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Abstract. The main objective of this paper is to characterize sober spaces, the separation properties Ty,
T, To, Ty, PreT,, PreT’, T, and T, in general in the category of quasi-proximity spaces. Moreover, we
introduce two notions of closure operators in the category of quasi-proximity spaces which satisfy (weak)
hereditariness, productivity, idempotency and we characterize each of T;, i = 0, 1,2, quasi-proximity spaces
by using these closure operators as well as show how these subcategories are related.

1. Introduction

Proximity structure was introduced by Efremovich in 1951 [19] , He characterized the proximity relation
“A is close to B” as a binary relation on subsets of a set X. A study on “Separation of Sets” was worked
by Wallace ([36],[37]) in 1941. This study can be considered as a primitive form of the definition of quasi-
proximity (semi-quasi). Most of the early studies were made by Smirnov ([35],[34]). All our preliminary
information about quasi-proximity spaces and much more can be found in this [30]. Some researchers such
as Leader [26], Lodato[27] and Pervin[31] have worked with weaker axioms than Efremovich’s proximity
axioms.

The sober spaces were introduced by Dieudonne and Grothendieck in [16]. Baran and Abughalwa gave
various forms of sober objects in a topological category and investigate relationships among these various
forms in [11].

The main objective of this paper is to characterize sober spaces, the separation properties To, T3, To , T,

PreT,, PreT}, T, and T}, in general in the category of quasi-proximity spaces. Moreover, we investigated the
relationships between them. Finally, we compare our results in some topological categories.

2. Preliminaries

The following are some basic definitions and notations which we will use throughout the paper.
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Definition 2.1. [30] A quasi-proximity is a pair (X, 6), where X is a set and 0 is a binary relation on the
powerset of X such that,

(Q1) A6B implies A, B # 0;

(Q2) AN B # 0 implies AdB;

(Q3) CO(A U B) if and only if COA or CoB;

(Q4) (AU B)6C if and only if ASC or B6C;

(Q5) ASB implies there is an C € X such that ASC and (X — C)6B;

where ASB means it is not true that ASB.

If 6 satisfies the symmetry condition A0B if and only if BOA, then it is called (Efremovich) proximity on
X. The (Q5) axiom is called strong axiom, and it plays an important role in the theory of (quasi-)proximity
spaces.

A function f : (X, 0) — (Y, 0") between two (quasi-) proximity spaces is called a (quasi-) proximity map if
and only if f(A)d’ f(B) whenever ASB. It can easily be shown that f is a (quasi-)proximity map if and only
if f~1(C)6f1(D) whenever C¥D.

In a (quasi-)proximity space (X, ), we write A < B if and only if A 5 (X — B). The relation < is called
p-neighborhood relation or the strong inclusion. When A < B, we say that B is a p-neighborhood of A or A
is strongly contained in B ([30],[21]).

We denote the category of quasi-proximity spaces and quasi-proximity map by
QProx. QProx is a topological category over Set ([15] p.31).

Definition 2.2. Let X be a non-empty set, for each i € I, (X;, 6;) be a (quasi-)proximity space and f; : X —
(X, 6;) be a source in Set. Define a binary relation B on P(X) as follows: for A, B € P(X), ABB if and only if
fi(A)oifi(B), foralli € I. B is a (quasi-)proximity-base on X (Theorem 3.8, [33]). The initial (quasi-)proximity
structure 6 on X generated by the (quasi-)proximity base B is given by for A, B € P(X), AdB if and only if
for any finite covers {A; : 1 <i <n}and {B;: 1 < j < m} of A and B respectively, then there exists a pair (i, )
such that (A;, Bj) € B [29] p.38 and [33].

Definition 2.3. Let (X, 6) be a quasi-proximity space, Y be a non-empty set and f a function from a quasi-
proximity space (X, 0) onto a set Y. The quotient quasi-proximity 6* on Y is defined as follows for every
A,B CcY: A Bif and only if, for each binary rational s in [0, 1], there exist some C; C Y such that Cy = A,
C1 = Bandifs < t, then f7(C;) 6 f71(C) [21] or [39] p.276.

Definition 2.4. We write A for the diagonal in X?, where X € Qprox. For X € Qprox we define the wedge
X2V ,X?, as the final structure, with respect to the map X? [ | X?> — X2V, X?, that is the identification of the
two copies of X? along the the diagonal A. An epi sink {i1, i, : (X2,0) — (X?V,X?,§')}, where iy, i, are the
canonical injections, in Qprox is a final lift if and only if the following statement holds. For each pair A, B in
different component of X?V,X?, A9'B if and only if there are sets C, D and U in X? such that C6U and U5D
with i;1(A) = Cand i]Tl(B) =Dfork,j=1,2and k # j. If A and B are in the same component of wedge, then

AY'B if and only if there are sets C, D in X? such that C5D and i *(A) = C and i *(B) = D for some k = 1,2.
Specially, if ix(E) = A and i(F) = B, then (ix(E), ix(F)) € ¢’ if and only if (i;l(ik(E)), i;l(ik(F))) = (E,F) € 6. This
is a special case Definition 2.3.

Definition 2.5. Let X be a non-empty set. The discrete (quasi-)proximity structure 6 on X is given by for
A,B C X, AdB if and only if A N B # 0, and the indiscrete (quasi-)proximity structure 6 on X is given by for
A,B C X, AéB if and only if A # @ and B # 0 [30] p.9.

Definition 2.6. ([2]) Let B be a set so that B> = Bx Band B> = BX B X B.
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1) The principal axis map: A: B*V,B? — B?,

R

.
I
N =

2) The skewed axis map: S : B?V,B> — B?,

S,y = { R

N =

3) The fold axis map: V : B2V,B*> — B2, V((x, y);) = (x,y),i = 1,2.
Definition 2.7. Let U : & — Set be a topological functor, X an object in & and U(X) = B.

1. Xis Ty if and only if the initial lift of the {A : B*V,B?> — U(X?) = B> and Vv : B*V,,B?> — UD(B?) = B?)
is discrete, where D is the discrete functor which is a left adjoint to U [2].

2. X is T} if and only if the initial lift of the U-source {id : B°V,B*> — U(X?V,X?) = B*V,B? and V :
B2V ,B?> — UD(B?) = B?} is discrete, where X?V,X? is the wedge in &, i.e., the final lift of the U-sink
{i1,1p : U(X?) = B> = B*V,B?} where i1, i denote the canonical injections [2].

3. X is Ty if and only if the initial lift of the U-source {S : B?V,B*> — U(X®) = B® and v : BV ,B* —
UD(B?) = B?} is discrete [2].

4. Xis Ty if and only if X must not contain an indiscrete subspace with at least two elements [38], [28].

3. Ty and T; quasi-proximity spaces in general and relationships

Theorem 3.1. Let (X, 0) be a quasi-proximity space. (X, 0) is T if and only if for each x # y in X, ({x}, {y}) € 0 or
(ty}, {x}) € 6.

