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Canonical parameters on a surface in R4
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Abstract. In the present paper, we study surfaces in the four-dimensional Euclidean space R4. We
define special principal parameters, which we call canonical, on each surface without minimal points, and
prove that the surface admits (at least locally) canonical principal parameters. They can be considered
as a generalization of the canonical parameters for minimal surfaces and the canonical parameters for
surfaces with parallel normalized mean curvature vector field introduced before. We prove a fundamental
existence and uniqueness theorem formulated in terms of canonical principal parameters, which states that
the surfaces in R4 are determined up to a motion by four geometrically determined functions satisfying a
system of partial differential equations.

1. Introduction

A fundamental problem in the local theory of surfaces both in Euclidean and pseudo-Euclidean spaces
is the problem of finding a minimal number of functions, satisfying some natural conditions (differential
equations), that determine the surface up to a motion in the ambient space. This problem is solved for
minimal surfaces (surfaces with zero mean curvature) of co-dimension two in the Euclidean 4-space R4.
In [11], T. Itoh introduced special geometric parameters on any minimal surface in R4 and later they were
used by R. Tribuzy and I. Guadalupe to prove that a minimal surface in R4 is determined up to a motion
by two invariant functions (the Gaussian curvature and the normal curvature) satisfying a system of two
PDEs [13]. The same problem was solved for spacelike and timelike zero mean curvature surfaces in the
Minkowski 4-spaceR4

1 in [1] and [8], respectively. It was proved that the spacelike or timelike surfaces with
zero mean curvature in R4

1 admit (at least locally) special isothermal parameters, called canonical, such that
the two main invariants – the Gaussian curvature and the normal curvature of the surface satisfy a system
of two partial differential equations (called a system of natural PDEs). In all these cases, the number of the
invariant functions determining the surfaces and the number of the differential equations are both reduced
to two.

Another class of surfaces, different from the minimal ones, for which the number of functions and
the number of differential equations can be reduced, is the class of surfaces with parallel normalized
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mean curvature vector field. In [9], G. Ganchev and the second author proved that the surfaces with
parallel normalized mean curvature vector field (PNMCVF) in the Euclidean 4-space R4 and the spacelike
PNMCVF-surfaces in the Minkowski 4-space R4

1 can be described in terms of three functions satisfying a
system of three partial differential equations. A similar result is proved for the class of timelike surfaces with
parallel normalized mean curvature vector field in the Minkowski space R4

1, see [2]. The basic approach
to the study of PNMCVF-surfaces both in Euclidean and pseudo-Euclidean spaces is based on introducing
of special geometric parameters on each such surface which are called canonical parameters. In the case of
spacelike PNMCVF-surfaces, canonical principal parameters are introduced, while in the case of timelike
PNMCVF-surfaces in R4

1, canonical isotropic parameters are used.

In the present paper, we consider the general class of surfaces in the Euclidean 4-space R4. First we
define canonical principal parameters for these surfaces and then we prove that any surface in R4 admits
(at least locally) canonical parameters. They generalize the canonical parameters introduced for minimal
surfaces and for PNMCVF-surfaces and allow us to describe the general class of surfaces in terms of four
functions. The main result in the paper is the Fundamental existence theorem (Theorem 4.1) formulated in
terms of canonical parameters, which states that any surface in R4 is determined up to a motion by four
geometrically determined functions. Finally, we give some examples that demonstrate our theory.

2. Preliminaries

We consider surfaces in the 4-dimensional Euclidean space R4 endowed with the standard flat metric
⟨., .⟩. If M2 is a 2-dimensional surface in R4, then ⟨., .⟩ induces a Riemannian metric 1 on M2. Denote by
∇
′ and ∇ the Levi Civita connections on R4 and M2, respectively. We use the notation σ for the second

fundamental tensor of the surface, i.e.
∇
′

xy = ∇xy + σ(x, y)

for any tangent vector fields x and y.
Let M2 : z = z(u, v), (u, v) ∈ D (D ⊂ R2) be a local parametrization of a 2-dimensional surface in R4 and

denote by E, F, G the coefficients of the first fundamental form of M2. Let {n1,n2} be an orthonormal frame
field of the normal bundle. Then, we have the following derivative formulas

zuu = Γ
1
11zu + Γ

2
11zv + c1

11n1 + c2
11n2,

zuv = Γ
1
12zu + Γ

2
12zv + c1

12n1 + c2
12n2,

zvv = Γ
1
22zu + Γ

2
22zv + c1

22n1 + c2
22n2,

Γk
i j being the Christofel’s symbols and ck

i j, i, j, k = 1, 2 being smooth functions on M2. The coefficients of the
second fundamental form of M2 in R4, defined in [5, 7], are given by

L=
2

√

EG − F2

∣∣∣∣∣∣∣ c1
11 c2

11

c1
12 c2

12

∣∣∣∣∣∣∣ ; M=
1

√

EG − F2

∣∣∣∣∣∣∣ c1
11 c2

11

c1
22 c2

22

∣∣∣∣∣∣∣ ; N=
2

√

EG − F2

∣∣∣∣∣∣∣ c1
12 c2

12

c1
22 c2

22

∣∣∣∣∣∣∣ .
It is proved in [5] that L = M = N = 0 if and only if M2 is contained in a hyperplane of R4 or M2 is a
developable ruled surface.

