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Abstract. This article introduces the (r, n)-min and (r, n)-max matrices, which generalize the concepts of
the r-min, -max, min, and max matrices. Subsequently, our focus is directed towards the discussion of
the algebraic structure of the (r,7)-min and (r, n)-max matrices, their reciprocal matrices, and distinct rep-

resentations. These efforts enable us to elucidate several mathematical properties, including determinants,
inverses, and certain norms.

1. Introduction

Various problems in the field of applied mathematics involve special types of matrices. Depending on
the specific form of these matrices it is essential to examine their particular algebraic properties, such as
determinants, inverses, norms, and other related notions. Let m be a positive integer with m > 1.
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are called the min and max matrices, respectively. The min matrix was initially presented in the second
volume of the seminal collection of problems by G. Polya and Szeg6 [14]. Let T = {x1, xy, ..., X5} be a finite

multiset of real numbers, where x; < x, < --- < x,,. After this, more recently, the following matrices were
defined

X1 X1 X1 e Xq
X1 X2 X2 X2
— X X X e X
Tmin - 1 2 3 3 (1)
X1 X2 Xz Xy
and
X1 X X3 Xy
X2 X2 X3 Xy
— X X X e X
Tmax - 3 3 3 mo. (2)
Xm  Xm Xm = Xm

The matrices defined in (1) and (2) have been extensively studied in the literature (see [1, 4, 6, 10-13, 15]).
On the other hand, one of the special matrices is the r-circulant matrices which have the following form

ao a az o lm-1
ram—1 ao ar o lm-2
—_| ray— tvap—1 4 el
Ciao, .-, am-1) = m=2 m-1 0 m=3 |, (3)
ray rap ras LRIt

where g; € Cforalli =0,1,...,m — 1. Motivated by the form of the matrices (1), (2) and (3), Kizilates and
Terzioglu in [8] defined the so-called r-min and r-max matrices as follows:

X1 X1 X1 X
X1 X2 X2 R )
—| rx rx X cee X
Pr,m = 1 2 3 3 (4)
Xy TrXp TXz Xy
and
X1 X2 X3 X
rXs X2 X3 o Xm
Qr,m — rXs3 rXs3 X3 X , (5)
Xy Xy VX Xy

where r is a complex non null parameter. When r = 1, they are called the min and max matrices. Moreover,
the authors obtained the determinants, inverses, norms, and factorizations of these matrices and their
reciprocal counterparts. Another version of the min and max matrix was studied by Fonseca et al. [5].
The authors define geometric min and geometric max matrices and discuss some important linear algebra
properties of these matrices. After this, Li and Yuan [9] defined the general forms of geometric min and
geometric max matrices. In [2] Andeli¢ et al. examined the principal characteristics of the r-min and
r-max matrices, which incorporate harmonic higher-order Gauss Fibonacci numbers as entries. Specifically,
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they focused on the inverse, determinant, permanent, and norms of these matrices. Additionally, they
established several recurrence relations for characteristic polynomials. In [3] Andrade et al. defined an
(r, m)-circulant matrix as follows:

ap nay nay Ny
Tlm-1 a0 a CAm-2
—| ray- My, — a o Ay—
A(r,n)(ao/ cee /um—l) - m-2 m=1 0 m=3 ’ (6)
raq rnay rnas et dp

where 7, n are nonzero complex numbers. If we take r = n = 1 in (6), we get the circulant matrices. If we
take n = 1 in (6), we obtain the r-circulant matrices. They then obtained the eigenvalue and inverse of this
type of matrix.

In this paper, motivated by the structure of the matrix (6), our aim is to define and study the (r, 77)-min
and (r,n)-max matrices, which are general forms of the »-min and r-max matrices given in (4) and (5).
Moreover, we provide the definition of reciprocal matrices corresponding to these matrices. Then, we
provide important lemmas and their proofs, which we will obtain in matrix norms, which is one of our
main results. We then analyze the important linear algebraic properties of these four special types of
matrices.

