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C—commutativity, power, W—core inverse and SEP matrices
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Abstract. This paper presents a series of characterizations for the SEP matrices, initially uncovering their
fundamental properties with the aid of the C—commutativity, the Moore-Penrose inverse matrix of the
power and the representation form of the W—core inverses.

1. Introduction

In this paper, we use C"™" to denote the set of all n X n matrices over C. The matrix B € C"™" is called the
Moore-Penrose inverse matrix of A € C"*"[2], if B satisfies the following Penrose equations:

A=ABA, B=BAB, (AB) =AB and (BA)" =BA,

where A" denotes the conjugate transpose of A. The Moore-Penrose inverse matrix always exists and is
unique[1, 3], which is usually written by A*.
B is said to be the group inverse matrix of A, if B satisfies

A=ABA, B=BAB and AB =BA.

The group inverse matrix is uniquely determined, if it exists[4], and we denote it by A*. For convenience,
we write G,,(C) to denote the set of all group invertible matrices in C"™".

Let A € G,(C). We call that A is an EP matrix if A* = A*. Itis known that A is EP if and only if AA" = ATA
[1]. For the EP matrix, we can also refer to [9]. And A is called a partial isometry matrix if AAHA = A.
According to [11], A is a partial isometry matrix if and only if A" = A, In recent years, many authors
studied the partial isometry. For examples, in [8], several results are presented in Hilbert spaces for a new
class of operators termed the semi-generalized partial isometry, which encompass two important classes in

operator theory: partial isometry and nilpotent operators. In [18], it is shown that if A € G,(C), then A is a
partial isometry matrix if and only if the equation

ATXA = AHXA
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is solvable for some X in x4 = {A, A*, AT, A, (AHH, (ANHH).

Recall that a matrix A € G,(C) is said to be SEP if A* = AT = AM[22]. Clearly, A is SEP if and only if A is
EP and is a partial isometry matrix. We denote the set of all n x n SEP matrices over C by G;tF(C). In [17],
it is shown that A € G,,(C) is a SEP matrix if and only if the general solution of the equation

(A#)HXA# — A‘l‘

is given by
X = At + U = AATUAA?, where U € C™".

In [19], it is proved that A € G,(C) is a SEP matrix if and only if the equation
AMXA = AAPXATA

has at least one solution in y4.

Let A, Band C € C™". Then A and B are called to be C—commutative if CA = BC. Especially, if A and B
are A—commutative, then A is called left B—idempotent[6]. If A and B are B—commutative, then B is called
right A—idempotent[6]. Using one-sided X—idempotent matrices, many nice properties of SEP matrices are
discussed in [10].

Let A and W € C"™". A is called to be W—core invertible if there is a matrix X € C"™" such that

X =AWX?, A=XAWA, (AWX)? = AWX.

In this case, X is called the W-core inverse of A, which is unique if it exists and is always denoted by AC‘?[ZB].

The early studies on the SEP matrix can be founded in [16], and the formal name appears in [22]. In
the recent years, many authors explored the properties of SEP matrices and SEP elements in a ring with
involution such as [12-15, 20, 21]. In these papers, the authors used the representation of SEP matrices to
explore various classes of matrices. Also, they used the form of the solutions of the related constructed
equations to characterize the SEP matrices or SEP elements in a ring with involution.

Inspired by these references, this paper is organised as follows, in Section 2, in terms of properties of
C—commutativity, we give some characterizations of SEP matrices. In Section 3, we explore the properties of
SEP matrices by discussing the power of product of some generalized inverse matrices. In Section 4, using
the representation form of W—core inverse matrices, we explore the W—core invertibility of SEP matrices.

2. The C—commutativity of SEP matrices

We begin with the following lemma which appears in [5]. Lemma 2.2 follows from [10, Lemma 2.1],
which gives some characterizations of SEP matrices.

Lemma 2.1. Let A € G,,(C). Then
(1) (A#)+ — A+A3A+;
(2) (AY)* = (AAHHA(AANH;
(3) (AHHT = AATATATA;
(4) ((A#)+)# — (AA#)HA#(AA#)H.

Lemma 2.2. Let A € G,(C). Then A € G3EP(C) if and only if one of the following conditions holds:
(1) (A#)2A+ — AHA+A#;
(2) A*ATAT = AHATAY;
(3) (A+)3 — AHA'rA#;
(4) (A#)2A+ — AH(A#)Z,'
(5) A*ATAT = AHAPAY,

Combining the C—commutativity and Lemma 2.2, one has the following result.



