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Sufficient conditions for the existence of an isolated solution to a
nonlocal boundary value problem for a nonlinear third-order
pseudoparabolic equation

Nurgul Orumbayeva?, Alua Manat?, Tenggesh Tokmagambetova®*

“Institute of Applied Mathematics, Buketov Karaganda National Research University, Karagandy, Kazakhstan

Abstract. In this paper, a third-order nonlinear pseudo-parabolic equation with nonlocal boundary con-
ditions is studied. The original boundary value problem is reduced to a multicharacteristic nonlinear
boundary value problem with functional parameters. Subsequently, the resulting problem is transformed
into a system of integro-differential equations, which enables the proposal of an iterative algorithm for
finding the solution. Sufficient conditions for the existence, uniqueness, and convergence of the solution

are established. It is proved that the sequence of approximations generated by this algorithm converges to
an isolated solution of the problem.

1. Introduction

Linear and nonlinear partial differential equations with nonlocal boundary conditions have been studied
by numerous authors [1-3, 5-7, 11, 12, 14, 20, 22]. Such equations arise in various applications, including
heat conduction in materials with memory, fluid filtration in porous media, and other processes involving
nonlocal interactions. In this paper, we consider a boundary value problem for a third-order nonlinear
pseudo-parabolic equation with nonlocal boundary conditions. The main goal is to establish sufficient
conditions for the existence of an isolated solution and to propose an efficient algorithm for its computation.

To this end, the original problem is reduced to a multicharacteristic boundary value problem, to which
the method of parameterization is applied. The parameterization method was introduced in [8] for solving
a two-point boundary value problem for an ordinary differential equation. In earlier works [4, 13, 15-19],

this method was extended to address periodic boundary value problems for linear and nonlinear partial
differential equations of second and third orders.
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In the present work, the resulting multicharacteristic boundary value problem is transformed into a
system of integro-differential equations, allowing us to apply an iterative algorithm for constructing an
approximate solution.

The relevance of this research lies in the need to develop mathematical methods for analyzing complex
nonlinear systems under nonlocal conditions. The results of this study can be applied to a wide range of
problems arising in mathematical physics and engineering applications.

2. Statement of the boundary value problem

In this paper, on the domain Q = [0, w] X [0, T] we consider the following boundary value problem

Pulx, t) 8u(x t) 2u(x, t)
et = f( u(x, ), iy ) 5 HeQ, wuckR, (1)
u(0,t) = <P(f), tel0,T], 2)
20D g, rero ®
2
by(x )8 u(x 0) T box )8 u(x T) +ba(x )Bu(x ,0) e )Qu(x T)
+b5(x)u(x, 0) + b6(x)u(x, T)=0(x), xe[0,X], 4)

where f: QX RX R X R — Ris a continuous function. The functions 0(x), b;(x), j = 1,6 are continuous on
[0, X], and the functions ¢(t), Y(t) are continuous on [0, T].

A function u(x,t) € C(Q,R), that possesses the partial derivatives Bu(_zt € C(Q,R), a”(x ) e C(QR),

s gi’z‘ D e C(Q,R), z S gtt) € C(Q,R), aai%:) € C(Q, R) is called a solution of problem (1)—(4) if it satlsﬁes system
(1) for all (x, f) € Q), and the boundary conditions (2)—(4).
%u(x,t)

In order to find a solution, we introduce the function w(x, t) = = 7=, then we can write

x & x &
u(x, ) = p(t) + Y(t)x + f f w(&y, )& dE, a”f;;’t) = @' (H) + ¢ (Bx + f f aw(j’t)déldé
0 0 0 0

with this substitution, problem (1)—(4) can be rewritten as

2D _ flx,t o0+ g0 + f f (e, DAEAE @' () + 9/ (O + f f WD e e, iz, ), 6)

by (Dw(x, 0) + by ()w(x, T) + bs(x) f &w(;t’o)d&m(x) f ‘%”(;t’ Djer
0

+b5(x) w(&1,0)dE1dE + be(x) w(&, T)&dE = 0(x), x€[0,X], (6)
I I

where 0(x) = 0(x) + [b3(x) + ba ()9 (t) + [bs(x) + be()][p(t) + (t)x].
The problems (1)—-(4) and (5), (6) are equivalent in the following sense: if u(x, t) is a solution of prob-