2. (r,n)-min and (r, n)-max matrices

In this part of our paper, we define the (7, 7)-min and (r, n)-max matrices and provide some important
properties of these newly established matrices such as determinant, inverse, and norms.

Definition 2.1. Let P = (p,-]-);.“j:1 and Qqmym = (q,-]-);.”j:1 be matrices of order m-by-m defined by

MXmingij) 5 J>i=1
Xj ;o 1=]
Pij =% Xmin(i,j} ; jzi#El
Mmingijy 5 1=]<i
MXmin{i,j} & 1+ ] <i
and
nxmax{,-,j] ; ] >i=1
Xj ; 1=]
gij =4 Xmaxli,j) ; jzi#El
MXmaxiijy 5 1=j<i
"MXmax(ij} & 1+ ] <1,

where r,n € C are non zero, and x; are real numbers such that x1 < xp < -+ < Xy.

Note that the matrices P, ,» and Q) are represented as follows:

X1 nxi nxi nxi
rXy X2 X2 X2
—_| > rnx X cee X
P(r,n),m = 1 2 3 3 (7)

X1 THnXp TNX3 X
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and
X1 nxs nxs e NXy
rXs X2 X3 X
— rx. rmx X e X
Q(V,n),m - 3 3 3 m
Xy TNX, THXy, e X

The reciprocal matrices of Py, and Qn),m are

i1 1 1
X1 nxy nxi nxy
. 1 1 1
X1 X; X; X;
b |1 %X i
(r,n),m — X1 mxs X3 X3
s 1
X1 Mxy X3 Xy
and
1 4 1 1
X1 nxy nxs nXm
1 1 1
rXo X2 X3 Xm
o1 4 1 1. 1
Q(V,n),m = rX3 rnxs X3 Xm
1 1 1 . 1
X Xy, MXpy, MXy,

Before starting one of the main results, we require some previous lemmas. Let m > 1.
following sets (see Figure 1)

(m = DinP? }
(m=2)mnP+1
Ry ={(n,) € C{(0,0)} : |rn| < Land [P > (m = Dinf* - (m - 2)},

(m = 1)|nf?
Ry ={(n,) € CA\{(0,0))} : |rn| = 1and |rf > m}'

Ry ={(n,) € CO(0,0)} : |2 < (m — Dinf = (m — 2) and | <

11840

(10)

Let Rl, Rz, R3 be the

For A and B matrices, the Hadamard product is denoted by A o B = (a;;b;;) and for any C € M,,(C), we define

r(C) = max

m m
Y leif; ei(©) = max |} lejf? and
=1 = NE

and

SO =Y leifs 1<i<m.
j=1
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|zl

Figure 1: Regions R; for the norm || - ||»

Lemma 2.2. Let A be the following m-by-m matrix:

n n -+ N n
1 1 1 1

A=|r m 1 - 1 1
r m rn m 1

Then, we have

1) if (n,r) € Ry then r1(A) = 1+ (m —1)|nl?,
2) if (n,r) € Ry then r1(A) = /|r]> + (m — 1),

3) if (n,7) € Ry then r1(A) = /(m = 2)[rn|2 + |r2 + 1.

Proof. First we note that
S1(A) =1 + (m = DI,
Si(A) =[P+ (m—(i-1)+(G-2)m% 2<i<m.
Moreover, we get
Sis1(A) =l + (m — i) + (i — Drnf?
=l + (m— (- 1) = 1) + (( - 2) + Dlrnf*
=P+ (m— (- 1)+ (G- 2lrnf + [rnf* -1
=Si(A)+|mf* -1, 2<j<m.
For item 1) we suppose that (1, 7) € R;. Then, we have

(m — Din?

2 < _ 2 _ 2 - T
[r|= < (m = D)n|” — (m — 2)and ||~ < (m—2)mpP +1°
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Also, we note that |2 < (m — 1)[nf2 — (m — 2) if and only if ~ S(A) < S1(A) and |r2 < (n(jg)% if and only if
Sm(A) < S1(A).

