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Canonical parameters on a surface in R*

Ognian Kassabov?, Velichka Milousheva®*

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Acad. G. Bonchev Str. bl. 8, 1113, Sofia, Bulgaria

Abstract. In the present paper, we study surfaces in the four-dimensional Euclidean space R*. We
define special principal parameters, which we call canonical, on each surface without minimal points, and
prove that the surface admits (at least locally) canonical principal parameters. They can be considered
as a generalization of the canonical parameters for minimal surfaces and the canonical parameters for
surfaces with parallel normalized mean curvature vector field introduced before. We prove a fundamental
existence and uniqueness theorem formulated in terms of canonical principal parameters, which states that
the surfaces in R* are determined up to a motion by four geometrically determined functions satisfying a
system of partial differential equations.

1. Introduction

A fundamental problem in the local theory of surfaces both in Euclidean and pseudo-Euclidean spaces
is the problem of finding a minimal number of functions, satisfying some natural conditions (differential
equations), that determine the surface up to a motion in the ambient space. This problem is solved for
minimal surfaces (surfaces with zero mean curvature) of co-dimension two in the Euclidean 4-space R*.
In [11], T. Itoh introduced special geometric parameters on any minimal surface in R* and later they were
used by R. Tribuzy and I. Guadalupe to prove that a minimal surface in IR* is determined up to a motion
by two invariant functions (the Gaussian curvature and the normal curvature) satisfying a system of two
PDEs [13]. The same problem was solved for spacelike and timelike zero mean curvature surfaces in the
Minkowski 4-space ]R‘l1 in [1] and [8], respectively. It was proved that the spacelike or timelike surfaces with
zero mean curvature in R} admit (at least locally) special isothermal parameters, called canonical, such that
the two main invariants — the Gaussian curvature and the normal curvature of the surface satisfy a system
of two partial differential equations (called a system of natural PDEs). In all these cases, the number of the
invariant functions determining the surfaces and the number of the differential equations are both reduced
to two.

Another class of surfaces, different from the minimal ones, for which the number of functions and
the number of differential equations can be reduced, is the class of surfaces with parallel normalized
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mean curvature vector field. In [9], G. Ganchev and the second author proved that the surfaces with
parallel normalized mean curvature vector field (PNMCVF) in the Euclidean 4-space R* and the spacelike
PNMCVEF-surfaces in the Minkowski 4-space IR} can be described in terms of three functions satisfying a
system of three partial differential equations. A similar result is proved for the class of timelike surfaces with
parallel normalized mean curvature vector field in the Minkowski space R}, see [2]. The basic approach
to the study of PNMCVF-surfaces both in Euclidean and pseudo-Euclidean spaces is based on introducing
of special geometric parameters on each such surface which are called canonical parameters. In the case of
spacelike PNMCVF-surfaces, canonical principal parameters are introduced, while in the case of timelike
PNMCVF-surfaces in IR}, canonical isotropic parameters are used.

In the present paper, we consider the general class of surfaces in the Euclidean 4-space R*. First we
define canonical principal parameters for these surfaces and then we prove that any surface in R* admits
(at least locally) canonical parameters. They generalize the canonical parameters introduced for minimal
surfaces and for PNMCVF-surfaces and allow us to describe the general class of surfaces in terms of four
functions. The main result in the paper is the Fundamental existence theorem (Theorem 4.1) formulated in
terms of canonical parameters, which states that any surface in R* is determined up to a motion by four
geometrically determined functions. Finally, we give some examples that demonstrate our theory.

2. Preliminaries

We consider surfaces in the 4-dimensional Euclidean space R* endowed with the standard flat metric
(.,.). If M? is a 2-dimensional surface in R?*, then (.,.) induces a Riemannian metric g on M?. Denote by
V’ and V the Levi Civita connections on R* and M?, respectively. We use the notation o for the second
fundamental tensor of the surface, i.e.

Viy =Viy +o(x,y)
for any tangent vector fields x and y.

