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Abstract. A graph G is F-free if G does not contain F as a subgraph. Let p(G) be the spectral radius of a
graph G. Let 6(1,p, q) denote the theta graph, which is obtained by connecting two distinct vertices with
three internally disjoint paths with lengths 1, p, g, where p < q. Let S, x denote the graph obtained by joining
every vertex of K to n —k isolated vertices and S| denote the graph obtained from S, by deleting an edge
incident to a vertex of degree k, respectively. In this paper, we show that if p(G) > ‘0(57"7”,2) for a graph G

with even size m > 92, then G contains a 9(1,3,3) unless G = S , ,
2

1. Introduction

Throughout this paper, we consider all graphs are always undirected and simple. We follow the
traditional notation and terminology [1]. Let G be a graph of order n with vertex set V(G) = {u1,uy, ..., t,)}
and size m with edge set E(G). For a vertex u € V(G), let Ng(u) be the neighborhood set of a vertex u,
Nglu] = No(u) U {u} and Né(u) be the set of vertices of distance two to u in G. In particular, Ns(u) = N(u)N S
and ds(u) = |[Ns(u)| for a subset S € V(G). Let dg(u) = INg(u)| be the degree of a vertex u. For the sake of
simplicity, we omit all the subscripts if G is clear from the context, for example, N(u), N[u], N*(u) and d(u).
For a graph G and a subset S C V(G), let G[S] be the subgraph of G induced by S. For two vertex subsets S
and T of V(G) (where S N T may not be empty), let e(S, T) denote the number of edges with one endpoint in
S and the other in T. e(S, S) is simplified by e(S). Given two vertex-disjoint graphs G; and G, we denote
by G1 U G; the disjoint union of the two graphs, and by G; V G, the joint graph obtained from G; U G, by
joining each vertex of G; with each vertex of G,. The adjacency matrix of a graph G is an n X n matrix A(G)
whose (i, j)-entry is 1 if u; is adjacent to u; and 0 otherwise. The spectral radius p(G) of a graph G is the
largest eigenvalue of its adjacency matrix A(G).

Let P,, Cy, Ki,n-1 and K, be the path of order 7, the cycle of order #, the star graph of order n and the
complete bipartite graph with two parts of sizes a, b, respectively. Let S be the graph obtained from Kj ,_1
by adding k disjoint edges within its independent sets. Let S, be the graph obtained by joining every
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vertex of Ky to n — kisolated vertices. Let S, be the graph obtained from S, by deleting an edge incident
to a vertex of degree k. Let 6(1,p, q) denote the theta graph, which is obtained by connecting two distinct
vertices with three internally disjoint paths with lengths 1, p, q, where g < p.

Given a graph F, a graph G is F-free if it does not contain F as a subgraph. Let G(m, F) denote the family
of F-free graphs with m edges and without isolated vertices. The classic Turdn type problem asks what is the
maximum number of edges in an F-free graph of order n. In spectral graph theory, Nikiforov [16] posed a
spectral Turdn type problem which asks to determine the maximum spectral radius of an F-free graphs of
vertices, which is known as the Brualdi-Solheid-Turan type problem. In the past decades, this problem has
received much attention. For more details, we suggest the reader to see surveys [3, 6, 10, 17], and references
therein. In addition, Brualdi and Hoffman raised another spectral Turdn type problem: What is the maximal
spectral radius of an F-free graph with given size m? This problem is called the Brualdi-Hoffman-Turdn
type problem. This problem has been studied for various families of graphs. For example, K3 [18], K14
[14, 15], K5 141 [20], Foks2 [8] (Where Fy = K; V Pr_1), Fi 3 [8] (Where F 3 is the friendship graph obtained from
k triangles by sharing a common vertex).

For theta graphs, Sun, Li and Wei [19] characterized the extremal graph with maximum spectral radius
of 0(1,2, 3)-free and (1, 2, 4)-free graphs with odd size. Fang and You [5] characterized the extremal graph
with maximum spectral radius of 6(1, 2, 3)-free graphs with even size. Liu and Wang [11] characterized the
extremal graph with maximum spectral radius of 6(1,2, 4)-free graphs with even size. Lu, Lu and Li [12]
characterized the extremal graph with maximum spectral radius of 0(1,2,5)-free graphs with given size.
Li, Zhai and Shu [9] characterized the extremal graph with maximum spectral radius of 0(1, 2, 2k — 1)-free
or 0(1,2,2k)-free graphs with given size.

Recently, Li, Zhao and Zou [8] characterized the extremal graph with maximum spectral radius of
0(1,p, q)-free graphs with sizemforg>p>3andp+g>7.

Theorem 1.1. [8] Let k > 3 be fixed and m > $k°+6k° +46k*+56k> +196k. If G € G(m, O(1,p,q))UG(m, 6(1,1,5))
withq>p>3,52r>23,p+qg=2k+1andr+s=2k+2, then

k=14 Vdm -k +1
2 7

p(G) <
and equality holds if and only if G = K¢ v (2 — 51)K;.
At the same time, they [8] proposed the following problem.