If |rn| = 1, then
S52(A) < S53(A) < -+ < 5u(A) < 51(A).

If [rn| <1, then
Sn(A) < Sm-1(A) < -+ < 52(A) < 51(A).

Therefore, we have

r1(A) = max /S;(A) = v/S1(A) = V1 + (m = 1)nf2.

1<i<

For item 2) we suppose that (1,7) € R,. Then |rn| < 1and |r|*> > (m — 1)|n|*> — (m — 2). Also we note that
I? > (m—Dnf> — (m—2), ifand onlyif S,(A) > Si(A).

Thus
Sm(A) < 5,-1(A) < --- < 53(A)and S1(A) < S2(A).

Therefore, we have

n(A) = max VSi(4) = ¥Sa(A) = VIrP + (m - 1).

(m=D)lnP?

For item 3) we suppose that (1,7) € Rs. Then |rn|> =1 > 0 and |r]> > st

Moreover, we can write
Si+1(A) =2S5i(A); 2 < j<m.
Also we note that

_ 2

if ly if A) < S, (A).
_(m—2)|n|2+1'1 and only if 51(A) < S,(A)

Then
51(A) £ 5,,(A) and S3(A) < S3(A) < --- < 5,,(A).

Therefore, we have

11(A) = max /S;(A) = VSu(A) = \(m = 2)lrm + |r? + 1.

1<i<

And so the proof is finished. O

Remark 2.3. We note that ifn =1then Ry ={re C:|r| <1}, R, =0 and Rz = {r € C : |[r| = 1}. So, we obtain the
following result in [8] (see Theorem 2.4). For

1 1 1 1 1
1 1 1 1

A= r r 1 1 1 (11)
r or r r 1

We have
1) iflrl < 1 then ri(A) = \m,

2) if[r| > 1 then r1(A) = /(m — 1)|rn2 + 1.



D. Carrasco-Olivera et al. / Filomat 39:33 (2025), 11837-11852

Let m be a positive integer. We define T4, T, T as:

2
T, = 2 , > 1 2 n|
1 ={(n,7) € C\((0,0))} : Irn] > Tand P < (m_l)_(m_z)m'z}
3 |7’l|2
2 . 3 )
U {(n, ) € C\{(0,0))} : In] > 5 and |r[> > TEE },
T2 :{(n I’) € CZ\{(O 0))} : |Tl| < land |1’|2 > 1 |1’l|2 + m— 2}
7 V2 s > m — 2 — 1
U {n,7) € VO, 0 : Inl > S and 7 > P |
7 7 . _2 (m_l)_(m_2)|n|2 7
Ty ={(n,1) € (0,00} : In] < and P> > ——Jup + 221}
7 , < > p— 2 —— 1
Lemma 2.4. Let B be the following m-by-m matrix:
1 1 1 11
;11 1 1
B=| ¢ m 1 11
1 1 l 19

Then, we have

1) if (n,7r) € Ty then r1(B) = \/@,
2) lf(i’l,?‘) S Tz then Tl(B) = m,
3) if (n,r) € Ts then r,(B) = m

11843

Proof. We analyze the three cases corresponding to the regions T1,T>, and T3 for the specific values of r;(B).
We start by calculating the necessary quantities S;(B) in a similar form to the previous lemma. We define

the quantities S;(B) that describe the behavior of the elements in terms of |#], ||, and m:

-1
SiB)=1+2—2,
[n[?

and fori > 2,

1 ) , 1
Si(B) = W +(m—(z—l))+(z—2)w.

