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Elementary transformation and its applications for hybrid number
matrices

Bing Sun?, Minghui Wang*~

?Department of Mathematics, Qingdao University of Science and Technology, Qingdao 266061, PR China

Abstract. In this paper, we define the elementary transformations of hybrid number matrices and establish
their upper triangularization process based on these transformations. We introduce a new determinant
by means of a real representation matrix and present the sufficient conditions for the existence of LU
decompositions, together with a counterexample showing that hybrid number matrices do not necessarily
admit an LU decomposition. Furthermore, we investigate the inverse of the hybrid number matrix and
provide both the existence condition and a concrete computation method.

1. Introduction

In 2018, Ozdemir [11] introduced a new non-commutative number system called hybrid numbers,
which can be regarded as a generalization of the complex, hyperbolic, and dual number systems. Since
hybrid numbers combine these three well-known systems, they have numerous applications in fields such
as number theory, linear algebra, kinematics, geometry, and physics ([2], [4], [8], [7], [10], [15], [16]).

For hybrid number matrices, previous studies have conducted in-depth analyses of their algebraic and
geometric properties and explored their potential applications. Altinkaya et al. [1, 3] provided a systematic
theoretical foundation; Cakir (2025) investigated the consimilarity of hybrid number matrices and related
matrix equations [6]; Oztiirk and collaborators [12-14] examined inversion transformations, similarity, and
elliptical rotations in hybrid number systems. These studies establish a solid theoretical background for
understanding the structure and transformation behavior of hybrid number matrices.

However, as far as we know, no study has addressed the elementary transformations of hybrid number
matrices. Building on the existing work, this paper defines the elementary transformations of hybrid
number matrices and establishes a corresponding triangularization procedure. A new determinant is
introduced based on the real representation matrix, and the sufficient conditions for the existence of
LU decompositions are analyzed (with a counterexample showing that hybrid number matrices do not
necessarily admit an LU decomposition). Furthermore, the inverses of hybrid number matrices are studied,
including their existence conditions and computation methods. Compared with previous research, this
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study not only extends the theoretical framework of hybrid number matrices but also provides practical
computational tools, thereby offering theoretical support and methods for solving related applied problems.

The organization of this paper is as follows. In Sect.2, some basic knowledge of hybrid numbers and
hybrid number matrices are given. In Sect.3, some basic conclusions of the elementary transformation
are explored, and a procedure for the triangularization of hybrid number matrices is given. In Sect.4, the
determinants and inverse matrices of hybrid number matrices are studied and the computation of their
inverse is given. The conclusion of the paper in Sect.5.

2. Some Basic Knowledge

In this section, we review some basic knowledge of hybrid numbers and hybrid number matrices.
In [5], the set of hybrid numbers can be represented as

K ={p1 +pai + pse +psh | ¥ = =1,&2 = 0,h? = 1,ih = ~hi =i+ & p1, pa, p3, ps € R}.
The multiplication table of the units i, € and h and the product of two hybrid numbers is done with the
help of this table.

Table 1: Multiplication Table of Hybrid Number Units

i £ h
i -1 1-h &+i
¢ 1+h 0 —&
h -e-i1 & 1

For any hybrid number p = p; + pi + p3€ + psh, its conjugation is defined as
P =p1—pai—pse—psh.

The real number
Cop = PP =P+ (p2 = ps)* =5 — Pl

The norm of a hybrid number is defined as
Il = VIO = \lp? + (o2 = ps) — p3 = 12

The inverse of the hybrid number is

a_ P
p ==, Cy #0.
C(p) )

Any hybrid number p can be written as the sum of two complex numbers: p = x; + xoh or p = x1 + hi,
where x1 = p1 + (p2 —p3)i € C, xo = ps + p3i € C. We call x; the complex part, x, the imaginary part, and
denote them as comp(p) and imag(p), respectively.

For subsequent needs, we state some results.

Theorem 2.1. [5] For any p € K, the following properties are satisfied.