A Weingarten-type linear map γ is defined in the tangent space at any point of the surface, see [5, 7].
This map generates two invariant functions k and κwhich are related to the coefficients of the first and the
second fundamental forms by the formulas

k = detγ =
LN −M2

EG − F2 , κ = −
1
2

traceγ =
EN − 2FM + GL

2(EG − F2)
.

Since γ is a symmetric linear operator, we have κ2
− k ≥ 0 and κ2

− k = 0 if and only if (see [5])

L = ρE , M = ρF , N = ρG (ρ ∈ R).
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It is proved also that the invariant κ coincides with the curvature of the normal connection (normal
curvature) of the surface.

The minimal surfaces (surfaces whose mean curvature vector vanishes at each point) are characterized
by the equality κ2

− k = 0 at each point [5]. A result of Eisenhart [4] shows that the class of minimal
super-conformal1) surfaces in R4 is locally equivalent to the class of holomorphic curves in C2

≡ R4. The
Gauss curvature K and the curvature of the normal connection κ of any minimal non-super-conformal
surface parametrized by special isothermal parameters satisfy the following system of partial differential
equations [13]:

(K2
− κ2)

1
4 ∆ ln(K2

− κ2) = 8K

(K2
− κ2)

1
4 ∆ ln

K − κ
K + κ

= −4κ
(2.1)

where ∆ =
∂2

∂u2 +
∂2

∂v2 is the Laplace operator.

Further, we consider surfaces inR4 free of minimal points, i.e. κ2
− k > 0 at any point. As in the classical

differential geometry of surfaces in R3, the second fundamental form determines principal tangents and
principal lines. The surface is parametrized with respect to the principal lines if and only if F =M = 0.

In [5], a geometrically determined orthonormal frame field {x, y, b, l} is introduced in a neighbourhood
of each point of the surface in the following way. Assume that the surface is parametrized by the principal

lines and denote x =
zu
√

E
, y =

zv
√

G
. Since the mean curvature vector field H , 0, we consider the unit

normal vector field b defined by b =
H
∥H∥

. Denote by l the unit normal vector field such that {x, y, b, l} is

a positively oriented orthonormal frame field of M2. Thus, in a neighbourhood of each point p ∈ M2 we
have a geometrically determined orthonormal frame field {x, y, b, l}, with respect to which the following
Frenet-type derivative formulas hold true:

∇
′
xx = γ1y +ν1b

∇
′
xy = −γ1x +λb + µl

∇
′
yx = −γ2y +λb + µl

∇
′
yy = γ2x +ν2b

∇
′
xb = −ν1x −λy +β1l

∇
′
yb = −λx −ν2y +β2l

∇
′
xl = −µy −β1b

∇
′
yl = −µx −β2b

(2.2)

where ν1, ν2, γ1, γ2, β1, β2, λ, µ are smooth functions determined by the geometric frame field {x, y, b, l}. We
call these functions geometric functions of the surface. Then, it can easily be obtained (see [5]) that

k = −4ν1ν2µ
2 , κ = (ν1 − ν2)µ , K = ν1ν2 − (λ2 + µ2) ,

K being the Gauss curvature of M2. The functions γ1 and γ2 are expressed in terms of the coefficients of the
first fundamental form by the formulas

γ1 = −
(
√

E)v
√

E
√

G
, γ2 = −

(
√

G)u
√

E
√

G
, (2.3)

and the length of the mean curvature vector H is

∥H∥ =

√

κ2 − k
2|µ|

.

1)Surfaces whose ellipse of normal curvature at each point is a circle.
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Note that µ , 0 for surfaces free of minimal points.
The functions ν1, ν2, γ1, γ2, β1, β2, λ, µ satisfy the following conditions (see (5.3) in [5] or (9) in [7]):

2µγ2 + ν1β2 − λβ1 =
µu
√

E
;

2µγ1 − λβ2 + ν2β1 =
µv
√

G
;

2λγ2 + µβ1 − (ν1 − ν2)γ1 =
λu
√

E
−

(ν1)v
√

G
;

2λγ1 + µβ2 + (ν1 − ν2)γ2 = −
(ν2)u
√

E
+
λv
√

G
;

ν1ν2 − (λ2 + µ2) =
(γ2)u
√

E
+

(γ1)v
√

G
−

(
(γ1)2 + (γ2)2) ;

γ1β1 − γ2β2 + (ν1 − ν2)µ = −
(β2)u
√

E
+

(β1)v
√

G
.

(2.4)

Moreover, it is proved that these eight functions ν1, ν2, γ1, γ2, β1, β2, λ, µ under some natural conditions
determine the surface up to a motion in R4 (see [7], Theorem 4.1). This is the so-called Bonnet-type
Fundamental theorem giving the number of functions and the number of differential equations determining
the surface up to a motion in the general case.

In the next section, we will introduce special principal parameters, which we call canonical. This allows
us to reduce up to four the number of functions and the number of PDEs determining the surface.

3. Canonical principal parameters

We suppose that the surface is nowhere minimal (i.e. H does not vanish) and is parametrized by
principal parameters.

Using (2.3) and (2.4) we obtain the following equalities:

−2µ
(
√

G)u
√

E
√

G
+ ν1β2 − λβ1 =

µu
√

E
;

−2µ
(
√

E)v
√

E
√

G
− λβ2 + ν2β1 =

µv
√

G
;

−2λ
(
√

G)u
√

E
√

G
+ µβ1 + (ν1 − ν2)

(
√

E)v
√

E
√

G
=
λu
√

E
−

(ν1)v
√

G
;

−2λ
(
√

E)v
√

E
√

G
+ µβ2 − (ν1 − ν2)

(
√

G)u
√

E
√

G
= −

(ν2)u
√

E
+
λv
√

G
.

