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Abstract. This paper studies the following new class of nonlinear double-phase equations with a defined

Robin boundary condition (the nonlinear disturbances that drive them to obey a suitable condition at the
origin and on the boundary)

—div (A (Vu)) — div (B (Vu)) = puf (x, u) in Q,
(A (Vu) + B(Vu) .+ b (x) [ulf®2u +d (x) [u'™2u = g (x,u) ondQ,

whereu >0,Q C RN(N > 2)isabounded open domain with smooth boundary 9Q, nis the outer unit normal
vector on dQ, b (.) and d (.) are positive and continuous functions on dQ. At first, via a generalized mountain-
pass approach with Critical point theory, we prove that this problem with superlinear nonlinearity has a
solution and infinitely many solutions. Furthermore, we rigorously verify the existence of infinitely many
solutions by imposing sufficient constraints on the functions f and g. Our results comprehensively expand
and generalize specific recent contributions within the existing literature.

1. Introduction

There has been a tremendous increase in the study of mathematical problems with variable exponents in
recent years. This increased focus can be attributed to the intricate and captivating mathematical challenges
posed by these equations, as well as their versatile application in capturing phenomena that manifest in a
variety of fields, including elastic mechanics [10], thermo-rheological fluids [5], electrorheological materials
[31], image restoration [12], electrical resistivity, polycrystal plasticity [11], and continuum mechanics [6].
Additionally, nonlinear Robin conditions appear in several physical situations such as climatization [34] or
some chemical reactions [13].

This paper seeks to demonstrate the presence and variety of solutions within a particular class of
quasi-linear elliptic problems subject to Robin boundary conditions:

—div (A (Vu)) — div (B (Vu) = uf (x, u) inQ, :
(A (Vi) + B (Vi) . + PO 20 + dx)uf'®2u = g(x,u)  ondQ, ™)
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where Q ¢ RN(N > 2) is a bounded open domain with a smooth boundary dQ. The functions

AVu) = a(IVulp(")) [VuP9-2Vy and B (Vu) = a(IVul"(")) [Vul?®-2Vy are defined, with u > 0 and 7 repre-
senting the outer unit normal vector on dQ. The functions b(-) and d (-) are positive and continuous on
dQ. Additionally, f and g are Caratheodory functions that satisfy the Growth condition. Moreover, the
exponents p () and g (-) fulfill specific requirements

p(),q9() € C+(5) = {r(.) € C(ﬁ) [1<ro<r()<ry<+o0 inﬁ} suchthatl <g_ <g; <p-<ps <N, (2)

where g_ := essinf g (x) and g, := ess sup g (x), idem for p, and p_.
xeQ) xeQ

Note that the (p(.),q(.)) —Laplacian operator in equation (1) is a specific instance of divergence form
operators —div (A (Vu)) — div (8 (Vu)), commonly encountered in various nonlinear diffusion problems,

t
Vizi
it gives rise to the generalized Capillary operator, a crucial element in applied fields such as industrial,
biomedical, and pharmaceutical applications, as introduced by W. Ni and J. Serrin [27].

Several researchers [2, 3, 7-9, 17, 22, 26, 28] have extensively investigated the existence of solutions for
problems such as (1) using the variational technique, and their work has inspired the present paper. The
reader can consult [1, 24, 30, 33, 35] and the references for further results.

In [7], the authors employed both variants of the Mountain- Pass theorem to establish the existence and
multiplicity of solutions under the Palais-Smale condition despite the absence of the second divergence
element in problem (1). While the other authors in [25] proved the existence and multiplicity of solutions
to their Dirichlet problem using the Mountain-Pass, Fountain theorems.

In this article, we provide an extension of the result found in [7] for the problem (1), which is denoted
by (p(.),q(.)) —Laplacian-like operators. To begin, we will do an in-depth investigation into the features of
the Lagrange functional that are linked to our situation. In the second step of our proof, we will apply both
Mountain- Pass theorems to demonstrate the existence of at least a non-trivial solution and the existence of
infinitely many pairs solutions to the problem (1).

For the purposes of our investigation, we make the following assumptions:

especially in the mathe-matical modeling of non-Newtonian fluids. Specifically, when a () =1 +

(H1): a(.) : R* — Ris a continuous functions satisfy:

Ky <a(t) €Ky, ¥t 20, where 0 < K < K,.

(H2): We defined the function 0(.) : RN — Ras 0 (£) = A (lé |”(x)), where x € Q, and A (.) is the antiderivative
¢

of a(.), expressed as A(t) = f a(s) ds. This function is strictly convex.
0

(H3): b(.) and d(.) are positive and continuous functions defined on JQ.

f(,.): QxR — RisaCaratheodory function where f (x,0) = 0 and they satisfy the following conditions:

(F1): For all (x,t) € Q X R, the inequality |f (x,#)| < fi (x) [t™! holds, where 1 < r- < r, < gq-, fiis a
0
measurable, non negative function and f; € LD (Q).

