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Gradient almost Schouten solitons and contact geometry

Santu Dey?

*Department of Mathematics, Bidhan Chandra College, Asansol-4, West Bengal-713304, India

Abstract. The goal of this present object is to deliberate an almost Schouten soliton and gradient almost

Schouten soliton on contact geometry. Here, we classify some results on K-contact manifolds and (x, ®)-
contact manifolds admitting gradient almost Schouten soliton.

1. Introduction and Motivations

In mathematics, contact geometry is the study of a geometric structure on smooth manifolds given by
a hyperplane distribution in the tangent bundle satisfying a condition called ‘complete non-integrability’.
When a manifold is endowed with a geometric structure, we have more opportunities to explore its
geometric properties. In 1958, Boothby and Wang [1] examined an odd-dimensional differentiable manifold
with the help of almost contact and contact structure and studied its features from a topological posterior.
Contact manifolds are the odd dimensional counterparts of symplectic manifolds. In a similar vein, Sasakian
manifolds are the odd-dimensional counterparts of Kéhler manifolds, and are defined as odd-dimensional
Riemannian manifolds (M?"*1, g) whose Riemannian cone (R, XM, dr*®r*g) endows a Kihler structure. It has
broad applications in geometric optics, geometric quantization, control theory, thermodynamics, integrable
systems and to the classical mechanics. Contact geometry has enlarged from the mathematical formalism
of classical mechanics. The concept of Ricci flow, which is an evolution equation for metrics defined the
connected almost contact metric manifolds whose automorphism groups have maximal dimensions.
The study of any geometric flow has an important aspect in the study of their associated solitons, which
generates self-similar solutions to the flow and often arise as singularity models. Inspired from the notion
of Ricci soliton it is interesting to consider special solutions of the flow (named as Shouten flow [2, 8]) which
is called as Schouten soliton, which is a generalization of Ricci-Bourguignon soliton, that is defined by

Definition 1.1. A Riemannian manifold (M", g), n > 3, is said to be an almost Schouten soliton if there is a smooth
vector field V and a smooth function y on M" satisfying

(Svg)(Wa, Wa) + 25(Ws, Wa) = 2y = 5sr)a(Ws, W), 0

where S is the Ricci tensor of g, v is the scalar curvature and 3y g is the Lie derivative of g in the V direction.
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Also, if y is constant, then it is called a Schouten soliton.
Also it is said to be shrinking, steady or expanding according as y > 0, ¥ = 0 and y < 0 respectively.

Definition 1.2. When V = Vf, for some smooth function f : M — R, then (M, g) is called a gradient Schouten
soliton and then (1) reduces to
Vf+S=ly - 5] @
=1 2 1) g

(n —
where V2 f is the Hessian of f. If y is a smooth function, then (2) is called gradient almost Schouten soliton.

It is worthy to mention that Sharma [43] first initiated the study of Ricci solitons in contact geometry.
However, Ghosh [24] is the first to consider 3-dimensional Kenmotsu metric as a Ricci soliton. Recently,
Venkatesha et al. [46, 47] also examined Ricci solitons on perfect fluid space time and demonstarted
the nature of p-Einstein soliton on almost Kenmotsu manifold. Very recently, some authors in (see [10-
12, 20, 22, 23, 28, 38-41]), have studied Ricci soliton and Einstein soliton and their generalizations on
contact geometry. Moreover, some of the latest studies related with soliton geometry can be seen in [9, 13—
19, 29, 30, 42, 44, 50, 51]. On contact metric manifolds, Ricci solitons and gradient Ricci solitons have
been studied by several authors (see [7, 26, 27, 43]). In [36], Perelman investigated that every compact
Ricci soliton is gradient. Next, generalizations of this result for Ricci almost soliton with constant scalar
curvature has been studied by Barros et al. [3]. Further, Sharma [43] studied the K-contact manifold as a
gradient Ricci soliton and a Ricci soliton with the potential vector field V point-wise collinear with & and
the manifold becomes Einstein. After some years, Ghosh [25] proved that if a K-contact manifold admits a
gradient Ricci almost soliton, then the scalar curvature is constant. Moreover, if M is compact, then it is Einstein,
Sasakian and isometric to a unit sphere”. Very recently, Patra [35] proved the result for completeness instead
of compactness. Very recently, Catino [8] et al. has been investigated gradient Schouten solitons and the
compact gradient Schouten solitons. They have proved the triviality of every compact gradient Schouten
solitons and examine that a complete gradient steady Schouten soliton is trivial and it becomes Ricci flat.
Pina and Menezes [37] has been demonstrated a complete gradient Schouten solitons.Based on the above
facts and discussions in the research of contact geometry, a natural question arises.

