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Abstract. In this paper, we introduce the concept of bipolar R-metric space. We prove some fixed point
theorems with the covariant and contravariant mapping. We provide some examples to strength our
obtained results. Also, we provide an application to integral equation and boundary value problem.

1. Introduction

In 1906, the concept of metric space was initiated by Frechet [5]. Metric space have been widely
generalised through the exclusion or relaxation of certain axioms, the alteration of the metric function or the
abstraction of the idea. Now-a-days the fixed point theory has more valuable applications in mathematics
[3, 4]. The existence and uniqueness of common coupled fixed point results for the covariant mappings
in bipolar metric space was established by Kishore et al. [10]. Mutlu [20] extended certain coupled fixed
point theorems, which can be considered as generalization of Banach fixed point theorem to bipolar metric
space. The most important finding in fixed point theory, which had an impact on many researchers, was
made in 1922 by the Polish mathematician Stefan Banach [1]. In 2016, the notion of bipolar metric space
was introduced by Mutlu and Gurdal [19]. Moreover, these authors have investigated some fixed point
and coupled fixed point results in this metric space [20]. Researchers have generalized the metric space
structure by either weakening the features of the metric or changing the scope and range of the metric since
new findings of space and their qualities are always interesting to mathematicians: for example, in 1993,
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b-metric by S. Czerwik [2], in 1994, partial metric by S. G. Matthews [17], in 2014, partial rectangular metric
by S. Shukla [25] and many others.

The concept of bipolar metric space is also extended to the settings of other fixed point theorems of
metric spaces, such as the Banach contraction principle (see [8, 9, 11-13, 22, 24]). J. Paul [21] has proved
common fixed point theorem on bipolar metric space. The study of nonlinear phenomena benefits greatly
from the use of fixed point theory. It is an interdisciplinary area of mathematics that has applications in
many different areas of mathematics as well as in other disciplines, such as biology, chemistry, physics,
engineering, game theory, mathematical economics, initial and boundary value problems in ordinary and
partial differential equations, approximation theory, variational inequalities, and others. Many researchers
have proved fixed point theorem by using contractive condition in the setting of bipolar metric space (see
[6, 10, 14, 16, 18, 23]). A fixed point theorem on R-complete metric space was proved by Javed, Arshad,
Baazeem and Nabil [7]. A fixed point theorem for rational contractive mapping on R-metric space was
proved by Mani et al. [15]. From this, we extend the work to bipolar R-metric space to prove fixed point
theorem.

Throughout this paper, IN stands for set of all natural numbers, R stands for set of all real numbers,
R stands for binary relation on nonempty set. In Section 2, we present some basic definitions on bipolar
metric space and related definitions of our findings. In Section 3, we give our main results on fixed point
theorem on bipolar R-metric space. In Section 4, we give an application to integral equation and boundary
value problems.

2. Preliminaries

Definition 2.1. ([19]) Let © and = be a two non-empty set and X: © X E — [0, +00) be a mapping satisfying the
following properties:

(a) v=0if N, @) =0;

(b) R(v,®) =0ifv =,

(c) N(v, @) =R(@,v)ifv,oe ONE;

(d) N, @) < N1,3) +8(1,3) +N(r,©) Yv,reB@and3 o€ E.

Then the mapping N is called a bipolar metric on the pair (©, Z) and the triple (0, E,N) is called a bipolar metric
space.

Definition 2.2. ([19]) The pair of (O, NX) be a metric space and R is a relation on ©. Then, the triple (©,8,R) is
called R-metric space.

Definition 2.3. ([19]) Suppose (®, =, N) be a bipolar metric space and R is a relation on @ N E. Then (O, =, K, R)
is called bipolar R-metric space.

Definition 2.4. ([19]) Let (O, &, N, R) be a bipolar R-metric space and © = set of left point; E = set of right points,
O N E = set of central point and ® N E be a non-empty set, then the space is called disjoint.

Definition 2.5. ([19]) Let (©, £, N, R) be a bipolar R-metric space. A sequence {v} on the set © is called left sequence
and {@y} on E is called right sequence. In a bipolar metric space, a left (or) a right sequence is called simply a sequence.