Problem 1.2. [8] How can we characterize the graphs among G(m, (1,3, 3)) having the largest spectral radius?

Theorem 1.3. [7] Let G € G(m, 0(1, 3, 3)) be a graph of size m > 43. Then

1+ V4m -3

p(G) < 7 ,

and equality holds if and only if G = Sus ,.

However, for a 6(1,3,3)-free graph G with size m, the bound p(G) < #2113 “21’"_3 is sharp only for odd m.
Motivated by this, we want to obtain a sharp upper bound of p(G) for even m. Our result is presented as
follows.

Theorem 1.4. Let G € G(m, 0(1,3,3)) be a graph of even size m > 92, then p(G) < p(S,.,
and only if G = S,

), and equality holds if

m+4 2

m+4 2
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2. Preliminary
In this section, we introduce some lemmas which are used to prove our result.

Lemma 2.1. [21] Let u, v be two distinct vertices of the connected graph G, {vili = 1,2,...,s} € N(v) \ N(u), and
X = (x1,X2,...,%u)" be the Perron vector of G. Let G’ = G — Y.i_ viv + Y5_q vith. If X, > xo, then p(G) < p(G).

Definition 2.2. [4] Given a graph G, the vertex partition I1: V(G) = V, U Vo U ... U Vy is said to be an equitable
partition if, for each u € V;, [V; N N(u)| = b;j is a constant depending only on i, j (1 < i, j < k). The matrix By = (b))
is called the quotient matrix of G with respect to I'L

Lemma 2.3. [4] Let IT: V(G) = V1 U V,... U Vi be an equitable partition of a graph G with quotient matrix Br.
Then det(xI — Br) | det(xI — A(G)). Furthermore, the largest eigenvalue of Bry is just the spectral radius of G.

Lemma 2.4. [20] Let G* be the extremal graph with the maximum spectral radius in G(m, F). Let X = (x1,x2, ..., x)"
be the Perron vector of the graph G*. If F is a 2-connected graph and x,» = max{x, | v € V(G")}, then the following
statements hold.

(1) G* is connected.

(ii) There exists no cut vertex in V(G*) \ {u*}, and hence d(u) > 2 for any u € V(G*) \ N[u*].

Lemma 2.5. [2] Let G be a bipartite graph of size m. Then p(G) < 'm, and equality holds if and only if G is a
disjoint union of a complete bipartite graph and isolated vertices.

Lemma 2.6. [13] p(S LIS for m > 6.

Lemma 2.7. [13] Let X = (x1,X2,...,%,)" be the Perron vector of a connected graph G of size m and let x,~ =

max{x,lv € V(G)}and W = V(G)\N[u*]. If p(G) > 1t y4m=> “21'”_5 and there exists a vertex v of G such that x, < (1—p)x,»,
where 0 < § < 1, then

6(W) < e(N(e*)) = IN*) \ Nofw®)] + 3 = fyiun o),

for v e N?(u*).

3. Proof of Theorem 1.4.

Let G* be the extremal graph with maximum spectral radius in G(m, 9(1,3,3)). Let p = p(G*) and
X = (x1,X2,...,%;)" be the Perron vector of G* with coordinate x, corresponding to the vertex v € V(G%).
A vertex u* in G* is said to be an extremal vertex if x,» = max{x, | v € V(G")}. Let W = V(G*)\N[«*] and
N.(u") = N(u*)\No(u*), where Ny (1) denotes the set of isolated vertices of G*[N(u*)]. Let Wy = UyeyenNw(u)
for any component H of G*[N(u*)].

Lemma 3.1. Let G* € G(m, 0(1,3,3)). Then G'[N(u*)] is Ps-free, that is, each component H of G*[N(u*)] is one of
the following.

(i) a graph with Cy as its spanning subgraph, that is, C4, 6(1,2,2) or Ky;

(i) a copy of S!,| for r > 2, where S} is a triangle for r = 2;

(iii) a double star D, , for a,b > 1, which is obtained from two stars Ky, and Ky, by joining a new edge between
their centers;

(iv) a star Ky, for r > 0, where Ky g is a singleton component.