lem (1)—(4), then the function w(x,t) = azgfz(’t) is a solution of the nonlocal boundary value problem for

the nonlinear equation (5), (6). Conversely, if w(x,t) is a solution of problem (5), (6), then the function
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x &
u(x, t) = e(t) + P(H)x + f f w(&,1)dE1dE is a solution of the third-order nonlocal boundary value problem
00
(D-4).
Atstep h > 0 : Nh = T we will perform the partition [0, T) = U [(r = Dh,vh), N = 1,2,.... In this case,

the domain Q) is divided into N parts. By w,(x,t) we denote, respectlvely, the restriction of the functions

w(x, 1) to Q, = [0, w] X [(r — 1), 7h), r = 1,N. Then problem (5), (6) will be equivalent to the boundary value
problem

M f(xt(p(t)+1/1t)x+ f f w(E1, HAELE, @' (B) + ' (B)x + f f aw’(él’t)dgldg,wr(x,t)), )

0) 9wN(<5, f)

b1 (001 (5, 0) + ) lim wn(x, ) + bs() f P00 g 1oy tim [ FED gy
0
shs(o) [ f wi (€1, 0t + bt [ f Tim wy(Er, HEdE = 00, x<[0,X], ®
0 0 0 0
tlirhrlo ws(x,t) = wey1(x,sh), x€[0,X], s=1,N-1, )

where (9) is the condition of continuity of the solution in the internal lines of the partition. The solution
to problem (7)—(9) is the system of functions w*(x, [t]) = (W} (x, t), wy(x, 1), ..., wi(x, 1)) € C(Q,,RN), where
each function w;(x, t), r = 1,N has partial derivatives with respect to t that are continuous and bounded on
Q, for all (x,t) € Q,, r = 1, N. Moreover, the equalities (8), (9) hold for w,(x,0), tEITrlo wn(x, ), t llshnlo ws(x, 1),

Ws+1 (X ’ Sh)

The problems (5), (6) and (7)—(9) are equivalent. Their equivalence is established in the same way as the
equivalence of problems (1)—(4) and (5), (6).

In problems (7)-(9), we introduce the notation A,(x) = w,(x,(r — 1)), and perform the substitution
we(x, 1) = we(x, ) — A (x), r = 1,_N Hence, we derive an equivalent boundary value problem with unknown
functions A,(x):

D) _ sttt + g0 + f f (&1, DiErdE + f f AENEdE,

/() + 9/ (B + f f T i, T, )+ A0), (e, (10)

w(x,(r—1h) =0, x€][0,X], (11)
b1(x)A1(x) + ba(x)An(x) + b2(x) lirr_l wn(x, t)+

[ OW(E,0 [ (e,
i) [P b0 tim, [T g4y f f M(EDdEde+
0 0

(o) [ [ fim, Tter, et + oo [ f Mn(EDdEnds = 0, x€10,X), 12)
0 0 0 0
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As(x) + tlir/PoiES(x’ ) =A1(x), x€[0,X], s=1,N-1. (13)
—sh—

Here, the function w}(x, t), which is continuous and continuously differentiable in t on Q,, satisfies the
integro-differential equation (10) under the condition A,(x) = A;(x), r = 1,N, and the initial condition (11).
Furthermore, for the values A}(x), A;(x) + t—l}rhnl . wi(x, t), r= 1,N, the equalities (12), (13) hold.

If the system of functions {A*(x), w*(x, [t])} is a solution of (10)—(13), then the function w*(x, t), defined by
wi(x, 1) = AX(x) + Wi(x, 1), (x,t) € Q,, v = 1,N, w'(x,T) = Ay (x) + t_l}}\r}g_o w),(x, t) is a solution of the nonlinear
boundary value problem for the integro-differential equation (5), (6).

