̃(0)
r (ξ1, τ)
∂t

dξ1dξ, w̃(0)
r (x, τ) + λ(0)

r (x)
)
dτ,

the following estimate holds

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (x, t) − w̃(0)

r (x, t)∥ ≤ hL3

x∫
0

ξ∫
0

max
r=1,N

∥λ(1)
r (ξ1) − λ(0)

r (ξ1)∥dξ1dξ+

+hL2

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∥∂w̃(1)
r (ξ1, t)
∂t

−
∂w̃(0)

r (ξ1, t)
∂t

∥∥∥∥∥dξ1dξ + hL1 max
r=1,N

∥λ(1)
r (x) − λ(0)

r (x)∥. (18)

In view of inequality 3) of Theorem 2.1, there exists a number ε0 > 0, satisfying the inequalities

ε0ϑ(h) < 1,
ϑ(h)

1 − ε0ϑ(h)

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥ < ϕ1,
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and the Jacobian matrix
∂Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)
∂λ

is uniformly continuous in S(λ(0)(x), ϕ1). Moreover, for

ε0 > 0 there exists δ0 ∈ (0, ϕ1

2 ) such that
∥∥∥∥∥∂Qh

(
x, λ(x), w̃(0)(x, [·])

)
∂λ

−

∂Qh

(
x, λ̂(x), w̃(0)(x, [·])

)
∂λ

∥∥∥∥∥< ε0, whenever

for λ(x), λ̂(x) ∈ S(λ(0)(x), ϕ1), the inequality holds ∥λ(x) − λ̂(x)∥ < δ0, x ∈ [0,X]. Choosing a number

α ≥ α0 = max
{
1,
ϑ(h)
δ0

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥}
we construct the iterative process: λ(1,0)(x) = λ(0)(x),

λ(1,m+1)(x) = λ(1,m)(x) −
1
α

[∂Qh

(
x, λ(1,m)(x), w̃(0)(x, [·])

)
∂λ

]−1

Qh

(
x, λ(1,m)(x), w̃(0)(x, [·])

)
, m = 0, 1, 2, .... (19)

According to Theorem 1 [[9]] the iterative process (16) converges to λ(1)(x), an isolated solution of the
equation Qh

(
x, λ(x), w̃(0)(x, [·])

)
= 0 in S(λ(0)(x), ϕ1) and

∥λ(1)(x) − λ(0)(x)∥ ≤ ϑ(h) max
x∈[0,X]

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥ < ϕ1. (20)

Substituting (20) into (18), we obtain

∥w̃(1)
r − w̃(0)

r ∥1 ≤ h max
x∈[0,X]

∥p0(x)∥∥λ(1)
− λ(0)

∥2 ≤ hϑ(h) max
x∈[0,X]

∥p0(x)∥ max
x∈[0,X]

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥.
Since the functions ∂w̃(2)

r (x,t)
∂t , ∂w̃(1)

r (x,t)
∂t , r = 1,N are determined by the relations

∂w̃(1)
r (x, t)
∂t

= f
(
x, t, φ(t) + ψ(t)x +

x∫
0

ξ∫
0

w̃(0)
r (ξ1, t)dξ1dξ +

x∫
0

ξ∫
0

λ(1)
r (ξ1)dξ1dξ,

φ′(t) + ψ′(t)x +

x∫
0

ξ∫
0

∂w̃(1)
r (ξ1, t)
∂t

dξ1dξ, w̃(0)
r (x, t) + λ(1)

r (x)
)

and

∂w̃(2)
r (x, t)
∂t

= f
(
x, t, φ(t) + ψ(t)x +

x∫
0

ξ∫
0

w̃(1)
r (ξ1, t)dξ1dξ +

x∫
0

ξ∫
0

λ(2)
r (ξ1)dξ1dξ,

φ′(t) + ψ′(t)x +

x∫
0

ξ∫
0

∂w̃(2)
r (ξ1, t)
∂t

dξ1dξ, w̃(1)
r (x, t) + λ(2)

r (x)
)
,

the following estimate holds

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∥∂w̃(2)
r (x, t)
∂t

−
∂w̃(1)

r (x, t)
∂t

∥∥∥∥∥ ≤ L3

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ1, t) − w̃(0)

r (ξ1, t)∥dξ1dξ+

+L3

x∫
0

ξ∫
0

max
r=1,N

∥λ(2)
r (ξ1) − λ(1)

r (ξ1)∥dξ1dξ + L2

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∥∂w̃(2)
r (ξ1, t)
∂t

−
∂w̃(1)

r (ξ1, t)
∂t

∥∥∥∥∥dξ1dξ+



N. Orumbayeva et al. / Filomat 39:33 (2025), 11811–11824 11819

+L1 max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (x, t) − w̃(0)

r (x, t)∥ + L1 max
r=1,N

∥λ(2)
r (x) − λ(1)

r (x)∥.