Let M? : z = z(u,v), (4,0) € D (D C R?) be a local parametrization of a 2-dimensional surface in R* and
denote by E, F, G the coefficients of the first fundamental form of M?. Let {ny, 1,5} be an orthonormal frame
field of the normal bundle. Then, we have the following derivative formulas

_ 7l 2 1 2
zyy = T'jy2zu + T 20 + 0 ym + ¢ 12,
_Tl 2 1 2
Zup = Flzzu + Flzzv + cm + CpNa,
_ 7l 2 1 2
Zyo = Uoyzy + 15,20 + Coon1 + C5,12,

l"i,‘j being the Christofel’s symbols and ci.‘]., i, j,k = 1,2 being smooth functions on M?. The coefficients of the

second fundamental form of M? in R*, defined in [5, 7], are given by

1 2 12 12
[= 2 G M= 1 ‘n n | N 2 €1 €D
VEG-F2 | ¢}, ¢, | VEG-F2| ¢}, &, | VEG-F2| ¢ ¢,

It is proved in [5] that L = M = N = 0 if and only if M? is contained in a hyperplane of R* or M? is a
developable ruled surface.

A Weingarten-type linear map y is defined in the tangent space at any point of the surface, see [5, 7].
This map generates two invariant functions k and x which are related to the coefficients of the first and the
second fundamental forms by the formulas

LN - M?

k= dety = _ EN-2FM +GL

1
il = _—¢ =
EG-F2’ T 2TV T TG o)

Since y is a symmetric linear operator, we have x*> — k > 0 and »? — k = 0 if and only if (see [5])

L=pE, M = pF, N = pG (p € R).
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It is proved also that the invariant x coincides with the curvature of the normal connection (normal
curvature) of the surface.

The minimal surfaces (surfaces whose mean curvature vector vanishes at each point) are characterized
by the equality x> — k = 0 at each point [5]. A result of Eisenhart [4] shows that the class of minimal
super-conformal? surfaces in IR* is locally equivalent to the class of holomorphic curves in C2 = R*. The
Gauss curvature K and the curvature of the normal connection x of any minimal non-super-conformal
surface parametrized by special isothermal parameters satisfy the following system of partial differential
equations [13]:

(K2 = 5®)i Aln(K® - x%) = 8K

_ (2.1)
(K2 - 32)k A1n§+ i = —4x
2 2
where A = 52 32 is the Laplace operator.

Further, we consider surfaces in R* free of minimal points, i.e. #> —k > 0 at any point. As in the classical
differential geometry of surfaces in R?, the second fundamental form determines principal tangents and
principal lines. The surface is parametrized with respect to the principal lines if and only if F = M = 0.

In [5], a geometrically determined orthonormal frame field {x, y, b, I} is introduced in a neighbourhood
of each point of the surface in the following way. Assume that the surface is parametrized by the principal

Zu Zy . . . .
—, = ——. Since the mean curvature vector field H # 0, we consider the unit
VB TNE

normal vector field b defined by b = T Denote by ! the unit normal vector field such that {x,y,b,1} is
a positively oriented orthonormal frame field of M?. Thus, in a neighbourhood of each point p € M?* we
have a geometrically determined orthonormal frame field {x, y, b, I}, with respect to which the following
Frenet-type derivative formulas hold true:

lines and denote x =

Vix= Y1y +11b Vib= —-vix -Ay +B1l

Viy= —-yix +Ab + ul Vib= -Ax —vy +p2! 22)
Vix = —y2y  +Ab+ul Vil= —uy —pib

Viy= yx +v2b Vil= —ux —B2b

where v1,v2, 71,72, b1, P2, A, i are smooth functions determined by the geometric frame field {x, y,b,1}. We
call these functions geometric functions of the surface. Then, it can easily be obtained (see [5]) that

k=—dvivp?,  u=@wi-wu, K=viv—-A2+4?),

K being the Gauss curvature of M2, The functions y1 and ), are expressed in terms of the coefficients of the
first fundamental form by the formulas

__(VE) __ (o
VEvG T TVEVE

and the length of the mean curvature vector H is

V1= (23)

n2—k

H| =
lIH] 20

DSurfaces whose ellipse of normal curvature at each point is a circle.
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Note that p # 0 for surfaces free of minimal points.

The functions v1, v, 1, Y2, 1, P2, A, u satisty the following conditions (see (5.3) in [5] or (9) in [7]):

[Ju
VE '

Ho
\/E 7
20ya + ppr = (vi —v2)y1 =

2[,[)/2 + Vlﬁz — /\ﬁl

2‘1.1’)/1 - /\ﬂz + Vzﬁl =
Ay (1)o .

