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Abstract. This paper studies the following new class of nonlinear double-phase equations with a defined
Robin boundary condition (the nonlinear disturbances that drive them to obey a suitable condition at the
origin and on the boundary){
−div (A (∇u)) − div (B (∇u)) = µ f (x,u) in Ω,
(A (∇u) +B (∇u)) .η + b (x) |u|p(x)−2u + d (x) |u|q(x)−2u = 1 (x,u) on ∂Ω,

whereµ > 0,Ω ⊂ IRN(N ⩾ 2) is a bounded open domain with smooth boundary ∂Ω, η is the outer unit normal
vector on ∂Ω, b (.) and d (.) are positive and continuous functions on ∂Ω. At first, via a generalized mountain-
pass approach with Critical point theory, we prove that this problem with superlinear nonlinearity has a
solution and infinitely many solutions. Furthermore, we rigorously verify the existence of infinitely many
solutions by imposing sufficient constraints on the functions f and 1. Our results comprehensively expand
and generalize specific recent contributions within the existing literature.

1. Introduction

There has been a tremendous increase in the study of mathematical problems with variable exponents in
recent years. This increased focus can be attributed to the intricate and captivating mathematical challenges
posed by these equations, as well as their versatile application in capturing phenomena that manifest in a
variety of fields, including elastic mechanics [10], thermo-rheological fluids [5], electrorheological materials
[31], image restoration [12], electrical resistivity, polycrystal plasticity [11], and continuum mechanics [6].
Additionally, nonlinear Robin conditions appear in several physical situations such as climatization [34] or
some chemical reactions [13].

This paper seeks to demonstrate the presence and variety of solutions within a particular class of
quasi-linear elliptic problems subject to Robin boundary conditions:{

−div (A (∇u)) − div (B (∇u)) = µ f (x,u) in Ω,
(A (∇u) +B (∇u)) .η + b(x)|u|p(x)−2u + d(x)|u|q(x)−2u = 1(x,u) on ∂Ω, (1)
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where Ω ⊂ IRN(N ⩾ 2) is a bounded open domain with a smooth boundary ∂Ω. The functions
A (∇u) = a

(
|∇u|p(x)

)
|∇u|p(x)−2

∇u and B (∇u) = a
(
|∇u|q(x)

)
|∇u|q(x)−2

∇u are defined, with µ > 0 and η repre-
senting the outer unit normal vector on ∂Ω. The functions b (·) and d (·) are positive and continuous on
∂Ω. Additionally, f and 1 are Caratheodory functions that satisfy the Growth condition. Moreover, the
exponents p (·) and q (·) fulfill specific requirements

p (.) , q (.) ∈ C+
(
Ω

)
=

{
r (.) ∈ C

(
Ω

)
/ 1 < r− < r (.) < r+ < +∞ in Ω

}
such that 1 < q− ⩽ q+ < p− ⩽ p+ < N, (2)

where q− := ess inf
x∈Ω

q (x) and q+ := ess sup
x∈Ω

q (x), idem for p+ and p−.

Note that the
(
p (.) , q (.)

)
−Laplacian operator in equation (1) is a specific instance of divergence form

operators −div (A (∇u)) − div (B (∇u)), commonly encountered in various nonlinear diffusion problems,

especially in the mathe-matical modeling of non-Newtonian fluids. Specifically, when a (t) = 1 +
t

√

1 + t2
,

it gives rise to the generalized Capillary operator, a crucial element in applied fields such as industrial,
biomedical, and pharmaceutical applications, as introduced by W. Ni and J. Serrin [27].

Several researchers [2, 3, 7–9, 17, 22, 26, 28] have extensively investigated the existence of solutions for
problems such as (1) using the variational technique, and their work has inspired the present paper. The
reader can consult [1, 24, 30, 33, 35] and the references for further results.

In [7], the authors employed both variants of the Mountain- Pass theorem to establish the existence and
multiplicity of solutions under the Palais-Smale condition despite the absence of the second divergence
element in problem (1). While the other authors in [25] proved the existence and multiplicity of solutions
to their Dirichlet problem using the Mountain-Pass, Fountain theorems.

In this article, we provide an extension of the result found in [7] for the problem (1), which is denoted
by

(
p (.) , q (.)

)
−Laplacian-like operators. To begin, we will do an in-depth investigation into the features of

the Lagrange functional that are linked to our situation. In the second step of our proof, we will apply both
Mountain- Pass theorems to demonstrate the existence of at least a non-trivial solution and the existence of
infinitely many pairs solutions to the problem (1).

For the purposes of our investigation, we make the following assumptions:

(H1): a (.) : R+ → R is a continuous functions satisfy:

K1 ⩽ a (t) ⩽ K2, ∀t ⩾ 0, where 0 < K1 < K2.

(H2): We defined the function θ (.) : RN → R as θ (ξ) = A
(
|ξ|p(x)

)
, where x ∈ Ω, and A (.) is the antiderivative

of a (.), expressed as A(t) =
∫ t

0
a (s) ds. This function is strictly convex.

(H3): b (.) and d (.) are positive and continuous functions defined on ∂Ω.

f (., .) : Ω×R→ R is a Caratheodory function where f (x, 0) = 0 and they satisfy the following conditions:

(F1): For all (x, t) ∈ Ω × R, the inequality | f (x, t) | ⩽ f1 (x) |t|r(x)−1 holds, where 1 ⩽ r− ⩽ r+ ⩽ q−, f1 is a

measurable, non negative function and f1 ∈ L
q(.)

q(.)−r(.) (Ω).

(F2): For all (x, s) ∈ Ω × R, the inequality | f (x, t) | ⩾ f2 (x) |t|α(x)−1 holds, where 1 ⩽ α− ⩽ α+ ⩽ r−, f2 > 0 in
some non-empty open set O ⊂ Ω.

1 (., .) : ∂Ω × R→ R is a Caratheodory function, with 1 (x, 0) = 0. The following conditions are satisfied:

(G1): For all (x, t) ∈ ∂Ω × R, the inequality |1 (x, t) | ⩽ 11 (x) |t|s(x)−1 holds, where 1 ⩽ p+ ⩽ s− ⩽ s+, and s (.) ⩽
p∂ (.) on Ω. Here 11 is a measurable, non negative function, and there exists a positive constant C1
such that 0 ⩽ 11 (.) ⩽ C1.



O. Benslimane, M. B. Benboubker / Filomat 39:33 (2025), 11943–11959 11945

(G2): For all (x, t) ∈ ∂Ω × R, the limit lim
t→0

1 (x, t) t
|t|p+−1 = 0 holds.

(G3): There exists λ > p+
K2

K1
such that λG (x, t) ⩽ 1 (x, t) t, for all (x, t) ∈ ∂Ω×R, where G (x,u) =

∫ u

0
1 (x, s) ds,

(K1,K2 are mentioned in (H1)).