1. hx; = x%1h for x1 €C

2. h(x; + xoh) = %, + 1h for x1,x, € C
3. ph=-hp
4. he = —¢h
5. ih = -hi
6. x1h =-xhforx; € C
Through simple calculations, we get the following results.
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Lemma 2.2. Forp = x1 + xoh, then p = %1 — xh.
Corollary 2.3. Let p = x1 + x2h € K, x1, x5 € C. Then ||p||* = pp = ) lx1? = |x2)? | )

To establish the validity of this corollary, we provide a formal proof.

Proof.
lIpll* = Ippl
= |(x1 + x2h) (%1 — x2h)]
= |x1%1 — x1xh + xoh¥ — xohxoh|
= ||x1 > — xyx0h + xox1h — |x2|2| (from Theorem 2.1, item 1)
= [lx1[* = |x2f|
O

The matrix representation of hybrid numbers is particularly important to facilitate multiplication of
hybrid numbers. In [5], by defining an isomorphism between 2 X 2 real matrices, operations between
hybrid numbers will then be easy to perform and some of their properties easy to prove, the representation
of hybrid numbers with 2 x 2 real matrices are given

N =| PLtPps P2 —pP3+pa
P olps—p2+ps pr—-ps |

for p = p1 + poi + p3e + pshe K.

Theorem 2.4. [5] Let p, q € K. Then

1. R, =N, ¢=p=g
2. Ry =N, +8,,
3. Npy = KN,

The set of m X n matrices with hybrid number entries, which is denoted by M,,,x,; (K). If m = n, then the
set of hybrid matrices is denoted M, (K).

In [5], the complex representation of any hybrid number and the complex representation matrix of any
hybrid number matrix are given.

For p = p1 + p2i + p3€ + psh, its complex representation is

p1+ (P2 — p3)i pa + psi
pa —psi p1 — (p2 — p3)i|’

p

and similarly, we have ’det Xp| = |det Np).
For A = C; + Coh € M, (K), we call the 2n X 2n complex matrix
_1G G
XA = [Cg Cl] 1)

uniquely determined by A, the complex representation matrix of the hybrid number matrix A.
In the following, the basic conclusions for complex representation matrices of hybrid number matrices
are given.

Theorem 2.5. [5] Let A, B € M,, (K), then the following properties are satisfied:
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(1) Xa+B = XA+ XB,
(2) XaB = XAXB,
() xan = x," if A7 exists,
(4) xa- # (xa)" in general.
Let A = A; + Asi + Aze + Ash and Ay, Ay, A3, Ay € M, (R). Then, since the hybrid number matrix A can
be written as

A=A+ (A - A3)1 + (Ag + Agl)h,
we can write the 21 X 2n real representation matrix of the hybrid number matrix

A1+A3 AZ—A3+A4

M= dsm Myt A Ai—As |- 2)

3. Elementary Transformation and Triangulation

In this section, we discuss the elementary transformation for the hybrid number matrix, which is
basically the same as that for the complex matrix.

The following three elementary row operations applied to the hybrid number matrix yield an upper
triangular matrix.
(a) Interchanges: Interchanging the i-th row and the j-th row. The corresponding elementary matrix is
denoted as P (i, j).
(b) Scaling: Multiplying the i-th row by the hybrid number A with |A| # 0 from the left. The corresponding
elementary matrix is denoted as P (A + i).
(c) Replacement: Multiplying the j-th row by the hybrid number A from the left, then adding to the i-th
row. The corresponding elementary matrix is denoted as P (i, A * j).

Remark 3.1. Let A = (aij) € M, (K), where K is a (generally non-commutative) hybrid number algebra, and denote
the k-th row of A by r. For any elementary matrix E = (ey) € M, (K), the matrix product satisfies

n

(EA);; = Zé’ikﬂkj, ji=1...,n

k=1
Collecting all columns into a row vector gives

n
(EA);. = Z €T,

k=1

which shows that the i-th row of EA is a left linear combination of the rows of A. Therefore, in the hybrid number
setting, row operations can still be implemented through left multiplication by elementary matrices.