- 7

%
2Ay1 + pPa + (vi —v2)y2 = —

ok O (0 4 (o)

VE ) )
YiP1—Y2f2 + (Vi — vy = (.B\;_H (,i/l_v

e
+
mfﬁ

vive — (A% + yz) =

11906

2.4)

Moreover, it is proved that these eight functions v1,v2, 71,72, B1, B2, A, it under some natural conditions
determine the surface up to a motion in R* (see [7], Theorem 4.1). This is the so-called Bonnet-type
Fundamental theorem giving the number of functions and the number of differential equations determining

the surface up to a motion in the general case.

In the next section, we will introduce special principal parameters, which we call canonical. This allows

us to reduce up to four the number of functions and the number of PDEs determining the surface.

3. Canonical principal parameters

We suppose that the surface is nowhere minimal (i.e. H does not vanish) and is parametrized by

principal parameters.
Using (2.3) and (2.4) we obtain the following equalities:

(VO).
"VEVG
LV

VEVG
(VG)u (VE)o _ Au _ (v)o
VEVG VEVG VE G
e R

+vif2 — Ap1 =#—\;IE;

— A2 +vap =%;

-2A + ‘uﬁl + (V1 - 1/2)

-2A

From the last two equations of (3.1) we get

51 (YO (VE)o , A _ o
YEVG VEG NE VG
51 VE) o )(«Fu V2, Ay
YEVG VEVG  VE VG

ppr = —(v1—1)

up2 =

(3.1)

Hence, since p # 0, we can express 1 and 3, in terms of the other functions and replace them in the first
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two equations of (3.1). So, we obtain
VG u VE v
—(2/\2 + 2[.12 - 1/1(1/1 — Vz))—( E(); + )\(21/1 + (Vl - 1/2))( E()_?,

Ay (VZ)u (Vl)v Ay Hu
R AL ;
*”1(@ @)* (@ \/E) “VE

/\(21/2 - (v — vz))% - (2/\2 + 2y2 + (v — Vz))(\/\/EE_();

(V2)u Ay Au (v1)o ) Ho
AR AVY P
’ ( VE @)”Z(VE Nl e

In this way we derive a system of the form
(‘/E)v =f1‘/E+f2\/E}
(\/a)u =f3‘/E+f4‘/E,

which is equivalent to

VB — VG |
(ln E)v =fi+h &
(3.2)

VE
(ln \/E)u = faﬁ +fa,

where
1((A2 +422) — (A2)ovava + 2u2va(v1)o + (A201)o = 5 (1D)ov = 303)ov2) (1 —v2)

fi=- 4(A% + 22 + (A2 = 2u2 — ) (1 — v2)? — 44201, ’

fe Au(A? = v1v2)(v1 = v2) + 24 p2v2 + 23(n2)u + 3 AU2)u(v1 = 3v2) + 2447 (Vo) = i (V))u
2 4(A% + u2)? + (A2 = 2u2 — 1) (V1 — v2)? — 44201 !

o O v =) £ 2+ 20000+ A2 = 30) + 200, = A0 (3.3)
3T 4(A2 + p2)2 4+ (A2 = 202 = viva)(v1 — 12)? — 4A%vq 1y ’

142+ 122) = (A)aviva + 2021 (va)y + (A2 = 2(uP)uva = $11()) (v2 = vi)

fa=- 4(A% + 12)? + (A2 = 2p2 —vvp) (v — 12)? — 4A%1q1

By use of (3.2) we can easily prove the following result.

Lemma 3.1. The functions

@e_fu)v(fl+f2\/_vg)dv
s VE i (3.4)
VGe fo( VG )

do not depend on v and u, respectively.
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Lemma 3.1 implies that for an arbitrary point (19, v9) and for any constants cj, ¢, there exist functions
@ (1) and ¢(v) such that

o Ll s @) [l aumee

- [ (ﬂ% + f4)du - f v (ﬁ +f2%)(uo,v)dv e

We give the following definition:

(3.5)

Definition 3.2. We say that the principal parameters (u,v) of a surface free of minimal points in R* are canonical
principal parameters if the functions @(u) and Y(v) defined by (3.5) are equal to 1.