The present paper is structured in the following manner: In Section 2, we present an overview of the
fundamental features of the function spaces Lp(.) (Ω) and W1,p(.) (Ω), as well as the Nemytsky operator.
Additionally, we provide some assertions and lemmas that are relevant and useful in this context. Section
3 establishes the existence and multiplicity of weak solutions to the problem (1).

2. Preliminaries

This section briefly overviews recent work in the Generalized Lebesgue space Lp(.) (Ω) and Generalized
Sobolev space W1,p(.) (Ω). See Refs. [14, 16, 19, 21, 37] for further reading.

Let p (.) ∈ C+ (Ω) the variable exponent appearing in (1) , we define the Generalized Lebesgue space
Lp(.) (Ω) by:

Lp(.) (Ω) =
{

u : Ω −→ R mesurable / ρp(x) (u) :=
∫
Ω

|u|p(x)dx < +∞
}
.

where ρp(.) (u) :=
∫
Ω

|u|p(x)dx is the convex and continuous modular of u in Lp(.) (Ω). Moreover, as p (.) ∈

C+ (Ω), then ρp(.) (.) is weakly lower semi-continuous.
Since p (.) ∈ C+ (Ω) then Lp(.) (Ω) is a uniformly convex, separable and Banach space, equipped by the

following Luxemburg norm

∥u∥p(.) = inf
{
λ > 0 / ρp(.)

(u
λ

)
⩽ 1

}
.

Remark 2.1. Lp(.) (Ω) is a reflexive space, and its dual space is isomorphic to Lp′(.) (Ω) where
1

p (.)
+

1
p′ (.)

= 1 with

p′ (.) is the conjugate exponent of p (.).

Definition 2.2. For all u ∈ Lp(.) (Ω) and v ∈ Lp′(.) (Ω), we define the Hölder inequality by∣∣∣∣∣∫
Ω

uv dx
∣∣∣∣∣ ≤ (

1
p−
+

1
p′
−

)
∥u∥p(.)∥v∥p′(.).

The definition of the Generalized Sobolev space is as follows:

W1,p(.) (Ω) =
{
u ∈ Lp(.) (Ω) / |∇u| ∈ Lp(.) (Ω)

}
.

Moreover, W1,p(.) (Ω) is a reflexive space, and its dual space is isomorphic to W−1,p′(.) (Ω).
Since p (.) ∈ C+ (Ω) then W1,p(.) (Ω) is a uniformly convex, separable and Banach space, which is endowed
with the following norm:

∥u∥1,p(.) = ∥u∥p(.) + ∥∇u∥p(.).

In what follows, we introduce the following notation:

ρ1,p(.) (u) =
∫
Ω

|u|p(x) dx +
∫
Ω

|∇u|p(x) dx

for u ∈M (Ω) a measurable function.
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Proposition 2.3. [36]. If u ∈W1,p(.) (Ω), then the following properties hold true:

(i) ∥u∥1,p(.) > 1⇒ ∥u∥p−1,p(.) ⩽ ρ1,p(.) (u) ⩽ ∥u∥p+1,p(.),

(ii) ∥u∥1,p(.) < 1⇒ ∥u∥p+1,p(.) ⩽ ρ1,p(.) (u) ⩽ ∥u∥p−1,p(.),

(iii) ∥u∥1,p(.) < 1 (respectively = 1;> 1)⇔ ρ1,p(.) (u) < 1 (respectively = 1;> 1).

We proceed to define two further norms in space W1,p(.) (Ω):

Proposition 2.4. (See theorem 2.1 in [15]). For any u ∈W1,p(.) (Ω),
if b (.) ∈ L∞ (∂Ω) with b− > 0 then

∥u∥∗ = in f
{
λ > 0/

∫
Ω

∣∣∣∣∣∇u
λ

∣∣∣∣∣p(x)

dx +
∫
∂Ω

b (x)
∣∣∣∣∣uλ

∣∣∣∣∣p(x)

dσ ⩽ 1
}

is a norm in W1,p(.) (Ω) that is equivalent to the standard norm ∥u∥1,p(.). Moreover, the modular

ρ∗1,p(.) (u) =
∫
Ω

|∇u|p(x) dx +
∫
∂Ω

b (x) |u|p(x) dσ

verifies the same properties mentioned in the proposition 2.3 (See proposition 2.4 in [15]).

Next, we will present some results of continuous and compact embedding:

Proposition 2.5. (See theorem 2.2 in [21]). Let Ω be a bounded domain of RN and p (.) , q (.) ∈ C+
(
Ω

)
.

If p (.) < N and q (.) < p∗ (.) in Ω with

p∗(x) :=


Np(x)

N − p(x)
, if p(x) < N

∞, if p(x) ⩾ N,

then, there is a continuous and compact embedding W1,p(.) (Ω) ↪→↪→ Lq(.) (Ω) .

Proposition 2.6. (See [19, corollary 2.2]). Let Ω be an open bounded domain with Lipschitz boundary and
p (.) ∈ C

(
Ω̄

)
where 1 < p− ⩽ p+ < N.

If q (.) ∈ C (∂Ω) satisfies the condition 1 ⩽ q (x) < p∂ (x) , for all x ∈ ∂Ω, with

p∂ (x) :=
(
p (x)

)∂ :=


(N − 1)p(x)

N − p(x)
, if p(x) < N

∞, if p(x) ⩾ N.

Then, there is a continuous and compact embedding W1,p(.) (Ω) ↪→↪→ Lq(.) (∂Ω) . In particular, there is a compact
embedding W1,p(.) (Ω) ↪→↪→ Lp(.) (∂Ω).

The data f : Ω × R −→ R appeared in our problem is a Caratheodory function (i.e. x 7−→ f (x, s) is
measurable for s ∈ R and s 7−→ f (x, s) is continuous for a.e x ∈ Ω). For this, we introduced an operator
associated with this function N f , namely the Nemytsky operator: N f : M (Ω) −→ M (Ω) defined by(
N f (u)

)
(x) = f (x,u (x)) , ∀x ∈ Ω.

Proposition 2.7. (See [20, theorem 2.1]). If f : Ω × R −→ R is a Caratheodory function and satisfies

| f (x, s) | ⩽ a (x) + b|s|
p1(x)
p2(x) , ∀x ∈ Ω, ∀s ∈ R,

where p1 (.) , p2 (.) ∈ C+
(
Ω

)
, a (.) ∈ Lp2(.) (Ω,R+) and b ⩾ 0 is constant. Then the Nemytsky operator from Lp1(.) (Ω)

to Lp2(.) (Ω) defined by
(
N f (u)

)
(x) = f (x,u (x)) , ∀x ∈ Ω is a continuous and bounded operator.
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3. Existence result

In this section, we will prove the existence results of weak solutions problem (1). From the divergence
terms of this problem and the condition (2), it is easy to notice that the solutions space is E = W1,p(.)(Ω) ∩
W1,q(.)(Ω) and its norm is: ∥.∥ = ∥.∥1,p(.).
We give the definition of weak solution of this problem :

Definition 3.1. We say that u ∈ E is a weak solution of problem (1), if for all v ∈ E such that:∫
Ω

A(∇u)∇vdx +
∫
Ω

B(∇u)∇vdx +
∫
∂Ω

b(x)|u|p(x)−2uvdσ +
∫
∂Ω

d(x)|u|q(x)−2uvdσ

= µ

∫
Ω

f (x,u)vdx +
∫
∂Ω
1(x,u)vdσ.