(3.1)

From the last two equations of (3.1) we get

µβ1 = 2λ
(
√

G)u
√

E
√

G
− (ν1 − ν2)

(
√

E)v
√

E
√

G
+
λu
√

E
−

(ν1)v
√

G
;

µβ2 = 2λ
(
√

E)v
√

E
√

G
+ (ν1 − ν2)

(
√

G)u
√

E
√

G
−

(ν2)u
√

E
+
λv
√

G
.

Hence, since µ , 0, we can express β1 and β2 in terms of the other functions and replace them in the first
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two equations of (3.1). So, we obtain

−

(
2λ2 + 2µ2

− ν1(ν1 − ν2)
) (
√

G)u
√

EG
+ λ

(
2ν1 + (ν1 − ν2)

) (
√

E)v
√

EG

+ν1

(
λv
√

G
−

(ν2)u
√

E

)
+ λ

(
(ν1)v
√

G
−
λu
√

E

)
= µ

µu
√

E
;

λ
(
2ν2 − (ν1 − ν2)

) (
√

G)u
√

EG
−

(
2λ2 + 2µ2 + ν2(ν1 − ν2)

) (
√

E)v
√

EG

+λ

(
(ν2)u
√

E
−
λv
√

G

)
+ ν2

(
λu
√

E
−

(ν1)v
√

G

)
= µ

µv
√

G
.

In this way we derive a system of the form(√
E
)

v
= f1
√

E + f2
√

G ;(√
G
)

u
= f3
√

E + f4
√

G ,

which is equivalent to(
ln
√

E
)

v
= f1 + f2

√
G
√

E
;

(
ln
√

G
)

u
= f3

√
E
√

G
+ f4 ,

(3.2)

where

f1=−
1
2

(
(λ2 + µ2)2

)
v
− (λ2)vν1ν2 + 2µ2ν2(ν1)v +

(
λ2(ν1)v −

1
2 (µ2)vν1 −

1
2 (ν2

1)vν2

)
(ν1 − ν2)

4(λ2 + µ2)2 + (λ2 − 2µ2 − ν1ν2)(ν1 − ν2)2 − 4λ2ν1ν2
;

f2=
λu(λ2

− ν1ν2)(ν1 − ν2) + 2λuµ2ν2 + 2λ3(ν2)u +
1
2λ(µ2)u(ν1 − 3ν2) + 2λµ2(ν2)u − λν1(ν2

2)u

4(λ2 + µ2)2 + (λ2 − 2µ2 − ν1ν2)(ν1 − ν2)2 − 4λ2ν1ν2
;

f3=
λv(λ2

− ν1ν2)(ν2 − ν1) + 2λvµ2ν1 + 2λ3(ν1)v +
1
2λ(µ2)v(ν2 − 3ν1) + 2λµ2(ν1)v − λ(ν2

1)vν2

4(λ2 + µ2)2 + (λ2 − 2µ2 − ν1ν2)(ν1 − ν2)2 − 4λ2ν1ν2
;

f4=−
1
2

(
(λ2 + µ2)2

)
u
− (λ2)uν1ν2 + 2µ2ν1(ν2)u +

(
λ2(ν2)u −

1
2 (µ2)uν2 −

1
2ν1(ν2

2)u

)
(ν2 − ν1)

4(λ2 + µ2)2 + (λ2 − 2µ2 − ν1ν2)(ν1 − ν2)2 − 4λ2ν1ν2
.

(3.3)

By use of (3.2) we can easily prove the following result.

Lemma 3.1. The functions

√
E e
−

∫ v

v0

(
f1 + f2

√
G
√

E

)
dv

√
G e
−

∫ u

u0

(
f3

√
E
√

G
+ f4

)
du

(3.4)

do not depend on v and u, respectively.
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Lemma 3.1 implies that for an arbitrary point (u0, v0) and for any constants c1, c2 there exist functions
φ(u) and ψ(v) such that

√

Ee
−

∫ v

v0

(
f1 + f2

√
G
√

E

)
dv −

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du + c1

= φ(u) ;

√

Ge
−

∫ u

u0

(
f3

√
E
√

G
+ f4

)
du −

∫ v

v0

(
f1 + f2

√
G
√

E

)
(u0, v)dv + c2

= ψ(v) .

(3.5)

We give the following definition:

Definition 3.2. We say that the principal parameters (u, v) of a surface free of minimal points in R4 are canonical
principal parameters if the functions φ(u) and ψ(v) defined by (3.5) are equal to 1.

Lemma 3.3. Suppose ū = ū(u), v̄ = v̄(v) and ū0 = ū(u0) = u0, v̄0 = v̄(v0) = v0.Then

e

∫ v̄

v̄0

 f̄1 + f̄2

√

Ḡ
√

Ē

 (ū, v̄)dv̄ +
∫ ū

ū0

 f̄3

√

Ē
√

Ḡ
+ f̄4

 (ū, v̄0)dū

= e

∫ v

v0

(
f1 + f2

√
G
√

E

)
(u, v)dv +

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du

Proof. Note that under the change of the parameters ū = ū(u), v̄ = v̄(v) we have

√

E =
√

Ē ūu;
√

G =
√

Ḡ v̄v,

which imply that

f1(u, v) = f̄1(ū(u), v̄(v)) v̄v; f2(u, v) = f̄2(ū(u), v̄(v)) ūu;

f3(u, v) = f̄3(ū(u), v̄(v)) v̄v; f4(u, v) = f̄4(ū(u), v̄(v)) ūu.