Using a linear integral inequality containing multiple integrals [10, p. 58], we have

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∥∂w̃(2)
r (x, t)
∂t

−
∂w̃(1)

r (x, t)
∂t

∥∥∥∥∥ ≤
≤ eL2

x2
2

(
L3

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ1, t) − w̃(0)

r (ξ1, t)∥dξ1dξ + L3

x∫
0

ξ∫
0

max
r=1,N

∥λ(2)
r (ξ1) − λ(1)

r (ξ1)∥dξ1dξ+

+L1 max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (x, t) − w̃(0)

r (x, t)∥ + L1 max
r=1,N

∥λ(2)
r (x) − λ(1)

r (x)∥
)
. (21)

From the structure of the operator Qh

(
x, λ(x), w̃(1)(x, [·])

)
and the equality Qh

(
x, λ(1)(x), w̃(0)(x, [·])

)
= 0 follows

that
ϑ(h)
∥∥∥Qh

(
x, λ(1)(x), w̃(1)(x, [·])

)∥∥∥ = ϑ(h)
∥∥∥Qh

(
x, λ(1)(x), w̃(1)(x, [·])

)
−Qh

(
x, λ(1)(x), w̃(0)(x, [·])

)∥∥∥ ≤
≤ hϑ(h) max

x∈[0,X]
∥p(x)∥∥w̃(1)

− w̃(0)
∥1. (22)

Let us take ϕ1,1 = ϑ(h) max
x∈[0,X]

∥Qh(x, λ(1)(x), w̃(1)(x, [·]))∥ and show that S(λ(1)(x), ϕ1,1) ∈ S(λ(0)(x), ϕ1). Indeed, if

∥λ(x) − λ(1)(x)∥ < ϕ1,1 = ϑ(h) max
x∈[0,X]

∥Qh(x, λ(1)(x), w̃(1)(x, [·]))∥,

then, considering inequality (22) and

∥λ(1)(x) − λ(0)(x)∥ ≤ ϑ(h) max
x∈[0,X]

∥Qh(x, λ(0)(x), w̃(0)(x, [·]))∥

we have
max
r=1,N

∥λr(x) − λ(0)
r (x)∥ ≤ max

r=1,N
∥λr(x) − λ(1)

r (x)∥ +max
r=1,N

∥λ(1)
r (x) − λ(0)

r (x)∥ ≤

≤ ϑ(h)h max
x∈[0,X]

∥p(x)∥∥w̃(1)
− w̃(0)

∥1 + ϑ(h) max
x∈[0,X]

∥Qh(x, λ(0)(x), w̃(0)(x, [·]))∥ < ϕ1.

From the conditions of the theorem, it follows that the operator Qh(x, λ(1)(x), w̃(1)(x, [·])) in S(λ(1)(x), ϕ1,1)
satisfies all the conditions of Theorem 1 [9]. Therefore, the iterative process: λ(2,0)(x) = λ(1)(x),

λ(2,m+1)(x) = λ(2,m)(x) −
1
α

[∂Qh

(
x, λ(2,m)(x), w̃(1)(x, [·])

)
∂λ

]−1

Qh

(
x, λ(2,m)(x), w̃(1)(x, [·])

)
,

m = 0, 1, 2, ... converges to λ(2)(x) an isolated solution of the equation Qh

(
x, λ(x), w̃(1)(x, [·])

)
= 0 in the set

S(λ(1)(x), ϕ1,1), and
∥λ(2)(x) − λ(1)(x)∥ ≤ ϑ(h) max

x∈[0,X]

∥∥∥Qh

(
x, λ(1)(x), w̃(1)(x, [·])