(3)

The functional Jµ : E −→ R associated with problem (1) is introduced as follows :

Jµ(u) =
∫
Ω

1
p(x)

A(|∇u|p(x))dx +
∫
Ω

1
q(x)

A(|∇u|q(x))dx +
∫
∂Ω

1
p(x)

b(x)|u|p(x)dσ +
∫
∂Ω

1
p(x)

d(x)|u|q(x)dσ

− µ

∫
Ω

F(x,u)dx −
∫
∂Ω

G(x,u)dσ.
(4)

Where F(x,u) =
∫ u

0
f (x, s)ds, ∀x ∈ Ω, G(x,u) =

∫ u

0
1(x, s)ds, ∀x ∈ ∂Ω, σ is the measure on the boundary

∂Ω.

3.1. Existence of non-trivial weak solutions
Theorem 3.2. Assume that (H1)–(H3),(F1), and (G1)–(G3) hold. Then, there exists a least one non-trivial weak
solution of the problem (1).

We apply the mountain pass approach to the functional Jµ under the Palais-Smale condition (i.e (P − S)-
condition). Here, we recall the definition of (P − S)-condition:

Definition 3.3. Let E be a real Banach space, E′ is its topological dual and let be a functional J ∈ C1(E,R).
We say that J satisfies a Palais-Smale condition, if for every sequence (un)n in E such that :

(J(un))n is bouned and lim
n→+∞

∥J′(un)∥E′ = 0, (5)

has a convergent sub-sequence.
Moreover, if instead of (J(un))n we have lim

n→+∞
J(un) = c, We say that J satisfies Palais-Smale condition for level c (i.e.

local condition), noted (P − S)c.

We will consider the following version of the Mountain Pass Theorem :.

Theorem 3.4. (See [29, Theorem 3.2]). Consider a real Banach space E and a functional J ∈ C1 (E,R) that satisfies a
Palais-Smale condition. Assume J (0) = 0, and the following conditions are met:
• (P1): ∃ R > 0, ∃ ρ > 0 such that J(u) ⩾ ρ, f or ∥u∥ = R,
• (P2): ∃ e ∈ E such that J(e) ⩽ 0 f or ∥u∥ > R. Then,
J has a critical value c with c ⩾ ρ, such that c = inf

γ∈Γ
max

v∈γ([0,1])
J(v), where Γ = {γ ∈ C([0, 1]; E)/γ(0) = 0, γ(1) = e}.

The Theorem 3.2 can be proven by establishing the following three propositions:

Proposition 3.5. The functional Jµ is the class C1(E,R) and Jµ(0) = 0.
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Proof. for u ∈ E, we put

L1(u) =
∫
Ω

1
p(x)

A(|∇u|p(x))dx +
∫
∂Ω

1
p(x)

b(x)|u|p(x)dσ,

L2(u) =
∫
Ω

1
q(x)

A(|∇u|q(x))dx +
∫
∂Ω

1
p(x)

d(x)|u|q(x)dσ,

Φ(u) =
∫
Ω

F(x,u)dx,

and

Ψ(u) =
∫
∂Ω

G(x,u)dσ,

we have

Jµ = L1 + L2 − µΦ −Ψ.

The proof of this proposition is organized as follows:
• Step 1 : the functional Jµ is well defined on E and Jµ(0) = 0:
According to (H1) and (H3), we conclude that

L1(u) =
∫
Ω

1
p(x)

A(|∇u|p(x))dx +
∫
∂Ω

1
p(x)

b(x)|u|p(x)dσ ⩽
∫
Ω

1
p(x)

∫ |∇u|p(x)

0
a(t)dt

 dx +
∫
∂Ω

1
p(x)
∥b∥∞|u|p(x)dσ.

Then

L1(u) ⩽
K2

p−

∫
Ω

|∇u|p(x)dx +
∥b∥∞
p−

∫
∂Ω
|u|p(x)dσ ⩽ K3ρ1,p(.)(u), where K3 =

1
p−

max(K2, ∥b∥∞) > 0.

Since u ∈ E, we conclude L1(u) < +∞, thus L1 is a functional well defined.
In the same way, we can prove L2 is also a functional well defined.
From (F1), we have

Φ(u) =
∫
Ω

F(x,u)dx =
∫
Ω

[∫ u

0
f (x, s)ds

]
dx ⩽

∫
Ω

1
r(x)
| f1(x)||u|r(x)dx,

since u ∈ E ↪→ Lq(.)(Ω) and f1 ∈ L
q(.)

q(.)−r(.) (Ω), from the Hölder inequality, that implies

Φ(u) ⩽
1
r−
∥ f1∥ q(.)

q(.)−r(.)
∥|u|r(.)

∥ q(.)
r(.)
< +∞.

Then Φ is a functional well defined.
From (G1), we have

Ψ(u) =
∫
∂Ω

G(x,u)dσ =
∫
∂Ω

[∫ u

0
1(x, s)ds

]
dσ ⩽

∫
∂Ω

1
s(x)
|11(x)||u|s(x)dσ ⩽

C1
s−

∫
∂Ω
|u|s(x)dσ ⩽

C1
s−

∫
∂Ω
|u|p

∂(x)dσ,

then,

Ψ(u) ⩽
C1
s−
ρp∂(.),∂Ω(u).

From proposition 2.3 in [21] and the proposition 2.6, we have that

Ψ(u) ⩽ c∥u∥ < +∞,
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where c > 0. Hence,Ψ is a functional well defined.
From the hypothesis (H2) and f (x, 0) = 1(x, 0) = 0, it’s easy to verify that Jµ(0) = 0.
In summary, the functional Jµ is well defined and Jµ(0) = 0.
• Step 2 : the functional Jµ is Gateaux derivative:

Let u, v ∈ E and h > 0 small enough, we have

L1(u + hv) − L1(u) =
∫
Ω

1
p(x)

[
A(|∇u + h∇v|p(x)) − A(|∇u|p(x))

]
dx +

∫
∂Ω

1
p(x)

b(x)
[
|u + hv|p(x)

− |u|p(x)
]

dσ,

from (H2), that implies

L1(u + hv) − L1(u) ⩽
∫
Ω

1
p(x)

∫ |∇u+h∇v|p(x)

|∇u|p(x)
a(t)dt

 dx +
∫
∂Ω

1
p(x)

b(x)
[
|u + hv|p(x)

− |u|p(x)
]

dσ,

we apply The Mean Value Theorem on the function a(.), then there exists a positive constantθ0 = θ0(∇u,∇u+
h∇v) in ]0, 1[ such that

L1(u + hv) − L1(u) ⩽
∫
Ω

1
p(x)

[
|∇u + h∇v|p(x)

− |∇u|p(x)
]

a
(
|∇u|p(x) + θ0(|∇u + h∇v|p(x)

− |∇u|p(x))
)

dx

+

∫
∂Ω

1
p(x)

b(x)
[
|u + hv|p(x)

− |u|p(x)
]

dσ.