The following result is important for triangulating a hybrid number matrix.

Lemma 3.2. For nonzero hybrid numbers a = x1 + x2h, b = y1 + yoh with x1, %2, y1, y2 € C and ||a]| = ||bl| = 0. If
Z—I * Z_z' then either ||la + b|| # 0 or ||la + ib|| # O holds.

Proof. Since ||a|| = ||b|| = 0, it follows from Corollary 2.3 that

al> = o, il =P, x#0, y;#0,i=1,2.
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Lett) = £ =c+di, t, = & = ¢ + fi, then, by the properties of complex numbers, we obtain 7; = #1F;, ¥, =
2 r y prop P y Y

%obp. If the real parts of #; and t; are different,
la +BIP = 11+ ya|* = o + |
=101+ y1) (X1 + 71) — (2 + y2) (%2 + 72) |
= [ + x191 + X + yalh — xo¥2 — X2¥2 — Yoo — Y202
=[x +x11 + ya % + |]/1‘2 — el = X272 — Yoo — |y2|2|
= ‘X1]71 + Y1X1 — X2¥2 — yzfz‘
= @1 + tix1 % — XoFoly — bXoXo|
= [AlalP + t bl - Bl - t x|
= [A ol + t ol = B ol - b x|
=|(f + 1) — (B2 + b)| %ol
=|c—di+c+di) (e~ fi+e+ fi)| lxal
= |2¢ — 2] | # 0

For a similar reason, if the imaginary parts of t; and ¢, are different,

la+ 3617 = | x1 + | = o + [
= (v +iyn) (%1 — i) — (2 +iy2) (%2 — i72) |
= ¥+ yiin —i(ad — ya¥) — (X + 22 — il — y2X2))|
= |iy15c1 +ixodp —ix1i1 — iyzfz)
= |it1x1%1 + ixoXoby — ix1X1H — ifaxoXo|
= [ity va P + if ol — iy | = it [xaf?|
= [its [xaf® + i ol — iFy ol = it2 [xaf?|
=[i[(th = F) = (f2 = B)]| Ix2f
=lilc+di-c+di)—(e+ fi—e+ fi)]| P
= [i@di-2fi)| 2P #0
O

The step of triangulating a matrix by the elementary transformation is basically the same as that in the real
T .

field. We only take a vector as an example. Let 0 # a = (a(l),a(z), e ,a(”)) anda? e K(i=1,2,---,n).

Step 1. If [la|| # 0, we take

1 0 --- 0
—a@,07" 1 ...
I =
—a®a" 0 ... 1

T
and then La = (a(l),O, ‘e ,0) .
Step 2. If la®]| = 0 and a» # 0, we have the following two situations.

(1) [la®|| = 0 for some i> 1, then we perform (I) on P (1,1) a.
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(2) Vi, if [|a®| = 0, we can further categorize it into the following two situations.

<a>
comp(a(i)) imag(a(i))
= =t (=12---,n)
comp(aV)  imag(a®)
we take

1 0 0

-t 1 0
L= )

-t, 0O 1

T
and then La = (a(l),O, . ,O) )
<b>

comp(a(l)) imag(a(’))
L=

comp(a®) " imag(a®) &2

for some /.
If real parts of g, g, are different, la® +a®|| # 0, we perform (I) on P(1,1) P(I,1+1)a.
If imaginary parts of g, g, are different, [la)) + ia?)|| # 0, we perform (I) on
P(1,1)P(L,i*1)P(1, Da.

Step 3. If [la®|| = 0 and a = 0, we have the following two situations.

(1) [la®|| # 0 for some i > 1, then we perform (I) on P (1,i)a.

(2) Vi, if |a?|| = 0, 2" # 0 for some I, we perform (II) on P(1,1) a.
Referring to the literature [17], we can get the following conclusions.