(F2): For all (x,5) € QX R, the inequality |f (x, )| > f2 (x) [t*®)-1 holds, where 1 < a_ < ay < 7., f2>0in
some non-empty open set O C Q.

g(.,.) : QxR — Ris a Caratheodory function, with g (x,0) = 0. The following conditions are satisfied:

(G1): For all (x,t) € dQ X R, the inequality |g (x, )| < g1 (x) |1 holds, where 1 < p; <s_ <s;, and s(.) <
P’ () on Q. Here g is a measurable, non negative function, and there exists a positive constant C,
such that 0 < g1 () < C,.
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g(x, t)

(G2): Forall (x,t) € dQ X R, the limit hm -

= 0 holds.

(G3): There exists A > p+— such that AG (x, t) < g (x, )¢, for all (x, t) € IQXR, where G (x, u) = f g(x,s)ds,
0
(Ky,K; are mentloned in (H1)).

The present paper is structured in the following manner: In Section 2, we present an overview of the
fundamental features of the function spaces [/ (Q) and W'*V) (Q), as well as the Nemytsky operator.
Additionally, we provide some assertions and lemmas that are relevant and useful in this context. Section
3 establishes the existence and multiplicity of weak solutions to the problem (1).

2. Preliminaries

This section briefly overviews recent work in the Generalized Lebesgue space L) (Q) and Generalized
Sobolev space W0 (Q). See Refs. [14, 16, 19, 21, 37] for further reading.

Let p(.) € C;(Q) the variable exponent appearing in (1) , we define the Generalized Lebesgue space
L’V (Q) by:

'Y Q) = {u : Q — Rmesurable / pyy (1) := f

[ulPDdx < +oo}.
Q

where py() (1) := f lul®dx is the convex and continuous modular of u in L") (Q). Moreover, as p() e
o)

C; (Q), then py(, (.) is weakly lower semi-continuous.

Since p(.) € C (Q) then [PV (Q) is a uniformly convex, separable and Banach space, equipped by the
following Luxemburg norm

. u
”u”p() = 1nf{/\ >0 / PP() (X) < 1} .

Remark 2.1. [PV (Q) is a reflexive space, and its dual space is isomorphic to LV'®) (Q) where — + =1 with

()

N

p’ (.) is the conjugate exponent of p (.).
Definition 2.2. Forall u € L'V (Q) and v € LV'Y) (Q), we define the Holder inequality by

fuv dx
Q

The definition of the Generalized Sobolev space is as follows:

<(1 o )nun ol
S|\ T () ()
p p 14 14

W0 Q) = fu e L'V (Q) / [Vul € 'V (Q)}.

Moreover, W0 (Q) is a reflexive space, and its dual space is isomorphic to W70 (Q).
Since p (.) € C4 (Q) then WO (Q) is a uniformly convex, separable and Banach space, which is endowed
with the following norm:

ellepey = Mullpey + 1Vl

In what follows, we introduce the following notation:

p1p() (1 flul”(") dx+f|Vu|”(") dx

for u € M (QQ) a measurable function.
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Proposition 2.3. [36]. If u € W'*V(Q), then the following properties hold true:
@) lullp) >1= ||u||’17”p() < prp) () < ||M||§7fp(.),
(i) Ny < 1=l ) < prpoy o) < N,

(i1i) |lullype) < 1 (respectively = 1;> 1) & p1 () () < 1 (respectively = 1;> 1).

We proceed to define two further norms in space W) (Q):

Proposition 2.4. (See theorem 2.1 in [15]). For any u € W'V (Q),
if b () € L® (dQ) with b_ > 0 then

Vu
=1 A>0 —
e mf{ > /L‘A

is a norm in WY%) (Q) that is equivalent to the standard norm |ully (). Moreover, the modular

u [P

p(x)
dx + f b (x)
20 A

dosl}

Prpey (1) = |V”|p(x)dx+f b (x) [uP® do
" Q Q

verifies the same properties mentioned in the proposition 2.3 (See proposition 2.4 in [15]).

Next, we will present some results of continuous and compact embedding:

Proposition 2.5. (See theorem 2.2 in [21]). Let Q be a bounded domain of RN and p(.),q(.) € C, (5)

Ifp() <Nandq() < p* () in Quith
Np(x) .
p*(x) = N _ p(x)/ Zf p(x) < N
oo, if p(x) =N,

then, there is a continuous and compact embedding W70 (Q) —< L1 (Q).

Proposition 2.6. (See [19, corollary 2.2]). Let Q) be an open bounded domain with Lipschitz boundary and
p() € C(Q)wherel <p_ <ps <N.
If q(.) € C(9Q) satisfies the condition 1 < g (x) < pa (x), forall x € IO, with

(N-Dp(x) .
P =)y =] Nopw  TPO<N
oo, if p(x) > N.

Then, there is a continuous and compact embedding WO (Q) s L0 (9Q). In particular, there is a compact
embedding W'#0 (Q) <> PV (9Q).