We apply once again, The Mean Value Theorem on the function ϕ(t) = |t|p(x)
∀t ∈ RN, then there exist two

positives constants θ1 = θ1(∇u,∇u + h∇v), θ2 = θ2(u,u + hv) in ]0, 1[ such that

L1(u + hv) − L1(u) ⩽
∫
Ω

h|∇u + hθ1∇v|p(x)−2(∇u + hθ1∇v)a(|∇u|p(x) + θ0

(
|∇u + h∇v|p(x)

− |∇u|p(x)
)
∇vdx

+

∫
∂Ω

hb(x)|u + hθ2v|p(x)−2(u + hθ2v)vdσ
.

From Lebesgue’s dominated convergence theorem, we obtain

lim
h→0

L1(u + hv) − L1(u)
h

=

∫
Ω

a(|∇u|p(x)
)
|∇u|p(x)−2

∇u∇vdx =
∫
Ω

A(∇u)∇vdx +
∫
∂Ω

b(x)|u|p(x)−2uvdσ = lu(v),

by Hölder’s inequality, it’s easy to verify that lu is a continuous linear functional on E with respect to v,
thus the functional L1 is Gateaux derivative where its Gateaux derivative L′1 defined from E to its dual E′ by

< L′1(u), v >=
∫
Ω

A(∇u)∇vdx +
∫
∂Ω

b(x)|u|p(x)−2uvdσ ∀v ∈ E.

with < ., . > is the duality bracket between E and its dual E′.
In the same way, we can prove the functional L2 is also Gateaux derivative where its Gateaux derivative L′2
defined from E to its dual E′ by:

< L′2(u), v >=
∫
Ω

B(∇u)∇vdx +
∫
∂Ω

d(x)|u|q(x)−2uvdσ ∀v ∈ E.

On the other hand, by applying the Mean Value Theorem on the function F, then there exists a positive
constant θ3 = θ1(∇u,∇u + h∇v) in ]0, 1[ such that

Φ(u + hv) −Φ(u + hv) =
∫
Ω

(
F(x,u + hv) − F(x,u)

)
dx =

∫
Ω

hv f (x,u + hθ3v)dx,
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by using Lebesgue’s dominated convergence theorem, we obtain

lim
h→0

Φ(u + hv) −Φ(u + hv)
h

=

∫
Ω

f (x,u)vdx.

By (F1) and the Hölder inequality, it’s easy to verify that v −→
∫
Ω

f (x,u)vdx is continuous linear functional

with respect to v, thus the functional Φ is Gateaux derivative and its the functional Gateaux derivative Φ′

defined from E to its dual E′ by:

< Φ′(u), v >=
∫
Ω

f (x,u)vdx, ∀v ∈ E.

In the same way, we can prove the functionalΨ is also Gateaux derivative where its the functional Gateaux
derivativeΨ′ defined from E to its dual E′ by:

< Ψ′(u), v >=
∫
∂Ω
1(x,u)vdσ, ∀v ∈ E.

Since a functional L1, L2, Φ and Ψ are Gateaux derivatives, hence Jµ = L1 + L2 − µΦ −Ψ is also Gateaux
derivative and its the functional Gateaux derivative J′µ defined from E to its dual E′ by:

< J′µ(u), v >=< L′1(u), v > + < L′2(u), v > −µ < Φ′(u), v > − < Ψ′(u), v >, ∀v ∈ E.

• Step 3 : The Gateaux derivative J′µ is continuous:

Let v ∈ E and (un)n ∈ E such that (un)n −→ u strongly in E,
Firstly, we have∣∣∣〈L′1(un) − L′1(u), v

〉∣∣∣ ⩽ ∫
Ω

∣∣∣A(∇un) −A(∇u)
∣∣∣|∇v|dx +

∫
∂Ω
|b(x)|

∣∣∣|un|
p(x)−2un − |u|p(x)−2u

∣∣∣|v|dσ.
From (H1) and (H3), we conclude that∣∣∣〈L′1(un) − L′1(u), v

〉∣∣∣ ⩽ ∫
Ω

∣∣∣K2|∇un|
p(x)−2

∇un − K1|∇u|p(x)−2
∇u

∣∣∣|∇v|dx + ∥b∥∞

∫
∂Ω

∣∣∣|un|
p(x)−2un − |u|p(x)−2u

∣∣∣|v|dσ,
from the Hölder inequality, we obtain∣∣∣〈L′1(un) − L′1(u), v

〉∣∣∣ ⩽ C
[
∥ |∇un|

p(x)−2
∇un − |∇u|p(x)−2

∇u ∥p′(.)∥∇v∥p(.) + ∥|un|
p(x)−2un − |u|p(x)−2u ∥p′(.)∥v∥p(.)

]
,

where C > 0. Then

sup
∥v∥⩽1

∣∣∣〈L′1(un) − L′1(u), v
〉∣∣∣ ⩽ C

[
∥ |∇un|

p(x)−2
∇un − |∇u|p(x)−2

∇u ∥p′(.) + ∥|un|
p(x)−2un − |u|p(x)−2u ∥p′(.)

]
,

Since (un)n −→ u strongly in E, therefore, |∇un|
p(x)−2

∇un −→ |∇u|p(x)−2
∇u and |un|

p(x)−2un −→ |u|p(x)−2u strongly
in Lp′(.)(Ω), thus

lim
n→+∞

∥L′1(un) − L′1(u)∥E′ = lim
n→+∞

sup
∥v∥⩽1

∣∣∣〈L′1(un) − L′1(u), v
〉∣∣∣ = 0,

so the functional L′1 is continuous.
In the same way and using (2), we can prove the functional L′2 is also continuous.
Secondly, from the hypothesis (F1), we have∣∣∣〈Φ′(un) −Φ′(u), v

〉∣∣∣ ⩽ ∫
Ω

∣∣∣ f (x,un) − f (x,u)
∣∣∣ |v|dx ⩽

∫
Ω

| f1(x)|
∣∣∣|un|

r(x)−1
− |u|r(x)−1

∣∣∣ |v|dx,
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since f1 ∈ L
q(.)

q(.)−r(.) (Ω), u, v,un ∈ E ↪→W1,q(.)(Ω) ↪→ Lq(.)(Ω), |un|
r(x)−1, |u|r(x)−1

∈ L
q(.)

r(.)−1 (Ω) and q(.)−r(.)
q(.) +

1
q(.) +

r(.)−1
q(.) =

1, from generalized Hölder’s inequality (see [14]), we obtain∣∣∣〈Φ′(un) −Φ′(u), v
〉∣∣∣ ⩽ ∥ f1∥ q(.)

q(.)−r(.)
∥|un|

r(x)−1
− |u|r(x)−1

∥ q(.)
r(.)−1
∥v∥q(.) ⩽ c1∥ f1∥ q(.)

q(.)−r(.)
∥|un|

r(x)−1
− |u|r(x)−1

∥ q(.)
r(.)−1
∥v∥,

where c > 0, then

∥Φ′(un) −Φ′(u)∥E′ = sup
∥v∥⩽1

∣∣∣〈Φ′(un) −Φ′(u), v
〉∣∣∣ ⩽ c1∥ f1∥ q(.)

q(.)−r(.)
∥|un|

r(x)−1
− |u|r(x)−1

∥ q(.)
r(.)−1
.