Definition 2.6. ([19]) Let (®, £, R, R) be a bipolar R-metric space. A sequence {vy} is called a convergent to a point v
ifand only if (vy) is a left sequence limy,_, 1o N(vy, v) = 0andv € E (or) (vy) isa right sequence, limy,_, 1. R(v, vy) = 0
and v € B.

Definition 2.7. ([19]) Let (O, Z, N, R) be a bipolar R-metric space. A bisequence (vy, @y) on (0, E,N) is a sequence
on the set © X E, if the sequence (vy) and (@y) are convergent, then the bisequence (vy, @y) is called convergent.
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Definition 2.8. ([19]) Let (©, £, R, R) be a bipolar R-metric space, if bisequence (vy, @) is called Cauchy bisequence
l:flimw_>+oo 8(1/[‘[,, (Dw) =0.

Definition 2.9. ([19]) Let (01, Z1) and (©,, E») be two pair of sets. Amap V: ©1 U Eq — O, U E; is called
(a) covariant if Y(©1) C O, and Y(E,) C = and it is denoted by Y: (O1, Z1) = (O, B2);
(b) contravariant if Y(©1) C O, and Y(E,) C E, and it is denoted by V': (01, E1) 2 (O2, Z>).

Definition 2.10. ([19]) Let (8, Z, N, R) be a bipolar R-metric space is called complete, if every Cauchy bisequence is
convergent.

3. Main Results

Theorem 3.1. Let (©,E,N,R) be a complete bipolar R-metric space. The mapping Y: O UE — O U E be a
R-preserving and R-continuous such that

(i) Y(O)C Oand Y(E) C E;
(ii) 8(Yv, Y©) < oX(v, @) forall v € ©,® € Z with (v, ®) € Rwhere o € (0, 1).
Then Y has a unique fixed point.

Proof. Since (0, E,N,R) is a complete bipolar R-metric space, there exist 1y € ® and @y € = such that
Ry Vv e®and @gRo VYo € E and (vg, @g) € R.

1oRYvy (or) YveRvg
CD()RYCDO (OI') Y(D()R(DO.

Define sequences {v,} and {@y} by
Yle = Vy+1 and ‘Y.CDIP = @y+1, Vl,l] e N U {0}.

Since 1 is R-preserving, hence {vy} and {@y} are R-sequence. That is {vy, @y} is R-bisequence. Then from
condition ((ii)),

N(v1, @1) = R(Yvo, Y@0) < o8(vo, @)
proceeding as above,
R(vy, dy) = 8(Yvy_1, Yoy-1) < 0R(vo, @0)
and
NWyi1, @p) = R(Yvy, Yoy-1) < 0¥ N(vo, @o).
Fory <7, VY,T €N,
NVyrr, @y) < [RVyio, @y11) + vy, @y11) + N(vy, @y)]
< NWVyar, @pe1) + 20V 8(vo, @0)

< RWyar, Dpi2) + NVpr1, Dpi2) + RVya1, @ya3) + 20N (vo, @o)
< RWyprr, Dya3) + 220YN(vo, @0)

< RWyar, Dypra) + 277 0¥ R(v, @9)

< 20" Z 2"N(vo, Do) < K-
n=0
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Similarly, we get
N(Vw, (D4,+T) < Ww

Then
N(vy, @) < R(vy, @yo) + V(vyo, @yo) + N(vyo, @) < 3Kyo <€,

where € > 0. Here {vy, @y} converges to zero. Hence {vy, @y} is a Cauchy R-bisequence. Since (8, £, K, R) is
a bipolar R-metric space, we get {vy, @y} is a convergent Cauchy R-bisequence. So the both sequences {v,}
and {@y} have a unique limit.
From (4.1), we have
N(Tv,v) <NV, Yaoy) + R(Yvy, You) + N(Tvy,v).

Taking ¢ — oo in above equation,
N(Yv,v) - 0.

So Yv = v. Hence v is a fixed point of Y.
Now we prove the uniqueness. Let us choose another fixed point w € ® N = of V. Since the both
sequences {vy} and {@y} have the same limit.