Then, we obtain

( f1 + f2

√
G
√

E
)(u, v) = ( f̄1 + f̄2

√

Ḡ
√

Ē
)(ū(u), v̄(v))

dv̄
dv

;

( f3

√
E
√

G
+ f4)(u, v) = ( f̄3

√

Ē
√

Ḡ
+ f̄4)(ū(u), v̄(v))

dū
du

.

Hence,

e

∫ v

v0

(
f1 + f2

√
G
√

E

)
(u, v)dv +

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du

=

= e

∫ v

v0

 f̄1 + f̄2

√

Ḡ
√

Ē

 (ū(u), v̄(v))
dv̄
dv

dv +
∫ u

u0

 f̄3

√

Ē
√

Ḡ
+ f̄4

 (ū(u), v̄(v0))
dū
du

du
=

= e

∫ v̄

v̄0

 f̄1 + f̄2

√

Ḡ
√

Ē

 (ū, v̄)dv̄ +
∫ ū

ū0

 f̄3

√

Ē
√

Ḡ
+ f̄4

 (ū, v̄0)dū
.

Proposition 3.4. Each surface free of minimal points locally admits canonical principal parameters.
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Proof. Given a pair of principal parameters (u, v) we introduce new parameters ū, v̄ by the formulas

ū =
∫ u

u0

√

Ee
−

∫ v

v0

(
f1 + f2

√
G
√

E

)
dv −

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du + c1

+ u0 ;

v̄ =
∫ v

v0

√

Ge
−

∫ u

u0

(
f3

√
E
√

G
+ f4

)
du −

∫ v

v0

(
f1 + f2

√
G
√

E

)
(u0, v)dv + c2

+ v0 ,

or equivalently,

ū =
∫ u

u0

φ(u)du + u0 ; v̄ =
∫ v

v0

ψ(v)dv + v0 .

Then ū = ū(u) and v̄ = v̄(v), so the new parameters ū, v̄ are also principal. Moreover, ū0 = ū(u0) = u0,
v̄0 = v̄(v0) = v0. Then

ūu =
√

Ee
−

∫ v

v0

(
f1 + f2

√
G
√

E

)
dv −

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du + c1

;

v̄v =
√

Ge
−

∫ u

u0

(
f3

√
E
√

G
+ f4

)
du −

∫ v

v0

(
f1 + f2

√
G
√

E

)
(u0, v)dv + c2

.

Using Lemma 3.3 we have

√
E =

√
E

(ūu)2 = e

∫ v

v0

(
f1 + f2

√
G
√

E

)
dv +

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du − c1

= e

∫ v̄

v̄0

 f̄1 + f̄2

√

Ḡ
√

Ē

 (ū, v̄)dv̄ +
∫ ū

ū0

 f̄3

√

Ē
√

Ḡ
+ f̄4

 (ū, v̄0)dū − c1

and hence φ̄(ū) = 1. In a similar way, we obtain that ψ̄(v̄) = 1. So, the parameters (ū, v̄) are canonical.

Lemma 3.5. If (u, v) and (ū, v̄) are canonical principal parameters in a neighbourhood of a point p, then

ū = ±u + u0; v̄ = ±v + v0,

or
ū = ±v + v0; v̄ = ±u + u0 .

Proof. Since both pairs (u, v) and (ū, v̄) are principal parameters, one of the following cases is possible:

ū = ū(u), v̄ = v̄(v);

or
ū = ū(v), v̄ = v̄(u).

Suppose that ū = ū(u), v̄ = v̄(v). Using Lemma 3.3 we obtain

1 = φ̄(ū, v̄) =
√

Ee
−

∫ v̄

v̄0

 f̄1 + f̄2

√

Ḡ
√

Ē

 (ū, v̄)dv̄ −
∫ ū

ū0

 f̄3

√

Ē
√

Ḡ
+ f̄4

 (ū, v̄0)dū + c1

=
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=

√
E(u, v0)

(ūu)2 e
−

∫ v

v0

(
f1 + f2

√
G
√

E

)
(u, v)dv −

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du + c1

=

=
φ(u)
|ūu|

=
1
|ūu|

and hence we get ū = ±u + u0. Analogously, we obtain v̄ = ±v + v0.
In a similar way, in the other case we get ū = ±v + v0; v̄ = ±u + u0.

4. Fundamental Theorem in terms of canonical principal parameters

According to Definition 3.2, in the case of canonical principal parameters (u, v) we have

√

E = e

∫ v

v0

(
f1 + f2

√
G
√

E

)
dv +

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du − c1

√

G = e

∫ u

u0

(
f3

√
E
√

G
+ f4

)
du +

∫ v

v0

(
f1 + f2

√
G
√

E

)
(u0, v)dv − c2

and hence,

√

E(u, v0) = e

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du − c1

√

G(u, v0) = e

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du − c2

The last two expressions imply 
√

E
G

 (u, v0) = ec2−c1 =: c = const,

and hence

√

E(u, v0) = e

∫ u

u0

(
c f3 + f4

)
(u, v0)du − c1

Analogously, we obtain

√

G(u0, v) = e

∫ v

v0

(
f1 +

1
c

f2
)

(u0, v)dv − c2

Denote

11(u) = e

∫ u

u0

(
c f3 + f4

)
(u, v0)du − c1

12(v) = e

∫ v

v0

(
f1 +

1
c

f2
)

(u0, v)dv − c2

(4.1)

Now, we shall prove the following Bonet-type fundamental theorem in terms of canonical principal
parameters.