Since (un)n −→ u strongly in E, then |un|
r(x)−1

−→ |u|r(x)−1 strongly in L
q(.)

r(.)−1 (Ω), thus lim
n→+∞

∥Φ′(un)−Φ′(u)∥E′ = 0,
so the functional Φ′ is continuous.
Thirdly, from (G1), we have :∣∣∣〈Ψ′(un) −Ψ′(u), v

〉∣∣∣ ⩽ ∫
∂Ω

∣∣∣1(x,un) − 1(x,u)
∣∣∣ |v|dσ ⩽ ∫

∂Ω
|11(x)|

∣∣∣|un|
s(x)−1

− |u|s(x)−1
∣∣∣ |v|dσ,

then ∣∣∣〈Ψ′(un) −Ψ′(u), v
〉∣∣∣ ⩽ C1

∫
∂Ω

∣∣∣|un|
s(x)−1

− |u|s(x)−1
∣∣∣ |v|dσ ⩽ C1

∫
∂Ω

∣∣∣|un|
p∂(x)−1

− |u|p
∂(x)−1

∣∣∣ |v|dσ.
Since u, v,un ∈ E ↪→ W1,p(.)(Ω) ↪→↪→ Lp∂(.)(∂Ω) compactly (see proposition 2.6), |un|

p∂(x)−1, |u|p∂(x)−1
∈

L
p∂ (.)

p∂ (.)−1 (∂Ω), from Hölder’s inequality, we obtain∣∣∣〈Ψ′(un) −Ψ′(u), v
〉∣∣∣ ⩽ C1∥|un|

p∂(x)−1
− |u|p

∂(x)−1
∥ p∂ (.)

p∂ (.)−1

∥v∥p∂(.) ⩽ c2C1∥|un|
p∂(x)−1

− |u|p
∂(x)−1

∥ p∂ (.)

p∂ (.)−1

∥v∥,

then
∥Ψ′(un) −Ψ′(u)∥E′ = sup

∥v∥⩽1

∣∣∣〈Ψ′(un) −Ψ′(u), v
〉∣∣∣ ⩽ c2C1∥|un|

p∂(x)−1
− |u|p

∂(x)−1
∥ p∂ (.)

p∂ (.)−1

,

Since (un)n −→ u strongly in E and u,un ∈ E ↪→ W1,p(.)(Ω) ↪→ Lp∂(.)(∂Ω), then |un|
p∂(x)−1

−→ |u|p∂(x)−1 strongly

in L
p(.)

p(.)−r(.) (∂Ω), thus lim
n→+∞

∥Ψ′(un) −Ψ′(u)∥E′ = 0, so the functional Φ′ is continuous.
In summary, we conclude that the functional J′µ is continuous.
Since the functional Jµ is Gateaux derivative and its Gateaux derivative J′µ is continuous, hence Jµ is of class
C1(E,R).

Proposition 3.6. We assume that the hypothesis (H1)–(H3), (F1), (G1), and (G3) hold. Then the functional Jµ
satisfies the Palais-Smale condition on E.

Proof. Let (un)n a sequence in E. We assume that Jµ is bounded (i.e. ∃M > 0 : |Jµ(un)| ⩽M, ∀(un)n ∈ E) and
lim

n→+∞
∥J′µ(un)∥E′ = 0,

• Firstly, we will prove that (un)n is bounded:
By the contrary, we assume that (un)n is unbounded, we take ∥un∥ > 1 for any integer n. We have

M ⩾ Jµ(un) =
∫
Ω

1
p(x)

A(|∇un|
p(x))dx +

∫
Ω

1
q(x)

A(|∇un|
q(x))dx +

∫
∂Ω

1
p(x)

b(x)|un|
p(x)dσ +

∫
∂Ω

1
q(x)

d(x)|un|
q(x)dσ

− µ

∫
Ω

F(x,un)dx −
∫
∂Ω

G(x,un)dσ,

from (H1), (H2) and (F1), we obtain

M ⩾
K1

p+

∫
Ω

|∇un|
p(x)dx +

K1

q+

∫
Ω

|∇un|
q(x)dx +

1
p+

∫
∂Ω

b(x)|un|
p(x)dσ +

1
q+

∫
∂Ω

d(x)|un|
q(x)dσ

−
µ

r−

∫
Ω

f1(x)|un|
r(x)dx −

∫
∂Ω

G(x,un)dσ,
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from Hölder’s inequality and (F1), we conclude that
∫
Ω

f1(x)|un|
r(x)dx ⩽ ∥ f1∥ q(.)

q(.)−r(.)
∥|u|r(.)

∥ q(.)
r(.)
.

As Lq(.)(Ω) ↪→ L
q(.)
r(.) (Ω), and E ↪→ Lq(.)(Ω), then, there exist positive constants c1, c2, such that∫

Ω

f1(x)|un|
r(x)dx ⩽ c1∥ f1∥ q(.)

q(.)−r(.)
∥|un|

r(.)
∥q(.) ⩽ c2∥ f1∥ q(.)

q(.)−r(.)
∥|un|

r(.)
∥,

therefore∫
Ω

f1(x)|un|
r(x)dx ⩽ c3∥ f1∥ q(.)

q(.)−r(.)
∥un∥

r+ , (6)

from (6), the last inequality of M implies

M ⩾
K1

p+

∫
Ω

|∇un|
p(x)dx +

K1

q+

∫
Ω

|∇un|
q(x)dx +

1
p+

∫
∂Ω

b(x)|un|
p(x)dσ +

1
q+

∫
∂Ω

d(x)|un|
q(x)dσ

−
µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥un∥

r+ −

∫
∂Ω

G(x,un)dσ.
(7)