Z. Guo et al. / Filomat 39:33 (2025), 11853-11861 11855

Lemma 2.3. Let A € G,(C). Then the following conditions are equivalent:
(1) A € GSEP(C) ;
(2) A*AY and AHAT are A*—commutative;
(3) AYAY and AHAT are A*—commutative;
(4) A" and AH are (A*)2—commutative;
(5) At and AH are A* AT —commutative.

Lemma 2.3 induces us to give the following theorem.
Theorem 2.1. Let A € G,(C). Then A € GEF(C) if and only if AYA* and AR AT are X—commutative for some
Xewy = (A, A, AT, AT, AAY, (AM)', (AT
Proof. Necessity. Suppose that A € G3EP(C). Then
X = A* = AT = AH = (A% = (AT

meets the requirements.
Sufficiency. If there exists Xy € wy4 such that ATA* and APAT are Xo—commutative, then

XoATA* = AHATX,
(1) If X € {A, A*, AA*}, then AATX, = X,. It follows that
APATX, = XoATA* = AATX ATA* = AATAVATX,.
Noting that XX} = AA*, one obtains
AFATAA* = AHATX XE = AATAFATX XY = AATARATAA*.
Multiplying the equality on the right by A(A*)” A", one gets
At = AATAT.

Hence A is EP by [15, Theorem 1.2.1].
(2) If Xo € {AT, AH, (A", (A")*}, then X} X, = AAT and XoAA" = Xo. Hence

ATATAY = ATAATATAY = ATX]X0ATAY = ATXEAPATX,
= (ATX{AHATX)AAT = ATATAPAAT.
By [21, Corollary 2.10], one has ATA* = ATA*AAT, which gives
A" = AATA* = AATAPAAT = ATAAT,

Therefore, by [15, Theorem 1.2.1], A is EP.
In any case, one obtains A is EP, so wy = {A, A*, AH, AA*.
(@) If Xg = A, then AATA* = AHATA. Since A is EP,

A* = AATAY = AHATA = AH.

Hence A € GFP(C).
(b) If Xy = A*, then A € G;EP(C) by Lemma 2.3 because A* = A*.
(o) If Xo = AH then AHA+A# AHATAH it follows that

A‘I'A# (A#)HAHA‘I'A# (A#)HAHATAH A+AH

Hence A € G3EP(C) by [15, Theorem 1.5.3].
(d) If Xo = AA*, then AA*ATA* = AHATAA*, one gets

A# A# - AH A#
and hence, A € G3FP(C). O
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Corollary 2.2. Let A € G,(C). Then A € G3EP(C) if and only if AYA* and AHAT are (A*)N)* —commutative.

Proof. By Lemma 2.1, we can see ((A*)")* = (AA*)HA*(AA™)H.
Necessity. If A € G;F(C), then ((A*)")* = A*. By Theorem 2.1, ATA* and AHA" are ((A*)")*—commutative.
Sufficiency. From the assumption, one gets

(AAYAF(AAT) AT AT = AH AT AATT AT (AAT,
ie.,
(AANHIA* AT A = AHATARAAT)H
Multiplying the last equality on the right by AA", one yields
(AAHHAPATAR = (AAHHAPATARAAT.
It follows that
APATA* = AATAPATAY = AAT(AAHHAPATAY = AAT(AAHHAPATAPAAT
= APATARAAT
and
A=APATA* = APAPATAY = APARATAPAAT = A2AT.

Hence A is EP, which implies ((A*)")* = A*. By Theorem 2.1, A € G;FP(C). O

The following lemma is trivial, we omit the proof.
Lemma 2.4. Let A, B € G,(C) and C € C™". If A and B are C—commutative, then A* and B* are C—commutative.

Noting (AFAT)* = (AAH)HA(AM)H and (ATA*)* = ATA3, it follows from Corollary 2.2 and Lemma 2.4 that
Corollary 2.3. Let A € G,(C). Then A € GSEP(C) ifand only if AT A3 and (AAMHA(A*) are (AM)T)*—commutative.

We can get the following theorem.
Theorem 2.4. Let A € G,(C). Then A € GEF(C) if and only if ATA3 and (AAYYHA(A*)H are At —commutative.

Proof. Necessity. If A € G3EP(C), then ((A*)')* = A*. By Corollary 2.3, we are done.
Sufficiency. From the assumption, one gets

ATATA? = (AAHHAAMHHAT,
This gives
(A#)HA‘i' — A‘l'A(A#)HA‘i' — A‘I‘(AA#)HA(A#)HA‘f — A+A+A+A3
= (ATATATAYATA = (AHHATATA

and
AT = AHAHHAT = AHAHHATATA = ATATA.