Lemma 3.3. Suppose it = ii(u), 0 = 9(v) and ily = i(up) = Uy, Og = 9(vg) = vg.Then

ef(fl +ﬁ%](a,a)da+f;[ﬁ% +f;](g,50)da

: efv: (fl +fz\/—\g)(u,v)dv+ fu: (f3\/—\/§ +f4) (1, vo)du
Proof. Note that under the change of the parameters # = ii(u), 7 = 5(v) we have
VE=VEa,; VG=+GCa,
which imply that

fiu,0) = fi(aw),0(0) 0y;  folu,v) = f(A(u), 5(v)) y;
fu,0) = f5(au), 0(0) 0y;  fa(u,v) = fa(@(u), 5(0)) iy

Then, we obtain

(fi + fz\/—\/g)(u, v) =(h+ fz%)(ﬁ(u)r Z7(0))% ;
(f3\/—\/§ + fa)(u,0) = (f_s\/—\/g + fa)(@au), @(v))% :
Hence,
efv: (f1 +f2%)(u,v)dv+ fuo (f3\/—\/§ +f4)(u,vo)du i
_, fvo U [ﬁ +f2\/—g](ﬂ(u), 5(0))%510 + fu : (ﬁ% + fi] (i1(u), 77(00))2—5@ i
_ efv_:[f} +f_2\/—\/§](ﬁ,z7)dz7+ fu: (f;\/—\/g +f;] (11, Do)dii |
O

Proposition 3.4. Each surface free of minimal points locally admits canonical principal parameters.
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Proof. Given a pair of principal parameters (1, v) we introduce new parameters i, ¢ by the formulas

ﬂ:f“ \/Ee—fvov(ﬁ +f2\/—\/g)dv—fu:(f3% +f4)(u,vo)du+c1

+ up,

0= fvv ‘/Ee_ j: (f3\/_\/§ +f4)du B fv: (fl +f2\/_‘/§)(u0’v)dv e +7,

or equivalently,
ﬁ:f eu)du + ug ; ﬁ:f Y()dv + vy .
Uuo Vo

Then # = di(u) and o = 9(v), so the new parameters i, 0 are also principal. Moreover, iy = (ug) = Uy,
79 = 0(vy) = vo. Then

7

7, = \/Eg_fl,: (ﬁ’% +f4)d”_fv:(f1 +f2\/—\/§)(uo,v)dv+c2'

Using Lemma 3.3 we have

o 5 [

(#1u)?

fv_:(ﬁ +ﬁ\/—g](a,5)dz‘;+ﬁj[ﬁ‘/—\/§ +f;](a,z70)da—c1

and hence @(i1) = 1. In a similar way, we obtain that ¢/(5) = 1. So, the parameters (i1, 0) are canonical. [

=e€

Lemma 3.5. If (u,v) and (i1, ©) are canonical principal parameters in a neighbourhood of a point p, then
o= *u + Uy, 0 =0+ 7,

or
=0+ vg; O==xu+ugy.

Proof. Since both pairs (1, v) and (#, 7) are principal parameters, one of the following cases is possible:

a=1(u), v=79);

or
i =1(v), 0=79(u).
Suppose that @ = ii(u), o = 9(v). Using Lemma 3.3 we obtain

7 f +ﬁ\/—g](ﬂ,ﬁ)dﬁ—j: (ﬁ\/—\/z +f;)(a,z70)da+c1
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VE

1 G U
_ Mefvo (ﬁ +f2\/—\/;)(u,v)dv—j;o (f3ﬁ +f4) (u, vo)du + c1 _
V (i)

) 1

T

and hence we get i = +u + 1y. Analogously, we obtain ¢ = +v + vj.
In a similar way, in the other case we get it = tv +vy; 0= tu +uy. O

4. Fundamental Theorem in terms of canonical principal parameters

According to Definition 3.2, in the case of canonical principal parameters (1, v) we have