Rv, voRw and @ogRv, @doRw.
Since T is R-preserving, we get

YvoRYv, TvoRYw and YooRYv, YooRYw.
By simple induction,

YvyRYv, TvyRYTw and YouRYv, TYToyuRYw.
From condition ((ii)), we have

N(Yvy, Yv) < oN(vy,v) and K(Yvy, Yw) < o8(vy, ©)
similarly,

N(TY oy, Tv) < oR(@y,v) and NTay, Yo) < oN(@y, ).
Then,

N1, w) =80V, Yw)
< O[R(Yv, Yvy) + R(Yvy, T3y) + R(Y3y, Yw)]
< o[R, vy) + Ny, 3y) + KRGy, 0)].

Taking ¢y — o0, we get
N, w) — 0.
Thus v = w. Hence Y has a unique fixed point. [

Theorem 3.2. Let (O, E, N, R) bea complete bipolar R-metric space and the contravariant contraction Y: (0, 5,8, R) 2
(0, E,8,R). The mapping ¥: @ U E — O U E has a unique fixed point.

Proof. Since Y is a contravariant contraction, there exist a ¢ € (0, 1) such that

NYo,Yv)<p-Nyv,0) Yy,o0)ec®xE.
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Let vg € O, define Yvy = @y and Y@y = vy, for all € N. Then (vy, @y) is a bisequence on (O, Z, N, R).

N(le, (Dlp) = N(Y(Dq)_l, YVIP)

<@ N(le, (DI/,)
=R @y, Yvyi1)
< @ PNV, Dypa1)

< ¥ - N(vo, @0),
and

N(vys1, @y) = R(Y @y, Yvy)
< 9 - N(Vys1, @y)
=RV @y+1, Vvys2)

< P*N(Vyr2, Dys2)

< p¥* - R(vo, @y).
Fory <7, 1,7 € N, we have

NVypsr, @p) < R(Vyir, @ys1) + R(vy, @y11) + 8(vy, @y)
< RWprr, Dgi1) + (0¥ + 9V N (o, o)
< NWVypar, @pr2) + RVye1, Dya) + N(vya1, @pi3) + (9% + 9N (vo, @0)
< Ryre, Dys3) + (9 + 9" + "2 + 9P )R (vo, @0)

< (@ + -+ 9NV, Do)

<gp¥ Z P"N(vo, @)

n=0

< 7(,1[,
Similarly, 8(vy, @y+.) < Ky. Then
N(vy, @) < R(vy, @yo) + R(vyo, @yo) + N(vyo, @) < 3Kyo <€,

where € > 0. Here {vy, @y} converges to zero. Hence {vy, @y} is a Cauchy R-bisequence. Since (8, £, X, R) is
a bipolar R-metric space, we get {vy, @y} is a convergent Cauchy R-bisequence. So the both sequences {v,}
and {@y} have a unique limit.
From (3), we have
N, Tv) SN, Yaoy) + R(Yvy, You) + R(Yvy, Tv).

Taking 1) — oo in above equation, we find (v, Y'v) — 0. So that Yv = v. Hence v is a fixed point of 7.
In the next, we prove the uniqueness. Let us choose another fixed point w € @ N = of 7. Since the both
sequences {vy} and {@y} have the same limit.

oRY, voRw and @¢Rv, @oRw.



G. Janardhanan et al. / Filomat 39:33 (2025), 11919-11929 11924

Since 7 is R-preserving, we get

TvoRYv, YvoyRYw and YaoeRYv, T RYw.
By simple induction,

YvyRYv, TvyRYw and To,RYv, ToyRYw.
Then,

Ny, w) =NTYw, Yv)
< S/J[N(a), Vw) + N(le, 3¢) + 8(311[,, ‘I/)]

Taking ) — oo, we get N(v,w) — 0, i.e., v = w. Therefore 1 has a unique fixed point. [

Theorem 3.3. Let (O, Z, N, R) bea complete bipolar R-metric space and the contravariant contractions ¥: (0, 5,8, R) 2
(©,E,8,R) and let € € (0, ) such that

N(Yv, Yo) < (IR, Tv) + 8@, Yo)], Yv,®) € O X E.

Then the mapping Y: ® U & — © U E has a unique fixed point.

Proof. Letvy € ©, @ € E, define Yvy = @y and Yo, = vy41.