We denote by C(Q,, RN) (respectively, C([0, X], RN) the space of functions w, : Q, — RN (4, : [0, X] — RN)

that are continuous on Q,,r = 1,N, and equip these spaces with the norms |[w|l; = max sup |[w,(x, ),
r=1,N (x,t)eQ,

lIAll2 = max sup {|A,(x)l.
r=1,N x€[0,X]
For fixed A.(x), problems (10), (11) form a one-parameter family of Cauchy problems for integro-
differential equations, where x € [0, X] and they are equivalent to the following nonlinear integral equation:

t

x & x &
T, 1) = f Al oo+ pos f f (61, dErdE + f f M(ENEE,
0 0 0 0

(r-1)h

x &
Q' (t) + P’ (T)x + f Wdéldé, w(x, T) + )\r(x))dr. (14)

0 0

By taking the limit as t — rh —01in (14) and, in (12), (13) substituting the corresponding right-hand sides for

BwN(x t)
ot

the unknown functions A,(x), r = 1,_N in place of lirhn0 wr(x, 1), tliT . r= 1 N, and then multiplying
t—rh— o

both sides of equation (12) by / > 0 we obtain the following system of nonlinear equations:

Nh x & x &
hb1(x)A1(x) + hba(x)An(x) + hba(x) flx T e(n) + P(r)x + wn(&1, 1)dEdE + An(E1)dEdE,
L I I

P+ O+ f f PN T e, e, 1) + Ao e

+hbs(x) f 1(5’O)d5+hb (x) lim f N(é’ t)dé+hb5(x f f M(E)dEdE+

0

ib) [ f i T(Es, e + o) [ f M(ENdEdE = i), x < [0,X],
0 0 0 0

sh

() + f fx e + px+ f f B(&r, D)AEE + f j N(E)dEdE,
0 0 0 0

(s-1h

(1) + (D + f f PO 16 a5, 1) 4 Ao it~ Aua () = 0,
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€[0,X],s =1,N — 1, which can be written in the form
Qu(x, A ), @O (x, [])) = 0. (15)

In order to find the system of functions {A,(x), w,(x, t)}, r = 1,N, we obtain a closed system consisting of
equations (15), (14), which is defined by the function f and the partition step / > 0.
We choose a step sizeh > 0: Nh = T(N =1, 2,...), and define the vector function

20(x) = A0), AV (x), ..., AQ () € ([0, ], RY).

Suppose that problem (10)-(13), where A,(x) = Ago)(x), r = 1, N, admits a solution ﬁo)(x, t) € E(Qr, R),r=1,N.
We denote by Go(f, x, h), the set of all such A@(x) € C([0, X], RN). The corresponding system of solutions
to problems (10)—(13) for a given A(x) is denoted by w¥(x, [t]) = (w(o)(x t),w ~(0)(x 1), . ~(13)(x, t))’. Taking
AO(x) € Go(f, x, h), the function w¥(x, [t]), and the numbers ¢; > 0, ¢, > 0, we construct the following sets:

SAO@), ¢1) = {400, M), ..., An) € €10, XLRY) : 14,0 = AVl < ¢1, r = TN},

~(0) t]) (PlgbZ (ZU1(X t), wZ(x t) ,aN(X, t)),r a1’(X/ t) € C(Qr/ RN) :

1,(x, £) = DO, )l < Prcha, (x,8) € Q,, ¥ =1,N},

GO (x), ¢2) = {(x,t,w) : (x,5) € Q, [lw = AV (@) = B (x, )l < P11+ Pa), (x,1) €Q,, r=1,N,

ko = AP () = lim @, Il < pa(1+ ), £=T)

We denote by U(f, L1, Ly, Ls, x,h) the set of all tuples (A(O)(x),%(o)( [tD), uO(x, [1]), oul )(x [t) , 1,02 ) for

which the function f(x, t, u, u;, w) in G0(¢)1, ¢2) has continuous partial derivatives f;,(x, t, u, uy, w), fo(x,t,u, us, w),
fo (et u, e, w) and ||f(x, £, u, ug, w)ll < Ly, |Ify, (b, u, e, )l < Lo, I (x, t, 4, up, w)l| < L3, where Ly, Ly, L —
const. L

From the system {A,(x), w,(x, t)},r = 1, N, we form the pair {A(x), w(x, [t])}, where

A(X) = (/\1(3(), /\Z(X)/ ceey AN(X))’/ 5(7(x, [t]) = (%1 (X, t)r ZFEZ(XI t)/ sy z/7;1\7(-7(/ t)),

As the initial approximation for problem (10)—(13), we choose the function w®(x, [t]) and then construct
successive approximations according to the following algorithm:

Step 1. From equations (10), (15), where w,(x, t) = 5&50)(9(, t), we determine the functions aw, (x ) A(l)(x)
r = 1,N. Using integral equation (14), we determine @ (x, ).

Step 2. From equations (10), (15), where w,(x, t) = zTJﬁl)(x, t), we determine the functions Gl (x 2 /\(2)( X),
r=1,N. Using integral equation(14), we determine 1-0472) (x, 1).