)∥∥∥. (23)

Substituting (21) and (22) into (23):

∥λ(2)(x) − λ(1)(x)∥ = max
r=1,N

∥λ(2)
r (x) − λ(1)

r (x)∥ ≤

≤ hϑ(h)
(
p1(x) max

r=1,N
sup

t∈[(r−1)h,rh)
∥w̃(1)

r (x, t) − w̃(0)
r (x, t)∥+
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+p2(x)

x∫
0

ξ∫
0

eL2
ξ2

1
2

(
L3

ξ1∫
0

ξ2∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ3, t) − w̃(0)

r (ξ3, t)∥dξ3ξ2+

+L3

ξ1∫
0

ξ2∫
0

max
r=1,N

∥λ(2)
r (ξ3) − λ(1)

r (ξ3)∥dξ3dξ2+

+L1 max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ1, t) − w̃(0)

r (ξ1, t)∥ + L1 max
r=1,N

∥λ(2)
r (ξ1) − λ(1)

r (ξ1)∥
)
dξ1dξ+

+p3(x)

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ1, t) − w̃(0)

r (ξ1, t)∥dξ1dξ
)
,

Using the inequalities of Theorem 2.1, we obtain

max
r=1,N

∥λ(2)
r (x) − λ(1)

r (x)∥ ≤

≤ exp
(
hϑ(h)p2(x)

x∫
0

ξ∫
0

eL2
ξ2

1
2

(
L3
ξ2

1

2!
+ L1

)
dξ1dξ

)
hϑ(h)

[
p1(x) max

r=1,N
sup

t∈[(r−1)h,rh)
∥w̃(1)

r (x, t) − w̃(0)
r (x, t)∥+

+p2(x)

x∫
0

ξ∫
0

eL2
ξ2

1
2

(
L3

ξ1∫
0

ξ2∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ3, t) − w̃(0)

r (ξ3, t)∥dξ3dξ2+

+L1 max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ1, t) − w̃(0)

r (ξ1, t)∥
)
dξ1dξ+

+p3(x)

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ1, t) − w̃(0)

r (ξ1, t)∥dξ1dξ
]
.

Thus,

∥λ(2)
− λ(1)

∥2 ≤ hϑ(h) max
x∈[0,X]

[(
p1(x) + p̃2(x) + p3(x)

x2

2!

)
ehϑ(h)p̃2(x)

]
∥w̃(1)

− w̃(0)
∥1 ≤

≤ hϑ(h) max
x∈[0,X]

∥p(x)∥∥w̃(1)
r − w̃(0)

r ∥1. (24)

Substituting (24) into (21), we obtain∥∥∥∥∥∂w̃(2)
r

∂t
−
∂w̃(1)

r

∂t

∥∥∥∥∥
1
≤ µ∥w̃(1)

r − w̃(0)
r ∥1. (25)

The functions w̃(2)
r (x, t), w̃(1)

r (x, t), r = 1,N are determined by the following relations:

w̃(2)
r (x, t) =

t∫
(r−1)h

f
(
x, τ, φ(τ) + ψ(τ)x +

x∫
0

ξ∫
0

w̃(1)
r (ξ1, τ)dξ1dξ +

x∫
0

ξ∫
0

λ(2)
r (ξ1)dξ1dξ,

φ′(τ) + ψ′(τ)x +

x∫
0

ξ∫
0

∂w̃(2)
r (ξ1, τ)
∂t

dξ1dξ, w̃(1)
r (x, τ) + λ(2)

r (x)
)
dτ,
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w̃(1)
r (x, t) =

t∫
(r−1)h

f
(
x, τ, φ(τ) + ψ(τ)x +

x∫
0

ξ∫
0

w̃(0)
r (ξ1, τ)dξ1dξ +

x∫
0

ξ∫
0

λ(1)
r (ξ1)dξ1dξ,

φ′(τ) + ψ′(τ)x +

x∫
0

ξ∫
0

∂w̃(1)
r (ξ1, τ)
∂t

dξ1dξ, w̃(0)
r (x, τ) + λ(1)

r (x)
)
dτ,

the following estimate holds:

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(2)
r (x, t) − w̃(1)

r (x, t)∥ ≤ hL3

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (ξ1, t) − w̃(0)

r (ξ1, t)∥dξ1dξ+

+hL3

x∫
0

ξ∫
0

max
r=1,N

∥λ(1)
r (ξ1) − λ(0)

r (ξ1)∥dξ1dξ + hL2

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∥∂w̃(1)
r (ξ1, t)
∂t

−
∂w̃(0)

r (ξ1, t)
∂t

∥∥∥∥∥dξ1dξ+

+hL1 max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃(1)
r (x, t) − w̃(0)

r (x, t)∥ + hL1 max
r=1,N

∥λ(1)
r (x) − λ(0)

r (x)∥. (26)

Substituting (25) and (24) into (26), we obtain

∥w̃(2)
r − w̃(1)

r ∥1 ≤ κ(h)∥w̃(1)
r − w̃(0)

r ∥1.

An estimate holds
∥w̃(2)

− w̃(0)
∥1 ≤ [1 + κ(h)] max

r=1,N
∥w̃(1)

− w̃(0)
∥1 ≤

≤ [1 + κ(h)]hϑ(h) max
x∈[0,X]

∥p0(x)∥ max
x∈[0,X]

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥ < ϕ1ϕ2.

Assuming that the pair (λ(k)(x), w̃(k)(x, [t]) ∈ S(λ(0)(x), ϕ1)×S(w̃(x, [t]), ϕ1ϕ2) is defined and that the following
estimates are established:

∥w̃(k+1)
− w̃(k)

∥1 ≤ [κ(h)]k−1
∥w̃(1)

− w̃(0)
∥1, (27)

ϑ(h) max
x∈[0,X]

∥Qh(x, λ(k)(x), w̃(k)(x, [·]))∥ ≤ hϑ(h) max
x∈[0,X]

∥p(x)∥∥w̃(k)
− w̃(k−1)

∥1. (28)

Let us determine the (k + 1)-th approximation of the functional parameter λ(k+1)(x) from the equation
Qh(x, λ(x), w̃(k)(x, [·])) = 0. Using inequality (22) and the equality Qh(x, λ(k)(x), w̃(k−1)(x, [·])) = 0, we establish
the validity of the following inequality:

ϑ(h) max
x∈[0,X]

∥Qh(x, λ(k)(x), w̃(k)(x, [·]))∥ ≤ hϑ(h) max
x∈[0,X]

∥p(x)∥[κ(h)]k−1
∥w̃(1)

− w̃(0)
∥1. (29)

Let us define ϕk = ϑ(h) max
x∈[0,X]

∥Qh(x, λ(k)(x), w̃(k)(x, [·]))∥ and show that S(λ(k)(x), ϕk) ⊂ S(λ(0)(x), ϕ1). Indeed, in

view of inequalities (27)–(29) and condition (3)

∥λ − λ(0)
∥2 ≤ hϑ(h) max

x∈[0,X]
∥p(x)∥ϕ2 + ϑ(h) max

x∈[0,X]
∥Qh(x, λ(0)(x), w̃(0)(x, [·]))∥ < ϕ1.

Since ∥Qh(x, λ(x), w̃(k)(x, [·]))∥ in S(λ(k)(x), ϕk) satisfies all the conditions of Theorem 1 from [D.S. Jumabayev],
there exists λ(k+1)(x) a solution to the equation ∥Qh(x, λ(x), w̃(k)(x, [·]))∥ = 0 in S(λ(k)(x), ϕk) and the following
estimate holds:
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∥λr(x) − λ(k)
r (x)∥ ≤ ϑ(h) max

x∈[0,X]
∥Qh(x, λ(k)(x), w̃(k)(x, [·]))∥.

We establish the following estimates:

∥λ(k+1)
− λ(k)

∥2 ≤ hϑ(h) max
x∈[0,ω]

∥p(x)∥∥w̃(k)
− w̃(k−1)

∥1, (30)

∥w̃(k+1)
− w̃(k)

∥1 ≤ κ(h)∥w̃(k)
− w̃(k−1)

∥1. (31)

From the inequalities (30), (31), and κ(h) < 1 imply that the sequence {λ(k)(x), w̃(k)(x, [t])} converges as
k→∞ to {λ∗(x), w̃∗(x, [t])},which is the solution to the problem (10)–(13) in S(λ(0)(x), ϕ1)×S(w̃(0)(x, [t]), ϕ1ϕ2).