Is a complete K-contact metric as a gradient almost Schouten soliton Einstein?

Here, we will answer this question affirmatively using some different techniques in the next sections.

The structure of this paper is the following. In section 2, we study some basic definitions and related
conclusions on K-contact manifold and (x, ®)-contact metric manifolds. In section 3, we prove our main
results.

2. A brief review of contact metric manifolds

A (2n + 1)-dimensional smooth Riemannian manifold (M, g) is said to be an almost contact metric
manifold if it admits a (1, 1) tensor field ¢, a characteristic vector field ¢, a global 1-form 1 and an indefinite
metric g on M satisfying the following relations.

H*(Wi) = =Wp + n(W1)E,  n(W1) = g(Wy, &) 3)

for all vector field W; on M. A Riemannian metric g is said to be an associated (or compatible) metric if it
satisfies

(W1, W>) = g(W1, W2) — n(W1)n(W>) 4)

for all vector fields Wi, W, on M. An almost contact manifold M2”+1(<jo, &, 1) together with a compatible
metric g is known as almost contact metric manifold (see Blair [4])

On the product M?"*! X R of an almost contact metric manifold M?>"*! and R, there exists an almost
complex structure | defined by
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JWh, f5) = @Wi = fE,n(W1) 5),

where X denotes a vector field tangent to M?*1 tis the coordinate of R and f is C*-function on MZ*1 xR,
If ] is integrable, then almost contact metric structure on M?*1 s said to be normal.

Given a contact metric manifold M we define a symmetric (1,1)-tensor field / and self adjoint operator ! by
h= %Sg@ and !/ = R(., &)&. Then, hep = —¢ph, Trh = Trph = 0, h€ = 0. Also from [4], we have

Vi, & = =Wy — phWs, (5)

9(Q¢&, &) = Trl = 2n — |hf*. (6)

A normal contact metric manifold is called a Sasakian manifold. Sasakian manifolds are K-contact and
3-dimensional K-contact manifolds are Sasakian. An almost contact metric manifold is Sasakian if and only
if

(Vw, @)W = g(W1, Wa)é — n(Wa) Wy (7)

for all Wy, W, € x(M). The vector field £ is a killing vector with respect to g if and only if & = 0. A contact
metric manifold M for which £ is killing (equivalently & = 0 or Trl = 2n)is said to be a K-contact metric
manifold. On a K-contact manifold the following formulas are known [4]

Vi, & = —¢pWy, (8)
Q<& =2n¢, )
R(Wy, &)E = W1 —n(Wh)é, (10)

where V is the operator of covarient differentiation of g, S is the Ricci tensor of type (0,2) such that S(Wy, W) =
g(QW1, W»), where Q is Ricci operator and R is the Riemann curvature tensor of g.

The notion (x, ®)-nullity distribution on a contact metric manifold M was introduced by Blair et al. [5],
which is defined for any p € M and «, @ € R as follows:

Np(k, (D) = {Wse TP(M) : R(Wl, Wz)Wg = K[g(WQ, V3)W1 - g(Wl,Wg)WQ]
+ @[g(Wa, Wa)h Wy — g(W1, W3)hWa} (11)

for any vector fields Wi, W> on T,(M), where T,(M) denotes the tangent space on M at any point p € M
and R is the Riemannian tensor. In particular, if @ = 0, then the notion of (kx, ®)-nullity distribution reduces
to the notion of k-nullity distribution, introduced by Tanno [45]. If ¥ = 1, the structure is Sasakian. In a
(x, ®)-contact metric manifold the following relations hold [5, 34]

W=x-1>%x<1, (12)
R(W1, Wo)& = «[n(W2) Wy — n(W1)Wa] + @[n(W2)hWq — n(W1)hWa], (13)

SWi, W) = [2(n—1) - n@lg(W1, W2) + [2(n — 1) + @]g(hW1, W2)
+ [2(0 = n) + n(2k + @) In(W1)n(W2), (14)

r=2n2n -2+ K — no). (15)

Here, 7 is the scalar curvature of the manifold.
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3. Main Results

Theorem 3.1. If a K-contact manifold M@ endows a gradient almost Schouten soliton, then it is Einstein with
constant scalar curvature r = 2n(2n + 1). Further, if M is complete, then it is compact Sasakian and isometric to a
unit sphere S>"*1.