Continuing this process, at the k-th step we obtain the collection of triples {aw &) A0 ), a0 (x, t)}

Sufficient conditions for the feasibility and convergence of the proposed algorithm, as well as for the

existence of a solution to the multicharacteristic boundary value problem with functional parameters
(10)—(13), are established as follows:

Theorem 2.1. Suppose there exists a step size h > 0 : Nh = T, (N = 1,2,...), numbers ¢1 > 0, ¢ > 0,

_ , , - 9Qu(x, A(x) W, [)
(AO(x), wO(x, [#]), ¢1, P2) € U(f, L1, Lo, L3, x, h), for which the ]acobzan matrix

for all (x, A(x), w(x, [-])), where x € [0,X], A(x) € SAO(x), 1), w(x, [t]) € S@O(x, []), ¢1¢2) and the following
inequalities are satisfied:

is invertible
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20nx, A(x), w(x, [-]))-1
) H[ Qi (a))\ ( [1))]
2) x(h) :hy(1+L2f [ eLz§d5dx)< 1,
[’1\9(}1)]2
1—x(h) xe [OX]
5" max ool < 0n

1 = x(h) xefo,x]
where

< 3(h),

3) x @)l max o)l max [JQn(x, AC), @O, LD)| + $() max Qs A, T, LI < 1,

2 2 -1
"= eLz%(L3% + Ll)(l + 19() max ||p(x)||), Po(x) = L3— +L, f f o T L3— + Ll)dcfldcf + Ll)

0 0

2 _
p(x) = (Pl(x) +pa(x) + P3(X)%)€hs(h)p2(x), p1(x) = Ly max{h||by(x)ll, 1},

p2(x) = Ly max{hllb2(0)ll, 1} + Allbs(x)l| + Allba()ll,  p3(x) = Lz max{hllb2(0)ll, 1} + Allbs(x)l| + hllbe(x)Il,

x & 2
Da2(x) = pa(x) f f eLZTl(L{i—? +L1)d£1dé. Then, the sequence defined by the algorithm {A(k)(x),z?(k)(x, [t])}, k=1,2,..,
00

is contained in S(AQ) (x), p1)xS@WO(x, []), p1¢h2), converges to the solution of the problem (10)—(13) (A* (x), w*(x, [t])),
and the following estimates hold:

[k(m)]*
1—x(h) xe [OX]

@) 1A= A%V < )P max lIpo@)ll max p@) ax [|Qu(x, A9 (), @, 1),

[K( )1
— x(h)

Moreover, any solution (/\(x), w(x, [t])) of problem (10)~(13) in S(A©(x), 1) x S(@O(x, [t]), ¢1¢2) is isolated.

b) llw" — w** Py <

B9 max lIpo()ll max o [|Q(x A0, @O L))

—) ~0)
Proof. The functions W, w, r =1, N are determined by the relations

x ¢ x &
0w (x, t
e aix ) f( x4, () + P(t)x + f f @ (&1, HAEE + f f AD(EDdEdE,
0 0 0

x ¢ —1)
oo+ o+ [ [P 500+ 20w)
0 0

and

3w(0)(x t) C( 0 0
—— = flxt, o) + Y(t)x + y (&1, 0)dérdE + A (E1)dEdé,
= f Of f f

PP
o+ yonr [ [ oD 5060+ 10w)
0 0
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the following estimate holds

I (x,t) I (x, t
- W’ LBJﬂjﬁa'Mgk&)—A9R&ﬂu&da+
1N

max sup
r=LN te[(r—1)h,rh)

x &
+L2ff 1ax
9 1N te (r 1)hrh)

Using a linear integral inequality that includes multiple integrals [10, p. 58], we obtain