The data f : Q X R — R appeared in our problem is a Caratheodory function (i.e. x +— f(x,s) is
measurable for s € R and s — f (x,s) is continuous for a.e x € (3). For this, we introduced an operator
associated with this function Ny, namely the Nemytsky operator: Ny : M(Q) — M(Q) defined by

(Ny ) (@) = f (x,u(x), Yx € Q.
Proposition 2.7. (See [20, theorem 2.1]). If f : Q X R — R is a Caratheodory function and satisfies
®)
If (x,8)] <a(x)+ blsl%, VxeQ, VseR,

where p1(.),p2(.) € C4 (ﬁ), a() e LPO(Q,R*) and b > 0 is constant. Then the Nemytsky operator from Lm0 (Q)
to LP2V) (Q) defined by (N 7 (u)) (x) = f(x,u(x)), Yx € Qis a continuous and bounded operator.
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3. Existence result

In this section, we will prove the existence results of weak solutions problem (1). From the divergence
terms of this problem and the condition (2), it is easy to notice that the solutions space is E = W*0(Q) N
WL0(Q) and its normis: ||| = [|-ll1 p()-

We give the definition of weak solution of this problem :

Definition 3.1. We say that u € E is a weak solution of problem (1), if for all v € E such that:

A(Vu)Vodx + f B(Vu)Vodx + f b() |l 2uvdo + f A2 yvdo
Q 2Q 2Q

Q

(©)
=u f fx, u)odx + f g(x, u)vdo.
Q Fle)
The functional ], : E — R associated with problem (1) is introduced as follows :
Ju(u) = f iA(WuW(x))dx + f iA(wuw(’f))dx + f ib(x)|u|r’<x)do + f id(x)wmda
a p(x) a q(x) aq p(x) aq p(x) 4)

—yfF(x,u)dx—f G(x, u)do.
o) oQ
7

7
Where F(x,u) = f f(x,s)ds, Vx € Q, G(x,u) = f g(x,s)ds, ¥Yx € JQ, ¢ is the measure on the boundary
0 0
Q.

3.1. Existence of non-trivial weak solutions

Theorem 3.2. Assume that (H1)-(H3),(F1), and (G1)—(G3) hold. Then, there exists a least one non-trivial weak
solution of the problem (1).

We apply the mountain pass approach to the functional ], under the Palais-Smale condition (i.e (P — S)-
condition). Here, we recall the definition of (P — S)-condition:

Definition 3.3. Let E be a real Banach space, E’ is its topological dual and let be a functional | € C'(E, R).
We say that | satisfies a Palais-Smale condition, if for every sequence (u,), in E such that :

(I (4n)) s bouned and. lim |1]'(un)le: = 0, ©)

has a convergent sub-sequence.
Moreover, if instead of (J(u,)), we have hl}l J(uy) = c, We say that | satisfies Palais-Smale condition for level c (i.e.
n—+oo

local condition), noted (P — S)..
We will consider the following version of the Mountain Pass Theorem :.

Theorem 3.4. (See [29, Theorem 3.2]). Consider a real Banach space E and a functional | € C* (E, R) that satisfies a
Palais-Smale condition. Assume J (0) = 0, and the following conditions are met:

o (P1): AR >0, A p > 0such that J(u) > p, for |jull =R,

o (P2): de € E such that J(e) < 0 for |lul| > R. Then,

] has a critical value c with ¢ > p, such that ¢ = irellfver;}[%ﬁ]) J(), where I’ = {y € C([0,1]; E)/y(0) = 0, y(1) =e}.
The Theorem 3.2 can be proven by establishing the following three propositions:

Proposition 3.5. The functional ], is the class CYE,R) and Ju(0) = 0.
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Proof. for u € E, we put

[ L ® 1 ®
Ll(u)_Lp(x)A(Wulp )dx+f(;Q p(x)b(x)lulp do,
1 1

= —_A(IVul1g —d 10 dg,
L) = [ AV + | o
CD(u)sz(x,u)dx,
Q

and
W(u) = f G(x,u)do,
9Q
we have
IM =14 +L2—[.lq3—\y.

The proof of this proposition is organized as follows:
e Step 1: the functional ], is well defined on E and J,(0) = 0:

According to (H1) and (H3), we conclude that

1 1 1 Vup® 1
Liw) = | —A(Vul™)dx + f ——b(x)|ulPPdo < f — f a(t)dt | dx + f ——|[lleo|uPVdo.
1= | g AV | et or@ | O w0 P
Then
K> ) [16]]oo ®) _1
Li(u) < P_ [VulPYdx + —— [ulP*do < Kap1p()(u), where K3 = p_ max (K3, ||b||) > 0.
- JQ - 0Q -

Since u € E, we conclude Lq(u) < +0o0, thus L; is a functional well defined.
In the same way, we can prove L, is also a functional well defined.
From (F1), we have

D(u) = LF(X, u)dx = fglj: f(x,s)ds] dx < 5 %lﬁ(x)llulr(x)dx,

sinceu € E — L10(Q)and f; € LT50(Q , from the Holder inequality, that implies
quality, p