The following estimates hold:

∥λ(k+n)
− λ(k+1)

∥2 ≤ ∥λ
(k+n)
− λ(k+n−1)

∥2 + ∥λ
(k+n−1)

− λ(k+n−2)
∥2 + ... + ∥λ

(k+2)
− λ(k+1)

∥2 ≤

≤ [κ(h)]k+1
n−2∑
i=0

[κ(h)]ihϑ(h) max
x∈[0,X]

∥p0(x)∥ max
x∈[0,X]

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥.
Thus, as n→∞we obtain estimates a) and b) of Theorem 2.1.
We will show the isolation of the solution. Let us choose a number ε < 0 such that

εϑ(h) < 1, κ(h) < 1 − εϑ(h).

Since f ′w(x, t,u,ut,w) is uniformly continuous in G0(ϕ1, ϕ2), and considering the structure of the Jacobian

matrix
∂Qh

(
x,λ(x),w̃(x,[·])

)
∂λ it follows that it is uniformly continuous in S(λ∗(x), ϕ1)×S(w̃∗(x, [t]), ϕ1ϕ2). Therefore,

there exist numbers δ1 > 0, δ2 > 0 such that
∥∥∥∥∥ ∂Qh

(
x,λ(x),w̃(x,[·])

)
∂λ −

∂Qh

(
x,λ∗(x),w̃∗(x,[·])

)
∂λ

∥∥∥∥∥ < ε, for all x ∈ [0,X]

(λ(x), w̃(x, [t])) ∈ S(λ∗(x), δ1) × S(w̃∗(x, [t]), δ1δ2). Note that if (λ∗(x), w̃∗(x, [t])) is a solution to the problem
(10)-(13), then Qh(x, λ∗(x), w̃∗(x, [·]) = 0.

Let {̂λ(x), ̂̃w(x, [t])} ∈ S(λ∗(x), δ1) × S(w̃∗(x, [t]), δ1δ2) be another solution to the problem (10)–(13). Since

Qh(x, λ∗(x), w̃∗(x, [·])) = 0 and Qh(x, λ̂∗(x), ̂̃w∗(x, [·])) = 0, it follows from the equalities

λ∗(x) = λ∗(x) −
∥∥∥∥∥∂Qh

(
x, λ(x), w̃(x, [·])

)
∂λ

∥∥∥∥∥−1

Qh

(
x, λ∗(x), w̃∗(x, [·])

)
,

λ̂∗(x) = λ̂∗(x) −
∥∥∥∥∥∂Qh

(
x, λ(x), w̃(x, [·])

)
∂λ

∥∥∥∥∥−1

Qh

(
x, λ̂∗(x), ̂̃w∗(x, [·]))

that

λ∗(x) − λ̂∗(x) = λ∗(x) − λ̂∗(x) −
∥∥∥∥∥∂Qh

(
x, λ∗(x), w̃∗(x, [·])

)
∂λ

∥∥∥∥∥−1[
Qh

(
x, λ∗(x), w̃∗(x, [·])

)
−Qh

(
x, λ̂∗(x), ̂̃w∗(x, [·]))].

Applying the finite increment formula of Lagrange [21] to the difference Qh

(
x, λ∗(x), w̃∗(x, [·])

)
−Qh

(
x, λ̂∗(x), ̂̃w∗(x, [·]))

we obtain that

λ∗(x) − λ̂∗(x) = −
[∂Qh

(
x, λ∗(x), w̃∗(x, [·])

)
∂λ

]−1

×

×

1∫
0

(∂Qh

(
x, λ̂(x) + t(λ∗(x) − λ̂(x)), w̃∗(x, [·])

)
∂λ

−

∂Qh

(
x, λ∗(x), w̃∗(x, [·])

)
∂λ

)
dt[λ∗(x) − λ̂∗(x)]−
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−

[∂Qh

(
x, λ∗(x), w̃∗(x, [·])

)
∂λ

]−1[
Qh

(
x, λ̂∗(x), w̃∗(x, [·])

)
−Qh

(
x, λ̂∗(x), ̂̃w∗(x, [·]))],

whence

∥λ∗(x) − λ̂∗(x)∥ ≤
ϑ(h)

1 − εϑ(h)