Theorem 3.3. For A € M, (K), there exist permutation hybrid number matrices or unit lower triangular hybrid
number matrices Py, Py, - - -, Ps and an upper triangular hybrid number matrix U such that

P;---PrP1A=U

As we know, for any A € F>"(F, may be R, C or H ), there exit a permutation matrix P, an unit lower
triangular matrix L and an upper triangular matrix U such that

PA=LU
But for hybrid number matrices, this conclusion is not necessarily true. For example, let
P(1 +h 1) _ (1 0) (u1 uz).
1-h 2 I 1J\0 us
If P = I, we have

1+h 1 _ [ 175}
1-h 2]~ lu1 lM2+M3 ’
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Thus, we have 3 =1+ h, luy =1—h, /(1 +h) =1 —h, and then, by Theorem 2.4 and the real representation
of hybrid number matrices in (2), we obtain 8,81, = Ni_p, therefore,

i hp\(1 1 1 -1
(ZS ZZ) (1 1) = (_1 1 ), hi+ha=1 by +lp=-1

which leads to a contradiction!

. 1
For the same reason, if P = AL have

1
1-h 2 [ Up
1-h 1)~ lu1 lu2+u3 ’

Thus, wehaveu; =1—h,lu; =1+h,[(1 —h) =1+ h and then 8;N_;, = N1;1, that is,

Iw 1 1 -1 1 1
(ZE ZZ) (—1 1 ) - (1 1)' hi—ha=1lha-ln=1

which also leads to a contradiction!

4. Some Applications

The determinant of a real or complex matrix has been intensively studied as an important tool. In this
section, we will introduce a new determinant and prove some properties of it and another determinant
that has been defined. With these properties, we obtain two important conclusions. At the same time, we
introduced the definition of the inverse of the hybrid number matrix and proved its related properties, and
finally presented its computation.

4.1. Determinant

For the determinant of the hybrid number matrix, let A € M,, (K) and x4 be the complex matrix of A. In
[5], the g-determinant of A is defined as

1Al = lxal.

We can easily prove that |Al, €R and ||a|q‘ = ||al|? for any hybrid number a.
To facilitate the subsequent study of LU decomposition and invertibility of hybrid number matrices, we
introduce a new definition of the determinant.

Definition 4.1. For A € M,, (K), we define a new determinant as
mdet; (A) = det(X,).

For ease of computation later, we denote |x4| as mdet, (A). mdet; (A) and mdet; (A) have the following
properties, which are almost the same as those of the normal determinant.
In the following, we can easily draw an important conclusion.

Lemma 4.2, Let A,Ce M,(K),Be R™", A eK,andw =1,2. Then
(1) mdet,(B) = det(B)?,

(2) mdet,(P(i, j)) = -1; mdet,(P(A +i)) = AA; mdet,(P(j, A +i)) =1,

(3) mdet,(P(i, )A) = —mdet,,(A); mdet,(P(A *i)A) = Al mdet,(A);
mdet,(P(j, A +1)A) = mdet,(A),

(4) mdet,(AC) = mdet,(A) mdet,(C),

(5) mdet,(A) = anan, ..., Gumlnn i A = (a;j) is an upper triangular matrix.
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Proof. All properties follow from the real or complex representation of hybrid number matrices.
(1) Since B is real, its representation is block diagonal:

B 0 B 0
NB=O gl 8=y gl

hence
mdet, (B) = det(Np) = det(B)>.
(2) Using standard determinant properties for row operations:

<a> Since
mdet,,(P) = det(Np) or det(xp),

in the real or complex representation, 8 ;) 18 also a block matrix that exchanges two rows. Its determinant

p(i
properties are the same as those of ordinary real or complex matrices. Since the determinant of a matrix
that exchanges two rows is known to be —1, we have

mdet,, (P(i, j)) = —1.