(959)(51,15) O)(ffl,
ot

t
)Hdaldg + Ly max A0 (x) — 2O @)

r=1,N

o (x,t)  dwl” (x £) H
o

max  sup
r=1,N te[(r—1)h,rh)

x &
<o L f f ax IAD(€0) ~ A0 ErdE + L max ) ~ A0l 17)
0 0

1N r=1,N

The functions w 1)(x ), w A{O (x,1),r = 1,N, are determined by the relations

t

W (x, b) = f f(x,T,(p(T)+l[1(T)x+ f f @O(&y, 1)dEdE + f f AD(ENdEdE,
0 0 0 0

(r-1h

1)
@' (1) + P (T)x + f f 9w (51’T)d51d5,z~u§°>(x,1)+A9>(x))d7,

t

x & x ¢
TOx, 1) = f v oo + pios f f TO(&,, Dderde + f f A& dede,
0 0 0 0

(r-1)h

0)
@) + P (0)x + f f D (gl’T)dgldg,ﬁf”(x,T)+A£0>(x))d7

the following estimate holds

max sup (@00 8) - @0, )l < Wl f f ax AV (&) — AO(E) e de+

r=1,N te[(r—1)h,rh) 1N

1N
x &
+hL, ff 1ax
Y 1N te (r 1)h rh)

In view of inequality 3) of Theorem 2.1, there exists a number ¢y > 0, satisfying the inequalities

d&1d& + hLy max IAP (x) = AQW)|l. (18)
r=1,N

I (&, t) mm(él,t)”
ot ot

S(h)

e0d(h) < 1, T st

————[|Qu(x, A0 ), @O x, [D)]| < 1,
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IQu(x, A0 ), WO (x, [])
oA

is uniformly continuous in S(A®(x), ¢1). Moreover, for

IQu(x, A(), @O(x, [)  IQu(x, A(x), WO, [])
N oA - A
for A(x), A(x) € S(AQ(x), h1), the inequality holds ||A(x) — A(x)|| < &, x € [0, X]. Choosing a number

and the Jacobian matrix

&g > 0 there exists o9 € (0, ’1) such that < &p, whenever

azay= max{l, %((Qh(x, A0 (), wO(x, [.]))H}

we construct the iterative process: 10 (x) = AO(x),

[th(x A (), TO(x, [)) 171

A(l,m+1)(x) — 1m)( ) =

] Qu(x AV, T D), m=0,1,2,...  (19)

According to Theorem 1 [[9]] the iterative process (16) converges to A)(x), an isolated solution of the
equation Qy(x, A(x), @*(x, [])) = 0in S(AO(x), $1) and

NV = AV < $1) max ||Qh(x AO@), @O, )| < ¢ (20)
Substituting (20) into (18), we obtain

W _ 2O < @ _ A0), < ) 750) .
I = @l < max lpoCOMIA®Y — A ||z_hS(h>xgg§]||po(x)||xg}3§]HQh(x,A @), 20, [D)])

. . awr (x n e . .
Since the functions , —5=,r=1,N are determined by the relations

~(1)
D ot p0) + e+ f f GO (E,, D dE + f f AD(EDdEde,

LS )
POy f f 0D 45,6, T, ) + 10)
0 0

and
&

—0)
TLCD _ fls,t,p00+ pitye+ f f (&1, DdEndE + f f AP(E N e,

0
LS )
o)+ 0 (b + f f WD) g, e, + 12 0),
0 0

the following estimate holds

max sup (@&, B — DO, blldE dE+
0 r=LN te[(r—1)h,rh)

max sup

r=1LN te[(r-1)h,rh)

x &
I (x, t) az“u“)(x f)
ot <ls

X

&
+Ls f f ax | (E1) = AP (EIIdE dE + Ly f max  sup
1,N
0 0 0

S r=LN tel(-1)hh)

(95?)(51,75) (51,
ot

.
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+Limax  sup @) (x, £) — @ (x, DIl + Ly max|IAP (x) — AP ).
r=1,N te[(r—1)h,rh) r=1,N

Using a linear integral inequality containing multiple integrals [10, p. 58], we have

max  sup
r=IN te[(r—1)h,rh)

0w (x,t) _ 9w, (x,1) H p
ot -

X

3
<e % Ls f f ax  sup @ (&, 1) - @ (E, DIAEE + L f max [[AP (&) = AV (EDdEdE+
r=1N te[(r—1)h,rh) r=IN
0 0
+Limax sup (560 - TG Ol + Limax |A() - AW 1)
r=1N te[(r—1)h,rh) r=1,N

From the structure of the operator Q; (x, A(x), wD(x, [-])) and the equality Qh(x, AD (), wO(x, [‘])) = 0 follows
that
S()||Qu(x, AV ), @V, 1) = 9| Qu(x, AV @), @V (x, D) - Qu(x, AV ), @O, [D)|| <

< h9(h) max [p@)lllfw® — @, (22)
x€[0,X]