Proof. Let (X,0) be Ty space. We must show that for each x # y in X, ({x},{y}) € 6 or ({y}, {x}) ¢ 0.
Suppose that for some x # y in X, ({x},{y}) € 0 and ({y}, {x}) € 6. We consider that A = {x,y}. (A, 054a)
is subspace of (X,6) with 64 is subquasi-proximity structure generated by i : A — X inclusion map
on A. Since (i x i)(x}, () = (Ix},(v) € & (b lx,y) = AXA € 54 or (i x iy (x) = (v} {x) € 6
({ly, x},{y, x}) = A X A € 04 by condition (Q4) of definition 2.1. Consequently this is a contradiction since
04 is indiscrete quasi-proximity structure on A X A. For this reason for each x # y in X, ({x},{y}) ¢ 6 or
(), x)) # 6.

Conversely for each x # y in X, suppose that be ({x},{y}) ¢ 6 or ({y},{x}) ¢ 6. We consider that
A = {x,y} € X for x # y. Note that (A, 64) is not indiscrete subspace of (X,6). Therefore (X, 0) is Ty by
Definition 2.7. O

Theorem 3.2. Let (X, ) be a quasi-proximity space. (X,) is Ty if and only if for each x # y in X, ({x},{y}) ¢ 6 or
(v}, {x}) ¢ 0.

Proof. Let (X, 0) is T_o, i.e., by Definition 2.5, Definition 2.2 and Definition 2.7 for any pair U, V on X2V, X2
i UdT11V, o1 UdTt0 V, o Udm12 V and VU(Sj vVifandonlyif UNV # @ (65 is the discrete quasi-proximity
structure on X?). We must show that the condition holds. Assume that ({x}, {y}) € 6 and ({y}, {x}) € 6 such
that there is a pair x, y € 0. Then by Definition 2.2, Definition 2.5 and Definition 2.7 for (U, V) € ¢’ (¢’ is a
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quasi-proximity structure on X2V, X?) with U = (x,y); and V = (x, )2,
i Uom V = mA{(x, y)i}omA{(x, y)2} = mi(x, y, x)tom{(x, x, y)} = {x}6{x}

= ({x}, {x}) €6,

1 Uonn V = mA{(x, y)1}0mA{(x, y)2} = ma{(x, y, )}oma{(x, x, y)} = {y}oix}
= (fyh {xh €9,

mUdm1 V' = 3 A{(x, Yhi}dmA{(x, y)2) = ai(x, y, 0)}oms{(x, x, y)} = {x}oly}
= (Ix}{yh €6,

where i; : X°* — Xi = 1,2,3 are projection maps and Vv{(x, y)l}éﬁv{(x, vt = {(x, y)}éiv{(x, Y}, ie,
({(x, ), {(x, )}) € &3. Similar results are obtained for 713 Vo1 U, 12 V6mn U, m12VomU and VVE v U (57
is the discrete quasi-proximity structure on X?). But U NV = @. This is a contradiction to the fact that (X, 6)
is To. Therefore if ({x}, {yh) € 6and ({y}, {x}) € S thenx = y.
Conversely, assume that for each x # y, ({x},{y}) ¢ 6 or ({y},{x}) ¢ 0. We need to show that (X, 0) is To,
i.e., by Definition 2.2, Definition 2.5 and Definition 2.7, we must show that the quasi-proximity structure ¢’
on X*V,X* induced by A : X*V,X? — U((X?,6%) = X* and v : X*V,X* — U((X?,&3)) = X? is discrete,
where &> and &; are the product quasi-proximity structure on X* and the dicrete quasi-proximity on X2,
respectively. Let (U, V) be any set in ¢, i.e., m;A(U)6mA(V)(i = 1,2,3) and VUéﬁvV. Since 65 is discrete
quasi-proximity structure and VUS5VV, then vU N vV # @. From here there is (x, ) € vU N VV. So there
arete Uandz € Vsuchthat vt = (x,y) =vz. lfx=ythent = (x,y); =z ((=1,2)and (x,y); e UN V.

Ifx #ythent=(x,y)i, z=(x,y); (i, j=1,2). We must show that UNV # @, i.e., Uand V are in the first
or in the second or in both component of X2V, X?.

If U subset of the first component of X?V,X? and V subset of the second component of X*V,X?, then
{(x, )1} € U and {(x, y)2} € V. From here,

mUOmV = 1i3A{(x, Y1103 A{(x, y)2) = m3A{(x, y, 0)}0 mA{(x, x, y)} = {x}o{y}
= ({x}, {y}) €06

and,
T Uomn V = 1A{(x, Y1110 A{(x, y)2} = mal(x, y, X)}om2{(x, x, y)} = {y}o{x}

= ({y}, {x}) €6.
It follows that ({x}, {y}) € 6 and ({y}, {x}) € 6. Since ({x}, {y}) € 6 or ({y}, {x}) € 6,(by assumption),

(Gl Al y)l) € o

by condition (Q3) of Definition 2.1.

The case U subset of the second component of X?V,X? and V subset of the first component of X*V,X?
can be obtained similarly. From here U and V can not be different component of X?V, X>.

If U and V are in both component of X?V,X? then U 2 ({(x, y)1}, {(x, )2}) and V 2 ({(x, v)1}, {(x, y)2}).
Fromhere UNV # @.

If U subset of the first component of X>V,X? and V subset of both component of X?V, X2, then {(x, y)1} C
Uand V 2 ({(x, y)1}, {(x, y)2}). Fromhere UNV # @.

If U subset of both component of X?V,X? and then U 2 ({(x, ¥)1}, {(x, ¥)2}) and V subset of the second
component of X2V, X2, then U 2 ({(x, y)1}, {(x, y)2}) and {(x, y)2} C V. From here UNV # @.

If U and V are in first component of X2V, X?, then U 2 ({(x, )1} and V 2 ({(x, y)1}). Fromhere UNV # @.
Similarly if U and V are in the second component of X?V,X?, then U 2 ({(x,y)2} and V 2 ({(x, y)2}). From
here UNV # @.
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If ({Cx, )b A(x, v)i}) € O, (i = 1,2), then
T A{(x, Y16 TmA{(x, yh} = {x}olx} = ({x}, {x}) € 6,

TA{(x, Y)1}6 TA{(x, Y1} = {yioly} = (vl {yh) €6,
3 A{(x, Y)1}6 TA{(x, y)i} = {x}olx} = ({1}, {x}) € 6,

and
T A{(x, y)2}omm A{(x, y)2} = {x}o{x} = ({x}, {x}) € 6,

T A{(x, ¥)2}0 T A{(x, y)2} = {x}o{x} = ({x}, {x}) €9,
ri3A{(x, )210 T3A{(x, v)2} = {y}oly} = ({y}, {y}) € 6.

We must have (U, V) 2 ({(x, )i}, {(x, i), (@ = 1,2), i.e, UNV # @. Consequently, by Definition 2.2,
Definition 2.5 and Definition 2.7, (X,8) is T,. [J

Theorem 3.3. All the quasi-proximity spaces are T;.

Proof. Let (X,0) is T}, i.e., by Definition 2.2, Definition 2.4, Definition 2.5 and Definition 2.7, we must
show that for any (i(E), ik(F)) € &’ (¢’ is a quasi-proximity structure on XV, X?), if ix(E, F) = (ix(E), ix(F)) €
& (k = 1,2) for some (E,F) € 6 (E,F c X? and &* is the product quasi-proximity structure on X?) and
(V(ix(E)), V(ix(F)) € & (93 is the dicrete quasi-proximity structure on X?), then we will show thatk = 1,2, i.e.,
iWE)YNi(F)+ 2.