Hence A is EP, which leads to
A=ATATA? = (AAHHAANHHAT = A(AHHAT
and
AAT = ATA = ATA(AHHAT = (AHHAT

It follows that
A = AHAAT = AH(AHHAT = AT,

Thus A € G3EP(C). O
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3. Using the power to characterize SEP matrices

Let Z* denote the set of positive integers. The proof of the following lemma is routine, we omit it.

Lemma 3.1. Let A € G,(C) and m € Z™*. Then
(1) ((A*PATYMT = (A*AT)" = ((A*)2AT)"),;
(2) (((A#)ZA'r)m)'r((A#)ZAf)m — AA'r‘
Theorem 3.1. Let A € G,,(C). Then A € G;FF(C) if and only if
((A#)ZA‘I')k — (AHA‘I'A#)k
for k =m, ny, wherem, n; € Z* and (m, ny) = 1.

Proof. Necessity. Assume that A € G3EP(C). Then (A*)?At = AHATA* by Lemma 2.2. Hence

((A#)ZA'I')k — (AHA‘l'A#)k

forany k € Z*.
Sufficiency. From the hypothesis, one has
(A*PATY" = (ATATAR)", 1)
((A#)ZA‘I')nl — (AHA+A#)n1. (2)

Multiplying (1) on the right by A*A, one obtains
((A"PATY" = (A")?AT)"ATA.
By Lemma 3.1, one yields
AAT = ((ADPATYT((AF?AT" = (A"?ATY")T((ATPAT"ATA = AATATA.
Hence A is EP, and so (1) and (2) can be changed as
((A%P)" = (AMAPAYY" and  ((A*P)" = (A"APA*)".

Since (m, n1) = 1, there exist s, t € Z such that ms + n;t = 1. Without loss of the generality, we can set s>0
and t<0. Then

(A#)3((A#)3)n1\t| — ((A#)S)l—nlt — ((A#)3)ms — (((A#)3)m)s
— ((AHA#A#)m)S — (AHA#A#)mS — (AHA#A#)I—nlt
— AHA#A#(AHA#A#)nﬂtl — AHA#A#((AHA#A#)nl )|t|
— AHA#A#(((A#)S)nl)It\ — AHA#A#((A#)S)mlﬂ
This gives
(A#)Z — (A#)3A — (A#)?)((A#)?))n1|t|A3n1|t|+1 — AHA#A#((A#)3)H1|t|A3n1|t|+1
= AMAY,
Hence A € G3EP(C) by [15, Theorem 1.5.3]. [

The following corollary is an immediate result of Theorem 3.1.
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Corollary 3.2. [10, Theorem 2.2] Let A € G,(C). Then A € G3EP(C) if and only if
(AM2AYE = (AFAT AR
fork=2,3.

Using the representation form of Moore-Penrose inverse matrix of the power of (A*)?A, we have the
following theorem.

Theorem 3.3. Let A € G,(C) and m € Z*. Then A € GEP(C) if and only if
(((A#)ZA‘i')m)‘l' — (A#)HA3A+(A4A+)M_1.
Proof. Necessity. Suppose that A € G3EP(C). Then (A*) = A. By Lemma 3.1,
(((A#)ZA‘I')M)T — (A4A‘l')m — A4A‘I'(A4A1')m—l — (A#)HASAT(AKLAT)m—l'
Sufficiency. Using the hypothesis and Lemma 3.1, one has
(A4A+)m — (A#)HA3A+(A4A+)m.
Multiplying the equality on the right by ((A*AT)"~1)f, one gets
A'ATAAT = (AHHASATAAT,

ie.,
A4A‘I' — (A#)HABA‘i"

It follows that
A = AAT (A2 = (AHHASAT (AP = (AT AAY = ATA(AMY AAY
= ATA%

Hence A is EP and so A = (AH)HAA* = (AHHAA* = (ATH = (A")H. Therefore, A € G3FP(C). O

It is well known that if A € G,(C), then A + E,, — AA* is an invertible matrix and

(A+E,— AA" = A* + E, — AA*.
Hence Lemma 3.1 implies
[(AH?ATY" + E, — AAT]t = (A*ATY" + E, — AAT.
Using Theorem 3.3, we can get the following result.
Corollary 3.4. Let A € G,(C) and m € Z*. Then A € G3EP(C) if and only if
[(A*AN" + E, - AAT = (AHTASATAATY" ! + E, - AA.

4. Using w—core invertibility to characterize SEP matrices

By Lemma 3.1, we can get (A*A")" = (A*)2A" and the following lemma.

Lemma 4.1. Let A € G,(C). Then A'® = (arpat.