Let us take ¢11 = 9(h) max 1Q1(x, AD(x), DV (x, [-1))]] and show that S(AD(X), P1,1) € S(AO(X), P1). Indeed, if
x€[0,

IAG) = AVl < P11 = S(h) max 1Qu(x, AV ), @ [l
then, considering inequality (22) and

D) = AVl < S(h) max [1Qu(x, AV @), @O, LI

we have

max [|A,(x) = A2 ()l < max [I4,(x) = AL @)l + max 11" (x) = A )]l <
r=1,N r=1,N r=1,N

< S(ih max lpCli™ — @ + () max [1Q(x, AV), @V (x, LDl < 1.
x€[0,

From the conditions of the theorem, it follows that the operator Qy(x, AV (x),w™W(x, [])) in S(AD(x), p11)
satisfies all the conditions of Theorem 1 [9]. Therefore, the iterative process: A®9(x) = A((x),

/\(Z,m+1) (X) A(Z m)( )

1 10Qu(x, A2 (), B0, 1) 7
[ b ai — )] Qu(x, A% (), (x, [1)),

m =0,1,2,... converges to A®(x) an isolated solution of the equation Qh(x, Ax), wD(x, [-])) = 0 in the set
S(AM(x), ¢11), and
NP @) = ADI < 3(h) max [|Qn(x, AV ), @V, D)) (23)
x€[0,X]

Substituting (21) and (22) into (23):

IAD () = AD@)| = max]IAP(x) - APl <

r=1,N

<hIW(pmax  sup (@0 - T Hll+
r=1LN te[(r—1)h,rh)
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&

52(%) f f LZZ Ls f max  sup  [B0(Es, £) — TO(Es, HlldEaiat

g
G

N

r=1,N te[(r—1)h,rh)

& &

+L3ffmaxll)\fz)(és)—/\51)(53)||d53d52+
r=1,N
00

tLymax  sup @0, 1) — 5O, Bl + L max|IA? (&) — A“>(51)||)d51d5+
r=LN te[(r-1)h,rh) r=1N

+p3(x) f f max  sup ||z~u£”(él,t>—5£°>(51,t)||d51d5),
0

r=1,N te[(r—1)h,rh)
Using the inequalities of Theorem 2.1, we obtain
2 1
max A (x) - AP @)l <
r=1,N

&
< exp hS(h P2(%) f f ol % L3— + Ll)déldé)hS(h)[pl(x) max sup (@0, 1) - T, )+

r=LN te[(r—1)h,rh)

o

& &

1) f f 3L f f max  sup @, ) - TO(Es, Dlldesdirt

r=1,N te[(r—1)h,h
0 0 [(r=1)h,rh)

tLimax sup @O, —fuﬁ")(gl,t)n)dgld&
r=IN tef(r—1)h,rh)

ps() f f max sup (1) - B0 (Er, Dl de|
0

r=1,N te[(r—1)h,rh)
Thus,

2 =
1A = AV < 1 (i) max [ (p1 ) + Fa@) + pae) 37 070 |50 - @O <
x€[0, !
< h9(h) max [lp)llli@t” — ).
x€[0,X]

(24)
Substituting (24) into (21), we obtain

H aa;(z) "(1)

) — . (25)

The functions wiz) (x, 1), fﬁﬁl)(x, h),r= 1,_N are determined by the following relations:

t

x & x &
@@ (x, 1) = f f(x,T,qo(T)+1/)(T)x+ f f (&, T)dELdE + f f AD(E)dEdE,
0 0 0 0

(r—1)h

2)
@'(T) + ¥ (D)x + f f 9w (‘Sl’”dgldg,@é”(x,ﬂ+A52>(x))df,



N. Orumbayeva et al. / Filomat 39:33 (2025), 11811-11824 11821

t

x & x ¢
T, 1) = f e oo + pos f f TO(&,, Dderde + f f A0 (e de,
0 0 0 0

(r-1)h

~1)
@'(T) + ¥ (D)x + f f i (‘El’T)dgldg,aﬂ,O)(x,T)+A£”(x))df,

the following estimate holds:

X

max  sup [P (x,£) - @ (x, Dl < hLs f max  sup [[@ (&, t) - D&, DdEdE+

r=1N te[(r—1)h,rh) J r=LN te[(r-1)h,rh)