Lemma 3.2. [7] For any non-trivial component H in G*[N(u")], if H contains a cycle of length four, then Ny (u) N
Nw(v) = 0 for any two vertices u and v in the cycle of length four.
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Since A(G")X* = pX*, we have

o= Y ot Yo

ueN, (u*) ueNy(u*)

Furthermore, we have

Proe= Y pr+t Y. px

ueN, (u*) ueNy(u*)

= ING OO+ Y dnanx+ Y dw()xe + INo@w )b

UeEN, (u*) weNw (1)

=d(u’)x, + Z dN(u*)(u)xlt+ Z dN(u*)(w)xw-

UEN, (u*) weN?(u*)

Therefore,

(P? = e = d@)xe + Y @@ —Dxo+ Y dan@re— Y| %

vEN, (u*) weNZ(u*) vEN(1*)

SINGOR + Y (o) = D +eN@), Wxe = Y X

UeN, (u*) ueNy(u*)

Note that S .,  is 0(1,3,3)-free, we have p > p(S,., 2) > LIS 5 10 for m > 92. By Lemma 2.6, we
cal

2 :
have

(= Pl > (= )i = (NGO -+ e(NS @) + eN), W) + e(W) = ) @
Combining with (1) and (2), we get

e(N. () +e(W)+ Y ET

Xy 2
ueNy(u*) u

Y, e = Dy, >

UEN (u*)

Let H be the set of all non-trivial components in G*'[N(u*)]. For each non-trivial connected component
H of H, we denote ((H) = ¥ ey (dr () — 1)x,. Obviously,

D CH) > |eNL (o) +e(W) + ) x—-g]x ©

HeH ueNo(u) ~ ¥

Lemma 3.3. G*[N(u")] contains no any cycle of length four.

Proof. Let H’ be the family of components of G*[N(u*)] each of which contains Cy4 as a spanning subgraph
and H \ H’ be the family of other non-trivial components of G*[N(u*)] each of which contains no Cy4 as a
spanning subgraph. By Lemma 3.1 (ii)-(iv), for each H € H \ ‘H’, we have

C(H) = Z (du(v) — Dxy < (2e(H) — [V(H))xwr < e(H)xy.
veV(H)

Next we show that
2 ZweWH Xw

COHD < (lHD) = e + ==
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foreach H € H’'. Let H* € H’ with V(H") = {uy, up, u3, us} and the cycle of length four be uyupustigu;.
First, we consider Wy- = 0. Assume that x,,, = max{x,,|1 <i <4}. Then

pPXu, = Z Xy < Xy + Xy + Xpy + Xy, < X + 3%y,
ueN(uy)

1 1 - 1+ Vdm=5
Hence, x,,, < 3% < 3 for p > p(S %,2) > === > 10 due to m > 92. Furthermore,

2 S * VW
C(H") < Qe(H") = [V(H))xu, < (e(H) - %m + Z“’fng

as desired.
In the following, we assume that Wg- # 0, we consider the following two cases.
Case 1. All vertices in Wy- have a unique common neighbor in V(H").
Without loss of generality, let u; € V(H*) be the unique common neighbor. Thus, Nw(u;) = 0 for
i €{2,3,4}. Assume that x,, = max{x,,|2 < i < 4}, we have
PXuy < Xy + Xy + Xy + Xy <20y, + 2.

Thus, x,, < ﬁxw < 1x, due to p > 10. Thus,

CHY = Y () = D,

ueV(H")
< @y (u1) = Dxw, + (2e(H') — dp-(u1) = 3)xu,

1 1 3
< (dH*(”l) — 1+ 5e(H) - ZdH*(Ml) - Z)x”*
3 1 . 7
< (ZdH*(Lh) + Ee(H ) — Z)xw
1 1
< (Ee(H*) + E)xw

2 wew,. X
<<e<H*>—§>xw+Z%;;“’

due to dy-(u1) < 3, as desired.
Case 2. There are at least two distinct vertices of Wy such that they have distinct neighbors in V(H").

Since

PXyy < Xy + Xy + Xy + Xy, + ZweNWH* (uy) Xaws

PXyy < Xy + Xy + Xyy + Xy, + ZwerH* (1) Xavs

PXuy < X + Xy + Xy + Xy + ZweNWH* (u3) Xevs

PXyy < Xye + Xy + Xy + Xy + ZweNWH* (1g) Xevs
we obtain

Py, + Xy, + Xy + 2x0,) < 30y, + Xy, + Xy, + Xy,) + 44X + Z Z Xep-
i=1 werH* (u;)
By Lemma 3.2, we get Ny, (4;) N Nw,.(u;) = 0 for arbitrary two distinct vertices u;, u; € V(H"). Thus,
4 .. . .

YoweWs Xo = LaeNw(vE) Xo = Lizl ZweNWH* () X¥w- Combining with p > 10, we obtain

4x,. ZweWH* Xw
p-3 p-3

Xy + Xy + Xy + 2y, <

< éx + ZweWH* xw
7" p-3
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Hence, by the definition of {(H"),

C(H™) < 2(xy, + Xy, + Xy + Xy,)

< §X + ZZwGWH* Xw
7" p-3

2 ZweWH* xw

w3
< (E(H ) - E)xu* + -3

Thus, we obtain ((H) < (e(H) — 3)x, + 221:3,; ™ for each H € H’. Recall that {(H) < e(H)x, for each
H € H \ H’. Furthermore,

Y UH) =Y UH)+ Y, UH)