O. Kassabov, V. Milousheva / Filomat 39:33 (2025), 11903–11918 11911

Theorem 4.1. Let ν1(u, v), ν2(u, v), λ(u, v), and µ(u, v) (µ , 0) be smooth functions defined in a domainD,D ⊂ R2

and fi(u, v), i = 1, 2, 3, 4 be defined by formulas (3.3). Let φ(u, v), ψ(u, v) be a solution to the Cauchy problem

φv = f1φ + f2ψ;

ψu = f3φ + f4ψ; φ(u, v0) = 11(u); ψ(u0, v) = 12(v),

where 11(u) and 12(v) are defined by (4.1). Suppose that the following equations are satisfied:

ν1ν2 − (λ2 + µ2) = −
1
φψ

((
f1
φ

ψ
+ f2

)
v
+

(
f3 + f4

ψ

φ

)
u

)
;

φψ (ν1 − ν2)µ =
(
2
λ
µ

ψu

ψ
−
ν1 − ν2

µ

φv

ψ
+
λu

µ
−

(ν1)v

µ

φ

ψ

)
v
−

−

(
2
λ
µ

φv

φ
+
ν1 − ν2

µ

ψu

φ
−

(ν2)u

µ

ψ

φ
+
λv

µ

)
u

(4.2)

Then, there exists a unique (up to a position inR4) surface parametrized by canonical principal parameters (u, v) with
geometric functions ν1(u, v), ν2(u, v), λ(u, v), µ(u, v).

Proof. Let ν1(u, v), ν2(u, v), λ(u, v), and µ(u, v) be smooth functions, fi(u, v), i = 1, 2, 3, 4 be determined by
formulas (3.3), and 11(u) and 12(v) be defined by (4.1). Let us consider the following Cauchy problem

φv = f1φ + f2ψ

ψu = f3φ + f4ψ
(4.3)

φ(u, v0) = 11(u)

ψ(u0, v) = 12(v) (4.4)

Note that this is an initial value problem for a canonical hyperbolic system of PDEs (see e.g. [12]) and
thus system (4.3) determines (at least locally) functions φ(u, v) and ψ(u, v) satisfying the initial conditions
(4.4).

We define the functions E = φ2, G = ψ2, and

γ1 = −
(
√

E)v
√

E
√

G
; γ2 = −

(
√

G)u
√

E
√

G
; (4.5)

β1 =
1

µφψ

(
2λψu − (ν1 − ν2)φv + λuψ − (ν1)vφ

)
;

β2 =
1

µφψ

(
2λφv + (ν1 − ν2)ψu − (ν2)uψ + λvφ

)
.

(4.6)

Now, the right hand side of the first equation of (4.2) is expressed as

−
1
√

EG

 (
√

E)v
√

G


v

+

 (
√

G)u
√

E


u

 =
=

1
√

EG

− (
√

E)vv
√

G
+

(
√

E)v(
√

G)v

G
−

(
√

G)uu
√

E
+

(
√

E)u(
√

G)u

E

 =
=

1
√

G
(γ1)v +

1
√

E
(γ2)u −

(
(γ1)2 + (γ2)2

)
.



O. Kassabov, V. Milousheva / Filomat 39:33 (2025), 11903–11918 11912

So, the first equation of (4.2) can be written as

ν1ν2 − (λ2 + µ2) =
1
√

E
(γ2)u +

1
√

G
(γ1)v −

(
(γ1)2 + (γ2)2

)
,

which is exactly the fifth equation of (2.4).
Analogously, using the second equation of (4.2) we obtain

(ν1 − ν2)µ =
(β1)v
√

G
− γ1β1 −

(β2)u
√

E
+ γ2β2,

which is exactly the last equation of (2.4).
On the other hand, by a straightforward calculation we can see that (4.5) and (4.6) imply that the first four

equations of (2.4) are fulfilled. Consequently, system (2.4) is satisfied. Moreover, the following inequalities
hold:

µu

2µγ2 + ν1β2 − λβ1
> 0 ;

µv

2µγ1 + ν2β1 − λβ2
> 0 .

Now, the statement follows from Theorem 4.1 in [7].

The meaning of this theorem is that each surface in the Euclidean spaceR4 is determined up to a motion
(a position in the space) by four smooth functions ν1(u, v), ν2(u, v), λ(u, v), µ(u, v), µ , 0, satisfying a system
of PDEs. Moreover, the parameters (u, v) are the canonical principal parameters of the surface.

5. The case of minimal surfaces

Until now we supposed that the surface is nowhere minimal (i.e. H does not vanish) and is parametrized
by principal parameters. Special isothermal parameters were introduced on any minimal surface by Itoh
in [11] and these parameters were used to prove that the minimal non-super-conformal surfaces in R4 are
determined up to a motion by the Gaussian curvature and the normal curvature satisfying system (2.1).

An equivalent system satisfied by two invariant functions µ and ν is derived in [6] on the base of the
so-called canonical parameters which have the same geometrical meaning as the parameters of Itoh. The
Frenet-type derivative formulas obtained in [6] for minimal surfaces can be obtained as a special case of
formulas (2.2) in this paper, when we take λ = 0 and ν = ν1 = −ν2.

The parameters (u, v) of a minimal surface are said to be canonical (see [6]), if

E
√
|µ2 − ν2| = 1 ; G

√
|µ2 − ν2| = 1 .