\/E:efvov(fl +f2%)dv+fb:(f3% +f4)(u,vo)du—c1

o L 3G

and hence,

7 VE )
= e
VE(u,vp) = eju; (fS N + fa| (u, vo)du — ¢

U VE )
= o) —
\/a(u,vo) =€>[U‘o (f3 e + fa|(u,v0)du — ca

The last two expressions imply
(\ / g) (1, v9) = €27 =: ¢ = const,

(cfs + fa) (u,vo)du —c
\/E(u,vo)ze i 3+ fa 0 1

VG(ug,v) = ef;: (fl + %fz)(uo, 0)dv — ¢

and hence

Analogously, we obtain

Denote
(cfs + f2) (u, v0)du — c1
91(1/[) = evio
° 1
92(v) = e»fvn (fl i ;fz) (o, V)dv = 2

11910

“.1)

Now, we shall prove the following Bonet-type fundamental theorem in terms of canonical principal

parameters.
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Theorem 4.1. Let v1(u,0), vo(u,v), A(u,0), and u(u,v) (u # 0) be smooth functions defined in a domain D, D C R?
and fi(u,v),i=1,2,3,4 be defined by formulas (3.3). Let @(u,v), Y (u, v) be a solution to the Cauchy problem

$o = L9+ fay;
Vu = i + falh; p(u,v0) = g1(u); P(uo,v) = g2(v),

where g1(u) and g»(v) are defined by (4.1). Suppose that the following equations are satisfied:

e (5] fres3)

A l,bu V1 —V2 Qv Ay (Vl)v %
e (Y nn )
PP = vl WY Y w9,
_(Zéﬁ_‘_uﬂ_@f_kﬁ)
He T w e wog 4,

4.2)

Then, there exists a unique (up to a position in R*) surface parametrized by canonical principal parameters (u, v) with
geometric functions v1(u, v), vo(u,v), A(u,v), u(u,v).

Proof. Let vi(u,v), vo(u,v), A(u,v), and u(u, v) be smooth functions, fi(u,v), i = 1,2,3,4 be determined by
formulas (3.3), and g1(#) and g»(v) be defined by (4.1). Let us consider the following Cauchy problem
Po = hip+ foyp
4.3
Yu = fap + fap (4.3)

P, v9) = g1(u)

(o, 0) = g2(0) (44)

Note that this is an initial value problem for a canonical hyperbolic system of PDEs (see e.g. [12]) and
thus system (4.3) determines (at least locally) functions ¢(u, v) and (1, v) satisfying the initial conditions
(4.4).

We define the functions E = ¢?, G = ¢?, and

y1=—(\®”‘ yzz_(\/é)u' (4.5)
VEVG' VEVG' |
(4.6)

B = ﬁ @0+ (1 — V2 — (1)t + Aop).

Now, the right hand side of the first equation of (4.2) is expressed as

1 (((@)v)+((«/5)u]):

VEGI VG ), U VE ),
_ 1 (_(«/E>w+<«/ﬁ>v<@v_<\/é>w+<«/E>u<«/6>u):
VEG( VG G VE E
1
G

(r1)o + %(Vz)u — (0 + (2)?) -
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So, the first equation of (4.2) can be written as

b2 = (0 + ) = <=+ =0 = (0 + 027),

VBTG

which is exactly the fifth equation of (2.4).
Analogously, using the second equation of (4.2) we obtain

(f;()_;v - 71p1 — ({3; + 22,

(1 =)y =

which is exactly the last equation of (2.4).
On the other hand, by a straightforward calculation we can see that (4.5) and (4.6) imply that the first four
equations of (2.4) are fulfilled. Consequently, system (2.4) is satisfied. Moreover, the following inequalities
hold:
Hu Uy
>0; >
2#)/2 + Vlﬁz - /\ﬁl Z[J)/l + V2‘61 - Aﬁz

Now, the statement follows from Theorem 4.1in [7]. O

0.

The meaning of this theorem is that each surface in the Euclidean space R* is determined up to a motion
(a position in the space) by four smooth functions v1(u, v), v2(u, v), A(u,v), u(u,v), u # 0, satisfying a system
of PDEs. Moreover, the parameters (i, v) are the canonical principal parameters of the surface.

5. The case of minimal surfaces

Until now we supposed that the surface is nowhere minimal (i.e. H does not vanish) and is parametrized
by principal parameters. Special isothermal parameters were introduced on any minimal surface by Itoh
in [11] and these parameters were used to prove that the minimal non-super-conformal surfaces in R* are
determined up to a motion by the Gaussian curvature and the normal curvature satisfying system (2.1).