We establish the relationship between S;(B) and S;,1(B) for i > 2:

Sit1(B) = # +(m—-i)+ (- 1)#.
This leads to the relation:
Sin(®) = S(B) + =~ 1.
For the case (n,r) € T, we have:
Inl*

> 1 d 2 ¢ .
iz 1 and < T e
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Then S1(B) = S5(B), and also
S:(B) < S1(B).
Therefore, under these conditions, we conclude that:
-1
r1(B) = max vSi(B) = \S1(B) = 4[1+ 2~
1<i<m |n|?
For the case (1, 1) € T, we have
2 m — 2
2|n| + p—t
Then S»(B) > 51(B) which implies that
Sm(B) < Sm—l(B) <--- < SZ(B)/

1
In|<1 and |rf*>
m —

and therefore:

r1(B) = max /Si(B) = VSx(B) = /(m ~1) + #

<i<
For the case (n,r) € T3 we have
m—2
m—1"
This implies that S1(B) < 5,,(B) and that:
52(B) < S3(B) < -+ < Sp(B).

1
n|<1 and |r]*> [n> +
m—2

Thus, we have

1 m-2
r1(B) = max VSi(B) = Su(B) = {1+ e + B

So the proof is completed. [

11844

Remark 2.5. Note that, unlike the regions in Lemma 11, the regions T; in Lemma 2.4 are expressed as unions of sets,
since the structure of the matrix B allows for cases such as |n| > 3/2 to arise.

2.1. Properties for the matrix Py p)m
Theorem 2.6. The determinant of the matrix P m is

m—1

det(P(r,,,),m) =X H(xi+1 — TnX;).

Proof. Applying appropriate column operations to Py )., we have

X1 0 0
X1 Xp — rnxy 0

rx1 rn(xy —x1) X3 —1nxp
det(P(r,n),m) = . . .

rxy rn(xy —x1) rn(xs — xz)
rxy r(xp —x1) rn(xs —xz)

=x1 | [ (i1 — ).

0 0
0 0
0 0
X1 — MXyy_n 0

(X1 = Xm—2) X — MXp_1
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Theorem 2.7. Let Py be defined as in (7). If x1 # 0 and xj # nrx;, foralli =1,...,m =1, then Py is
nonsingular and P(‘rln) ., 18 the following matrix:

-1 —1 T T\p-1 —1
P(m),m_1 + yP(nn),m_l(nEl + Ez)(rE1 +rnE, )P(m),m_1 _”P(r,n),m—1(”E1 + E») W)
—u(rET + rnE] )P(‘nln),m_1 o
with u = xm_rix’ﬂ, Ei=(x1,0,...,00T e R" Y and E; = (0,x2,...,%m_1)".

Proof. This theorem can be proved by employing the method of mathematical induction on m. Py, can
be expressed as follows:

P(r,n),m—l nEl + EZ J

P(r,n),m =
rE] + rmE] X

with E; = (x1,0,... ,O)T e R" ! and E; =(0,xy,... ,xm_l)T.

If m = 2, from (12) we have
1 11 1 11 x» __n
[ X1 + Xp—FHX] X1 rX1 - 1nxq X1 Xp—THX1 X1 nxy ] [ x1(x2—rnxy) Xp—THxq ]
N B § 1 B T N
Xp—Tnxy rxl X1 Xo—Tnxy Xo—TnXxy Xp—Tnxi

1 X2 —nxi
xi(x2 —rnx)) | —ryy xq

1 X2 —nxy
Cdet(Pemo) | - x

_p-1
_P(r,n),Z'

We will use induction on m, we assume that the assertion is true for m = t — 1, that is,P(‘rln) 1 Lemt-1 =
I¢-1)x(t-1). Namely, we have

nxq 0

X2 0

-1 X _10
P(r,n),t—l '3 - .
Xt—1 1

We use this fact to prove that the statement for m = ¢, we have

An A
-1 _ 11 12
P(r,n),tP(V/”)/t - ( Ay Ax )
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where,