On the other hand, it is easy to see that if λ = 0, ν = ν1 = −ν2, then the functions f1, f2, f3, f4 defined by
(3.3), get the following form

f1 = −
(µ2
− ν2)v

4(µ2 − ν2)
; f2 = f3 = 0 ; f4 = −

(µ2
− ν2)u

4(µ2 − ν2)
.

Hence, for c1 = c2 =
1
4 (ln |µ2

− ν2
|)(u0, v0) the squares of the functions in (3.5) take the form

E
√
|µ2 − ν2| ; G

√
|µ2 − ν2| .

So, the definition of canonical parameters of minimal surfaces given in [6] can be considered as a special
case of our definition of canonical principal parameters in the general case of surfaces inR4. Then, Theorem
6.4 in [6] determining the minimal surfaces in terms of two invariant functions ν and µ can be obtained as
a particular case of Theorem 4.1.
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6. The case of surfaces with parallel normalized mean curvature vector field

Let M2 be a surface with parallel normalized mean curvature vector field. As proved in [9], it follows
that β1 = β2 = 0 and hence the last equation of (2.4) implies ν1 = ν2, since µ , 0. Denote this function by
ν := ν1 = ν2. Then, formulas (3.1) take the form

µu = −2µ
(
√

G)u
√

G
;

µv = −2µ
(
√

E)v
√

E
;

λu = νv

√
E
√

G
+ λ

µu

µ
;

λv = νu

√
G
√

E
+ λ

µv

µ
.

(6.1)

Using equations (6.1) we obtain the following expressions for the functions fi:

f1 = −
λ2(µ2)v + µ2((µ2)v + (ν2)v) + λ4(lnµ2)v + 2λ3

√
G
√

E
νu + λ(µ2

− ν2)(λ(lnµ2)v + 2
√

G
√

E
νu)

4(λ2 + µ2)2 − 4λ2ν2 ;

f2 =
2
√

Gλ(λ2
− ν2)νu + µ2(

√
E(ν2)v + 2

√
Gλνu)

4
√

G((λ2 + µ2)2 − λ2ν2)
;

f3 =
2
√

Eλ(λ2
− ν2)νv + µ2(

√
G(ν2)u + 2

√
Eλνv)

4
√

E((λ2 + µ2)2 − λ2ν2)
;

f4 = −
λ2(µ2)u + µ2((µ2)u + (ν2)u) + λ4(lnµ2)u + 2λ3

√
E
√

G
νv + λ(µ2

− ν2)(λ(lnµ2)u + 2
√

E
√

G
νv)

4(λ2 + µ2)2 − 4λ2ν2 .

Then, we obtain the equalities

f1 +
√

G
√

E
f2 = −

µv

2µ
;

√
E
√

G
f3 + f4 = −

µu

2µ
.

Hence, if we take c1 = ln
√
|µ(u0, v0)|, we obtain

φ(u) =
√

E e
−

∫ v

v0

(
f1 + f2

√
G
√

E

)
dv −

∫ u

u0

(
f3

√
E
√

G
+ f4

)
(u, v0)du + c1

=
√

E
√
|µ| .

Analogously, if c2 = ln
√
|µ(u0, v0)|, then ψ(v) =

√
G

√
|µ|.

Consequently, in the case of surfaces with parallel normalized mean curvature vector field, our definition
of canonical parameters is equivalent to the definition given in [9].
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7. Examples

In this section, we give examples of surfaces, demonstrating the theory and showing how we can apply
Theorem 4.1. Each example bellow gives a rotational surface in R4.

Example 7.1. Consider the functions

ν1 = 1 ; ν2 = 1 ; λ = 0 ; µ = 1 .

Using the formulas in Section 3, we obtain that the functions fi vanish identically. Then, system (4.3) givesφ(u, v) = 1,
ψ(u, v) = 1. Following the proof of Theorem 4.1, we obtain

E = 1 ; G = 1 ; β1 = β2 = 0 .

Now, it is easy to see that system (4.2) is satisfied. According to Theorem 4.1, a surface in R4 is determined up to a
motion. Suppose that at the initial point z(0, 0) = (0, 0, 0, 0) we have the following positively oriented orthonormal
frame:

x(0, 0) = (1, 0, 0, 0) ; y(0, 0) = (0, 1, 0, 0) ;

b(0, 0) = (0, 0, 1, 0) ; l(0, 0) = (0, 0, 0, 1) . (7.1)

The derivative formulas of the surface have the following form:

xu = b bu = −x

yu = l bv = −y

xv = l lu = −y

yv = b lv = −x

(7.2)

First of all, this system implies the vector equations

xuu + x = 0 ; xvv + x = 0 . (7.3)

The first equation of (7.3) has the following general solution

x(u, v) = A1(v) cos u + A2(v) sin u . (7.4)

Using the second equation of (7.3), we obtain the following ordinary differential equations:

A′′1 (v) + A1(v) = 0 ; A′′2 (v) + A2(v) = 0 .

Using (7.1), (7.2) and (7.4), we determine the initial conditions of these equations:

A1(0) = (1, 0, 0, 0) ; A2(0) = (0, 0, 1, 0) ;

A′1(0) = (0, 0, 0, 1) ; A′2(0) = (0,−1, 0, 0) .