An equivalent system satisfied by two invariant functions y and v is derived in [6] on the base of the
so-called canonical parameters which have the same geometrical meaning as the parameters of Itoh. The
Frenet-type derivative formulas obtained in [6] for minimal surfaces can be obtained as a special case of
formulas (2.2) in this paper, when we take A = 0 and v = vy = —vy,.

The parameters (1, v) of a minimal surface are said to be canonical (see [6]), if

EJlu2 =12 =1; GAlluz—v?=1.

On the other hand, it is easy to see that if A = 0, v = v; = —v;, then the functions fi, f,, f3, f1+ defined by
(3.3), get the following form

(#2 - Vz)v ((uz - Vz)u
flz—m; fo=f3=0; f4=—m~

Hence, forc; = ¢, = %(ln I/J2 —12|)(ug, vo) the squares of the functions in (3.5) take the form

E \[lu? —v?; G Jlu? 2.

So, the definition of canonical parameters of minimal surfaces given in [6] can be considered as a special
case of our definition of canonical principal parameters in the general case of surfaces in R*. Then, Theorem
6.4 in [6] determining the minimal surfaces in terms of two invariant functions v and p can be obtained as
a particular case of Theorem 4.1.
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6. The case of surfaces with parallel normalized mean curvature vector field

Let M? be a surface with parallel normalized mean curvature vector field. As proved in [9], it follows
that f; = f» = 0 and hence the last equation of (2.4) implies v; = v, since p # 0. Denote this function by
v := 11 = 5. Then, formulas (3.1) take the form

(VG).
e
SR
o = 2 VB
v \/E 7 (61)
A, _vvim”“- '
VG
VG e
Ao = vy A—.
Y \/E+ p

Using equations (6.1) we obtain the following expressions for the functions f;:

A2(2)y + ()0 + (o) + A4(In 2), + 24338, + A2 = v2)(An 22), + 2-Ev,)

fi=- 4(A2 + 122 — 44212 ’

2 \/_/\(AZ -2 W + [JZ( ‘/_(Vz)v +2 \/_Avu)
4VG((A2 + p2)? — A1212)

o=

2 VEAW? = v?)vo + 2 (VG(A)u + 2 VE EAvo)
4\/_(/\24_[“2)2 A212)

fa=

A2 () + 122 + (D)) + 440 g2), + 243 L, + A2 = v?)(An ), + 2 vv>

fa=- 2 2)2 _ (2 2
4(A2 + u?)? — 4%y
Then, we obtain the equalities
VG 0
h+t+—F=h= B ;
VE 2p
VE
—fat+fu=
VG 2#

Hence, if we take ¢; = In +/|p(u0, vo)l, we obtain

o) = \/Ee_fv:(fl +f2%)dv—fu: (f3\/—\/§ +f4)(u,vg)du+c1 AV m

Analogously, if c; = In +/|u(uo, vo)l, then P (v) = VG \/m
Consequently, in the case of surfaces with parallel normalized mean curvature vector field, our definition
of canonical parameters is equivalent to the definition given in [9].
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7. Examples

In this section, we give examples of surfaces, demonstrating the theory and showing how we can apply
Theorem 4.1. Each example bellow gives a rotational surface in R*.

Example 7.1. Consider the functions
11 =1; v, =1; A=0; u=1.

Using the formulas in Section 3, we obtain that the functions f; vanishidentically. Then, system (4.3) gives p(u,v) = 1,
Y (u,v) = 1. Following the proof of Theorem 4.1, we obtain

E=1; G=1; ﬁlzﬁzzo.