HeH HeH’ HeH\H'
3 2 ews X
) Z‘ (e(H) = 5)x + 2 ;,U%;w + Z e(H)x,
HeH'’ HeH’ HEFNH?
* 3 22 Wy, X
= (NN =5 Y X+ Y T
HeH’ HeH'

For any H € H’ satisfying Wy = 0, we have }. ey, X» = 0. For any H € H’ satisfying Wy # 0 and any
w € Wy, since G* is 0(1, 3, 3)-free, we get Wy N Winarna = 0. Then dyypa(w) = 0. By Lemma 3.2, we
have dy(w) = 1. Furthermore, dyg(w) = 1 and dw(w) > 1 from Lemma 2.4. Thus, Y yegp Ywew, Xw <
Yotert Lawvewy, AW(W)Xw < Yogerr Ywew,, Aw(w)x,» < 2e(W)x,-. Note that p > 10. Thus,

Y COH) < e~ 3 Y e Y

HeH HeH’ HeH’ P= 3

< N ) + 5eW) = Y Sy
HeH’

<N +eW) = Y v,

HeH'’

which contradicts (3). Furthermore, G*[N(1*)] contains no C4. This completes the proof of Lemma 3.3. [J
By Lemma 3.1, we know that each non-trivial component of G*[N(u*)] is either a tree or a unicyclic graph
S: .1 with 7 > 2. Let ¢ be the number of non-trivial tree components of G*[N(u")]. Then

YU <Y Y @) = xe = Y Qe(H) = [HDx, = (e(N. (1) = o).
HeH HeH ueV(H) HeH
Combining with (3), we get
3 Xy
e(W) <5 —c- Z v (4)

X,
ue€Ny(u*) u

Thus, e(W) < 1 and ¢ < 1. In addition, if e(W) = 1, then ¢ = 0 and }. ,en, ) ;% <i
Lemma 3.4. e(W) = 0.

Proof. Suppose on the contrary that e(W) = 1. In this case, we have c = 0 and }’,en, ) ;l—:‘ < % It follows that
each component of G*[N(u*)] is isomorphic to a unicyclic graph S! | with > 2. That is, each component
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of G*[N(u")] contains a triangle. Let H* be a component of G*[N(u*)] and uqupu3 is a C3 of H*. Let wyw; be
the unique edge of e(W). By Lemma 2.4, we obtain that dy(w;) > 1 for each i € {1,2}. If H* = Sé, then we
obtain ds;(wi) <3foreachie{1,2}. f H* = S}H with r > 3, then let dy- (1) = dyg-(u3) = 2 and ug, us, - -+ , Up1
be the neighbors of u;. For w € Wy, we claim dp-(w) < 1. Otherwise, we consider the following five cases
in the sense of symmetry. If {u;, uo} C Np-(w), then uqus,uiwuuz,uiusu*uz are three internally disjoint paths
of lengths 1,3, 3 between u; and u3, a contradiction. If {u,, u3} € Ny-(w), then ujuz,uqupwus,uiusu*us are
three internally disjoint paths of lengths 1, 3, 3 between u; and u3, a contradiction. If {1, us4} € Ng+(w), then
u U Uy upusu® uywusu” are three internally disjoint paths of lengths 1, 3, 3 between 11 and u*, a contradiction.
If {up, us} € Ny-(w), then u*uy,uywusu’ ,upuiuszu™ are three internally disjoint paths of lengths 1, 3,3 between
u* and u, a contradiction. If {uy, us} € Ny-(w), then u*uy,uswusu*, usuuzu* are three internally disjoint paths
of lengths 1, 3,3 between u* and u4, a contradiction. Thus, dy-(w) < 1 for w € Wy and H* = S} . withr > 3.
In addition, we can check that Wy N Wigey\u- = 0 for H* = S: ) with r > 2. Consequently, d(w) = dy-(w) for
w € Wy.. Furthermore, we consider the following two cases.
Case 1. At least a vertex w; € U?ZlNW(uj) for somei € {1, 2}.

Subcase 1.1. wy, w; € U]3.:1Nw(uj).

In this case, we obtain (U]3.=1Nw(uj)) N (W \ {U]3.=1Nw(uj)}) = 0. Thus, Ny (w) € U?leW(uj) for each
w e Ui.’:lNW(uj). If N, (w1) NNe, (w2) = 0, then there exists a (1, 3, 3), a contradiction. If |N¢,(w1) NNe, (w2)| =
2, then there exists a 6(1, 3,3), a contradiction. Thus, |N¢,(w1) N N¢,(w2)| = 1 and hence there exists a cut

vertex, which contradicts Lemma 2.4 (ii).
Subcase 1.2. w; € U]3,:1Nw(uj) and w, ¢ U?leW(uj).