From Lemma 4.1 and Lemma 2.2, we have



Z. Guo et al. / Filomat 39:33 (2025), 11853-11861 11859

Lemma 4.2. Let A € G,(C). Then A € GSEP(C) if and only if A°® = AHAt A%,

By [7, Lemma 3.1, Theorem 4.1 and Theorem 4.3], we have the following lemma.

Lemma 4.3. Let A, W, B € € with AD = B Then
(1) B is EPand B' = B = (AW)*B;
(2) AW € G,(C) and (AW)# B2AW.

Theorem 4.1. Let A € G,(C). Then A € G,FF(C) if and only if (AHATA*)T = A*AT,

Proof. Necessity. Assume that A € G3EP(C). Then, by Lemma 2.2, (A*)?2A" = AHATA*. From Lemma 4.2 and
Lemma 4.3, one gets

(AHA+A#)+ — (A4A+)2(AHA+A#) — A7A+(AHA+A#) — A7A+(A#)2A+ — A*AT
Sufficiency. Since
(AHA+A#)+ (A#) (A+)#(A+)H A+A3A+(AA#)HA(AA#)H(A+)H A*AS(A#)HAJFA
by the hypothesis, one gets
A*AT = (AHATAHT = ATAS(AMHATA = (ATAS(AHTATA)ATA = ATATATA.
This induces AA* = AATATA. Hence A is EP, which gives
A3 = A%At = A+A3(A#)HA+A — AZ(A+)HA+A — A2(A+)H

and
(A‘I')H (A#)ZAZ(A‘I')H (A#)2A3
Therefore, A € G3EP(C). [

Combining Lemma 4.1 with Ai@ = AA*AT and Ai@ = A*AT = A(A*)2A%, one can immediately obtain
the following result.

Lemma 4.4. Let A € G,(C) and m € Z™. Then
m@ A(A#)m lA‘l' (A#)m—ZA‘i"
Theorem 4.2. Let A € G,(C) and 3 < m € Z*. Then A € G;EP(C) if and only if
Aer@ — A‘I‘(A#)m—BAH.
Proof. Necessity. Applying A € G;EP(C) and Lemma 4.4, one gets A* = A* = AH and
m@ (A#)m 2A‘l' A‘l‘(A#)meAH'
Sufficiency. Under the condition ”Am@ AT (A*)y"3AH” and Lemma 4.4, one has
(A#)m 2A+ A‘I‘(A#)m 3AH A‘I'A(A‘l'(A#)m 3AH) A‘l'A(A#)m72A+
and
A= (A#)m—ZA“l‘Am - A“}'A(A#)m—ZA'['Am — A+A2.
Hence A is EP, which leads to
(A#)m -1 (A#)m ZA‘I' A‘l‘(A#)m 3AH (A#)m ZAH
and
A= Am(A#)m—l — Am(A#)m—ZAH — A2AH.
Hence A € G3EP(C) by [15, Theorem 1.5.3]. [
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Corollary 4.3. Let A € G,(C) and 3 < m € Z*. Then A € G3EP(C) if and only if
m@ _ yH p#ym=3 gt
A = ATAT)TAT
Proof. Necessity. It is a direct result of Theorem 4.2 because A" = A*.
Sufficiency. Applying the assumption “A’(® = AF(A*)"S3A™ and Lemma 4.4, one gets
(A#)m—ZA‘l* — AH(A#)m—3A1' — A+A(AH(A#)m_3A+) — A'I'A((A#)m—ZA‘f) — A+(A#)n1—3A+

and
A= (A#)m_2A+Am — A+(A#)m_3A+Am — A+A2.

Hence A is EP, it follows that
(A#)m—l — (A#)m—ZA‘I' — AH(A#)m—SA'f — AH(A#)m—Z

and
A= (AFy"TAT = ATA

Hence A € GFP(C) by [15, Theorem 1.5.3]. [

Noting that (A" = AH and Azh,@ = (AHH(A*)""1A%, and observing Corollary 4.3, we were induced

to write the following result, whose proof is left to the reader.

Proposition 4.1. Let A € G,(C) and 3 <m € Z*. Then A € G,E7(C) if and only if
m@® _ ato ptym=3 ot
A =ATAT)" AL
However, we do not know whether the following result holds.

Problem 4.1. Let A € G,(C) and 3 <m € Z*. Does A € G,EP(C) if and only if A’;® = (XHH(A*"SBAY for some
X € xa?

5. Conclusion

Using the C—commutativity, power and W—core inverse of matrix, we have explored many new charac-
terizations of SEP matrices. These methods of characterizations are novel and have unique algebraic value,
which also can be generalized to a ring with involution or C*—algebra.
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