1
D) < —lAll_w Mul@llo < +eo.
= 70-10) 0

Then @ is a functional well defined.
From (G1), we have

“ 1 Cy Cy )
W(u) = f G(x, u)do = f f g(x,s)ds|do < f — g1 () l[ufPdo < — f ufWdo < —= | |[uf"Wdo,
90 aalJo a0 S(x) s- Joa s- Joa

then,
Sy
W) < =ppoaa®).
From proposition 2.3 in [21] and the proposition 2.6, we have that

W(u) < clluf] < +oo,
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where ¢ > 0. Hence, WV is a functional well defined.
From the hypothesis (H2) and f(x,0) = g(x,0) = 0, it’s easy to verify that J,(0) = 0.
In summary, the functional ], is well defined and J,(0) = 0.

e Step 2: the functional ], is Gateaux derivative:

Let u,v € E and i > 0 small enough, we have

1 1
Li(u +hv) — Li(u :f— A(IVu + hVoP®y — A(VulP™ dx+f —b(x) ||u + ko™ — |uP™ | do,
(o) = Latw) = | p(x)[ ( ) = A(Vul'®)] Mk )| ]
from (H2), that implies
1 |Vu+hVoP® 1 ® o
Li(u+hv) —Li(u <f— f a(t)dt dx+f ——b(x) |lu + ho™Y — [ul'*” | do,
1+ 7o) — Ly () Qp(x)[ O ] el ) [l + ol — ]

we apply The Mean Value Theorem on the function a(.), then there exists a positive constant 6y = 6y(Vu, Vu+
hVv) in 10, 1] such that

Ly(u + ho) — Ly(u) < f pix) [IVae + hVop® — Vup®]a (IVup® + 0o(Vue + hVoP® — [Vup®)) dx
Q
1
+ ——b(x) |[u + hoP® — |uP™ | do.
[90 p(x) @) [ ]

We apply once again, The Mean Value Theorem on the function ¢(t) = [HP®) ¥t € RN, then there exist two
positives constants 01 = 61(Vu, Vi + hVv), 0, = 02(u, u + hv) in 10, 1[ such that

Li(u + ho) — Li(u) < f hIVi + 10, Vo ©2(Vu + hoy Vola(VuP™ + 0(|Vu + hVol® — |VulP® ) Vodx
Q
+ f hb(x)|u + h0,0PP~2(u + h6,v)vdo
0Q

From Lebesgue’s dominated convergence theorem, we obtain

lim Ll(u + ]/l’())
h—0 h

—Li(u) _ f a(qul”(x))IVul”(x)_ZVqudx= f A(Vu)Vodx + f b()|ulPY2uvdo = 1,(v),
Q Q 2Q

by Holder’s inequality, it’s easy to verify that [, is a continuous linear functional on E with respect to v,
thus the functional L; is Gateaux derivative where its Gateaux derivative L] defined from E to its dual E’ by

<Li(u),v>= f A(Vu)Vodx + f b(x)|ulPY2uvdc Vv € E.
Q 2Q

with < .,. > is the duality bracket between E and its dual E’.
In the same way, we can prove the functional L; is also Gateaux derivative where its Gateaux derivative L/
defined from E to its dual E’ by:

< Ly(u),v >= f B(Vu)Vodx + f A()ul"2yvdo Yo € E.
Q 0Q

On the other hand, by applying the Mean Value Theorem on the function F, then there exists a positive
constant 03 = 01(Vu, Vu + hVo) in 10, 1] such that

O(u + hv) — O(u + ho) = f (P(x, u + hv) — F(x, u))dx = f hof(x,u + hO3v)dx,
Q Q
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by using Lebesgue’s dominated convergence theorem, we obtain

lim O(u + ho) — O(u + ho) _ f Flx, upod.
h—0 h Q

By (F1) and the Holder inequality, it’s easy to verify that v — f f(x, u)vdx is continuous linear functional

o)
with respect to v, thus the functional ® is Gateaux derivative and its the functional Gateaux derivative @’
defined from E to its dual E’ by:

<®'(u),v>= ff(x, u)vdx, Yv € E.
o)

In the same way, we can prove the functional W is also Gateaux derivative where its the functional Gateaux
derivative W’ defined from E to its dual E’ by:

<W'(u),v>= f g(x, u)vdo, Yv € E.
20

Since a functional L, Ly, ® and W are Gateaux derivatives, hence |, = L1 + L, — u® — W is also Gateaux
derivative and its the functional Gateaux derivative J|, defined from E to its dual E” by:

< Ju(u), v >=<Lij(u),v >+ <Lyu),v>-pu < ®'(u),v>-<W¥(u),v> Yo eL.

e Step 3: The Gateaux derivative J| is continuous:

Letv € E and (u,,), € E such that (u,), — u strongly in E,
Firstly, we have

(L3 ) = Ly ), 0)] < f |AV1L,) = AV)|IVoldx + f 1) |l 21, — P D20 0ldo.
Q 2Q
From (H1) and (H3), we conclude that
(L () - Lyw), )| < f |[Kal Vi, P72V, — K [VulP®=2Vu|Voldx + ||blle f [l 10, = [P =2u|j0ldo,
Q 0Q

from the Holder inequality, we obtain
(L ) = Li @), 0)] < Il VP2Vt = (VD290 [y [Vl + P20, = 1P @220 ool |
where C > 0. Then

sup |(L; () = L 1), 0)| < C[I11V21,P 92V, = VP2V sy + el 200 = 1l O 20 [},

lloll<1

Since (u,), — u strongly in E, therefore, |V, [P®~2Vu,, — [Vul®-2Vy and |u,[P®~2u,, —> [ulP®~2u strongly
in LV'0(Q), thus