On another hand, we have〈
J′µ(un),un

〉
=

∫
Ω

a(|∇un|
p(x))|∇un|

p(x)dx +
∫
∂Ω

b(x)|un|
p(x)dσ +

∫
Ω

a(|∇un|
q(x))|∇un|

q(x)dx +
∫
∂Ω

d(x)|un|
q(x)dσ

− µ

∫
Ω

f (x,un)undx −
∫
∂Ω
1(x,un)undσ,

by (H1),(F1), (G3), we have〈
J′µ(un),un

〉
⩽ K2

∫
Ω

|∇un|
p(x)dx +

∫
∂Ω

b(x)|un|
p(x)dσ + K2

∫
Ω

|∇un|
q(x)dx +

∫
∂Ω

d(x)|un|
q(x)dσ

+ µ

∫
Ω

f1(x)|un|
r(x)dx − λ

∫
∂Ω

G(x,un)dσ,

from (6), we deduce that

−

〈
J′µ(un),un

〉
⩾ −K2

∫
Ω

|∇un|
p(x)dx −

∫
∂Ω

b(x)|un|
p(x)dσ − K2

∫
Ω

|∇un|
q(x)dx −

∫
∂Ω

d(x)|un|
q(x)dσ

− µc3∥ f1∥ q(.)
q(.)−r(.)
∥un∥

r+ + λ

∫
∂Ω

G(x,un)dσ,
(8)

from (7) and (8), we conclude that

M −
1
λ

〈
J′µ(un),un

〉
⩾

(
K1

p+
−

K2

λ

) ∫
Ω

|∇un|
p(x)dx +

(
K1

q+
−

K2

λ

) ∫
Ω

|∇un|
q(x)dx +

(
1

p+
−

1
λ

) ∫
∂Ω

b(x)|un|
p(x)dσ

+ (
1
q+
−

1
λ

)
∫
∂Ω

d(x)|un|
q(x)dσ − µc3(

1
r−
+

1
λ

)∥ f1∥ q(.)
q(.)−r(.)
∥un∥

r+ .

In (G3), we have λ > p+
K2

K1
,we conclude

M −
1
λ

〈
J′µ(un),un

〉
⩾ min

(
K1

p+
−

K2

λ
,

1
p+
−

1
λ

) [∫
Ω

|∇un|
p(x)dx +

∫
∂Ω

b(x)|un|
q(x)dσ

]
+min

(
K1

q+
−

K2

λ
,

1
q+
−

1
λ

) [∫
Ω

|∇un|
q(x)dx +

∫
∂Ω

d(x)|un|
q(x)dσ

]
− µc3(

1
r−
+

1
λ

)∥ f1∥ q(.)
q(.)−r(.)
∥un∥

r+ .

.
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We put the positive constants

c4 = µc3(
1
r−
+

1
λ

)∥ f1∥ q(.)
q(.)−r(.)

, c5 = min
(

K1

p+
−

K2

λ
,

1
p+
−

1
λ

)
and c6 = min

(
K1

q+
−

K2

λ
,

1
q+
−

1
λ

)
.

From proposition 2.4, we conclude that

M ⩾
1
λ

〈
J′µ(un),un

〉
+ c5ρ

∗

1,p(.)(un) + c6ρ
∗

1,q(.)(un) − c4∥un∥
r+ ,

since Jµ is of class C1(E,R) and ρ∗1,q(.)(un) ⩾ 0, that implies

M ⩾ −
1
λ
∥J′µ(un)∥E′ ∥un∥ + c5ρ

∗

1,p(.)(un) − c4∥un∥
r+ .

From proposition 2.4, we conclude that

M ⩾ −
1
λ
∥J′µ(un)∥E′ ∥un∥ + c5∥un∥

p− − c4∥un∥
r+ ,

then
M ⩾ ∥un∥

[
−

1
λ
∥J′µ(un)∥ + ∥un∥

r+−1 (
c5∥un∥

p−−r+ − c4
)]
.

Letting n −→ +∞, we obtain M ⩾ +∞, this is a contradiction. So (un)n is bounded in E.
• Secondly, we prove that any (P − S)− sequence has a convergent sub-sequence:
To demonstrate this, we need the following lemma :

Lemma 3.7. (see [25], [23]) The functional L′1 + L′2 : E −→ E′ is of type (S+).
(
i.e. i f (un)n ⇀ u weakly in E and

lim sup
n→+∞

〈
(L′1 + L′2)(un),un − u

〉
, then (un)n −→ u stron1ly in E

)
.

Given that E is a Banach and reflexive space, there exists u ∈ E such that, considering a subsequence denoted
as (un)n, we have (un)n ⇀ u weakly in E, then by the compact embedding E ↪→↪→ Lp(.)(Ω), we obtain

(un)n −→ u a.e. in Ω and (un)n −→ u in Lp(.)(Ω). (9)

On other hand, we have,〈
L′1(un) + L′2(un),un − u

〉
=

∫
Ω

A(∇un)(∇un − ∇u)dx +
∫
∂Ω

b(x)|un|
p(x)−2un(un − u)dσ +

∫
Ω

B(∇un − ∇u)dx

+

∫
∂Ω

d(x)|un|
q(x)−2un(un − u)dσ

and
< J′µ(u), v > = < L′1(u), v > + < L′2(u), v > −µ < Φ′(u), v > − < Ψ′(u), v >, ∀v ∈ E,

then

lim sup
n→+∞

〈
L′1(un) + L′2(un),un − u

〉
= lim sup

n→+∞

〈
J′µ(un),un − u

〉
+ µ lim sup

n→+∞

∫
Ω

f (x,un)(un − u)dx + lim sup
n→+∞

∫
∂Ω
1(x,un)(un − u)dσ,

Since lim
n→+∞

∥J′µ(un)∥E′ = 0 and from (F1) and (G1), we conclude that

lim sup
n→+∞

〈
L′1(un)+L′2(un),un−u

〉
⩽ µ lim sup

n→+∞

∫
Ω

f1(x)|un|
r(x)−1(un−u)dx+lim sup

n→+∞

∫
∂Ω
11(x)|un|

s(x)−1(un−u)dσ, (10)
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we have ∫
Ω

f1(x)|un|
r(x)−1(un − u)dx ⩽

∫
Ω

| f1(x)| |un|
r(x)−1
|un − u|dx,

since f1 ∈ L
q(.)

q(.)−r(.) (Ω), un,u ∈ E ⊂ Lq(.)(Ω), |un|
r(x)−1

∈ L
q(.)

r(.)−1 (Ω) q(.)−r(.)
q(.) +

1
q(.) +

r(.)−1
q(.) = 1, from generalized Hölder’s

inequality (see [14]), we obtain∫
Ω

f1(x)|un|
r(x)−1(un − u)dx ⩽ c8∥ f1∥ q(.)

q(.)−r(.)
max(∥un∥

r−−1
q(.)

r(.)−1

, ∥un∥
r+−1

q(.)
r(.)−1

)∥un − u∥q(.),

where c8 is a positive constant.
From (9), we conclude that

lim sup
n→+∞

∫
Ω

f1(x)|un|
r(x)−1(un − u)dx = 0.

Similarly, we can prove that

lim sup
n→+∞

∫
∂Ω
11(x)|un|

s(x)−1(un − u)dσ = 0.

From (10), we conclude that lim sup
n→+∞

〈
L′1(un) + L′2(un),un − u

〉
= 0, from the lemma 3.7, we conclude that :

(un)n −→ u strongly in E.

Proposition 3.8. The functional Jµ satisfies the geometrical conditions (P1) and (P2) of Moutain Pass.