By reason of 65 is the discrete quasi-proximity structure and V(ik(E))(S; v (ix(F)), V(ix(E)) N V(ix(F)) #+ @.
From here, there are (x,y) € V(ix(E)) N V(ix(F)). For this reason, there are ¢ € §(E) and z € i(F) such that
Vt=(x,y) = Vz. Ifx =y, thent = (x, y)r, z = (x, y)u(k,n = 1,2). We must show that ix(E) N ix(F) # @, i.e., ix(E)
and ix(F) are in the first or in the second or in both component of X*V, X2.

If i(E) subset of the first component of X*V,X? and i(F) subset of the second component of X?V,X?,
then {(x, )1} € ir(E) and {(x, y)2} S ix(F). But, if (ix(E), i(F)) 2 ({(x, ¥)1}, {(x, y)2}) € &’ for some (E, F) € 6* and
k = 1(resp. k = 2), then ({(x, y)1}, {(x, y)2}) € (1(E), i1(F)) which shows that (x, y)» (resp. (x, y)1) must be in the
first (resp. second) component of X*V, X?, a contradiction because of x # .

Similarly, if ix(E) subset of the second component of X2V, X? and ix(F) subset of the first component
of X2V, X?, then {(x, y)2} C i(E) and {(x, y)1} C ik(F). But, if (ix(E), ix(F)) 2 ({(x, )2}, {(x, y)1}) € & for some
(E,F) € 5 and k = 1(resp. k = 2), then ({(x, y)2}, {(x, y)1}) € (i1(E), i1(F)) which shows that (x, y)> (resp. (x, y)1)
must be in the first (resp. second) component of X2V, X?, a contradiction because of x # y. For this reason
ix(E) and i(F) are not be able to in different component of XV, X2.

If it(E) and ix(F) are in both component of X*V,X?, then

i(E) 2 ({(x, )}, {(x, y)2}) and ik (F) 2 ({(x, Y}, {(x, v)2}).-

From here ix(E) N i(F) # @.

If ix(E) subset of the first component of X*V,X? and ix(F) subset of both component of X?V,X?, then
{(x, Y1} € ik(E) and ik (F) 2 ({(x, 1}, {(x, y)2}). From here ix(E) N ix(F) # 2.

If iy (E) subset of both component of X?>V,X? and i(F) subset of the second component of X?V,X?, then
(G, Y} {(x, v)2}) € i(E) and {(x, y)2} € ix(F). From here i(E) N ix(F) # @.

If it(E) and i (F) are in the first component of X*V, X?, then ix(E) 2 {(x, )1} and ix(F) 2 {(x, y)1}. From here
i(E) Nix(F) # @. Similarly, if ix(E) and ix(F) are in the second component of X*>V,X?, then ix(E) N ix(F) # @.

We must have (i(E), i(F)) 2 ({(x, )i}, {(x, v)i}), (0 = 1,2), i.e, ix(E) N ix(F) # @. At the same time, for
(ix(E), 1x(F)) 2 ({(y, 0)i}, {(y,x)i}) (i = 1,2), similar results are obtained. Consequently by Definition 2.2,
Definition 2.4, Definition 2.5 and Definition 2.7, (X, 6) is T;. O

Theorem 3.4. Let (X, 0) be a quasi-proximity space. (X, 0) is Ty if and only if for each x # y in X, ({x}, {y}) ¢ 0 or
({yl {xh) € 6.
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Proof. Assume that, (X, ) is Ty, i.e., Definition 2.2, Definition 2.5 and Definition 2.7, for any sets U, V on
X2V, X2 mUdmn V, myUdmy V, mapldmny,V and vUSS v V if and only if UNV # @ (67 is the discrete
quasi-proximity structure on X?).

We should show that the condition holds. Assume that for some x, y € X, ({x}, {y}) € 6 and ({y}, {x}) € 6
with x # y. Then, by Definition 2.2, Definition 2.5 and Definition 2.7, for (U, V) € §’ (¢’ is a quasi-proximity
structure on X2V, X?) with U = {(x, y)1} and V = {(x, )2},

mUomn V = mS{(x, y)1}omiSi(x, y)2} = mi(x, y, y)lomii(x, x, y)} = {x}ofx},
ie., ({x},{x}) €9,
T Ud mn V' = maS{(x, y)1}0 maS{(x, )2} = m2l(x, y, )16 m2{(x, x, )} = {y}olx),
Le, ({yh {x}) €9,
npUd nnV = m3S{(x, y)1}6 maS{(x, )2} = mal(x, y, YIomsi(x, x, y)} = {y}olyl,

i, ({y}, {y}) € 6wherem; : X> — X,i = 1,2, 3 are projection maps and v{(x, y)1}63v{(x, y)2} = {(x, Y)}57v{(x, Y},
ie., ({(x, ), ((x, y)}) € 65 (&3 is the discrete quasi-proximity structure on X?).

For m11 Vom11U, 121 VO 1to1 U, 122 VO 1120 U and VV(Sj vUu;

n Vom U = i S{(x, y)2}0mi S{(x, )i} = mil(x, x, y)}orm{(x, y, y)} = {x}o{x},
ie., ({x},{x}) €6,

11 VO T U = maS{(x, )26 maS{(x, y)1} = mal(x, x, ¥)}0 ma{(x, v, y)} = {x}6{y},
ie, (Ix},{y}) €96,

T VO mipa = m3S{(x, y)2}6 m3S{(x, y)1} = ma{(x, x, y)omsi(x, y, )} = {y}oly),

ie, ({y}, {y}) € Swherem; : X3 — X,i = 1,2, 3 are projection maps and v{(x, y)z}6§V{(x, vl = {(x, y)}(SEV{(x’ wh
e, (1 (v, y)) € &

But UNV = @. This is a contradiction to the fact that (X, 6) is T7. So that if ({x}, {y}) € 6 and ({y}, {x}) € 6
then x = y.

Conversely, assume that for each x # vy, ({x},{y}) ¢ 0 or ({y}, {x}) ¢ 0. We need to show that (X, ) is T1,
i.e., by Definition 2.5, Definition 2.2 and Definition 2.7, we must show that the quasi-proximity structure ¢’
on X*V,X? induced by S : X2V, X* — U((X3,6%) = X* and v : X*V,X* — U((X?67)) = X? is discrete,
where 6° and & are the product quasi-proximity structure on X® and the dicrete quasi-proximity on X2,
respectively. Let (U, V) be any set in ¢’, i.e., ;S(U)om;S(V)(i = 1,2,3) and VU(SﬁVV.

Since &7 is discrete quasi-proximity structure and vUSvV, then VU N VV # @. From here there is
(x,y) evUNVV.Sotherearet € Uand z € Vsuchthat vt = (x,y) = vz. f x = y thent = (x, y)i =z, (i = 1,2)
and (x,y); e UNV.

Ifx# ythent = (x,y);, z=(x,y); (i,j = 1,2). We must show that UNV # @, i.e., U and V are in the first
or in the second or in both component of X?V,X°.

If U subset of the first component of X?V,X? and V subset of the second component of X*V,X?, then
{(x, )1} € U and {(x, y)2} € V. From here

T US i V' = maS{(x, y)110m2S{(x, v)2} = m2S{(x, y, Y)}omaS{(x, x, y)} = {y}oix},

21 V6 min U = mS{(x, y)2}6 aS{(x, yhi} = ma{(x, x, Y)16 m2f(x, v, y)} = {x}o{y},
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ie., ({x}, {y}) € 6 and ({y}, {x}) € 6.