Jim L) ~ Lyl = lim sup (L1 () = Ly @), 0)| = 0,

so the functional L] is continuous.
In the same way and using (2), we can prove the functional L} is also continuous.
Secondly, from the hypothesis (F1), we have

(@' () - @' (), 0)| < fQ [Fx, ) = flx, )] loldx < fg A7 = @7 foldx,
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q() ) — -
since f, € LT0(Q), 1,0, 11, € E > WHO(Q) < LIO(Q), |, /91, ul -1 € L7 (Q) and 100 4 L 4 01
1, from generalized Holder’s inequality (see [14]), we obtain

(" (11) = @ (1), 0)] < AN o Mot " = 1l o lollyey < eallfull_ao Ml = a1 o [,
9()-r() r()-1 q()-r() r()-1

where ¢ > 0, then

19 (1) = ' @)l = sup [P () = V'), 0)| < callfill_so Ml @ = ful ) 0 .
Iloll<1 q()-() r()-1
0
Since (u,), — u strongly in E, then [u,,[ =1 — |u['™~! strongly in L7071 (Q), thus lim [|@ (1) — @' ()|l = 0,
H—+00

so the functional @’ is continuous.
Thirdly, from (G1), we have :

(W () = @’ (), 0)| < fag |g(x, 1a) — g(x, w)| loldo < fm 11Ol = 91 ol

then
K\I]/(un) _ \I]/(u)’ ,U>| < ng; ||un|5(x)_l _ |u|5(X)_1| |U|do- < CgL “unlpﬂ(x)—l _ |u|l78(x)—1| |U|d(7.
Q (0]

Since u,v,u, € E < WWO(Q) << LFO(9Q) compactly (see proposition 2.6), [u,["®1, [uf’®-1 e
0)

L»0-1(9Q), from Holder’s inequality, we obtain

9 (+)_ 9 () — 9 (x)— 9 (x)—
(W () = 9" (1), 0)] < Collleal” @~ = 1l O] oy Nollyogy < c2Collln” O™ = 71| oy, o,
p?0)-1 p0)-1

then
N (1t) = W' @)l = sup [(W' (1) = W' (1), 0)] < caCylll "~ = "7 oy, ,

[loll<1 P01

Since (1), — u strongly in E and u,u, € E — WO(Q) — Lpa(')(BQ), then |u,4|?’a(’()_1 — |Lt|?’a(")_1 strongly
()
in LR-0 (0Q), thus lirP [V’ (1) — W' (u)ller = 0, so the functional @’ is continuous.
n—+oo

In summary, we conclude that the functional | ;1 is continuous.
Since the functional ], is Gateaux derivative and its Gateaux derivative | ;1 is continuous, hence ], is of class

CYE,R). O

Proposition 3.6. We assume that the hypothesis (H1)~(H3), (F1), (G1), and (G3) hold. Then the functional |,
satisfies the Palais-Smale condition on E.

Proof. Let (1), a sequence in E. We assume that ], is bounded (i.e. AM >0 : |J,(u,)| < M, Y(u,), € E) and
Tim 1] )l = 0,

o Firstly, we will prove that (u,), is bounded:

By the contrary, we assume that (u,), is unbounded, we take ||u,]| > 1 for any integer n. We have

1 1 1 1
M= J,u) = | —A(Vu,[P)dx + f —— A(IVit,[")dx + f —b(X)[u,PPdo + f ——d(X)|u,"do
Tl = | oy AWVulaxt | CoyANVulTidet | o™ o 1@

—-u f F(x, u,)dx — f G(x,uy)do,
Q oQ
from (H1), (H2) and (F1), we obtain

K K
M> =t f Vi, P@dx + — f IV, " dx +
P+ Ja q+ Ja

_ﬁffl(x)mnlr(x)dX—f G(x, uy)do,
- Jo Ele}

1 b(x)|u,,|f’<x)do+l A, " do
P+ Joa 4+ Joa
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from Holder’s inequality and (F1), we conclude that f fi ()it Pdx < || fll a0 Mt g0 -
Q 0-10 0

)
As L10(Q) — L (Q), and E — L1Y(Q), then, there exist positive constants c1, ¢y, such that

ffl(x Iunlr(")dx<61||f1|| won |||un|’()||q() C2||f1|| o |||un|r()”

therefore

f Fi@haldx <Al n”, ®)
Q 2.

from (6), the last inequality of M implies

1 1
MmN f |Vun|P<X>dx+ﬁ f IV, "®dx + — f b(x)|u,PPdo + — f d()|u,"do
g+ Jao P+ Jaa q+ Joa
——c3||f1|| o Iunll”—f G(x, uy)do.
2Q