In this case, suppose that w, € Wy, where H* = S} . withr > 3. Then

PXw, < X, + Xy + Xy + Xy < Xy + 340,
PXw, = X, + Xy < Xy + Xy,

. .. . . .. 3p+1

where u; € V(H*) \ {u1,u, u3}. Combining with the above system of inequalities, we get x,, < pf—_lxw.
. . . . 3p+1

Since f(x) = % is decreasing with x > 10, we have x,, < pg—_lxw < %xw. By Lemma 2.7, we get

1=e(W)<0+3-8 =18 acontradiction. Suppose that w, € Wy, where H* € N,(u*) \ H* and H* = S,

with 7 > 2. Furthermore, if H* = S} : uqupu3 and H* = S} : wjuju’, then

PXw, < Xy + Xy + Xyyy + Xy < Xy, + 3%,
PXw, < Xy + Xur + Xy + Xy < Xepy + 3%

Combining with the above system of inequalities, we get x, < %xw < 1x, due to p > 10. By Lemma 2.7,
wegetl=e(W)<0+ % - % = %, a contradiction. If H* = Sé and H* = S:,H with 7 > 3, then

PXw, < Xy + Xy + Xyyy + Xy < Xy + 3%,

PXpy < Xpyy + Xype.

o . . . 3p+1 . _ 3x+1 s . .
Combining with the above system of inequalities, we get x;, < o1 X Since f(x) = 377 is decreasing with
3p+1 31 3 _ 68 _ 161

x > 10, we have xy, < o1 < g a contradiction. If

* ~ Ql : ~ ql :
H =S WlthTZ3andH*=Sr,+1 with v’ > 3, then

X, By Lemma 2.7, we get 1 = e(W) <0+ 5 — 55 = 155,

PXw, < Xy, + Xy,
PXw, S Xy, + Xy
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Combining with the above system of inequalities, we get x;,, <
wegetl=e(W)<0+3-8=

< oo 1xu < xu due to p > 10. By Lemma 2.7,
13, a contradiction. Suppose that w, € Wy, and H* = S}, then

{pxw1 < Xgpy + Xy F Xy, + Xy < Xy, + 3%,

1
PXw, < Xypy + ZueNO(w) Xy < Xy + 5%

1 1
2y < 3;]—923611* due to p > 10. By Lemma

. . . iy 3p+1
Combining with the above system of inequalities, we get x,,, < ppz—il

2h7 wegetl=e(W)<0+3 3 _ & = gg, a contradiction. Suppose that w, € Wy, @) and H* = S: L withr >3,
then

PXwy < X, + X
1
Xy < Xy, + ZL,GNU(W) Xy < Xy + 5%

1
Combining with the above system of inequalities, we get x;,, < sz%

1
88

27, wegetl=e(W)<0+3 3 _ 5o = %, a contradiction.

Case 2. w; ¢ U?lew(u]) foranyi € {1,2}.

Suppose that w;, w, € Wy, where H* = S}, ) for r > 3. Then Ng-(w1) N Ng-(w,) = 0. Otherwise there
exists a cut vertex, which contradicts Lemma 2.4 (ii). By lemma 2.4, we get |[Ny-(w;)| = 1 for each i € {1,2}.
Moreover,

1
Xy < 1;)—92xw due to p > 10. By Lemma

wal < xwz + Xy,
PXw, < Xopy + Xype.

Combining with the above system of inequalities, we get x,, < —=x,» < xu due to p > 10. By Lemma 2.7,

< 5o 1
we get 1 =e(W) <0+ 3 3_8 - %, a contradiction. Suppose that wy € Wy-, where H* = S}H for r > 3 and
wy € Wy, where H* = Sl,Jr1 for v > 3and H* € N, (u") \ H*. Then |Ny«(w,)| = 1. Similar with above, we get
a contradiction. Suppose that w; € Wg., where H* = S: " for r > 3 and w, € Wy, ). Then [Ny (wn)| = 1 and

INNow)(w2)] < INo(1*)|. Thus, we get

PXwy < Xy + X
PXw, < Xy + LyeNo(ur) Xu < X, + %xw.
1
Combining with the above system of inequalities, we get x,,, < 5 =X < 190—92xw duetop > 10. By Lemma?2.7,
881 -
wegetl =e(W) <0+ % -5 = 8—8, a contradiction. Suppose thatwy, w> € W) Then [Ny, (wi)l < [No(u™)|
for each i € {1,2}. Thus, we get

1
PXw; = X, + theNg(u*) Xy < Xw, + 53X,

1
PXw, < Xop + ZueNo(u*) Xy < Xy + 53Xy

Combining with the above system of inequalities, we get x;,,, < w < 75X. By Lemma 2.7, we get

< 1 5
0D~
1=e(W) <0+ 32 -1 =2 acontradiction. This completes the proof of Lemma 3.4. [J
Lemma 3.5. G*[N(u")] contains no triangle.