Proof. • For u ∈ E with ∥u∥ ⩽ 1,We have

Jµ(u) =
∫
Ω

1
p(x)

A(|∇u|p(x))dx +
∫
Ω

1
q(x)

A(|∇u|q(x))dx +
∫
∂Ω

1
p(x)

b(x)|u|p(x)dσ +
∫
∂Ω

1
q(x)

d(x)|u|q(x)dσ

− µ

∫
Ω

F(x,u)dx −
∫
∂Ω

G(x,u)dσ,

from (H1), (H2), (F1), (G3) and (6) we obtain

Jµ(u) ⩾
K1

p+

∫
Ω

|∇u|p(x)dx +
K1

p+

∫
Ω

|∇u|p(x)dx +
1

p+

∫
∂Ω

b(x)|u|p(x)dσ +
1

p+

∫
∂Ω

d(x)|u|p(x)dσ

−
µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥|u|∥r+ −

1
λ

∫
∂Ω
1(x,u)udσ,

⩾ 2
K1

p+

∫
Ω

|∇u|p(x)dx +
1

p+

∫
∂Ω

(b(x) + d(x))|u|p(x)dσ −
µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥|u|∥r+ −

1
λ

∫
∂Ω
1(x,u)udσ,

from (H3) and proposition 2.4, we conclude

Jµ(u) ⩾
2

p+
min(K1, 1)ρ∗1,p(.)(u) −

µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥u∥r+ −

1
λ

∫
∂Ω
1(x,u)udσ,

From (G1), (G2) and (G3), we apply the limit definition, we have: for all ϵ > 0, there exists Cϵ > 0 such that,
for all |u| ⩽ Cϵ:

1
λ
1(x,u)u ⩽

ϵ
λ
|u|p+ + Cϵ|u|s(x). (11)

We deduce that

Jµ(u) ⩾
2

p+
min(K1, 1)ρ∗1,p(.)(u) −

µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥u∥r+ −

ϵ
λ

∫
∂Ω
|u|p+dσ − Cϵ

∫
∂Ω
|u|s(x)dσ.
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Since ∂Ω ∈ Ω and from proposition 2.4, we have

Jµ(u) ⩾
2

p+
min(K1, 1)∥u∥p+ −

µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥u∥r+ −

ϵ
λ
∥u∥p+p+ − Cϵ∥u∥s−s(.),

since the embedding W1,p(.)(Ω) ↪→ Ls(.)(Ω) of constant c10 > 0, the embedding W1,p(.)(Ω) ↪→ Lp+ (Ω) of constant
c9 > 0, the above inequality implies that

Jµ(u) ⩾
(

2
p+

min(K1, 1) −
ϵ
λ

c9

)
∥u∥p+ −

µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥u∥r+ − Cϵc10∥u∥s− , (12)

since s− > r+, that yields

Jµ(u) ⩾
(

2
p+

min(K1, 1) −
ϵ
λ

c9

)
∥u∥p+ −

( µ
r−

c3∥ f1∥ q(.)
q(.)−r(.)

+ Cϵc10

)
∥u∥r+ .

We put c11 =
2

p+
min(K1, 1) − c9

ϵ
λ and c12 = µ

c3

r−
∥ f1∥ q(.)

q(.)−r(.)
+ Cϵc10 then, for ∥u∥ = R, we have

Jµ(u) ⩾ Rr+ϕ(R) = Rr+ (c11Rp+−r+ − c12
)

with 0 < R ⩽ 1 (13)

for ϵ small enough that we want, there exist R > Rm =
(c12

c11

) 1
p+−r+

and ρ = Rr+ϕ(R) > 0, such that Jµ(u) ⩾ ρ

for ∥u∥ = R, so, the proof of condition (P1) of Mountain-Pass theorem is complete.
• for u ∈ E with ∥u∥ > 1, and t > 1, from (H1), (H2), (2), and (6), we deduce that

Jµ(tu) ⩽ |t|p+
[

K2

p−

∫
Ω

|∇u|p(x)dx +
K2

q−

∫
Ω

|∇u|q(x)dx +
1

p−

∫
∂Ω

b(x)|u|p(x)dσ +
1
q−

∫
∂Ω

d(x)|u|q(x)dσ
]

+
µ|t|r+

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥u∥r+ −

∫
∂Ω

G(x, tu)dσ
,

then,

Jµ(tu) ⩽ |t|p+
[
2

K2

q−

∫
Ω

|∇u|p(x)dx +
1
q−

∫
∂Ω

(b(x) + d(x))|u|p(x)dσ
]
+
µ|t|r+

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥u∥r+ −

∫
∂Ω

G(x, tu)dσ,

from proposition 2.4 and r+ ⩽ p+, we obtain

Jµ(tu) ⩽
[
max

(
2

K2

q−
,

1
q−

)
ρ∗1,p(.)(u) +

µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥u∥r+

]
|t|p+ −

∫
∂Ω

G(x, tu)dσ.

We put l(y) = y−λG(x, ty) − G(x, t),∀y ⩾ 1, from (G3), we have l′(y) = y−λ−1[−λG(x, ty) + ty1(x, ty)] ⩾ 0,
then l(y) ⩾ l(1), so G(x, ty) ⩾ yλG(x, t), ∀(x, t) ∈ ∂Ω × R.
From (11), we conclude that

Jµ(tu) ⩽ c13|t|p+ − |t|λ
∫
∂Ω

G(x,u)dσ ⩽ c13|t|p+ − |t|λc0

∫
∂Ω

[
ϵ
λ
|u|p+ + Cϵ|u|s(x)

]
dσ ⩽ c13|t|p+ − c14|t|λ, (14)

where c13 =

[
max

(
2

K2

q−
,

1
q−

)
ρ∗1,p(.)(u) +

µ

r−
c3∥ f1∥ q(.)

q(.)−r(.)
∥u∥r+

]
, c14 = c0

∫
∂Ω

[
ϵ
λ
|u|p+ + Cϵ|u|s(x)

]
dσ, then

Jµ(tu) ⩽ |t|p+ [c13 − c14|t|λ−p+ ],

We pass to limit, we obtain
lim

t→+∞
Jµ(tu) = −∞,

then Jµ(tu) < 0, thus the proof of condition (P2) of Mountain- Pass theorem is complete. The proof of
proposition 3.8 is complete.
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According to propositions 3.5, 3.6, 3.8, we may apply theorem 3.4 to conclude that the problem (1) has at
least one nontrivial weak solution.

3.2. Existence of infinity weak solutions

Theorem 3.9. Assume that (H1)–(H3),(F1),(F2), and (G1)–(G3) hold and
• (H4): there exists a nonempty open set V ∈ ∂Ω with G(x, t) > 0 for all (x, t) ∈ V × R+,
• (H5): f and 1 are odds (i.e. f (x,−t) = − f (x, t), ∀(x, t) ∈ Ω × R and 1(x,−t) = −1(x, t), ∀(x, t) ∈ ∂Ω × R),
Then, the problem (1) has infinitely many of solutions for all µ > 0.