∥∥∥Qh

(
x, λ∗(x), w̃∗(x, [·])

)
−Qh

(
x, λ̂∗(x), ̂̃w∗(x, [·]))∥∥∥ ≤

≤ hϑ(h)
(
p1(x) max

r=1,N
sup

t∈[(r−1)h,rh)
∥w̃∗r(x, t) − ̂̃w∗r(x, t)∥+

+p2(x)

x∫
0

ξ∫
0

eL2
x2
2

(
L3

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃∗r(ξ1, t) − ̂̃w∗r(ξ1, t)∥dξ1dξ+

+L1 max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃∗r(x, t) − ̂̃w∗r(x, t)∥)dξ1dξ + p3(x)

x∫
0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥w̃∗r(ξ1, t) − ̂̃w∗r(ξ1, t)∥dξ1dξ
)
.

Since
∥w̃∗ − ̂̃w∗∥1 ≤ κ(h)∥w̃∗ − ̂̃w∗∥1,

it follows that w̃∗r(x, t) = ̂̃w∗r(x, t), λ∗r(x) = λ̂∗r(x), for all (x, t) ∈ Ωr, r = 1,N. Theorem 2.1 is proven.

We define the function w(k)
r (x, t), k = 0, 1, 2, . . . by the equality:

w(k)
r (x, t) =

 λ
(k)
r (x) + w̃(k)

r (x, t), as (x, t) ∈ Ωr, r = 1,N,
λ(k)

N (x) + lim
t→T−0

w̃(k)
N (x, t), as t = Nh,

u(x, t) = φ(t) + ψ(t)x +

x∫
0

ξ∫
0

w(ξ1, t)dξ1dξ.

Let S(u(0)(x, t),Φ(x)), Φ(x) = φ(t)+ψ(t)x+ x2

2 ϕ1(1+ϕ2) denote the set of piecewise continuously differen-
tiable functions u : Ω→ R that satisfy the inequalities

∥u(x, t) − φ(t) − ψ(t)x −

x∫
0

ξ∫
0

(
λ(0)(x) − w̃(0)(ξ1, t)

)
dξ1dξ∥ < Φ(x),

∥u(x,T) − φ(T) − ψ(T)x −

x∫
0

ξ∫
0

(
λ(0)(x) − w̃(0)(ξ1,T)

)
dξ1dξ∥ < Φ(x).

Due to the equivalence of problems (1)–(4) and (10)–(13), it follows from Theorem 2.1 that:

Theorem 2.2. If the conditions of Theorem 2.1 are satisfied, then the sequence of functions {u(k)(x, t)}, k = 1, 2, . . . , is
contained in S(u(0)(x, t),Φ(x)), converges to u∗(x, t) the solution of problem (1)–(4) in S(u(0)(x, t),Φ(x)) and satisfies
the inequality

∥u∗(x, t) − u(k)(x, t)∥ ≤
(
hϑ(h) max

x∈[0,X]
∥p(x)∥ + κ(h)

)
hϑ(h) max

x∈[0,X]
∥p0(x)∥

[κ(h)]k

1 − κ(h)
max

x∈[0,X]

∥∥∥Qh

(
x, λ(0)(x), w̃(0)(x, [·])

)∥∥∥,
(x, t) ∈ Ω. Moreover, any solution of problem (1)–(4) in S(u(0)(x, t),Φ(x)) is isolated.
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3. Conclusion

In this work, a third-order nonlinear pseudo-parabolic equation with nonlocal boundary conditions was
investigated. The original problem was reduced to an equivalent system of integro-differential equations,
which made it possible to propose an iterative algorithm for finding the solution. Sufficient conditions
for the existence, uniqueness, and convergence of the solution were established. It was proven that the
sequence of approximations generated by the algorithm converges to an isolated solution of the problem.

The results of this study are of significant importance for analyzing and solving similar problems
involving nonlinear pseudo-parabolic equations with nonlocal conditions. The proposed algorithm can
be applied to practical problems in mathematical physics, such as modeling the behavior of viscoelastic
materials that exhibit both viscous and elastic properties; in acoustics, for modeling sound propagation in
complex media (e.g., porous materials or turbulent atmospheres); and in geophysics, for modeling seismic
wave propagation in rock formations with complex structures and properties.
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