Ny, @y) = R(Y@y-1, Tvy)
S LNy, Yvy) + R(@y-1, Ydy-1)]
< LIN(vy, @y) + R(@y-1,Vvy)]
Ny, @y) — Ny, @y) < R(Dy-1,Vy)
(1= OR(vy, @y) = R(vy, @y-1)

¢
N(le, (Dlp) < mx(vzp, @w—l)
N(le, (D¢) < NN(vw (Dl,/)—l)/

_ ¢
where (¥ = ;5.

R(vge1, @y) = R(Ydy, Tvy)
< ([NWya1, Tvy) + R(@yo1, Toy)]
NVyi1, @) = RWy11, Dy) < EN(@y-1,Vy+1)
(1 = ORWys1, @y) = E8Vy11, Dy-1)

4
N(vys1,@y) < mx(vq)ﬂ,(%—l)-

Now, we have

N(Vw, LDI/,) < gwx(VO/ CDO)
Ny, @y) < P18 (vo, @)
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Fory <7, 1,7 € N, we get
NWVyrr, @y) < RWyio, Dyi1) + Ry, @yi1) + R(vy, @y)
< N(le+’tr (DI,U+1) + (51/} + £¢+1)N(VOI CD())
< RWyar, Dpa2) + NVyr1, Dp12) + 8Wps1, @yaa) + (€7 + R (v, @o)
< RWyar, Dypaz) + (€0 + VT + 0942+ LV)R (v, o)

< (Y + -+ VTR (vo, @)

<t Z "R (vo, @o)

=0
< 7(¢,
Similarly, 8(vy, @y+.) < Ky. Then,
N(vy, @) < R(vy, @yo) + V(Vyo, @yo) + NV(vyo, @) < 3Kyo <€,

where € > 0. Here {vy, @y} converges to zero. Hence {vy, @y} is a Cauchy R-bisequence. Since (O, Z, N, R)
is a bipolar R-metric space, we obtain {vy, @y} is a convergent Cauchy R-bisequence. So the sequences {vy}
and {@y} have a same limit. From (3),

N(Tv,v) <NTv, Yaoy) + R(Yvy, You) + R(Tvy,v).

Taking 1) — oo in above equation, we find N(Yv,v) — 0. So Yv = v. Thus v is a fixed point of 7.
To prove uniqueness, let us choose another fixed pointw € @ N Z of 1. So

YvyRYv, TvyRTw and YouRYv, YoyuRYw.
Then,
N, w) = N(Yv, Yw)
< ALINW, Yv) + N(w, Yw)].
such that N(v,w) — 0, i.e., v = w. Hence 7 has a unique fixed point. [J

Example 3.4. Let © = {Uy(R): Uy(R) be an upper triangular matrices over R}, Z = {Vy(R): Vy(R) be a lower
triangular matrices over R} and the map 8: @ X £ — [0, +00) defined by

v
RMN) = Y v — @,
ij=1
VM = (vijyxy € @ and N = (@ij)yxy € E and (v,®) € Riff v,@ > 0. Then (0, E,R,R) is a complete bipolar
R-metric space.
o = ()
4 Jyxy

YM = (Vij)lrl;xw [S (L{lp(]R) U (le(]R) Now,

Yy
NV, YD) = 2 Y v - @

ij=1

¥
Z vij — @l

ij=1

= pR(M, N).

<

NI~
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YM = (vij)yxy € @ and N = (@i)yxy € E. All the conditions of Theorem 3.2 are satisfied with ¢ = % Hence, Y has
a unique fixed point (Oyxy, Oyxy) € Uy(R) U Vy(R), where Oyxy is the null matrix.

Example 3.5. Let © = {0,1,2,3} and Z = {%,1,1,4,5,6} be equipped with
Ny, o) =v-ao|

forallv e O, € E and (v,®) € Rifand only if v,@ > 0. Then (0, 5, K, R) is a complete bipolar R-metric space.
Define Y: ©UE 2 O U E by

Loif vel1,3)
Y(v) = 8 f 11
7 lf Ve {0/ 6’ 21114}

forallve ® UE. Letv € ©,@ € E. Then, we can easily get
N(Yv, Yo) < %[N(v, Tv) + K@, m)].

All the conditions of Theorem 3.3 are satisfied with € = }. Thus Y has a unique fixed point as v = 0.