X X

& &
~(1) 0)
+hL3ff ax D) - /\(0)(51)Ild£1d£+hL2f max  sup dw;'(&1,1)  dw (él't)Hdcf et
N r=1N te[(r—1)h,rh) ot
0 0 0 0
+hLymax  sup @ (x, £) — @ (x, B)|| + hLy max ]AY (x) = A9 ). (26)
r=1N te[(r—1)h,rh) r=1,N

Substituting (25) and (24) into (26), we obtain
@2 - @l < k@l - 2.
An estimate holds

[w® - @Ol < [1 + x(h)] max |[@" - @ <
r=1,N

< [1+ ()1hS(1) max Ipo(o)l max [|Qi(x A9@), 80, [D)]| < g

Assuming that the pair (A®(x), w®(x, [t]) € S(AO(x), qbl) x S(w(x, [t]), p1¢2) is defined and that the following
estimates are established:
[ — @Oy < )] lw® - @O, (27)

S(h) max [1Qn(, AB @), WO (x, L)) < hS(h) max ||p(x>||||w<k> w® Dy, (28)

Let us determine the (k + 1)-th approximation of the functional parameter A®D(x) from the equation
Qu(x, A(x), w®(x, [])) = 0. Using inequality (22) and the equality Qy(x, A®(x), w*V(x,[-])) = 0, we establish
the validity of the following inequality:

S(h) max [|Qn(x, A% (x), @ (x, [ < ~() max [Ip)l[x()] @™ - @) (29)
x€[0,X] x€[0,X]
Let us define ¢ = 9(h) max 1Q1(x, A®(x), w®(x, [])]| and show that S(A®(X), Ppr) € S(AO(x), B1). Indeed, in
x€[0,

view of inequalities (27)—(29) and condition (3)

1A = AOlly < h3(h) max [pllp2 + () max 1Qux, AQ), TO(x, [N < 1.

x€[0,X] x€[0,X]

Since ||Qp(x, A(x), w®(x, [-])]] in S(A® (x), ¢r) satisfies all the conditions of Theorem 1 from [D.S. Jumabayev],

there exists A**D(x) a solution to the equation [|Qy(x, A(x), w® (x, [D)I| = 0 in S(AP(x), ¢x) and the following
estimate holds:
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1,0 = AP @) < 90 max 1Qu(x, AV ), @, L)
We establish the following estimates:

D = AOll < 13 () max IpI@® - @i, (30)

@D~ GO < @l - T, (1)

From the inequalities (30), (31), and x(h) < 1 imply that the sequence {A®(x), w®(x, [t])} converges as
k — oo to {A*(x), w*(x, [t])}, which is the solution to the problem (10)~(13) in S(A©)(x), 1) X S@ O (x, []), P12).
The following estimates hold:

||/\(k+n) _ /\(k+1)||2 < ||A(k+n) _ A(k+n—1)||2 + ||/\(k+n—l) _ /\(k+n—2)”2 + .+ I|A(k+2) _ /\(k+1)”2 <

n-2

< (1! )T h90e) max fipo(oll max [|Qu(x, AV, &, [D)]|

i=0

Thus, as n — oo we obtain estimates a) and b) of Theorem 2.1.
We will show the isolation of the solution. Let us choose a number ¢ < 0 such that

ed(h) <1, x(h) <1—ed(h).

Since f;,(x, t, u, u;, w) is uniformly continuous in Go(qbl, ¢2), and considering the structure of the Jacobian

AQu| x,A(x),w(x,[]) —
matrix % it follows that it is uniformly continuous in S(A*(x), ¢1) X S(w*(x, [t]), p1¢2). Therefore,

9Qu| x,A(0,w0(x,[-)) Q| x A (), @ (x,[])
h< £ )— ]( o ) < ¢ forall x € [0,X]

(A(x), w(x, [t]) € S(A*(x), 61) X S(w* (x [t]), 5162). Note that if (A*(x), w"(x, [t])) is a solution to the problem
(10)- (13) then Qh(x A (), w*(x, [[]) =