Now, it is easy to see that system (4.2) is satisfied. According to Theorem 4.1, a surface in R* is determined up to a
motion. Suppose that at the initial point z(0,0) = (0,0, 0, 0) we have the following positively oriented orthonormal
Sframe:

x(0,0)=(1,0,0,0);  ¥(0,0)=(0,1,0,0);

b0,0)= (0,0,1,0);  10,0)=(0,0,0,1), 7
The derivative formulas of the surface have the following form:
Xy =b b, = —x
Yu=1 by =~y
Xy =1 I, =-y (7.2)
Yo = b ZU = —-X
First of all, this system implies the vector equations
X +x=0; Xop +Xx=0. (7.3)
The first equation of (7.3) has the following general solution
x(u,v) = A1(v) cosu + Ax(v)sinu . (7.4)

Using the second equation of (7.3), we obtain the following ordinary differential equations:
Al (v) + A1(v) =0; A () +Ay(v) =0.
Using (7.1), (7.2) and (7.4), we determine the initial conditions of these equations:
A1(0)=(1,0,0,0);  Ax(0)=(0,0,1,0);
A1(0)=(0,0,0,1);  A3(0)=(0,-1,0,0).
So, we have the solutions:
A1(v) = (cosv,0,0,sinv) ; Ay(v) = (0,—sinwv,cosv,0),

and hence
x(u,v) = (Cos U cos v, — sin u sin v, Sin U COS U, COS U SIN V) .
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Since x = z,, we obtain
z(u,v) = (sinu cos v, cos U Sin v, — cos # cOs v, sin u sin v) + w(v) .
Hence, using z(0,0) = (0,0, 0, 0) we obtain w(0) = (0,0, 1,0). We have also
Y =z, = (—sinusin v, cos 1 cos v, cos u sin v, sin u cos v) + w'(v) .
On the other hand, by (7.2)
y =—=l, = =Xy, = (= sinusinv, cos u cos v, cos u sin v, sin u cos v) .
Consequently, w(v) = (0,0,1,0). Thus we get the following parametrization of the surface
S :z(u,v) = (sinucosv,cosusinv, 1 — cosu cosv,sinusinv) . (7.5)

With this example we show how we can obtain the parametrization in terms of principal canonical parameters of
a surface determined by four given functions v, v, A, and pu (u # 0).
The other invariants of the surface are

y1=72=0; k=-4; n=0; K=0.

Since » = 0, the surface M2 has flat normal connection. On the other hand, since M? is not minimal (x> —k # 0)
and A = 0, it is a non-trivial Chen surface, see [3], [10].
Example 7.2. Let us consider the surface M? given with the parametrization

z(u,v) = (ucosv, usinv, cosv,sinv) .
The coefficients of the first fundamental form are

E=1; F=0; G=1+12,

and it can easily be calculated that for the second fundamental tensor we have

O(ZMIZM) = (0/ 0/ 0/ 0) /

0(zy,zy) = ( sinv, cos v, u sin v, —u COs ZJ) ;

1
V1 + u?

0(zy,2y) = (0,0, — cos v, —sinv) .

The parametrization of the surface is principal and we can consider the following orthonormal pair (b, 1) of normal
vector fields:

b =0(zy,20); I=0(zy,zy) -
The invariants of the surface are

1 1

=0; =— A=0; =—
%1 V2 1+ 12 IS 1+ 12

u u

7/1_0/ VZ—‘m/ ﬁl_ol ﬁ2_1+u2/
1 1
k=0; = ——; K=—-—r——s5>.
T T Ay 1+ w2y

The parameters are not canonical. To switch to canonical parameters, we can set

u =sinhii; v="7.
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Example 7.3. Let the surface M? be parametrized by

z(u,v) = (cosh u cos v, cosh u sin v, cos u, sin u) .

Then
E = cosh®u ; F=0; G = cosh®u,
and '
cosv sinv . .
o(zy,zy) =|——, ——,—cosu +sinutanhu,—sinu — cosu tanh u | ;
coshu’ coshu
COS U sinv .
0(2y,20) = (——, ———  —sinutanhu, cos u tanh u) .
coshu’ coshu

Since 0(z,, z,) and 0(z,, z,) are not parallel, the parametrization is not principal. To find a principal parametrization,
we follow a standard procedure. First, using the orthonormal pair of normal vectors (a1, az) given by

a1 = 0(2y,20) ; ay = (0,0,cosu,sinu) ;

we may derive the coefficients ci‘] Then we obtain the coefficients of the second fundamental form:

L=0; M=- 12 ; N=0.
cosh” u
Since E = G, an appropriate change of the parameters is
U=T+7T; V=0—-7.