On another hand, we have

(Tt ) = [ avu P e [ oo s [ a(vu v [ dwh o
Q 0Q Q 0Q
_Mff(xluﬂ)undx_f g(x/un)undo'/
Q dQ
by (H1),(F1), (G3), we have
(T (), 1) < Ko f Vi, POdx + f b(x)unVdo + Ky f V|1 dx + f d(x)|un|"™do
Q Q Q 2Q
+u f Al @dx — A f G(x, uy)do,

Q dQ

from (6), we deduce that

—<];¢(Mn),un>>—KszVunlp(")dx—f b(x)|un|p(x)dG—K2fIVu,,Iq(x)dx—f A" do
o) Fle) Q Fle)
—yC3IIf1I| ) IIunII”+Af G(x, up)do,
oQ

from (7) and (8), we conclude that

el <I;(un),un>/(—1— _) f Vi, |P(")dx+(1q<l ——) f Vi Iq(")dx+(p%—%) fa bl da

_— = = q(x) —_ i - Iy
# o= ) [ e — e+ DAl

K
In (G3), we have A > p+K—2,we conclude
1

Loy in(X_K 1 ® ®
M- X(]y(un),un> > mm(— AT —)[f Vi, P dx+f b(x)|u,|"™do

P+

+min(1ﬁ - &,l - —)U Vg, [10) dx+f A()|u,|? %zo]
q+ A qs

1
—y63(r—+ I|f1|| o IIMnII“-
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We put the positive constants

(Kl_Kz 1 —1)andc mm(Kl_Kz 1 _1)
pe ATpe A ° g A'qe A)
From proposmon 2.4, we conclude that

1
C4 = y03(— + = )IIf1I| 0, C5 = min

1,, * *
M> XU 1), 1)+ €55 (1) + €65 o) () = callunll™,

since ], is of class C'(E,R) and Pl q(_)(un) > 0, that implies

1 ’ *
M > =l el + esp () = callal™

From proposition 2.4, we conclude that

1.
M > _X“]y(un)”E’ llenll + csllunll’~ — calluall™,
then 1
M5l |~ W)l + = sl = )]

Letting n — +o00, we obtain M > +oo, this is a contradiction. So (u,), is bounded in E.
¢ Secondly, we prove that any (P — S)— sequence has a convergent sub-sequence:
To demonstrate this, we need the following lemma :

Lemma 3.7. (see [25], [23]) The functional L} + L} : E — E’ is of type (S+). (i.e. if (Un)n — u weakly in E and
lim sup <(L’ + L) (un), un — u>, then (uy), — u strongly in E).

n—+00

Given that E is a Banach and reflexive space, there exists u € E such that, considering a subsequence denoted
as (), we have (i), — u weakly in E, then by the compact embedding E << [P")(Q), we obtain

(Up)y — uae. in Qand (u,), — u in PY(Q). 9)

On other hand, we have,
(L () + L), 10 = u) = f ANV 1) (Vity — Var)dx + f ()P 21, (11, — 1)do + f B(Viu, — Vu)dx
Q 0Q Q
+ f A2 1, (1, — u)do
0Q

and
< ];(u),v >=<Li(u),v>+<Lyu),v>-pu<®u),v>-<¥(u),v> YoeE,

then

lim sup <Li(un) + L (up), uy — u>

n—+oo
= lim sup <];(un), Uy — + plim sup f f(x, 1) (1 — u)dx + lim supf g(x, uy)(u, — u)do,
n—+oo n—+oo n—+00 aQ

Since lirP IJ;.(un)ller = 0 and from (F1) and (G1), we conclude that

lim sup <Li(un)+L§(un), u,,—u> < plimsup Lf1(x)|unIr(")‘l(un—u)dxﬂim sup ﬁo gl(x)lunls(")‘l(un—u)do, (10)

n—+oo n—+oo n—+oo
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we have

f ANl — ) < f GO Tt — i,

since f; € L0 )(Q) Uy, u € E C LI(Q), [u,| ™1 € L Q) L2 q r() q(.) + 7(;(31 =1, from generalized Holder’s

inequality (see [14]), we obtain

=1
f1(x)|u ", — w)dx < C8||f1|| o maX(IIunII ||unlqu<_) M = ullge),
-1

where cg is a positive constant.
From (9), we conclude that

limsup | ()™ (u, — u)dx = 0.
n—+oo Q

Similarly, we can prove that

lim supf gl(x)lunls(x)_l(u,, —u)do =0
Fle)

n—+oo

From (10), we conclude that lim sup <Li(un) + L (un), tn — u> = 0, from the lemma 3.7, we conclude that :
n—+oo

(up)n — ustrongly in E. O
Proposition 3.8. The functional ], satisfies the geometrical conditions (P1) and (P2) of Moutain Pass.