Proof. Suppose on the contrary that G*'[N(u")] contains triangles. Then G*[N(u")] contains a component
which is isomorphic to S}H forr > 2. Let H" = 53+1 be a component of G*[N(u*)]. Then e(H*) = r+ 1. Let
u1upuzu; be the triangle of H* and dp-(u1) = dp-(u2). If Wy = 0, then x,,, = x,,,. Furthermore,

PXuy = Xy + Xy + Xy < Xy + 2%
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2 2
Thus, x,, < =1 < 5% due to p > 10.

C(H*) =Xy, + Xy, + (1" - 1)xu3
4
< (§ +7r—=1)x,
14
= (E(H*) - 3)3(11*'
Recall that C(H) < e(H)x, for H € H \ H*. Thus,

Y UH) =CHY+ Y UH)

HeH HeH\H*

14
<H)= e+ ), e,
HeH\H*

= (N - 5

which contradicts (3). Thus, Wy # 0.

Since e(W) = 0, combining with Lemma 2.4, we have dygq(w) > 2. If r > 3, then Wg- N Wygepue = 0,
and hence d(w) = dy-(w) < 1 for w € Wy, a contradiction. Thus, r = 2, that is H" is a triangle u;u,u3. Since
G" is 0(1, 3, 3)-free, we obtain that Wg- N Wigena+ = 0, and hence d(w) = dy-(w) < 3. First, we assume that
[Wh:| = 1. Let Wy = {w}. As H" is a triangle, we obtain 2 < d(w) = dy-(w) < 3. We consider two cases as
follows.

Case 1. dy-(w) = 2.

In this case, without loss of generality, we suppose N(w) = {u1, us}. Then x,, = x,,. Since

PXuy = Xy + Xupy + Xy < 30
Furthermore, x,, < %xw. Similarly,
3
PXyy = Xy + Xy + Xy + Xy < X, + Exu* + 2x,,

2p+3

we obtain that x,,, < o X Thus,
i} 7p+3
C(H ) =Xy + Xy, + Xy, < mxw.
Since ;éﬁ’) is decreasing in variable x > 10, we get

w73 w3
CH) < ggu < (e(H) = Z)xie.
Recall that C(H) < e(H)x,- for H € H \ H*. Thus,

Y UH) =CHY+ Y UH)

HeH HeH\H*

<CH) - e+ Y, UH),

HeH\H*
= (N ) - )

which contradicts (3).
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Case 2. dy-(w) = 3.
In this case, let Ng-(w) = {u1, ua, uz}. Then x,, = x,,, = x,,,. Since

PXyy = Xy + Xy + Xy + Xgp < 22, + 2X,

we obtain x,, < ﬁxw. Furthermore,

) 6 3 3
C(H ) =Xy + Xy, + Xy, < mxu* < qu* < (E(H ) — E)x”*‘

Thus, 3
D, CHD) < (N () = S,

HeH
a contradiction. Thus, |Wg-| > 2.

Recall that Wy N Wyena+ = 0 and 2 < d(w) = dy-(w) < 3. Letwy € Wy such that N(w) = {uy, up, uz} and
wy # wy in Wy satisfying d(w,) > 2. Suppose that uy, u, € N(wy). Then u*uy, u*uzwiur and uup,wyu, are three
internally disjoint paths of lengths 1, 3,3 between u* and 1, a contradiction. Hence, d(w) = dp-(w) = 2 for
any w € Wy-. This implies 1 < [N(w;) N N(w,)| < 2 for any two vertices wy, w, € Wy-. If IN(w;) N N(wy)| =1,
withoutloss of generality, let N(w1) = {u1, uz} and N(wy) = {uq, uz}, then u*uy, u*usw,u; and u*upwiu; are three
internally disjoint paths of lengths 1, 3,3 between u* and u1, a contradiction. Thus, IN(w1) NN(w)| = 2. That
is N(w1) = N(w,) for any two vertices wq, w, € Wg.. Without loss of generality, suppose that N(w) = {u1, up}
for any w € Wy-. Let G = G" — {utqyw|w € Nw (1)} + {u'wlw € Nw(u1)}. Obviously, G; is 0(1,3, 3)-free. By
Lemma 2.1, we get p(G1) > p, a contradiction. This completes the proof of Lemma 3.5. [

Proof of Theorem 1.4. By Lemmas 3.1,3.3 and 3.5, we obtain that each component of G*'[N.(u")] is a

non-trivial tree. If ¢ = 0, then G* is bipartite. By Lemma 2.5, we have p < ym < % form > 92, a
contradiction. Thus ¢ = 1 and }.,enyr) ;T“ < 1 from Inequality (4). Let H be the unique component of
G*[N+(u")], where H is a non-trivial tree. By Lemma 3.1 (iii) and (iv), we have diam(H) < 3.