So, we have the solutions:

A1(v) = (cos v, 0, 0, sin v) ; A2(v) = (0,− sin v, cos v, 0) ,

and hence
x(u, v) = (cos u cos v,− sin u sin v, sin u cos v, cos u sin v) .
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Since x = zu, we obtain

z(u, v) = (sin u cos v, cos u sin v,− cos u cos v, sin u sin v) + w(v) .

Hence, using z(0, 0) = (0, 0, 0, 0) we obtain w(0) = (0, 0, 1, 0). We have also

y = zv = (− sin u sin v, cos u cos v, cos u sin v, sin u cos v) + w′(v) .

On the other hand, by (7.2)

y = −lu = −xuv = (− sin u sin v, cos u cos v, cos u sin v, sin u cos v) .

Consequently, w(v) = (0, 0, 1, 0). Thus we get the following parametrization of the surface

S : z(u, v) = (sin u cos v, cos u sin v, 1 − cos u cos v, sin u sin v) . (7.5)

With this example we show how we can obtain the parametrization in terms of principal canonical parameters of
a surface determined by four given functions ν1, ν2, λ, and µ (µ , 0).

The other invariants of the surface are

γ1 = γ2 = 0 ; k = −4 ; κ = 0 ; K = 0 .

Since κ = 0, the surface M2 has flat normal connection. On the other hand, since M2 is not minimal (κ2
− k , 0)

and λ = 0, it is a non-trivial Chen surface, see [3], [10].

Example 7.2. Let us consider the surface M2 given with the parametrization

z(u, v) = (u cos v,u sin v, cos v, sin v) .

The coefficients of the first fundamental form are

E = 1 ; F = 0 ; G = 1 + u2 ,

and it can easily be calculated that for the second fundamental tensor we have

σ(zu, zu) = (0, 0, 0, 0) ;

σ(zu, zv) =
1

√

1 + u2

(
sin v, cos v,u sin v,−u cos v

)
;

σ(zv, zv) = (0, 0,− cos v,− sin v) .

The parametrization of the surface is principal and we can consider the following orthonormal pair (b, l) of normal
vector fields:

b = σ(zv, zv) ; l = σ(zu, zv) .

The invariants of the surface are

ν1 = 0 ; ν2 =
1

1 + u2 ; λ = 0 ; µ =
1

1 + u2 ;

γ1 = 0 ; γ2 = −
u

1 + u2 ; β1 = 0 ; β2 =
u

1 + u2 ;

k = 0 ; κ = −
1

(1 + u2)2 ; K = −
1

(1 + u2)2 .

The parameters are not canonical. To switch to canonical parameters, we can set

u = sinh ū ; v = v̄ .
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Example 7.3. Let the surface M2 be parametrized by

z(u, v) = (cosh u cos v, cosh u sin v, cos u, sin u) .

Then
E = cosh2 u ; F = 0 ; G = cosh2 u ,

and

σ(zu, zu) =
( cos v

cosh u
,

sin v
cosh u

,− cos u + sin u tanh u,− sin u − cos u tanh u
)

;

σ(zv, zv) =
(
−

cos v
cosh u

,−
sin v

cosh u
,− sin u tanh u, cos u tanh u

)
.

Since σ(zu, zu) and σ(zv, zv) are not parallel, the parametrization is not principal. To find a principal parametrization,
we follow a standard procedure. First, using the orthonormal pair of normal vectors (a1, a2) given by

a1 = σ(zv, zv) ; a2 = (0, 0, cos u, sin u) ;

we may derive the coefficients ck
i j. Then we obtain the coefficients of the second fundamental form:

L = 0 ; M = −
1

cosh2 u
; N = 0 .

Since E = G, an appropriate change of the parameters is

u = ū + v̄ ; v = ū − v̄ .

With respect to the principal parameters (ū, v̄) we find the coefficients of the first fundamental form

Ē = 2 cosh2(ū + v̄) ; F̄ = 0 ; Ḡ = 2 cosh2(ū + v̄) ;

and the following orthonormal pair (b, l) of normal vector fields:

b(ū, v̄) =
(
0, 0,− cos(ū + v̄),− sin(ū + v̄)

)
;

l(ū, v̄) =
(
−

cos(ū − v̄)
cosh(ū + v̄)

,−
sin(ū − v̄)

cosh(ū + v̄)
,− sin(ū + v̄) tanh(ū + v̄), cos(ū + v̄) tanh(ū + v̄)

)
.

Then, we obtain the invariants of the surface:

ν̄1 = ν̄2 =
1

2 cosh2(ū + v̄)
; λ̄ =

1

2 cosh2(ū + v̄)
; µ̄ = −

1

cosh2(ū + v̄)
;

γ̄1 = γ̄2 = β̄1 = β̄2 == −
tanh(ū + v̄)
√

2 cosh(ū + v̄)
;

k̄ = −
1

cosh8(ū + v̄)
; κ̄ = 0 ; K̄ = −

1

cosh4(ū + v̄)
.

Since κ̄ = 0, the surface is with flat normal connection. However, the parametrization is not canonical. A pair (ũ, ṽ)
of canonical principal parameters with (u0, v0) = (0, 0) is given by

ũ =
√

2 ū ; ṽ =
√

2 v̄ .
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Example 7.4. Now, we consider the surface M2 given with the parametrization

z(u, v) = (cos u, sin u, sin v, cos v) . (7.6)

In this case, we obtain

σ(zu, zu) = (− cos u,− sin u, 0, 0) ; σ(zv, zv) = (0, 0,− sin v,− cos v) .