Proof. e For u € E with ||u|| < 1,We have

_ @ 1 ® f 1 ® f 1 ®
]y(u)—‘fQ ()A(|Vu|” )dx+qu(X)A(|Vu|q Ydx + an(x)b(x)lulp do + q(x)d(x)W do

2Q
—yfF(x,u)dx—f G(x, u)do,
Q Fle)

from (H1), (H2), (F1), (G3) and (6) we obtain
],,(u)>& f |Vu|P<X>dx+5 f |Vu|r’<x)dx+i f b(x)|u|f’<x)da+l d(x)|uff@do
P+ Ja P+ Jao P+ Joa P+ Joa

1
—£C3||f1|| © |||M|||r*—xf g(x, uudo,
r oQ

K 1
> 2K f |w|P<x>dx+— f (00 + Al Vdo — el - 3 f 9, wyudo,
P Q A Jsa

from (H3) and proposition 2.4, we conclude

1
Ju(u) > _mln(Kl’l)plp()(u) C3||f1|| 0 IIMII”—XL g(x, u)udo,
(@)

From (G1), (G2) and (G3), we apply the limit definition, we have: for all € > 0, there exists C. > 0 such that,
for all |u| < Ce:

1
9 ) < Slup* + Celuf®, (11)
We deduce that

€
Ju(u) > —mm(K1, )P0y (1) = ‘uC3||f1|| ) ||M||”—Xf |u|?’+da—C€f |uF“do.
a0 90
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Since dQ € Q and from proposition 2.4, we have

€
Ju(u) > —r1f11r1(1<1,1)||u||’”+ - r£63||f1|| i flull™ - Xllull = Cellully,

since the embedding W71)(Q) — L*0(Q) of constant c1g > 0, the embedding W#)(Q) < LP+(Q) of constant
c9 > 0, the above inequality implies that

€
Ju(u) > ( mln(Kl/l)_X@)“u”m_rﬂCSHfl” o [l = Cecrollul™, (12)
P+

since s_ > r,, that yields
€ b (H ,
Juw > ( min(K, 1) - Xcg)nuu “=(Eclfil o+ Cecro) .
P+ = 70-10

2 . c
We putcq; = P_ min(Ky, 1) —co§ and c1p = yr—3||f1|| « + Cecyp then, for ||u|| = R, we have
" _ 0-10

]y(u) > RH(P(R) =R (CllRm_r+ - C12) with0 <R <1 (13)

for € small enough that we want, there exist R > R,, = (Eﬁ)m and p = R™*¢(R) > 0, such that J,(u) > p

1
for |lull = R, so, the proof of condition (P1) of Mountain-Pass theorem is complete.

e for u € E with |lul]| > 1, and t > 1, from (H1), (H2), (2), and (6), we deduce that

Ju(tu) < |HP+ [& f |Vu|p(")dx+& f |Vu|q<X>dx+l f z;(ac)|u|r’<x>ala+l f d(x)lulq(x)do]
pP- Ja q- Ja pP- Joa qg- Joa

plE™ "
+ aallfill s [lull™ = G(x, tu)do
T0-r0 20

7

then,

Ju(tu) < |HP+ [2& f |Vu|”(")dx+l f (b(x)+d(x))|u|”(")da]+
q- Ja q- Joa

Hi™ r.
callfull g0 llull™ — G(x, tu)do,
r- 7010 20
from proposition 2.4 and . < p,, we obtain

K, 1
]y(tu) < [max (Zqzl r ) 1p()(u) + C3”f1|| q() ”u”h] [P+ _j; G(x, tu)do.
- Q

We put I(y) = yG(x, ty) — G(x, t), Yy > 1, from (G3), we have I'(y) = y " [-AG(x, ty) + tyg(x, ty)] >0,
then I(y) > (1), so G(x, ty) > y'G(x, 1), ¥(x,t) € IQ X R.
From (11), we conclude that

€
Ju(te) < cusltps — f [XW+ce|u|5<x>]da<c13|t|*7+—c14|t|A, (14)

dQ

G(x, u)do < cisltP* =t co f

2Q
K, 1

whereclgz[max(z—z,—) w0+ EllAll o ||u||f+] cu=co [ [ St + Cur® | do, then
q- 9 - all

Ju(tu) < 1P+ [e1s — cualtF7+],

We pass to limit, we obtain
lim [, (tu) =

t—+o0
then J,(tu) < 0, thus the proof of condition (P2) of Mountain- Pass theorem is complete. The proof of
proposition 3.8 is complete. [J
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According to propositions 3.5, 3.6, 3.8, we may apply theorem 3.4 to conclude that the problem (1) has at
least one nontrivial weak solution.

3.2. Existence of infinity weak solutions

Theorem 3.9. Assume that (H1)—-(H3),(F1),(F2), and (G1)—(G3) hold and

o (H4): there exists a nonempty open set V € dQ with G(x,t) > 0 for all (x,f) € V X R,

o (H5): fand g areodds (i.e. f(x,—t) = —f(x, 1), Y(x,t) € QX Rand g(x,—t) = —g(x, ), Y(x,t) € IQAXR),
Then, the problem (1) has infinitely many of solutions for all u > 0.

In establishing Theorem 3.9, we will utilize the following form of the symmetric mountain pass theorem.