Proof. We can write the equation (2) as follows
1
le Df + QW1 = [‘}/ - EV]WL (16)
Now, taking the covarient differentiation of the identity (16) along with arbitrary vector field W, we obtain
1 1
VWZVW1Df = (Wz)/)wl — E(WQF)Wl + [)/ — EV](WQ, Wl)

- (Vm, QWi = Q(Vw, W1). (17)
Again we displace W; and W, into the foregoing equation to yield

Vi VwDf = (Way)Wa— - (Wan)Ws + [y = 2-rI(W, W)
- (Vw, Q)W — Q(V, W2). (18)
Also, we get
Viw,waDf + QIWs, Wal = [y = 2-rl[W, Wal. (19)

Now, we apply the expression of Riemannian curvature tensor R(W;, W2)Df = Vi, Vi,Df — Vi, Vi, Df —
Viw,w,]Df to obtain

R(Wy, Wo)Df = [(Wyiy)Wa — (W2y)Wi] - ﬁ[(wlr)WZ = (War)Wi]
- [(Vw, QW2 = (Vw,Q)W1]. (20)
Now, differentiating the identity (9) along with vector field W, in view of the identity (10), we get
(Vw)é = QpW1 — 2ndpWy. (21)

Also, taking an inner product of the equation (20) with respect to £, we obtain

g(R(W1, W2)Df, &)

(W) = W)Wl = - [(War) (W)
(War)n(Wn)] = [(Vi, Qn(W2)
(Vw, Qn(Wh)l. (22)

Inlight of the equations (10) and (21), we replace W, by & into (22) with using the relation g(R(W1, W»)Df, &) =
—g(R(W1, W1)¢&, Df) to acquire

Wi(f +y - ﬁr) =&(f+y- ﬁr)n(wl), (23)

ie.,
1 1
a(f +y - ET) =&(f+y- ET)W- (24)

Now, we utilize the foregoing identity by d and with the help of Poincare lemma i.e., d* = 0 to yield

dcf(f"‘?/— ﬁr)/\n'i'é(fﬂ')/— ﬁ?’)dﬂ =0. (25)
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Also, using the relation n A 1 = 0, the preceding equation reads
(f+y- ﬁr)dn An=0. (26)
As, dn # 0 on M, we get
1
- —p=0. 27
Hf+y=4n=0 @)
ie.,
D(f +y - ir) =0
f )4 4n -

So, we can say that f +y — L7 is constant on M.
Now, taking a Lie derivative of the equation (16) with respect to &, we get

Je(Vw,Df) + [(BeQWi + Q(BeWi)] = [(Tey)

S+ - (W), 28)

As, ¢ is killing on K-contact manifold, so we have
1
Je(Vw, Df) + Q(B:W1) = [&y — 2, WL+ Iy
1
- @), (29)
We take a Lie derivative of Df using the equations (8) and (9) to find
1
IeDf =VeDf = Vpsé = (y—Er)é—2n£+¢Df. (30)
We differentiate covariantly the preceding equation along with the vector field W, in terms of (8) to yield
1
Vi, 3eDf = [(Way) - E(Wzr)]é +2npWs + (Vw,9)Df — pQW,. (31)
From the commutative formula (Yano [49]), we obtain
IvVi, Wi = Vi, Sy W1 = Vipw,) Wi = (B V)(Wo, Wh). (32)
Now, we insert V = & and W; = Df into (32) with the help of (J:V) = 0 and equation (29) to (31) to acquire
1
g(Vw.@)W1,Df) + g(@QW2, Wi) +[(&y) — - (Enlg(W1, Wa)
1
- Wa(y - EV)U(WD = 2ng(pW,, Wy) = 0. (33)
We utilize formula
Vi, @)W1 + (Vow, @)W1 = 2g(Wa, W1)E — n(W1)(W2 + 1(W2)E)
by exchanging W; and W, with ¢W; and ¢W, into (33) to find
1
g(PQW2, Wi) = 2ng(pWo, W1) —E(f + 7 — Ll—nf)ﬂ(wl)ﬂ(wz)
1
+ 9QPW2, W) +28(f +y — 5-1)g(W1, Wa)