Since ({y}, {x}) ¢ 0 or ({x},{y}) & 0 (by assumption), ({(x, y)1}, {(x, y)2}) ¢ 6’ by condition (Q3) of Definition
2.1.

The case U subset of the second component of X?V,X? and V subset of the first component of X?V,X?
can be obtained similarly. From here U and V can not be different component of XV, X>.

If U and V are in both component of X?V,X? then U 2 ({(x, y)1}, {(x, ¥)2}) and V 2 ({(x, v)1}, {(x, y)2}).
Fromhere UNV # @.

If U subset of the first component of X*V,X? and V subset of both component of X>V,X?, then U 2
{(x, y)1}and V 2 ({(x, )1}, {(x, y)2}). From here UNV # @.

If U subset of both component of X?V,X? and then U 2 ({(x, y)1}, {(x, y)2}) and V subset of the second
component of X2V, X2, then U 2 ({(x, y)1}, {(x, y)2}) and V 2 {(x, y)2}. From here UNV # @.

If U and V are in the first component of X?V,X?, then U 2 ({(x,y)1} and V 2 ({(x, ¥)1}). From here
UNV # @. Similarly if U and V are in the second component of X?V,X?, then U 2 ({(x,y).} and
V2 ({(x,y)2}). Fromhere UNV # @.

If ({(x/ ]/)i}/ {(.X', y)l}) € 6,/ (1 = 1/2)/ then

m115{(x, y)1}6 i S{(x, yh} = {x}o{x} = (), {x}) € 6,

m2S{(x, y)1}d maS{(x, it = {y1oly} = (lyh {y}) €6,
m35{(x, Y110 msS{(x, Y} = {yiolyl = (yh {yh) €6,

and
1115{(x, ¥)2}0 T1S{(x, y)2} = {x}o{x} = ({x}, {x}) € 6,

T25{(x, ¥)210 25{(x, y)2} = {x}oix} = (v}, {x}) €6,
n3S{(x, ¥)210 3S{(x, v)2} = {yloly} = ({y}, {y}) € 6.

We must have (U, V) 2 ({(x,v):}, {(x, y)i}), @ = 1,2),ie, UNV # @. Similar results are obtained for
S(V)or;S(U)(i = 1,2,3) and VV(S;VU. Consequently, by Definition 2.2, Definition 2.5 and Definition 2.7,
(X,0)isT,. O

Remark 3.5. Let (X, 6) be a quasi-proximity space. The following expressions are equivalent by Theorems
3.1,3.2and 34.

1. (X,6)is To,
2. (X,6)is Ty,
3. (X,6)is Ty,

4. For each x,y € X with x # y ({x}, {y}) ¢ 6 or ({y}, {x}) € 6.

4. Pre-Hausdorff and Hausdorff quasi-proximity spaces

In this section, the characterizations of separation axioms PreT,, PreT}, T, and T, in QProx which is the
category of quasi-proximity spaces are given.

Definition 4.1. ([2], [7]) Let U : & — Set be a topological functor, X be an object in & and U(X) = B.
1. X is PreT; if and only if the initial lift of the U-source {A : B*V,B? — U(X?) = B? and {S : B2V,B*> —
U(X®) = B® agree.
2. X is PreT} if and only if the initial lift of the U-source {S : B*V,B*> — U(X®) = B and the final lift of
the U-sink {1, : U(X?) = B> - B?V,B?} agree.
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3. Xis T, if and only if the X is T, and PreT,.
4. Xis T} if and only if the X is T, and PreT?,.

Theorem 4.2. Let (X, 0) be a quasi-proximity space.(X, ) is PreT, if and only if the & quasi-proximity structure
must satisfy the symmetry condition, i.e. for every A, B C X, A6B if and only if BOA.

Proof. Let (X, ) quasi-proximity space is PreT,. Assume that the symmetry condition is not hold. Since
(X,0) is PreT,, by Definition 2.2 and Definition 2.7 , for any pair U and V in the X2V, X? wedge product,
mA(U) 6 mA(V), mA(U) 6 mpA(V) and m3A(U) 6 m3A(V) if and only if mS(U) 6 m1S(V), maS(U) 6 maS(V)
and m3S(U) 6 m3S(V), respectively.

We consider different possibilities for U and V, i.e.,, U 2 {(x, y)1}, {(x, ¥)2} or ({(x, y)1,(x, y)2}) and V 2
{(x, )1} A(x, v)2} or ({(x, )1, (x, y)2}) for some x, y € X. By the condition (Q3) of Definition 2.1. That’s enough
to write “equality” in place of “superset” for the possibilities above.

IfU = {(x,y)1} and V = {(x, )1}, then 1 A(U) 6 miA(V) = {x}o{x} = mS(U) 6 11S(V), meA(U) 6 mA(V) =
{ytoly} = maS(U) 6 maS(V) and m3A(U) 6 msA(V) = {x}6{x} if and only if t3S(U) 6 m3S(V) = {y}oly}.

IfU = {(x,yh}and V = {(x, )}, then 1 A(U) 6 miA(V) = {x}o{x} = miS(U) 6 m1S(V), maA(U) 6 o A(V) =
{ylolx} = maS(U) 6 muS(V). Note that iz A(U) 6 mzA(V) = {x}6{y} if and only if m3S(U) 6 m3S(V) = {y}o{y},

IfU = {(x, v} and V = ({(x, v, (x, y)2}) , then 1 A(U) 6 A(V) = {x}6{x} = miS(U) 6 T1S(V), meA(U) 6
T A(V) = {ylolx} = maS(U) 6 maS(V), clearly, m3A(U) 6 m3A(V) = {x}6{x} if and only if m3S(U) 6 m3S(V) =
(o,

Similarly, if U = {(x, y)2} or ({(x, )1, (x, ¥)2}), V = {(x, )1}, {(x, )2} or {(x, Y)1, (x, y)2}) then we have ; A(U)
0 mA(V), mpA(U) 6 mA(V) and i3 A(U) 0 m3A(V) if and only if 711 S(U) 0 11S(V), o S(U) 6 1125(V) and 13 S(U)
0 m3S(V), respectively.

Now, we investigate for m1A(V) 6 miA(U), mA(V) 6 meA(U) and 13 A(V) 6 mzA(U) if and only if m1S(V)
0 miS(U), maS(V) 6 mpS(U) and 13S(V) 6 mi3S(U), respectively.

Similarly, we consider different possibilities for U and V, i.e.,, U 2 {(x, y)1}, {(x, ¥)2} or ({(x, v)1, (x, y)2})
and V 2 {(x, )1}, {(x, v)2} or ({(x, y)1, (x, ¥)2}) for some x, y € X. By the condition (Q3) of Definition 2.1. That’s
enough to write “equality” in place of "superset” for the possibilities above.

IfU = {(x,y1}and V = {(x, )1}, then 11 A(V) 6 miA(U) = {x}o{x} = mS(V) 6 m1S(U), mA(V) 6 mpA(U) =
{ytoly} = maS(V) 6 mpS(U) and m3A(V) 6 s A(U) = {x}o{x} if and only if 13S(V) 6 m3S(U) = {y}o{y}.