<b> In the real or complex representation, P(A # i) is a block upper triangular matrix, with only the i-th
diagonal block multiplied on the left by A, while the other diagonal blocks are identity matrices I. By the
property that the determinant of a block upper triangular matrix equals the product of the determinants of
its diagonal blocks, we have

mdet,(P() * i) = AN

<c> P(j, A # i) in the real or complex representation, it remains a block upper triangular matrix with all
diagonal blocks being identity matrices, hence

mdet, (P (j, A *i)) = 1.
(3) By multiplicativity of determinants:
mdet,(PA) = mdet,(P)mdet,(A),

hence the formulas follow directly from (2).
(4) Since mdet,,(A) = det(NX4) or det(xa),

mdet,,(AC) = det(NaN¢) = det(X4) det(N¢) = mdet, (A)mdet,(C).

(5) If Ais upper triangular, then N4 or x4 is block upper triangular. By the property of block upper triangular
matrices, the determinant equals the product of the determinants of its diagonal blocks, we obtain

n

mdet,(A) = Hﬁiiﬂii-
i=1

O

By means of theorem 3.3, we can prove that the two determinants are the same.

Theorem 4.3. For A € M,, (K), mdet; (A) = mdet; (A).
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Proof. From Theorem 3.3, we know that there exist permutation matrices or unit lower triangular hybrid
number matrices P1P,, - - ,Ps and an upper triangular hybrid number matrix U such that P --- P,P1A = U =

(uij). From (2) and (3) of Lemma 4.2, we have
mdet;(A) = mdet;(U) = det(Ny), mdet,(A) = mdet,(U) = det(xy).

where 8y and xyr are block upper triangular matrices with diagonal blocks N, and x,,. Based on the
properties of hybrid numbers and determinants, namely (det )(p| = |det Np‘ and the fact that the determinant
of a block upper triangular matrix equals the product of the determinants of its diagonal blocks, we can
obtain

mdet;(A) = H det(N,,) = H det(x,,) = mdety(A).
i=1 i=1
|

Remark 4.4. In Theorem 3.3, U is not unique, and the product of its diagonal elements is also not unique. However,
the modulus of the product is unique.

At the end of this section, referring to the literature [17], we give an important conclusion.

Theorem 4.5. For A = (“S)) € M, (K), if mdet, (A(k)) #0,k=1,2,--+,n—1, there exist an unit lower triangular
matrix and L and an upper triangular matrix U such that

A=LU
where A® = A (1:k,1: k) is the k-order leading principal submatrix of A.

2
Proof. Because |a(111) = |mdet1 (A(l))’ # 0, there exists

ra= 1 0 -a(a) ) )

such that
(1) o 1)
P S
0 ay - a4
LiA=]| . ) e 3)
: 3 ]
0 ailz) afm)

Partitioninng L, and A into
Ly O Al An
Ly = dA= , 4
1 (L21 Lzz) an (A21 AZZ ( )
where Lq; and Ay are 2 X 2 matrices and Ly; is unit low triangular, we get
o @
a a
Ly1An = ( 1 %27))
0 a4
Since

0% |mdet1 (A<2>)| = Imdet; (A11)| = [mdet; (LyyAn)| = [aOf |2
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it follows that |a;22)| # 0 and Gaussian elimination process can continue. Detailed information on the

Gaussian elimination method is available in [9]. In the end, we can get
T
o G0 (" WOV o
Li=1+]0,--- ,O,—a].H/].(a].j) ey (a].j) e (Gj=12--,n-1)
j

with
a(lll) a(l) . Ll(l)
O S
Lyq---LoLtA=| . 2 nl=u
0 0 - af

LetL =L;'L;'---L;!,. Then we have A = LU.
1

4.2. The Inverse

In this subsection, we give the definition of the inverse matrix and discuss its properties and computation
method.

In [5], it is known that for A, B € M,, (K), if AB = BA = I, then A is called an invertible matrix and B is
called the inverse of A .

Theorem 4.6. [5] For any C € M,, (K) the following properties generally hold.
1. (O #(@C,

T
2. (C)#(c).
In [5], the authors proved that A is invertible if and only if x4 is invertible. Naturally, we get the
following conclusions.