— Walf +y = (W) =0, 69
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Now, as this expression f +y — -7 is constant, so from the equation (34), we get

QoWq + pQW; — 2npW; =0 (35)
for all y(M).
We take an inner product of (20) with respect to f +y — & = constant to read

gJ(Vw, QW1 = (Vw, QQW2, Df) = 0. (36)

Let {e;, e, &;1 = 1,2, .....n} be an orthonormal ¢-basis of M such that Qe; = g;e;. Making the use of this into
(35), we obtain, Q¢e; = (2n — g;)¢e;, where o is a non-zero function on M. Then the scalar curvature is given

by

r=9(Q<, &) + XL [9(Qei e) + 9(Qdpei, Ppei)] = 2n(2n +1). (37)
Now, we interchange W; by & into identity (36) with the help of (21) to find
Q¢Df —2n¢pDf = 0. (38)
In light of (35) to get
$QDf = 2n¢Df.
We utilize the foregoing equation with ¢ by using (8) to get
QDf =2nDf. (39)

Now, we take covariant derivative into (38) to yield
1 1
(Viw,QDf = Q*W; + (y — 5.7 H2MQW = 2n(y — =)W1 = 0. (40)

Asr =2n(2n + 1) is constant, then divQ = % = dr = 0. Now, we contract the identity (40) to get

IQI” = 0.
Now, with the help of r = 2n(2n + 1), we obtain
r
- 1> = 0.
IQ- 1P =0

i.e., the length of the symmetric tensor Q — 5."5I vanishes, we must have QW; = 2nW;. Thus M is Einstein

with Einstein constant 2n. Suppose M is complete. Then, from Myers Theorem [31], M is compact. Again,
we apply Boyer and Galicki’s [6] result Any compact K-contact Einstein manifold is Sasakian to conclude that
M is Sasakian. Also, we can write the identity (16) as , Vw,Df = —CW;, where C = 2n + ﬁr -, then by
Obata’s theorem [32], it is isometric to a unit sphere $***1. This we can finish the proof. [

Ghosh [25] also acquired some results for contact metric manifold with potential vector field collinear with
the Reeb vector field and non-Sasakian (x, ®)-contact manifolds. Motivated by this results, one can ask the
following question:

Are there exists a contact metric manifolds, whose metrics are almost Ricci-Bourguignon soliton?

We give the answer of the question in the following way.

Theorem 3.2. Let M@V be a complete contact metric manifold where the Reeb vector field & is an eigenvector of the
Ricci operator at each point of M. If the metric endows an almost Schouten soliton with a non-zero potential vector
field is collinear with the Reeb vector field &, then the manifold M is compact Einstein Sasakian and the potential
vector field is a constant multiple of the Reeb vector field &.
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Proof. As by hypothesis, the potential vector field is collinear with the Reeb vector field i.e., V = ¢&, where
0 is a non-zero function on M as V is non-zero. Now, we differentiate it along with the vector field W; in
light of (5) to get

lev = (ng)(g — p(d)Wl + <phW1) (41)
In view of the identity (1), the preceding equation becomes

Woon(W1)  + Wion(Wa) — 209(phWy, Wr) + 25(W1, Wa)

= 2y~ - Ng(W, W), ®2)

Now, we plug W; = W, = £ into (42) making use of (6) to find

Eo+2Trl =2(y - ﬁr). (43)
We replace W, by & into (42) to yield

Do+ (£0)8 +206 =2y - 3-NE = 0. (44)
Since, Q& = (Trl)E. So, in light of this fact into (43), the foregoing equation becomes

Do = (¢o)<. (45)
Now, we differentiate the identity (45) with respect to Wi by using (5) to acquire

Vw, Do = Wi(£0)E — (E0)(@W1 + PhWy). (46)
In light of Poincare lemma into (46), we obtain