If U= {(x,y)1}and V = {(x, y)2}, then 1 A(V) 6 1pA(U) = {x}o{x} = m1S(V) 6 m1S(U), maA(V) 6 mA(U) =
{x}o{y} = m2S(V) 6 o S(U). Note that i3 A(V) 6 iz A(U) = {y}o{x} if and only if m3S(V) 6 m3S(U) = {y}6{y}.

IfU = {(x,y)1} and V = ({(x, y)1, (x, y)2}) , then 71 A(V) 6 miA(U) = {x}o{x} = m1S(V) 6 m1S(U), mA(V) 6
T A(U) = {x}6{y} = maS(V) 6 maS(U), clearly, mzA(V) 6 mzA(U) = {x}6{x} if and only if m35(V) 6 m3S(U) =
{x}oiy}.

Similarly, if U = {(x, )2} or (1, )1, (@, )2, V = {06, 91}, A, )2} o ({5, y)1, (x, y)2)) then we have mA(V)
o0 mA(U), 1A(V) 6 meA(U) and m3A(V) 6 msA(U) if and only if 711 S(V) 0 1 S(U), m2S(V) 6 1o S(U) and t3S(V)
0 i3S(U), respectively. Consequently, since the symmetry condition is hold, there is a contradiction.

Now, assume that (X, 0) is hold the symmetry condition. In this situation, (X, ) becomes proximity
space. Here from, it is seen that (X, 0) is PreT, by Theorem 3.7 in [24] .
O

Theorem 4.3. Let (X, 6) be a quasi-proximity space. (X, 0) is PreT’ if and only if for each x # y, ({x},{y}) ¢ 6 and
(v}, {x}) ¢ 0.

Proof. Assume that (X, 6) is PreT, i.e., by Definition 2.2, Definition 2.4 and Definition 2.7, for any sets U, V
on X?V,X? wedge product,
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(@) mnU o mV, ma U 6 1V and mppU 6 1, V if and only if

(b) there is a pair (a,b), (c,d) € X2 such that {(a, b)} 6* {(c,d)} and it{(a,b)} = U and it{(c,d)} = V for some k = 1
or k = 2, where 6 is the product quasi-proximity structure on X>.

For each pair U, V in the different component of X>V,X? wedge product, U5’V if and only if there are
sets C,D and A in X? such that C 6> A and A 6> D with i;'(U) = Cand i (V) = D fork,j = 1,2 and k # j.
If U and V are in the same component of wedge, then U & V if and only if there are sets C,D in X? such
that C &’ D and i '(U) = C and i, *(V) = D for some k, j = 1,2. Specially, if i(E) = U and i(F) = V, then
(ix(E), ix(F)) € ¢’ if and only if (i;l(ik(E)), (i;l(ik(F))) = (E,F) € ¢'. This is a special case of Definition 2.3. We
will show that the condition holds.

Assume that for some x, y € X, ({x}, {y}) € 6 or ({y}, {x}) € o withx # y. (U, V) € & (0’ is a quasi-proximity
structure on X2V, X?) with U 2 {(x, )1} and V 2 {(x, v)2},

o V2 mSi(x, yhldmSi(y, ylat = ml(x, y, yhidmi(x, x, y)) = {x}olx},
ie., (i}, {x}) €6,

T Ub 111V 2 mS{(x, 1)110m2S{(x, y)2} = 1a{(x, y, y)oma{(x, x, y)} = {y}ofx},
ie., ({yl () €6,

TUd 122V 2 135{(x, Y)i}0m35H(x, y)a} = mal(x, y, y)0 mal(x, x, )} = {y}olyl,

ie., ({y}, {y}) € 5 where ; : X — X i=1,2,3are projection maps.

There are sets E, F and A in X* such that E 6> A and A 6 F with i;'(U) = E and ijTl(V) =Ffork,j=1,2
and k # j. ik(ilzl(ll)) =i(E) € Uand i]-(ijfl(V)) =i(F)cV.

If ix(E) subset of the first component of X2V, X? and i(F) subset of the second component of X2V, X3,
then {(x, y)1} C i(E) and {(x, y)2} € i(F). But, if (ix(E), ix(F)) 2 ({(x, Y1}, {(x, y)2}) € & for some (E, F) € 6* and
k = 1(resp. k = 2), then ({(x, y)1}, {(x, )2}) € (1(E), i1(F)) which shows that (x, y), (resp. (x, y)1) must be in the
first (resp. second) component of X2V, X2, a contradiction because of x # Y.

Similarly, if it(E) subset of the second component of X?V,X? and i(F) subset of the first component
of X2V, X?, then {(x,y)2} C ik(E) and {(x, y)1} C i(F). But, if (ik(E), ix(F)) 2 ({(x, )2}, {(x, y)1}) € & for some
(E,F) € 5 and k = 1(resp. k = 2), then ({(x, y)2}, {(x, y)1}) € (i1(E), i1(F)) which shows that (x, )2 (resp. (x, y)1)
must be in the first (resp. second) component of X2V, X?, a contradiction because of x # y. For this reason
ix(E) and ix(F) are not be able to in different component of X?V,X? (In the case of V'U it can be obtained
similarly).

Conversely, assume that for each x # y ({x}, {y}) ¢ 6 and ({y}, {x}) ¢ 6. We will show that (X, 6) is PreT},
i.e., by Definition 2.2, Definition 2.4 and Definition 2.7, (a) and (b) above are equivalent . Now we will show
that (a) implies (b). Let (U, V) be any set in ¢, i.e., ;;S(U) 6 m;S(V) (i =1,2,3).

If i(E) subset of the first component of X*>V,X? and i(F) subset of the second component of X?V,X?,
then {(x, y)1} € i(E) and {(x, v)2} C ix(F).

mS{(x, y)1} 0 maS{(x, y)2} = ma{(x, v, Iomai(x, x, y)} = {y}o{x}

ie, ({y}, {x}) € 6. Since ({y}, {x}) ¢ 6 (by assumption), (({(x, )1}, {(x, v)2}) € &) by the condition (Q3) of
Definition 2.1.

The case ix(E) € U subset of the second component of X?V, X? and ix(F) € V subset of the first component
of X2V, X? can be obtained similarly. From here ix(E) and ix(F) can not be in different component of X?V, X>.

If it(E) € U and i(F) € V are in both component of X?V,X?, then U 2 i(E) 2 {(x, y)1,(x,y)2} and
V2 lk(F) 2 {(X, y)lr (xr }/)2}

If it(E) C U subset of the first component of X?V,X? and ix(F) C V subset of both component of X2V, X?,
then U 2 ix(E) 2 {(x, y)1} and V 2 ix(F) 2 {(x, y)1, (x, v)2}.
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If it(E) € U subset of both component of X?V,X? and i(F) C V subset of the second component of
X2V, X2, then U 2 ix(E) 2 {(x, y)1, (x, y)2} and V 2 i(F) 2 {(x, y)2}.

If ir(E) € U and ix(F) C V are in the first component of X2V, X?, then U 2 ix(E) 2 {(x, y)1} and V 2 ix(F) 2
{(x, y)1}. Similarly, i(E) € U and i(F) C V are in the second component of X?V,X?, then U 2 ix(E) 2 {(x, y)2}
and V 2 i(F) 2 {(x, y)2}.