4. Application
To solve an integral equation analytically, we use the obtained results from Theorem 3.1.

Theorem 4.1. Suppose we have the integral equation as follows:

v(O) = HO) + G(O,V,v(V)dV, veOUE.

OUE

where ©® U E is a Lebesgue measurable set. Let us assume that
(i) G: (@*UEH) xR > Rt and b € L2(O) U L>(E),
(ii) there is a continuous function 0: ©* U E2 — R* and o € (0, 1) such that
IGO0, V,v(V)) =GO, V,a(V))| < 060, V)(v(V) - @(V)))

forallv,® € ©* U 2,

(iii)

oz 6O, V)dV‘ <1, ie, suppeoyz Jouz OO, V)V < 1.
Then the integral equation has a unique solution in L=(®) U L=(Z).

Proof. Let © = L*(0) and E = L*(E) be two normed linear spaces, where O, = are Lebesgue measurable
sets and T(@ U Z) < co. Consider 8: ® x £ — RR* to be defined by 8(v,®) = |v - @| and (v,@) = 0
iff (v, @) € R. Then (6, 5,K,R) is a complete bipolar R-metric space. Define the covariant mapping
Y: LOO)U LX(E) » LX(O)U L(E) by

Y(W(O)) = H(O) + G(O,V,v(V))dV, veOUE.

OUE
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Then,
N(Yv(O), Yo(O)) = [Yv(O) - To(O)l

= ‘I)(U) + G(O,V,v(V))dV - h(O) - L i G(O,V,o(V))dV

OUE

< f GO, Y, v(V)) ~ GO, V, o(V)ldV
OUE

< [ 000,909 - (v
OuE
< ov(V) = @(V)|
= o8(v, @)
All the conditions of Theorem 3.1 are satisfied. Thus Y has a unique solution to integral equation. [J

In the next subsection of application, we deal with the boundary value problem of our obtained results
as follows:

4.1. Application to boundary value problem

Now, from our obtained results, we can apply the application that is more specific and easy to find the
existence on unique solution on boundary value problem:

2

%%+muw0»=a Oel01], 0)=v(1)=0, (4.1)

where g: [0,1] X R — R is a continuous function.
From the boundary value problem is equivalent to the integral equation:

1
v©) = [ 60, Va, vv)iv @2)
0
where the Green'’s function G(O, V) is defined by

O1-V), if 0<0<V<1

g(U,V)={V(1_U), if 0svV<O<1l

From the properties of the Green’s function G is defined by:

(@) G(O,V)>0forall G,V €[0,1]:

(b) supyper fo GO, V)V < 1.
Theorem 4.2. If the function g is such that

la(V, @) = g(V, b)| < gla — D

forall V € [0,1] and for all a,b € Rand g € (0, 1), then the boundary value problem (4.1) has a unique solution.
Proof. Let ©® = (C[0,1],(—00,0]) and & = (CI0, 1], [0, o0)) be two sets of all continuous functions on [0, 1].
For ® = (C[0, 1], (=, 0]) lies in (—o0,0] and for E = (C[0, 1],[0, o)) lies in [0, ), consider N: & x £ — R*

defined by

R, @) = sup (V) —o(V)l.
Ve[0,1]
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Define (v, ®) > 0 if and only if (v, ®) € R. Now we consider a mapping ¥ defined on S by

1
() = f G(O,V)(V,v(V))dV, forall O e[0,1].
0

Then, v,® € S and for all O € [0, 1], we have

1 1
|Yv<0)—m<0>|=\ fo (O, V)V, W(V))dV fo (0, V)V, (V))dV
1
< fo (O, V)Ia(V, (V) - oV, &(V)IdV
1
<0 fo GO, VIY) - a(V)dV

1
< oR(v, ) f G(O, V)dv
0
< oN(v, @).

Thus,

N(Yv, Yo) < o8(v, ®).

Thus, all conditions in Theorem 3.1 are satisfied and 1" has a unique fixed point and unique solution to the
boundary value problem. [

5. Conclusion

In this article, we introduce the notion of bipolar R-metric space and proved fixed point theorems.

Moreover, we provide some suitable examples of our main results. Based on our results, we apply to find
analytical solution to integral equation and boundary value problems.
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