In establishing Theorem 3.9, we will utilize the following form of the symmetric mountain pass theorem.

Theorem 3.10. (see [32, Theorem 2.1]) Let E is a real Banach space and E = Y ⊕ Z, where Y is finite dimensional.
Suppose J ∈ C1(E,R) is an even functional (i.e.J(−u) = J(u), ∀u ∈ E) satisfying (PS)-condition, J(0) = 0 and that
the following conditions hold:
• (S1): there exists R > 0 such that J|∂BR∩Z ⩾ 0,
• (S2): there exists a finite dimensional subspace W ⊂ E with dim Y < dim W < ∞ and there exists M > 0 such that
max
u∈W

J(u) <M,

• (S3): considering M > 0 given by the (S2), J satisfies the condition (PS)c for 0 ⩽ c ⩽M,
Then J possesses at least (dim W − dim Y)- pairs of nontrivial critical points.

Remark 3.11. (see[18]),
Since E is a reflexive and separable Banach space, then there are (e j) j∈N∗ ⊆ E and (e∗j) j∈N∗ ⊆ E′ such that

E = span{e j/ j ∈ N∗} and E′ = span{e∗j/ j ∈ N∗}
ω∗

and e∗i (e j) = δi j, for i, j ∈ N∗.

For k ∈ N∗, we denote Xk = span{ek}, Yk = ⊕
k
j=1X j and Zk = ⊕

∞

j=kX j.

For to prove the Theorem 3.9, it suffices to prove the following two propositions and by symmetric
mountain pass theorem 3.10 we obtain the conclusion of Theorem 3.9.

Proposition 3.12. Assume that (H1), (H2), (H3) (F1), (G1), (G2) and (G3) hold. Then, there exists µ̃ > 0, k ∈ N,
and R, θ > 0 such that Jµ|∂BR∩Zk

⩾ θ for all 0 < µ < µ̃.

Proof. We put R = ∥u∥, with 0 < R ⩽ 1, from (12), we have

Jµ(u) ⩾ c11∥u∥p+ − c15µ∥u∥r+ − Cϵc10∥u∥s− = Rp+ (c11 − c15µRr+−p+) − Cϵc10Rs− ,

where c11 =
2

p+
min(K1, 1)− c9

ϵ
λ and c15 =

c3

r−
∥ f1∥ q(.)

q(.)−r(.)
, therefore, for ϵ small enough that we want, we obtain

Jµ(u) > 0 i f 0 < µ <
c11r−

c3∥ f1∥ q(.)
q(.)−r(.)

Rp+−r+ .

Thus, there exist θ > 0 and µ̃ =
c11r−

c3∥ f1∥ q(.)
q(.)−r(.)

Rp+−r+ > 0 such that Jµ(u) ⩾ θ, for all 0 < µ < µ̃,

which complete the proof of proposition 3.12.

Proposition 3.13. Under the assumptions of (H1)-(H3), (F2), (G1)–(G3), and (H4), for any m ∈ N, there exists a
subspace W in E and a constant Mm > 0 independent of µ. This subspace satisfies dim W = m and max

u∈W
Jµ(u) <Mm.

Proof. Define O and V as in (F2) and (H4), respectively. The space W can be constructed using the same
method as in Lemma 4.3 in [32]. So, we consider v1, ..., vm such that vi ∈ D(Ω), supp vi ∩ supp v j = ∅,
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supp vi ∩O , ∅ and supp vi ∩ V , ∅, for all i, j ∈ {1, ...,m} and i , j.
We have

Jµ(u) =
∫
Ω

1
p(x)

A(|∇u|p(x))dx +
∫
Ω

1
q(x)

A(|∇u|q(x))dx +
∫
∂Ω

1
p(x)

b(x)|u|p(x)dσ +
∫
∂Ω

1
p(x)

d(x)|u|q(x)dσ

− µ

∫
Ω

F(x,u)dx −
∫
∂Ω

G(x,u)dσ,

by (H1), (H2) and (2), we deduce that

Jµ(u) ⩽
K2

p−

∫
Ω

|∇un|
p(x)dx +

K2

q−

∫
Ω

|∇un|
q(x)dx +

1
p−

∫
∂Ω

b(x)|un|
p(x)dσ +

1
q−

∫
∂Ω

d(x)|un|
q(x)dσ − µ

∫
Ω

F(x,u)dx

−

∫
∂Ω

G(x,u)dσ,

by proposition 2.4, we obtain

Jµ(u) ⩽
1
q−

max (K2, 1)
(
ρ∗1,p(.)(u) + ρ∗1,q(.)(u)

)
− µ

∫
Ω

F(x,u)dx −
∫
∂Ω

G(x,u)dσ,

since E ↪→W1,q(.)(Ω), then

Jµ(u) ⩽ c16
1
q−

max (K2, 1) max(∥u∥p− , ∥u∥p+ ) − µ
∫
Ω

F(x,u)dx −
∫
∂Ω

G(x,u)dσ,

where c16 > 0. For u ∈W, since supp u ∩O , ∅, we obtain

Jµ(u) ⩽ c16
1
q−

max (K2, 1) max(∥u∥p− , ∥u∥p+ ) −
∫
∂Ω

G(x,u)dσ = J̃(u), (15)

then
max

u∈W\{0}
Jµ(u) ⩽ max

u∈W\{0}
J̃(u) = max

u∈∂B1(0)∩W\{0}
J̃(u),

for t > 0 large enough, u ∈ ∂B1(0) ∩W \ {0} and ϵ enough small that we want, by (15), we obtain

J̃(tu) = c16
1
q−

max (K2, 1) max(∥tu∥p− , ∥tu∥p+ ) −
∫
∂Ω

G(x, tu)dσ,

from (14), the above inequality implies

J̃(tu) ⩽ c17∥tu∥p− − |t|λc0

∫
∂Ω

[
ϵ
λ
|u|p+ + Cϵ|u|s(x)

]
dσ ⩽ c17|t|p−∥u∥p− − c18|t|λ,

where c17 = c16
1
q−

max (K2, 1) > 0 and c18 = c0

∫
∂Ω

[
ϵ
λ
|u|p+ + Cϵ|u|s(x)

]
dσ > 0.

From (G3), we obtain
lim

t→+∞
J̃(tu) ⩽ lim

t→+∞

[
|t|p− (c17∥u∥p− − c18|t|λ−p− )

]
= −∞.

Hence, lim
t→+∞

J̃(tu) = −∞.. Consequently, we deduce the existence of a subspace W of E and a positive

constant Mm independent of µ, where dim W = m and max
u∈W

Jµ(u) <Mm. Thus, the proof of Proposition 3.13

is concluded.

From (H5), we deduce Jµ is even, moreover, we have Jµ ∈ C1(E,R) satisfying (PS)-condition and Jµ(0) = 0.
According to the propositions 3.6, 3.12, and 3.13, Theorem 3.10 allows us to infer that the problem (1)
possesses infinitely many nontrivial solutions.
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