If {(x, )i, (x, )it € O, (i = 1,2), then
m1S{(x, y)1}0 i S{(x, v)1} = mi{(x, y, y)16 mi(x, y, )} = {x}o{x}
= ({x}, {x}) €,
125{(x, Y)1}0 T2 S{(x, Y)1} = m2{(x, y, ¥)10 m2d(x, v, v)} = {y}oly}

(vl {yh) €6,
13S{(x, Y116 msS{(x, yht = ns{(x v, M0 ma{(x, y, y)b = {yloly)
= ({y}, {yh €9,
T S{(x, ¥)216 T S{(x, y)2} = T (x, X, Y16 ma{(x, x, )} = {x}6{x}
= ({x}, {x}) €6,

T S{(x, ¥)216 T S{(x, )2} = T2 (x x, )10 i (x, x, y)} = {x}6{x}
= ({x}, {x}) €6,

135{(x, ¥)210 3S{(x, y)2} = ma{(x, x, YO Ta{(x, x, Y)} = {y}o{y}
= ({yl {yh) €6

It follows that (ix(E), ix(F)) 2 {(x, y)i, (x, )i} ( = 1,2), i.e., i(E) € U and ix(F) € V are in the first or in
the second or in both component of X?V,X?. So there are a pair (4,b), (c,d) € X* such that {(a,b)} 6* {(c,d)}
and i{(a,b)} = U and ix{(c,d)} = V for some k = 1 or k = 2. Similar results are obtained for (ix(E), ix(F)) 2
{(y, x)i, (v, x)i} (i =1,2) This shows that (a) implies (b).

Now we show that (b) implies (a). Assume that (b) holds. We must show that for any U, V on X?V,X?,
U 6 1V, U 6 mn V and mippU 6 V. There are a pair (4, b), (¢, d) € X? such that {(a,b)} 6* {(c,d)} and
ir{(a,b)} = U and ir{(c,d)} = V for some k = 1 or k = 2. By using the similar argument as above, we must
have (ik{(ﬂ, b)}/ ik{(C, d)} 2{(-x/ y)i/ (x/ y)l})/ (Z = 1I 2)

Fori=1,if ({(x, y)1, (x, y)1}) € &, then

1 S{(x, y)1}6 T S{(x, yht = mf(x, y, Yo mi(x, y, y)} = {x}o{x}
= ({x}, {x}) € 6,
T5{(x, y)1}0 TaS{(x, yh} = 2 (x ¥, 10 mal(x, y, y)} = {yloty}
= ({yh {y}) €9,
13S{(x, Yo sS{(x, yh} = ns{(x, ¥, o msix, y, )} = {ytoly}
= ({yh {yh) o
Fori =2,if ({(x, y)2, (x, y)2}) € &', then

11S{(x, ¥)210 m1S{(x, y)2) = mi{(x, x, ¥)}0 mi{(x, x, y)} = {x}6{x}
= ({x}, {x}) €6,

TS{(x, Y)2}0 TS{(x, y)2} = ma{(x, x, Y)I6 T2{(x, x, y)} = {x}o{x}
= ({x}, {x}) €6,

13S{(x, ¥)2}0 T3S{(x, )2} = ﬂs{(x x, Y6 ms{(x, x, )t = {yholyl
= ({y}, {y}) €o.

From here, i;S(U) 6 7;S(V) (i = 1,2,3). This shows that (b) implies (a). For m;S(V) 6 m;S(U), the conditions
are hold. Hence (X, 0) is PreT;. O



M. Kula, I.Sarag / Filomat 39:33 (2025), 11873-11889 11883

Remark 4.4. If a quasi-proximity space (X, 6) is PreT} then (X, 6) is PreT,. However the converse is not true
generally. For example, let X = {a, b},

6 = {(X, X), (fa}, {a}), ({b}, {b}), (X, {a}), (X, {b}), ({a}, {b}), ({D}, {a})}
Then (X, 6) is PreT, but (X, 6) is not PreT} since ({a}, {b}) € 6buta # b .

Theorem 4.5. A quasi-proximity space (X, ) is T if and only if for each x # y, ({x},{y}) & 6 and ({y}, {x}) ¢ 6.
Proof. It follows from Definition 4.1, Theorem 3.2 and Theorem 4.2. O
Theorem 4.6. A quasi-proximity space (X, 6) is T} if and only if for each x # y, ({x}, {y}) ¢ 6 and ({y}, {x}) ¢ o.
Proof. It follows from Definition 4.1, Theorem 3.3 and Theorem 4.3. [

Remark 4.7. Let (X, 6) be a quasi-proximity space. The following expressions are equivalent by Theorems
4.3,4.5and 4.6.

1. (X, 0) is PreT},
2. (X,0)is T,
3. (X,0)is T»,

4. Foreach x,y € X with x # y ({x},{y}) ¢ 6 and ({y}, {x}) € 6 .

5. Closed subobijects

Let B be set and p € B. The infinite wedge product VB is formed by taking countably many disjoint
copies of B and identifying them at the point p. Let B¥ = B X B X ... be the countable cartesian product of
B. Define A;" : V?B — B% by A;" (x7) = (p,p, ..., v, x,p,...), where x; is in the i-th component of the infinite
wedge and x is in the i-th place in (p, p, ..., p, x,p, ...) (infinite principal p-axis map), and V;° : V;’B — B by
Vy(xi) = x for all i € I (infinite fold map), [3].

Definition 5.1. ([3]) Let U : & — Set be a topological functor, X an object in & with U(X) = B. Let F be a
nonempty subset of B. We denote by X/F the final lift of the epi U-sink q : U(X) = B — B/F = (B\F) U {1},
where g is the epi map that is the identity on B\F and identifying F with a point {+}.

Let p be a point in B.

1. pis closed if and only if the initial lift of the U-source {A? : V’B — U(X™) = B¥ and V7 : V’B —
UD(B) = B} is discrete.

2. F c Xiis closed if and only if {+}, the image of F, is closed in X/F or F = 0.

3. F C Xis strongly closed if and only if X/F is Ty at {*} or F = 0.

4. If B = F = (, then we define F to be both closed and strongly closed.

Theorem 5.2. ([25]) Let (X, 6) be an object in QProx, p € Xand 0 # F C X.
1. {p} is closed in X if and only if for any B C X, if {p}OB or Bo{p}, then p € B.

2. The following expressions are equivalent.

(a) Fis closed.
(b) F is strongly closed.
(c) x € F whenever {x}OF or Fo{x} for any x € X.
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3. Fis (strongly) open if and only if x € F° whenever {x}0F¢ or F°0{x} for all x € X.

Definition 5.3. ([30] p. 106) Let (X, 6) be a quasi-proximity space and A C X. Define A = {x | x0A orAb x}
and if A = A, then A is said to be closed.