If diam(H) = 3, then H is a double star. Let u; and u; be the two center vertices of H. Let {v1,v;,--- ,v,} €
Np(u1) \up and let {z1, 25, , zp} € Nu(up) \ u; fora, b > 1. If Wy = 0, without loss of generality, assume that
Xy, = Xy, thenlet Gp = G* — {upv|v € Np(up) \ {u1}} + {u1v]v € Ny (u2) \ {u2}}. We can verify that G, is 6(1, 3, 3)-
free. By Lemma 2.1, we get p(G;) > p, a contradiction. Thus, Wy # 0. It is easily checked Wy N Wipnn = 0.
Hence, N(w) € V(H) and by Lemma 2.4, d(w) = dy(w) > 2. We claim d(w) = dy(w) = 2. Suppose on the
contrary thatdy(w) > 3. If {u1, up, v1} € Nu(w), then w1y, u1v1wu,, uiu*zu, are three internally disjoint paths
of lengths 1, 3,3 between u; and u,, a contradiction. If {11, v1,v2} € Ny(w), then u*vy, u*v1wv,, u*uyu v, are
three internally disjoint paths of lengths 1, 3, 3 between u* and v,, a contradiction. If {uy, v1, v} € Ny(w), then
Uy, W WUy, WU Uy are three internally disjoint paths of lengths 1, 3, 3 between u* and u5, a contradiction.
If {v1, 09, 21} € Ny(w), then viu*, v1wovu*, viuiuu” are three internally disjoint paths of lengths 1, 3, 3 between
v; and u*, a contradiction. If {v1, v, v3} € Wh(w), then u*vy, u*v3woy, u'uruqv; are three internally disjoint
paths of lengths 1, 3,3 between u* and v;, a contradiction. Thus, d(w) = dy(w) = 2. We claim N(w) = {u1, us}.
Otherwise, we consider five cases in the sense of symmetry as follows. If N(w) = {uy,v1}, then u*u,
w'viwuy, W'z1upu; are three internally disjoint paths of lengths 1,3, 3 between u* and u4, a contradiction. If
N(w) = {u1,z1}, then ujuy, uywziuy, u1v1u*u, are three internally disjoint paths of lengths 1,3, 3 between 14
and uy, a contradiction. If N(w) = {vy, vp}, then u*vy, u*v,woy, u*uyu1v; are three internally disjoint paths of
lengths 1,3,3 between u* and vy, a contradiction. If N(w) = {v1,z1}, then u*vy, u*zywoy, u'uruyv; are three
internally disjoint paths of lengths 1,3,3 between u* and v1, a contradiction. Thus, N(w) = {u,up}. Let
Gs = G — {wowlw € Nw(up)} + {uw'wlw € Nw(uz)}. We can verify that Gs is 6(1, 3, 3)-free. By Lemma 2.1, we
get p(G3) > p, a contradiction.

If diam(H) < 2, then H = K; , with r > 1. Let V(H) = {uo, u1,--- , u,} and ug be the center vertex of H with
r> 1. We claim r > 9. By p > 10 and Inequality (4), we have

1
100, < pXyr = Xy + Xy + -+ Xy, + Z Xp <(r+1+ E)xw.
veENy(u*)
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Thus, r > 9. We claim Wy = 0. Suppose on the contrary that Wy # 0.

First, we assume dy(w) > 3 for any vertex w € Wy. If {ug, 11, up} € Np(w), then u*uq, u*up,wuy and u*uzuguy
are three internally disjoint paths of lengths 1, 3,3 between u* and 11, a contradiction. If {11, up, uz} € Ny(w),
then uuz, u*usuous and u*uwuz are three internally disjoint paths of lengths 1, 3,3 between u* and u3, a
contradiction. Thus, dy(w) < 2. If dy(w) = 1, then we obtain that w is only adjacent to the center vertex
ug. Otherwise, let Ny(w) = u;. By Lemma 2.4 and e(W) = 0, we obtain [Ny )(w)| > 1. Then u*uq, w'owus,
w'uyuouy are three internally disjoint paths of lengths 1,3,3 between u* and 1, where v € Ny, (w), a
contradiction. Thus, Ng(w) = {up}. By Inequality (4), we have

3
PXw < Xy + Z Xy < Exw.
veNy(u*)

Thus, x, < %xut < ;’—Oxut due to p > 10. By Lemma 2.7, we get 0 = e(W) < =1+ % - % = —%, a contradiction.

If dy(w) = 2, then we have Ny, (w) = 0. Otherwise, G* contains a 0(1, 3, 3). Furthermore, we get

PXw < Xy + Xy, < 2X0.