Let {/\(x) w(x, [t])} € S(A*(x), 61) X S(w (x [t]), 0102) be another solution to the problem (10)—(13). Since
Qulx, A*(x), w*(x,[-]1)) = 0 and Qu(x, A (x),w (x [-])) = 0, it follows from the equalities

there exist numbers 6; > 0,6, > 0 such that

o 19Qu(x A, W, D) o
Y@ =20 = Qi (), & (5, [D),
,A\*(x) _ ,/{*(x) : ”th(x/ A(x)/ a;(x/ [])) - (x ’/{*(x) 5()( []))
- a/\ 7 7 7

that

) = A (x) = A*(x) — A*(x) —

H&Qh(x,/\*(x), @0, 1) -

1 — —
e | Qe 4@, @ @ 1) - Qi X', B 1)

Applying the finite increment formula of Lagrange [21] to the difference Q) (x, A*(x), w*(x, [-]))—Qh (x, A (%), ’5 (x, [-]))
we obtain that

A*x) = A (x) = —

IQu(x, A*(x), @ (x, ') 11

[ A ]X
xj‘ 8Qh X, A(x) + t(A*(x) — )\(x)), T (x, [,])) th(X, A (), z~u*(x,[~]))
0

— - e Jatla: (o - X )
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BQ //V( )/ ~*( r[]) -1 — . — —
1 b (;C/\w - )] | Q0 @, @ 1) - Qv ¥, T 1)

whence

@) = Ol £ 7= |Qu(x, A", @, 1) = Qi 40, @ (x, [D)]| <

S(h)

<h3W(prmax sup I - @, Dll+

r=1,N te[(r—1)h,rh)
x £
L3
+p2(x) f f e
0 0

+Limax sup [lw;(x,t) - r('x t)||)d£1d£+p3(x)ffmax sup ||w:(51,f)—5:(51,1?)“0151115).

r=1N te[(r—1)h,rh) r=1,N te[(r-1)h,rh)

N\"N

x &
f max sup ||5:(51,t)—5:(51,f)||d51d5+

r=LN te] [(r—1)h,rh)

Since

—_—t —_t
llw* —w | < x(W)llw" —w I,

it follows that wi(x, t) = (x 1), Ay(x) = ’/\\j(x), forall (x,t) € Q,,r = 1,N. Theorem 2.1 is proven. [

We define the function wﬁk) (x,1),k=0,1,2,... by the equality:

® A0 @) + D, 8), as (v, eQ, r=1,N,
(1) = /\g\]?(x) + thgn() ng)(x, t), as t=Nh,

u(x, t) = o) + P(Hx + ffth(él,t)déldé.
0 0

Let S (x, t), D(x)), D(x) = p(t) + ¥(t)x + "72(1)1(1 + ¢2) denote the set of piecewise continuously differen-
tiable functions u : O — R that satisfy the inequalities

x <
luG,t) = p®) = px = | | (A0) - @&, 1))dErdell < D),
I

llu(ex, T) = () = Y(T)x ~ f f (A9@) = @O (&1, T))d&1dEll < ().
0 0

Due to the equivalence of problems (1)-(4) and (10)—(13), it follows from Theorem 2.1 that:

Theorem 2.2. If the conditions of Theorem 2.1 are satisfied, then the sequence of functions {u®(x, t)},k =1,2,...,is
contained in S(u©(x, t), ®(x)), converges to u*(x, t) the solution of problem (1)—(4) in S(u ¥ (x, t), ®(x)) and satisfies
the inequality

[k(m)]*
— () xel0

7

e, 1) = e, Ol < (308) mac [lpCol-+ 1) () max lpo(ll— o max [|Qu(x, AV, @O, 1)

(x,t) € Q. Moreover, any solution of problem (1)—(4) in S(u©(x, t), ®(x)) is isolated.
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3. Conclusion

In this work, a third-order nonlinear pseudo-parabolic equation with nonlocal boundary conditions was
investigated. The original problem was reduced to an equivalent system of integro-differential equations,
which made it possible to propose an iterative algorithm for finding the solution. Sufficient conditions
for the existence, uniqueness, and convergence of the solution were established. It was proven that the
sequence of approximations generated by the algorithm converges to an isolated solution of the problem.

The results of this study are of significant importance for analyzing and solving similar problems
involving nonlinear pseudo-parabolic equations with nonlocal conditions. The proposed algorithm can
be applied to practical problems in mathematical physics, such as modeling the behavior of viscoelastic
materials that exhibit both viscous and elastic properties; in acoustics, for modeling sound propagation in
complex media (e.g., porous materials or turbulent atmospheres); and in geophysics, for modeling seismic
wave propagation in rock formations with complex structures and properties.
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