Example 5.4. Let X = {a,b,c}. The following relations 6; (i = 1,2, 3) on P(X) are quasi-proximity relations.
51 ={(A,B) e P2(X)| AN B # 0}
62 = 51 U {({ﬂ}, {b})/ ({ﬂ}, {b/ C})/ ({ﬂ, C}r {b})}
b3 = 61 U {({a}, {b}), ({b}, {a}), ({a}, {c})), ({c}, {a}), (1B}, {c}), (fc}, {b}), ({a}, {b, c}), ({D, ¢}, {a}),
(b}, fa, ), (la, ¢}, (b)), ({c}, {a, b), (la, b), {c))}
For (X, 61), all subsets of X are (strongly) closed since 6, is discrete.
For (X, 67), the family of all (strongly) closed subsets is given below:

{0, X, {c}, {a, b}}.
For (X, 63), the only (strongly) closed subsets are ) and X since 03 is indiscrete.

Theorem 5.5. ([25])

1. Let (X, 01) and (Y, 62) be quasi-proximity spaces and f : (X,61) — (Y, 02) be a p-map. If K C Y is (strongly)
closed, then f~1(K) C X is (strongly) closed.
2. If K C Land L C X are (strongly) closed in a quasi-proximity space (X, 0), so also is K C X.

Let & be a set-based topological category and cl be a closure operator of &.

1. & ={Xe&|xec(y}) and y € cl({x})) = x =y withx,y e X] [18].
2. &g ={X e&|cl({x}) = {x}, for each x € X} [18].
3. &g ={X e&|cl(A) = A, the diagonal} [18].

Definition 5.6. Let (X, 0) be a quasi-proximity space and K C X.

(i) c¢(K) =N {U c X|K c Uand U is closed} is called the closure of K.
(i) sc(K) = N {U c X|K c U and U is strongly closed} is called the strong closure of K.

It is shown that the notion of closedness forms closure operator [17] in some topological categories
[6, 8,10, 12, 13, 20, 22, 23].

Theorem 5.7. (X, 6) € QProx, if and only if for any x, y € X with x # y, there exists a closed subset K C X such
that x ¢ Kand y € K or a closed subset L C X such that x € Land y ¢ L.

Proof. Similarly it is obtained from Theorem 3.9 in [14]. O
Theorem 5.8. (X, 6) € QProx; if and only if ({x}, {y}) ¢ 6 and ({y}, {x}) ¢ 6 forany x,y € X with x # y.

Proof. Suppose (X, 6) € QProx;. and x, y € X with x # y. We have c({x}) = {x} forall x € X, i.e., {x} is closed.

By Theorem 5.2 (1), if ({x}, {y}) € 0 for some x, y € X with x # y, then y € {x}. This is a contradiction since
{x} is closed. Hence, we have ({x}, {y}) ¢ 0 for any distinct pair x, y € X. Similarly if ({y}, {x}) € 6 for some

x,y € X with x # y, then y € {x}. This is a contradiction since {x} is closed.Hence, we have ({y}, {x}) ¢ 0 for
any distinct pair x, y € X.

Conversely, suppose for any x,y € X with x # y, ({x}, {y}) ¢ 6 and ({y}, {x}) ¢ 6. It follows that for any
E c X, if ({x},E) € 6 or (E, {x}) € 6, then x € E. By Theorem 5.2 (1), {x} is closed, i.e., c({x}) = {x}, and
consequently (X, 0) € QProx;.. [

Theorem 5.9. (X, 0) € QProx,, if and only if ({x}, {y}) ¢ 6 and ({y}, {x}) ¢ 6 for any x, y € X with x # y.
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Proof. Suppose (X, 0) € QProx,. and x,y € X with x # y. Note that (x, y) € A. Since A is (strongly) closed,
by Theorem 5.2 (2), ({(x, y)}, A) ¢ 6> where & is the product quasi-proximity relation on X>. By Definition
2.2, forany x, y € X with x # y, ({x}, {y}) ¢ 6. Similarly, it is obtained for any x, y € X with x # v, ({y}, {x}) € 0.
(A, {(x, y)}) ¢ 6%, by Definition 2.2.

Conversely, assume that the condition satisfies and (x,y) € X* with x # y. Then (x,y) ¢ A and by
assumption, we have ({(x,y)},A) ¢ 6* and (A, {(x,y)}) ¢ 6>. Assume that ({(x,y)},A) ¢ 6*. We will show
that if ({(+,#)}, B?) € 6", then (+,*) € B? for any B2 C X?/A, i.e., A is (strongly) closed. Suppose (*,*) ¢ B>
for some B2 c X?/A. Since ({(*,#)}, B?) € &, there is some C? C X?/A for each binary rational s in [0, 1]
such that Cj = {+} x {+}, C = Bx B and s < t implies (7' x 47)(C3), (77! x g71)(C})) € &. It follows that
(g7 x g Hd= x {1, (g7t x g7)(B X B)) = (A,B?) € 6% by definition of g-map and Definition 2.3. Since
(A, B?) € &, there exists (x,y) € B? (x,y € B and x # y) such that (A, {(x, y)}) € & by the condition (Q3) of
Definition 2.1. But for all (x, y) € B?, (x, y) & Asince (+,*) ¢ B2. Since ({x}, {yh) ¢ 6forany x,y € X withx # y,
this is a contradiction. It is obtained ({y}, {x}) & 6 for (A, {(x, y)}) & 6%, similarly. Hence A is (strongly) closed,
and consequently (X, 6) € QProx,.. [

Remark 5.10. Let (X, 0) be a quasi-proximity space. The following expressions are equivalent by Theorems
5.8 and 5.9.

1. (X, 6) € QProx;,,
2. (X,0) € QProx,,,

3. Forany x,y € X withx # y ({x}, {y}) ¢ 6 and ({y}, {x}) ¢ 0.
Theorem 5.11. If a quasi-proximity space (X, 6) € QProx;., i = 1,2, then (X, 5) € QProx,.
Proof. Suppose (X,0) € QProx; (i = 1,2) i.e., ({x},{y}) € 6 and ({y}, {x}) ¢ 6 for any x,y € X with x # y. By
Theorem 5.2 (1), {x} and {y} is closed. Let K = {y} or L = {x}. It follows that x ¢ Kand y € Kor x € L and
y ¢ L, and consequently (X, 6) € QProx,.. [
Theorem 5.12. A quasi-proximity space (X, 0) € QProx;, if and only if (X, 0) € QProx;s fori=0,1,2.

Proof. 1t is obvious from Theorem 5.2 and Definition 5.6. [J

Example 5.13. The quasi-proximity space (X, 61) defined in Example 5.4 is in QProx;, i = 0,1,2 and k = ¢
or sc.

Remark 5.14. TQProx is the full subcategory of QProx consisting of all T objects, where T is PreT’, (resp.
Ty, T}) which were defined in [2].

Theorem 5.15. The following categories are isomorphic.

1. QProx; fori=1,2and k = c or sc.
2. TQProx for PreT}, T, T}

Proof. It follows from Theorems 5.11, 5.12 and Remarks 4.7, 5.10, 5.14. O
Remark 5.16. 1. By Remark 5.10 and Theorems 5.11, 5.12, we have
QProx,. = QProx,,. = QProx;. = QProx;;, C QProxy, = QProx..
2. For the category Prox, by Remark 3.19 of [14],

Prox,. = Proxpsc = Prox;c = Proxysc C Proxge = Proxpsc.
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3. For the category Top, by Remark 3.5 of [6],
Top, = Top,,; € Top,y = Topy;y © Topyy = Topy,,-
Definition 5.17. ([2], [4]) Let & be a set-based topological category and X an object in &.
1) Xis KT, if and only if X is PreT, and T;.