This implies that x;, < ;—pxw < 21_0xu‘ due to p > 10. By Lemma 2.7, we get 0 = ¢(W) < -1 + % - % <0,
a contradiction. Thus, Wy = 0. If W # 0, then by Lemma 2.1, we obtain d(w) = dn,q)(w) for any vertex

w € W. Furthermore, No(1*) # 0 and
o< Y x<ax
PXw = v < SN
vEN)(u*)

This implies that x,, < ixw < %xw due to p > 10. By Lemma 2.7, we get 0 = ¢(W) < -1 + % - % = —29—0, a
contradiction. Thus, W = 0 and hence G* = G4 (see Figure. 1). Let [No(u*)| = t. Since m is even, we obtain

that ¢ is odd and ¢ > 1. By Lemma 2.3, we obtain that p is the largest root of the equation f(x,t) = 0 where
f(x,t)=x4—mx2—(m—t—1)x+ t(m—z;l)
form =t+1+2r > 92. Since
Fob) = FGo1) = (F—x + (t_l)(”;—_t_z) >
for x > 0 and t > 3, which implies that t = 1 for the extremal graph G*. By Lemma 2.6, we have
p(S,‘”TM,Z) > “‘/@ form >92and G* = S;’T“,z’ as desired. This completes the proof of Theorem 1.4. m

0

Figure 1: The graph Gy.

Data availability

No data was used for the research described in the article.



Y.X. Liu, L.G. Wang / Filomat 39:33 (2025), 11969-11980 11980
Declaration of competing interest

The authors declare that they have no conflict of interest.

Acknowledgements

We are grateful to the anonymous referee for reading the paper very carefully, checking all the details
and giving us valuable and insightful comments to help improve the paper.

References

[1] J.A. Bondy, U.S.R. Murty, Graph Theory, in: Graduate Texts in Mathematics, Vol. 244, Springer, New York, 2008.
[2] R.A.Brualdi, A.]. Hoffman, On the spectral radius of (0, 1) matrices, Linear Algebra Appl. 65 (1985), 133-146.
[3] M.Z.Chen, X.-D Zhang, Some new results and problems in spectral extremal graph theory, J. Anhui Univ. Nat. Sci. 42 (2018), 12-25 (in
Chinese).
[4] D. Cvektovi¢, P. Rowlinson, S. Simi¢, An Introduction to the Theory of Graph Spectra, Cambrige University Press, New York, 2010.
[5] X.N. Fang, L.H. You, The maximum spectral radius of graphs of given size with forbidden subgraph, Linear Algebra Appl. 666 (2023),
114-128.
[6] Z.Fiiredi, M. Simonovits, The history of degenerate (bipartite) extremal graph problems, Erd6s centennial, Bolyai Soc. Math. Stud. 25
(2013), 169-264.
[7] J. Gao, X.L. Li, The maximum spectral radius of theta-free graphs with given size, Bull. Malays. Math. Sci. Soc. 48 (2025), 206.
[8] S.C.Li, S.S. Zhao, L.T. Zou, Spectral extrema of graphs with fixed size: forbidden fan graph, friendship graph or theta graph, J. Graph
Theory (2025), 1-13. (also see arXiv:2409.15918)
[9] X.Li, M.Q. Zhai, J.L. Shu, A Brualdi-Hoffman-Turdn problem on cycles, European J. Combin. 120 (2024), 103966.
[10] Y.T.Li, W]. Liu, L.H. Feng, A survey on spectral conditions for some extremal graph problems, Adv. Math. (China) 51 (2022), 193-258.
[11] Y.X. Liu, L.G. Wang, Spectral radius of graphs of given size with forbidden subgraphs, Linear Algebra Appl. 689 (2024), 108-125.
[12] J.Y. Lu, L. Lu, Y.T. Li, Spectral radius of graphs forbidden Cy or Cé, Discrete Math. 347 (2024), 113781.
[13] G. Min, Z.Z. Lou, Q.X. Huang, A sharp upper bound on the spectral radius of Cs-free/Ce-free graphs with given size, Linear Algebra
Appl. 640 (2022), 162-178.
[14] V. Nikiforov, Some inequalities for the largest eigenvalue of a graph, Combin. Probab. Comput. 11 (2002), 179-189.
[15] V. Nikiforov, Walks and the spectral radius of graphs, Linear Algebra Appl. 418 (2006), 257-268.
[16] V. Nikiforov, The spectral radius of graphs without paths and cycles of specified length, Linear Algebra Appl. 432 (2010), 2243-2256.
[17] V. Nikiforov, Some new results in extremal graph theory. Lond. Math. Soc. Lect. Note Ser. 392 (2011), 141-181.
[18] E. Nosal, Eigenvalues of Graphs, Master’s Thesis, University of Calgary, 1970.
[19] W.T. Sun, S.C. Li, W. Wei, Extensions on spectral extrema of Cs/Ce-free graphs with given size, Discrete Math. 346 (2023), 113591.
[20] M.Q. Zhai, H.Q. Lin, J.L. Shu, Spectral extrema of graphs with fixed size: cycles and complete bipartite graphs, European J. Combin. 95
(2021), 103322.
[21] M.Q. Zhai, B. Wang, Proof of a conjecture on the spectral radius of C4-free graphs, Linear Algebra Appl. 437 (2012), 1641-1647.