Since σ(zu, zu) and σ(zv, zv) are not parallel, the parametrization is not principal. To obtain a principal parametrization
we change the parameters as follows:

u = ū + v̄ ; v = ū − v̄ .

With respect to these parameters the coefficients of the first fundamental form are

Ē = 2 ; F̄ = 0 ; Ḡ = 2 .

The orthonormal pair (b, l) of normal vector fields is

b(ū, v̄) = −
1
√

2

(
cos(ū + v̄), sin(ū + v̄), sin(ū − v̄), cos(ū − v̄)

)
;

l(ū, v̄) =
1
√

2

(
− cos(ū + v̄),− sin(ū + v̄), sin(ū − v̄), cos(ū − v̄)

)
;

and the geometric functions of the surface are

γ̄1 = γ̄2 = 0 ; ν̄1 = ν̄2 =
1
√

2
; β̄1 = β̄2 = 0 ; λ̄ = 0 ; µ̄ =

1
√

2
;

k̄ = −1 ; κ̄ = 0 ; K̄ = 0 .

In particular, the surface has flat normal connection and is a non-trivial Chen surface as in Example 7.1. Actually,
we note that the functions determining the surface in this example are proportional to the corresponding functions in
Example 7.1. In the following remark we comment on this.

Remark 7.5. Let S : z = z(u, v) be a surface in R4. For a given non-zero constant α we define a homothetic surface

S̃ : z̃(u, v) = αz(u, v).

Then, it can be calculated that the geometric functions ν̃1, ν̃2, γ̃1, γ̃2, β̃1, β̃2, λ̃, µ̃ of S̃ are obtained from the corresponding
functions of S by dividing with α, whereas the coefficients of the first fundamental forms are related by multiplying
with α2. In particular, if we multiply by

√
2 the geometric functions of the surface in Example 7.4, we obtain a

homothetic surface S̃ which have the following geometric functions:

ν̃1 = ν̃2 = 1 ; β̃1 = β̃2 = 0 ; λ̃ = 0 ; µ̃ = 1 .

They are equal to the corresponding invariant functions of the surface in Example 7.1. Consequently, by Theorem 4.1
it follows that these surfaces must coincide (up to a motion), whereas from their parametrizations (7.5) and (7.6) this
is not clear. However, there is a motion transforming S̃ into the surface from Example 7.1. This motion is given by a
rotation with the following SO(4)-matrix:

1
√

2


0 1 1 0
0 1 −1 0
−1 0 0 −1
−1 0 0 1


and a translation with the vector (0, 0, 1, 0). Note that the surface with parametrization

1
√

2
(cos u, sin u, cos v, sin v)

has the same invariants except for µ, which has opposite sign. The reason is that this surface has opposite orientation.
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Conclusion:

In the present paper, we introduce canonical principal parameters on the general class of surfaces in
the Euclidean 4-space R4. These parameters generalize the canonical parameters introduced for minimal
surfaces and for surfaces with parallel normalized mean curvature vector field in R4. In terms of canonical
parameters any surface in R4 is determined up to a motion by four geometrically determined functions
satisfying a system of natural PDEs. The same approach can be applied to the general class of spacelike
surfaces in the Minkowski 4-space R4

1.

References

[1] Alı́as L., Palmer B., Curvature properties of zero mean curvature surfaces in four dimensional Lorenzian space forms. Math. Proc.
Cambridge Philos. Soc. 124 (1998), 315–327.

[2] Bencheva V., Milousheva V., Timelike Surfaces with Parallel Normalized Mean Curvature Vector Field, Turkish J. Math. (2024), Vol. 48:
no. 2, Article 15.

[3] Chen B.-Y., Classification of Wintgen ideal surfaces in Euclidean 4-space with equal Gauss and normal curvatures. Ann. Glob. Anal.
Geom., 38(2010), 145–160.

[4] Eisenhart L., Minimal surfaces in Euclidean four-space, Amer. J. Math. 34 (1912), 215–23.
[5] Ganchev G., Milousheva V., On the theory of surfaces in the four dimensional Euclidean space. Kodai. Math. J., 34(2008), 183–198.
[6] Ganchev G., Milousheva V., Minimal surfaces in the four dimensional Euclidean space. Arxiv:0806.3334v1.
[7] Ganchev G., Milousheva V., Invariants and Bonnet type theorem for surfaces in R4. Cent. Eur. J. Math. 8(2010), 993–1008.
[8] Ganchev G., Milousheva V., Timelike surfaces with zero mean curvature in Minkowski 4-space, Israel J. Math. 196 (2013), 413–433.
[9] Ganchev G., Milousheva V., Surfaces with parallel normalized mean curvature vector field in Euclidean or Minkowski 4-space, Filomat

Vol. 33, no. 4 (2019), 1135–1145.
[10] Gheysens L., Verheyen P., Verstraelen L., Sur les surfaces A ou les surfaces de Chen. C. R. Acad Sci. Paris, Sér. I, 292(1981), 913-916.
[11] Itoh T., Minimal surfaces in 4-dimensional Riemannian manifolds of constant curvature, Kodai Math. Sem. Rep., 23 (1971), 451–458.
[12] Toparkus H., First-order systems of linear partial differential equations: Normal forms, canonical systems, transform methods. Ann. Univ.

Paedagog. Crac. Stud. Math. 13(2014), 109–132.
[13] Tribuzy R., Guadalupe I., Minimal immersions of surfaces into 4-dimensional space forms, Rend. Sem. Mat. Univ. Padova, 73 (1985),

1–13.