Wi(E0)n(W2) — Wa(E)n(Wh) + 2(Ep)dn(Wr, Wo) = 0. (47)

Now, we choose vector fields Wy and W, are orthogonal to &. Also, we know that dn # 0. So, equation (47)
yields £o = 0, which implies Dg = 01i. e., g is constant. Now, the identity (42) transforms into

2QW2 + 2Qh¢)W2 - 2(’)/ - 4%1’)1/\/2 =0. (48)
We contract the identity (48) making use of Trh¢ = 0 to find

22n+ 1)y =2[1 + 2n + 1)9]r. (49)
We differentiate (48) in view of Wj to obtain

210, QW2 + 20(T4e)Wa = 20(Wi))Wa = 1 (Win)Wa] = 0. (50)

Again, we contract the identity (50) and making the use of div(h)W, = g(Q&, W») — 2nn(W,) in contact
metric manifold to infer

(1 +29)(War) + 20[Trl — 2n]n(W,) — 2(W,y) = 0. (51)

If we take W, is orthogonal to & into (51) in view of (49) to find either 2n —1 =0 or Vor =0. As2n -1 # 0,
so we have V,r = 0.. Now, we interchange W, by qbz W, entails that Dr = (£7)&. Now, we use the previous
argument as prior to see that r is constant, which implies from (49) y is also constant. In light of (43), we get
Trlis constant. Now, we get the identity in view of (51) Trl —2n = 01i. e., h = 0. So, M is K-contact and by
virtue of (48), we see that M is Einstein. Since M is complete and also Einstein, then in view of the results
Sharma [43], we can conclude that M is compact and also applying the result of Boyer and Galicki [6], we
finish the proof. [

Now, we have the following remark from the previous theorem and a result of Boyer and Galicki [6],
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Remark 3.3. If a manifold M be a complete K-contact manifold admits an almost Ricci-Bourguignon soliton with
non-zero potential vector field V, then the manifold is a compact Sasakian manifold and the soliton is trivial.

Theorem 3.4. If a non-Sasakian (x, ®)-contact metric manifold M@V endows a gradient almost Schouten soliton,
then the manifold is flat with dimension three and the soliton vector field is homothetic, and for n > 1, M is locally
isometric to E" x §"(4) and the soliton vector field is tangential to the Euclidean factor E"™*1.

Proof. We again apply the expression of Riemannian curvature tensor R(Wq, Wo)Df = Vi, Vi,Df =V, Vi, D f—
Viw,, w,1D f with the help of (16) to deduce

R(W1, Wo)Df = [(W1y)Wa — (Way)Wi] = [(Vi, QW2 — (Vi, Q)W1]. (52)
We take the covariant derivative of (14) using the identity (52) to find
R(Wy, Wa)Df {[2(n = 1) + @][2(1 — ¥)g(W2, @W1)E + n(W1)[H($W-
£ QhWL] = nOWL)TA(GW, + GhIW; ] + on(Wy)PhW,
= @on(W2)phWi] + [2(1 — n) + n(2x + @)][29(W2, pW1)E
— (W2 + phW2)n(W1) + (W1 + phW1)n(W2)]}
+  [(Wiy)Wa — (Way)Wa]. (53)

We take an inner product of the foregoing equation with & to yield
gRW1, W2)Df, &) = 2@+ 2k — k@ + n@)g(W2, pW1) + [(W1y)W,
- (Way)Wi]. (54)
Again, we lay hold of the inner product of (13) with Df to read
g(R(Wl/ WZ)E! Df) = K[T](WZ)!](WII Df) - n(wl)g(WZ/ Df)]
+  o[n(W2)g(hWy, Df) — n(W1)g(hW,, Df)]. (55)
Now, we add previous two identities to obtain
®[@(W2)g(hWi, Df) = n(Wi)ghWa, Df)] + k[n(W2)g(W1, Df)
- n(W1)g(Wa, Df)] + 2(@ + 2x — k@
+  n@)g(Wa, W1) + [(V1y)n(Wz)