Ap = [P(;}n)/t L+ uPGL o (nEy + Ex)(rE] + rnEg)P(_r,ln),t_l] Pyt
+ [-uP iy (E1 + E)| (E] + rnEY)
=1(t_1)x(t_1) +uPg,, 1 (nEy + E2)(rE{ + mE;)
- uP (M)t J(nEy + Ez)(rET + rnET)
=l 1yx(t-1),
A =[Pgh) oy + uP (1 + E9)(E] + mEDP | (nEy + Eo)
- [uP_rn)t 1(nE1 + Ez)x;
Pis1(NEx + E) + P, (nEy + Eo)(rE] +rnEg)P)
- F‘P(r,n),t—1(”E1 + Eo)x;
=0,...,0, )" + u(0,...,0,DT(E] + rnEN)©,...,0,1)T = u(0,...,0,1)"x;
=0,...,0, )T 1+ pUrnxg_q — px|
=(0,...,0, )" [1 = u(x; = rnx;1)] = Op-15a,
Ay = [ y(rET + rnET)P(m)t 1] Py -1 + y(rElT + rnEg) = O1xt-1,
A —[ y(rE + rnET)P(rn)t 1] (nE1 + Ep) + ux;
=-— y(rElT + rnEg)(O, ...,0, 1)T + px;
= — urnx;_q + ux; = p(xy — rnxeq) = 1.

() = 1(1’1E1 + Ez)

Therefore, P(rn) Lot = lixt, for all positive integer t. On the other hand Py, ), Pl
obtained. So the proof is completed. [

Theorem 2.8. Let P,y be defined as in (7). The Euclidean norm of P, ) is given by

WPy mlle = | (G = (A + 1) + 1) 2 + Y (0m = DI +1) + 1) 27
=2

Proof. The sum of the elements p7 |, p%], and p?, fori,j=2,...,mis given by

1= [(m = DiP2] + [ = DirPad)] + [+7]
= ((m — D + nP) +1) 2.

The sum of the elements p3 ,, pé]. and p?, fori,j=3,...,mis given by

Sy = [(m - 2)x§] + [(m - 2)|rn|2x§] + [x%]
=((m = 2)(rnf* + 1) + 1) 2.

And so, the sum of the elements p?,, plzl. and p? fori,j=1+1,...,mand[=2,...,mis given by

S| = [(m - l)x,zl + [(m - l)Irnlle2 + [xlz]
=((m = Drnf +1) + 1) .

(rn),t

11846

= I}« can be similarly
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Therefore, we have

m 1%
1Py mllE = [51 + Z 51}

=2
1

2

- [((m = D)(IrP + ) + 1) + Zm" (Om=D(irnf +1) +1)x?

1=2

O

Remark 2.9. It should be noticed that n = 1 in Theorem 2.8 the expression ||P . » m||g simplifies to ||Py |, as appears
in [8].

Lemma 2.10 ([8]). Let Py be the following matrix:

X1 X1 X1 - X1

X1 Xp Xp - X2

_| x1 x x3 -+ X
Py = 1 2 3 3,

X1 X2 X3 0 Xm

where x1 < xp < -+ < xy,. Then, we have

Cl(Pl) = 4 le2
I=1

Theorem 2.11. Let m be a positive integer and Ry, Ry, R3 be the sets as above. Then

1) If (n,7) € Ry, we have

m
”P(r,n),m”Z < J((m - 2)|}’7’l|2 +1r?+1) Z x,2'
=1

2) If (n,r) € Ry, we have

2
xl.

”P(r,n),mllz < J(l + (m - 1)|7’l|2)

m
=1

3) If (n,r) € Rs, we have

m
||P(r,n),m||2 < J(Mz +(m—1)) Z xlz'

=1

Proof. Since Pyym = Ao Pi and ||A o P1]| < r1(A)c1(P1), using Lemma 2.2 and Lemma 2.10, we obtain our
assertions. []

Remark 2.12. If we take n = 1 in Theorem 2.11, we obtain ||Pg.nymllo = |[Prmll2 given by [8].