Theorem 4.7. Let A = A1 + Azi + Aze + Ash € M, (K), A is invertible if and only if the real representation matrix
N4 of A is invertible.

Proof. If A is invertible, then there is B such that AB = BA = I, which means Nsp = 8ps = N; = I, that is,
N4 is invertible.
On the contrary, if 84 is invertible, then there is B € RZ™2" such that NysB = BN = Ip,. Partitioned B

into B = (Bij) with (Bij) €R¥%,i,j=1,2,--- ,n, then there is an unique set of matrices: Bl(;), BE?), BS.) and BE?)
satisfying

M, g® _ @ _p® , g _
BY +BY = By(1,1), B -BY + B = By(1,2),

3 (2 @ _ @ @ _
Bl.]. - Bij + Bl.]. = B;;(2,1), Bl.]. - Bij = B;j(2,2).
where B;j (w, h), is located in the w-th row and h-th column of the chunked matrix B.

Taking l_Jij = BE}) + Bgf)i + Bg)s + Bg.})h and B = (Eij), we have Xz = Band KsNz = NgN4 = I,,, which means
AB = BA =1, that is, A is invertible.
O

Corollary 4.8. A is invertible if and only if mdet; (A) # 0.
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Corollary 4.9. The equivalence of invertibility between a hybrid matrix and its real or complex representation.
In the following, we give the computation method the inverse matrix.

Theorem 4.10. If A € M, (K) is an invertible hybrid number matrix, then there exists an invertible hybrid number
matrix P such that PA = I.

Proof. From Theorem 3.3, there exist permutation matrices or unit lower triangular matrices P, P,, -+, Ps
and an upper triangular matrice U such that P;--- P,P1A = U = (ul-]-).

It follows from 0 # mdet; (A) # mdet; (U) that |u;| # 0 for alli. So there exist scaling elementary matrices
or unit upper triangular matrices Q1, Q», - - - , Q; such that

Q- Q1 Ps - PoP1A=Q--- QiU =1L

Let P = Q-+ QuQ1P; - - PoP1.Then we complete the proof.
O

With the above theorem, we can learn that the method used to compute the inverse of a hybrid number
matrix is the same as the method used to compute a real or complex number matrix. Implementing three
elementary row transformations on (4, E), we convert (A, E) to (E, B) and B is the inverse matrix of A.

1+i i+e 1-h
h 1 £ € M3(K). Then the inverse of A is computed as follows.
1 h 1+e¢

1+i i+e 1-h1 0 0 ' 1
A= Ra-hRy Ri~Gi+0Rs,

Example 4.11. Let A =

0 01 -i—-¢ O
h 1 e 010 h 1 €0 1 0
0 010

Step 1. During the first elementary transformation, the two corresponding elementary matrices are respectively

1 0 0 1 —(@i+e O
E1= 0 1 0,E2= 0 1 0f.
0 -h 1 0 0 1

Step 2. During the second elementary transformation, the corresponding elementary matrix is

1 00
Es=|-h 1 0.
0 0 1

Step 3. During the third elementary transformation, the corresponding elementary matrix is

1 0 0
E4:0 1 -€].
0 0 1

Thus, we obtain

1 —-i—e¢ 0
B=|-h 1-i—-¢ -—¢|,

0 -h 1
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and by verifying that
100
AB=|0 1 0],
0 01

it follows that B is the inverse of A.

5. Conclusions

In this paper, we define the elementary transformations for hybrid number matrix and give its upper
triangularization process. Then, we define a new determinant by means of a real representation matrix
and summarize the sufficient conditions for the existence of LU decompositions. Additionally, through
the elementary transformations, we are able to solve for the inverse matrices of hybrid number matrices,
providing effective tools for related computations. Now, our study of hybrid number matrix decomposition
is not deep enough and comprehensive enough, in the future, we will go on to continue the study of other
decompositions of hybrid number matrices.
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