With respect to the principal parameters (i, 0) we find the coefficients of the first fundamental form
E=2cosh’(i+7); FEF=0; G=2cosh’(ii+7);
and the following orthonormal pair (b, 1) of normal vector fields:
b(@, 7) = (0, 0, — cos(ii + ), — sin(i1 + z’J)) ;

B cos(il — 7) 3 sin(ii — 9)
cosh(ii + )" cosh(ii + 7)’

I(@,0) = —sin(il + 7) tanh(ii + 7), cos(ii + 0) tanh(ii + 7)| .

Then, we obtain the invariants of the surface:

1 - 1 1
== A= =
2 cosh” (i1 + ) 2 cosh”(ii + ) cosh” (i + ?)

N T tanh(i + 7) .
1=r2=ph=p V2 cosh(ii + 7) ’
fe-— 1, %=0;, K=-—0f?

cosh® (i1 + 9) ’ cosh*(i1 + o) ‘

Since & = 0, the surface is with flat normal connection. However, the parametrization is not canonical. A pair (il, 7)
of canonical principal parameters with (ug, vo) = (0, 0) is given by

i=V2a; o=125.
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Example 7.4. Now, we consider the surface M? given with the parametrization
z(u,v) = (cos u,sinu, sinv, cos v) . (7.6)
In this case, we obtain
0(zy,z,) = (—cosu,—sinu,0,0) ; 0(zy,2,) = (0,0, —sinv, — cosv) .

Since 0(zy, zu) and 0(zy, z,) are not parallel, the parametrization is not principal. To obtain a principal parametrization
we change the parameters as follows:
u=u+7, vV=U—-70.
With respect to these parameters the coefficients of the first fundamental form are
E=2; F=0; G=2.

The orthonormal pair (b, 1) of normal vector fields is

b(i1,0) = —%( cos(it + 7), sin(i + 7), sin(ii — 7), cos(ii — 77)) ;

I(#,0) = %( — cos(il + 7), — sin(il + 7), sin(éi — 7), cos(ii — z‘))) ;

and the geometric functions of the surface are
71=72=0 P=7 L f1=p=0 A=0 i L
1=72=0; 1=V =—; 1=p2=0; =07 =—
V2 V2
k=-1; 7%=0; K=0.

In particular, the surface has flat normal connection and is a non-trivial Chen surface as in Example 7.1. Actually,
we note that the functions determining the surface in this example are proportional to the corresponding functions in
Example 7.1. In the following remark we comment on this.

Remark 7.5. Let S : z = z(u,v) be a surface in R*. For a given non-zero constant o we define a homothetic surface
S : Z(u,v) = az(u,v).

Then, it can be calculated that the geometric functions ¥1, 72, 71, 72, Bl, Bz, A, o ofgare obtained from the corresponding

functions of S by dividing with o, whereas the coefficients of the first fundamental forms are related by multiplying
with 2. In particular, if we multiply by V2 the geometric functions of the surface in Example 7.4, we obtain a
homothetic surface S which have the following geometric functions:

171:172:1,‘ 31232:0; /N\:O,' [1:1
They are equal to the corresponding invariant functions of the surface in Example 7.1. Consequently, by Theorem 4.1
it follows that these surfaces must coincide (up to a motion), whereas from their parametrizations (7.5) and (7.6) this
is not clear. However, there is a motion transforming S into the surface from Example 7.1. This motion is given by a
rotation with the following SO(4)-matrix:
01 1 0
1{0 1 -1 0

V2|1 0 0 -1

-1 0 0 1

and a translation with the vector (0,0,1,0). Note that the surface with parametrization
! (cosu,sinu, cosv,sinv)
= ,SL 7 , SL
V2

has the same invariants except for p1, which has opposite sign. The reason is that this surface has opposite orientation.
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Conclusion:

In the present paper, we introduce canonical principal parameters on the general class of surfaces in
the Euclidean 4-space R*. These parameters generalize the canonical parameters introduced for minimal
surfaces and for surfaces with parallel normalized mean curvature vector field in IR%. In terms of canonical
parameters any surface in R* is determined up to a motion by four geometrically determined functions
satisfying a system of natural PDEs. The same approach can be applied to the general class of spacelike
surfaces in the Minkowski 4-space R7.
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