Theorem 3.10. (see [32, Theorem 2.1]) Let E is a real Banach space and E =Y & Z, where Y is finite dimensional.
Suppose | € CY(E, R) is an even functional (i.e.J(—u) = J(u), Yu € E) satisfying (PS)-condition, J(0) = 0 and that
the following conditions hold:

® (S1): there exists R > 0 such that ], ., >0,

® (52): there exists a finite dimensional subspace W C E with dim Y < dim W < oo and there exists M > 0 such that
max J(u) < M,

® (53): considering M > 0 given by the (S2), | satisfies the condition (PS). for 0 < ¢ < M,

Then ] possesses at least (dim W — dim Y)- pairs of nontrivial critical points.

Remark 3.11. (see[18]),
Since E is a reflexive and separable Banach space, then there are (ej) jen- C E and (e;»)]'gl]\]" C E’ such that

E = span{ej/ j € N*} and E' = span{e;/ j €N} "and e;(ej) = ij, for i, j € N".
For k € N*, we denote Xy = spanie}, Y = EB’]?:lX]- and Zy = EB]i"’:kX]-.

For to prove the Theorem 3.9, it suffices to prove the following two propositions and by symmetric
mountain pass theorem 3.10 we obtain the conclusion of Theorem 3.9.

Proposition 3.12. Assume that (H1), (H2), (H3) (F1), (G1), (G2) and (G3) hold. Then, there exists i > 0, k € N,
and R, 0 > 0 such that |, ., > 0 forall 0 <y < fi.

Proof. We put R = ||ul|, with 0 < R < 1, from (12), we have

Ju) > cullull = cispllull™ — Cecrollull*- = RP* (c11 — c15uR™ #+) — Cec10R™,

2 . c .
where ¢j1 = P_ min(Ky, 1) —co§ and ¢5 = r—3|| fill s, therefore, for € small enough that we want, we obtain
+ _ 0-0

Ju) >0 if 0<p< —Ii= Rer
allfill o
-0
Thus, there exist 6 > 0 and i = E ”f]?anV— RP+7"+ > 0 such that J,(u) > 0, forall0 < u < f1,
311 _a0)

Proposition 3.13. Under the assumptions of (H1)-(H3), (F2), (G1)—(G3), and (H4), for any m € N, there exists a
subspace W in E and a constant M,, > 0 independent of u. This subspace satisfies dim W = m and max Ju(u) < My,
ue

Proof. Define O and V as in (F2) and (H4), respectively. The space W can be constructed using the same
method as in Lemma 4.3 in [32]. So, we consider vy, ..., v, such that v; € D(Q), supp v; N supp v; = 0,
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suppv; NO # Qand suppv;NV £ 0, foralli,je(l,..,m}andi# j.
We have

1 1 1 1
. —A(IVulf®Ng —_A(IVul1hg —_ p() 4 —d 1) g
= [ s aups [ —saqutiase | e | s
—yfF(x u)dx — f G(x, u)do,
by (H1), (H2) and (2), we deduce that
Ju(u) < f Vi, |P<X>dx+— f Vi, |‘7(x)dx+— f b(x)|u, |P<X>da+— f A, "do — u f x, u)d
—f G(x,u)do,
2Q

by proposition 2.4, we obtain

Ju(u) < — max(Kz, 1) (plp (u) + p] q()(u)) LF(x, u)dx — f G(x,u)do,

Q
since E < W40(Q), then

w)<c16qlmax(1<z,1)max<||u||f’,||u||f’+>—u f F(x, u)dx - f Gx, u)do,
- Q 0Q

where c16 > 0. For u € W, since supp u N O # (), we obtain

1 -
Ju(u) < Cl6q_ max (K, 1) max(||u|P-, [lu|lP+) — f G(x,u)do = J(u), (15)
- 20
then )
ug;va\?}]” () < ure?va\)&); Juy = ue&B%?ﬁXW\ Jw),

for t > 0 large enough, u € dB;(0) N W\ {0} and € enough small that we want, by (15), we obtain

f(tu)=cmqimax(Kz,1)max(||tu||*’-,||tu||”+>— f G, tu)do,
2Q

from (14), the above inequality implies

- €
T(tu) < corlltulP- — I co f [Xlul”* +ce|u|5<">]do < cltPulP- — cisltl®,
2Q

1
where ¢y = C]éq_ max (K»,1) > 0 and ¢13 = cof [%Iulr’+ + Cgluls(")] do > 0.

oQ
From (G3), we obtain

Jlim J(w) < Tim 1t nrllull~ = cisltl* )] = —eo.
Hence, tl_1>r+réo J(tu) = —oo.. Consequently, we deduce the existence of a subspace W of E and a positive
constant M,, independent of 1, where dim W = m and max Ju(u) < M. Thus, the proof of Proposition 3.13
is concluded. O
From (H5), we deduce ], is even, moreover, we have ], € CY(E, R) satisfying (PS)-condition and | u(0)=0

According to the propositions 3.6, 3.12, and 3.13, Theorem 3.10 allows us to infer that the problem (1)
possesses infinitely many nontrivial solutions.
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