2.2. Properties for the matrix Q(yn)m
Theorem 2.13. The determinant of the matrix Q) m 15

m=1

det(Qmm) = Xm H(x{ — IMXiy1).
i=1
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Proof. 1t is clear that with appropriate rows operations we have

X1 — 'Mxo 0 0 0 0
r(x; — x3) Xp — ¥NX3 0 0 0
r(xs — x4) rm(xs — X4) X3 — THXy ‘e 0 0
det(Q(r,n),m) = .
r(Xp-1 — Xm) (-1 — X)) TR(Xp—1 — X))+ Xp—1—THXy O
X Xy NXy e Xy X
m—1

= Xm H(xi — 1MXis1).

i=1
|

Theorem 2.14. Let Q(yn)m be defined as in (8). If, x,, # 0 and x; # nrxiq, foralli=1,...,m -1, then Quuym 15

nonsingular and Q(‘rln) ., 18 the following matrix:

-1 -1 T V-1 -1
[ Q(r,n),m—l + vQ(r,n),m—l(npl + Fz)(l’Pl + V}’IFZ )Q(r,n),m—l _Z)Q(r,n),m—l(np1 + F2) (13)

—o(rF] + rer—“g)Q(‘r,ln),m_1 v

with Fy = (x,0,...,00T € R™ Y, Fy = (0, %, ..., %) and v = m

Proof. The proof of this theorem can be established by utilizing the technique of mathematical induction on
m, similar to the proof in Theorem 2.7, considering
Q(r,n),m—l nFl + FZ ]

1F] +rmF} X

Q(r,n),m = [

O
Theorem 2.15. Let Qy,n),m be defined as in (7). The Euclidean norm of Qq.uym is:

1
m

2
Qs mlle = x%+Z((f—1)(lrnlz+1)—|rnlz+|r|2+|n|2)x4 :
=2

Proof. The sum of the elements q%j and ¢?, is given by

m

m m
si=R 4P Y 24P Y 2 =2+ ) (nP + P (14)
=2

=2 =2
and ;
[ x1 nG
Q(r,n),m - ( G Qm,m )/
where G = (x2,x3,...,%u)T and Q,,,, be a rn-max matrix defined in [8]. Then, by (14) and [8, Theorem 2.6]
we have

m m
1QummlE =2+ Y (i + 1 + Y (€= 1) +1) = |rnf?) 2
=2 =2

m
=32+ Y (€= 1)(rnf + 1) = P + 1P + [nP) 2
=2

and the result follows. [
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Lemma 2.16 ([8] ). Let Q1 be the following matrix:

X1 X2 X3 Xy
X2 X2 X3 o Xp

Qu=| % T, (15)
Xm  Xm Xm - Xm

where x1 < xp < -+ < xy,. Then, we have

c1(Q1) = ] \m.
Theorem 2.17. Let m be a positive integer Ry, Ry, R3 be the sets defined above. Then

1) If (n,7) € Ry, we have

1Qumylla < Jm (G = 202 + 1P + 1)32,

2) If (n,r) € Ry, we have

Qe mmll2 < \/m (1 + (m - 1DnP) 22,

3) If (n,r) € R, we have

1Qumlle < A (2 + (m = 1) 22,

Proof. Because Qgnym = Ao Q1 and ||A o Q1] < r1(A)c1(Q1), and using Lemma 2.2 and Lemma 2.16, we
obtain our assertions. [

2.3. Properties for matrix P;1

(r,n),m

Theorem 2.18. The determinant of the matrix P{ | is

m—1

B

1
det(Po! y=— )
ionm) =3, g(xiu )

Proof. Applying appropriate column operations to P?~!  we have

(rn),m”
1 0 0 0 0
x11 1 1
TS, 1o 0 0
L Id-L 1--L 0 0
_ rX1 ™m Xy X1 X3 mxsp
det(P;’r nl)m) =det|
1 1,1 1 1,01 1 1 1
X1 m (xz X1 ) m (JC3 X2 ) Xm-1 MXm—2 O
1 l(l_l) L(L_L) JR N G S | 1 __1
rxy m X2 X1 mXxs X2 ™m N Xm—1 Xin—2 Xm MXm—1
m—1
Il L,
X1 Xig1  THX;
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Theorem 2.19. Consider P, ) m, then

o—1 1
pe- 1 { P(rn)m 1 ZGl +G2 ]