- (Vay)n(Wy)l = 0. (56)
We replace Wy and W, by ¢W; and ¢W, into (56) and in light of R(¢W1, ¢W>)E = 0 to yield
- ‘Dfaljz”‘). (57)
Now, we substitute W, = & into (56) to obtain
(1 + @M)Df +2(Dy) = [K(Ef) + 2EN)IE = 0. (58)
We replace Wi by Df into (14) to invoke
QDf = ~4n(Dy). (59)
Making use of (59), identity (58) becomes
2n(x + @)D f — QDS — 2n[K(Ef) +2(E)]E = 0. (60)
We take an inner product with &, the preceding equation becomes
k(&f) +2(&y) = 0. (61)

Then the identity (60) becomes
2n(x + ®h)Df — QDf = 0. (62)
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We differentiate (62) with respect to & to yield

(2n@* — @[2(n — 1) + @))PhD f — 2ndh(y — 4inr —2nk)é = 0. (63)
Now, we take an inner product the identity (63) with & to achieve
1
@h(y — i 2nx) = 0. (64)
Then (63) becomes
2n@* - ®[2(n — 1) + ®])phDf = 0. (65)

Now, operating h into (65) in view of (12), we get
(x - Do[2(n - 1) + ® — 2nwo]¢pDf = 0. (66)

Thus we have two case in the following.

Case 1. If @ is zero, then the identity (57) provides x = 0. So, R(W;, W2)& = 0. Therefore, proved that a
(2n + 1)-dimensional contact metric manifold M?"*! is locally isometric to E"*! X S"(4) for n > 1 and flat if
n=1

Case 2. Let D f = 0. Then, we operate  onit to find Df = (£ f)&. We differentiate covariantly the preceding
equation along with the vector field Wy in light of (5) to yield

Vi, Df = Wi(Ef)E = (Ef) (W1 + phWn). (67)
Now, we apply Poincare lemma into (67) to acquire
Wi (Ef)n(W2) = Wa(Ef)n(Wa) + (Ef)dn(W1, W) = 0. (68)

If we take Wy and W, are orthogonal to &, then £f = 0 as dnp # 0. So, Df = 0, which implies f is constant.
Now, (16) yields

1
QW, = (y - ET)WL (69)

i. e., the manifold is Einstein. We trace the previous equation to get
1
=Q2n+1)(y - —r). 70
r=02n+1)(y ym r) (70)

Now, using the Theorem 4.1 of Ghosh [25], we can find the scalar curvature r = 2nx(2n +1) and forn =1, M
is locally flat and making use of ® = —2(n — 1)(as M is non-Sasakian) into (57) to find ¥ = n — % > 1, which
gives contradiction for n > 1. Since the manifold is flat in dimension three with y is constant, in view of
(16), we can say that the vector field is homothetic.

Case3. If2(n—-1)+@—-2n® =0, thenw = 22(2:}). Now, we insert this expression into (57) to yield x = % —n.
For n = 1itimplies ® = k¥ = 0 and hence the manifold becomes flat. In light of (14) into (62), we get

—2(n - 1) + n2x + @))(Df — (Ef)E) + [2n@ — 2(n — 1) — ®IADF = 0. (71)

Now, we put @ = 22(2:}) and x = % —ninto (71) to obtain Df = (£f)&. Now, for n > 1 we use the condition of

Case 2. As QW = 2nkWj, setting covariant derivative entails that VQ = 0 and the identity (52) provides

R(W1, Wo)Df = 2[(W1y)Wa — (Way)W4]. (72)

As R(Wq, W,)& = 0 and we take an inner product of the identity (72) with & by interchanging W, by & entails
that V1 = (£y)n(W1). Now, we proceed as in the Case 2, it is easy to say that y is constant and in higher
dimension from(72) implies R(W;, W»)Df = 0 i.e., Df is tangent to the flat factor E"*!. This completes the
proof. O
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We get very familiar result from [3] that a compact almost Ricci soliton with constant scalar curvature is
isometric to a sphere. From [33], we can say that in dimension greater that three, a contact metric manifold
of constant curvature is a Sasakian manifold of constant curvature. Also, the scalar curvature is constant
for a (x, ®)-contact manifold. So, we have the following:

Remark 3.5. Ifacompact (x, ®)-contact manifold endows an almost Schouten soliton, then it is either flat or Sasakian
of dimension 3 and it is isometric to a unit sphere S*"*! for dimension greater than 3.
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