2) Xis LT, if and only if X is PreT’, and Tp.

3) Xis NT; if and only if X is PreT_2 and Ty.

Theorem 5.18. Let (X, 6) be a quasi-proximity space. (X, 0) is KT, if and only if the 6 quasi-proximity structure
must satisfy the symmetry condition, i.e. for every A, B C X, ASB if and only if BOA.

Proof. It is obivious that by Definition 5.17,Theorem 3.3 and Theorem 4.2. [

Theorem 5.19. Let (X, 0) be a quasi-proximity space. (X, 0) is NT if and only if for each x # y in X, ({x},{y}) ¢ 6
and ({y}, {x}) ¢ o.

Proof. 1t is obvious that by Definition 5.17,Theorem 3.1 and Theorem 4.2. [

Theorem 5.20. Let (X, 0) be a quasi-proximity space. (X, 0) is LT, if and only if for each x # y in X, ({x}, {y}) ¢ 6
and ({y}, {x}) & o.

Proof. 1t is obvious that by Definition 5.17,Theorem 3.2 and Theorem 4.3. [

Remark 5.21. 1. Let (X, 6) be a quasi-proximity space. (X, 6) is NT; if and only if (X, 6) is LT, by Theorem
5.19 and Theorem 5.20.

2. Let (X, 0) be a quasi-proximity space. If (X, 0) is NT, and LT, then (X, 0) is KT, . But the converse is
not true in general. For example, let X = {a, b},

6 =1{(X, X), ({a}, {a}), ({0}, {b}), (X, {a}), (1a}, X), (X, {b}), ({b}, X), ({a}, {b}), ({b}, {a})}
Then (X, 0) is KT, but (X, 0) is not NT, or LT, since ({a}, {b}) e Sbuta #b.

6. Sober quasi-proximity spaces
In this section, we characterize sober and quasi-sober in the quasi-proximity spaces.

Definition 6.1. Let ¢ be a topological category over Set and X € Ob(¢) [32].
c(Z) = ﬂ{u cX:ZcU and U is closed}

is called the closure of a subobject Z of X.

Definition 6.2. ([11], [8]) Let € be a topological category and X € Ob(¢).
(1) Xis said to be irreducible if A, B are closed subobjects of X and X = AU B, then A = X or B = X.

(2) Xis called quasi-sober if every nonempty irreducible closed subset of X is closure of a point.
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(3) X is called T, sober if X is Ty and a quasi-sober.
(4) Xis called T, sober if X is T, and a quasi-sober.

(5) Xis called Ty sober if X is Ty and a quasi-sober.

Theorem 6.3. Every quasi-proximity space is quasi sober.

Proof. Let (X, 0) is any quasi-proximity space. Now, we shall show that (X, 6) is quasi sober. For every
A, B C X there are two possible cases either ANB # @orANB = 2.

Firstly, we assume that for some A,B € X, AN B = @ with A6B or BOA. By Definition 2.1 for some a € A

and b € B (a # b) if {a}o{b} or {b}6{a} then {a} = {a, b}, W = {a,b} and for every ¢ ¢ {a, b}, E = {c} by Definition
5.3. Therefore {a, b}, {c} are irredicible closed subsets of X and these are generated by one point. In this case
(X, 0) is quasi-sober space.

Secondly, we assume that A N B # @ when A6B or B6A. We must show that (X, 6) is quasi-sober space. In
this case for some A C X there are irredicible closed subset of X so that there exist at least two generic point,

ie, forsome x,y € X (x # y) {x} = A, {y} = A. By Definition 5.3 {x}0A or Ad{x}, {y}0A or Ad{y}. Let {x}0A,
y € A since {y} = A. From here by Definition 2.1 {x}o{y} but {x} N {y} = @. This is a contradiction. Therefore

X has just one generic point. The proof is similar for BOA. The results are similar for other cases.
U

Theorem 6.4. Let (X, 0) is quasi-sober space. Then, the following are equivalent.
(1) (X,06) is Ty sober,
(2) (X,0) is T}, sober,
(3) (X,06) is Ty sober,
(4) (X,6)is Toor Toor Ty,
(5) Foreachx # yin X, ({x},{y}) € S or ({y}, {x}) ¢ 6.
Proof. It follows from Theorem 3.3, Remark 3.5 and Definition 6.2. [

Remark 6.5. Let (X, 6) is quasi-proximity space. If (X, 6) is quasi-sober space then, (X, 6) is Tp sober, T{ sober
and T, sober but the converse is not true in general. For example, let X = {4, b}. The following relations 0;
(i = 1,2) on P(X) are quasi-proximity relations. =

51 ={(A,B) e PA(X)|ANB # 0}

02 = 01 U {({a}, {b}), ({1}, {a})}.

Since fora # bin X, ({a}, {b}) € 6 and ({b}, {a}) € 6, (X, d) is not T sober, T{ sober and T, sober by Theorem
6.4 but (X, 6) is quasi-sober by Theorem 6.3.
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7. Comparative evaluation

We examined our findings in some topological categories and we infer:

(1) In Top,

(i) By Theorem 2.2.11 of [2], Remark 1.3 of [1] and Remark 2.6 of [5],

Top,. = Top,,,; = LT, Top = NT,Top = KT, Top C Top,, = Top,,, C Top,, = Top,,, = ToTop = T_oTop = Ty Top
(ii) By Remark 3.4 of [11],

ToSobTop = ToSobTop = Ty’ SobTop
(2) In QProx,

(i) By Theorems 5.19 and 5.20, Remarks 5.16 (1) and 5.21,

QProx;,; = QProx;,; = QProx,,; = QProx,,; = LT,QProx = NT,QProx c KT,QProx
(ii) By Remarks 3.5 and 5.10,

QProx,; = QProx;,; = QProx,; = QProx,,; € T;QProx = ToQProx = TyQProx
(iii) By Theorems 4.2 and 5.18, Remarks 4.7 and 5.21,

LT,QProx = NT,QProx = T,QProx = T,’QProx = preT,’QProx ¢ KT,QProx = preT,QProx
(iv) By Theorem 6.4,

ToQProx = T;QProx = ToQProx = ToSobQProx = ToSobQProx = Ty’SobQProx = QSobQProx

where QSobQprox is the full subcategory of QProx consisting of all quasi-sober quasi-proximity
space.

(3) In Rel,(the category of relation spaces and relation preserving functions)
(i) By Theorem 3.3 of [9],

Relld = ReIZd = RellQ = Rele = RellSQ = Relng
(ii) By Theorem 4.5 of [9],

LT,Rel c NT,Rel ¢ KT,Rel = T,Rel = preT,Rel C Rel;o = T;Rel = Ty'Rel = TyRel = Rel
(iii) By Theorem 3.3 of [9],
ToSobRel = Ty’SobRel = QSobRel

where QSobRel is the full subcategory of Rel consisting of all quasi-sober relation spaces.
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8. Conclusion

In this work, we characterized sober spaces, the separation properties To, T4, To 1, PreT,, PreT?, T,, and
T, in general in the category of quasi-proximity spaces. Then, we investigated the relationships between
them. Finally, we compared our results in some topological categories. For future work, the Tietze extension
theorem and Urysohn’s lemma can be studied within the topological category of quasi-proximity spaces.
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