(rm),m —
1GT 4 LaT 1
rGl+rnG2

where Gy = (xll,O, ,00land G, = (0, %, ..., o~ T If P, 1 . is a nonsingular matrix, then the inverse of P?r‘r}) 1

4 X7 A
C+uCEG ++G)(EGT + LG C —uCEG +Gy)
—u(;Gy +7G3) C H /

MXmXm-1 1
where | = T — and C = (P (rn)m 1)

Proof. The proof is similar to the proof of Theorem 2.14. [J
Theorem 2.20. Let P>~ be defined as in (7). The Euclidean norm of P27} is:

(r,n),m (r,n),m

1
m

o 1 1 1 2
”P(rnl)'n” [((m 1)<| 27 np )+1) 2 ;((m_l)<—+1)+1)x—12} .

Proof. The proof is similar to the are given in Theorem 2.8. [

Lemma 2.21 ([8]). Let P;™" be the following matrix:

1 1 1 1
17 -
X X X
R G A 1
Pl = X1 X X3 X3 ’
1 1 1 1
X1 X2 X3 Xm
where where x1 < xp < -++ < Xy Then, we have
-1 vm
aP;) = 25

1]
Theorem 2.22. Let m be a positive integer and Tq, Ta, T3 be the sets defined above.

1
”P(rn)mHZ = | | \/(1 + (Tfl 1) )
1 1
1Pl < T \/(W + (m — 1))m,
1 1 1
o—1
Py mll2 < ol \/((m - 2)_|rn|2 + e + 1) m.

Proof. Because of Pz’r‘nl) . =BoPytand |IBo Py < ri(B)er(Py!), and using Lemma 2.4 and Lemma 2.21,
the proof follows. [

1) if (n,r) € Tq, we have

2) if (n,r) € T,, we have

3) if (n,r) € T3, we have
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2.4. Properties for the matrix Q(rn) .
Theorem 2.23. The determinant of the matrix Q( S

det(Q3),) = — H(l— L
i=1

Proof. The proof is similar to the are given in Theorem 2.13. [

Theorem 2.24. Consider Qy,u)m, then

1
[ (rn)ml 5F1+F2]
rn)m 1 1 1 ’
JE+ mFg i
where F1 = xl 0,. Tand F, = (0, - PSRy x,,, f Q(m) is a nonsingular matrix, then the inverse of Q( o is
(Q ) -1 _ D+Z)D( Fi +F2)( ylnFT)D —'UD(%Fl +F2)
(r)m (r + mP )D v
2
where v = mxf:f;’m_l and D = (Q(M)m Dt
Proof. The proof is similar to the proof of Theorem 2.19. [J
Theorem 2.25. Let Q?r,_nl), be defined as in (7). The Euclidean norm of Q(rn) is:
m 1
1 1 1 1 1\1
— + (—+D)-—+—=+—|=5]| .
QG ll [xf Z‘( (Irn|2 ) 2 |2 Inlz) 2]
=2 X
Proof. The proof is similar to the proof of Theorem 2.20. [J
Lemma 2.26 ([8]). Let Q;"l be the following matrix:
1 1 1 .
=l % wm owm (16)
101 1 .1
Xm Xm Xm X

Then,

o—1y _ . L
a(@i™) = lzf et

Theorem 2.27. Let m be a positive integer and Ty, Ty, T3 be the sets as above. Then

1) if (n,r) € Ty then

1 \yv 1
132l < 4(1 (- DW)Z =

2) if (n,r) € Ty then

1 o1
1Q5 e < J(l - ))Zx_lz'
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3) if (n,r) € T3 then

11 -
o—1

Proof. As Q01 =Bo Q" and |IBo Q7! < r1(B)c1(P;™Y). Then by Lemma 2.4 and Lemma 2.26 the proof

(r,n),m

follows. [
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