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Riemann integration of Banach space-valued functions on time scale
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Abstract. In this article, we explore the Riemann integration of Banach-valued functions on time scale. We
attempt to give an alternate definition of the previously defined Riemann A Banach-valued integral. Basic
properties and results such as the criterion of integrability of the function, uniqueness of integral, linearity
property, additivity property and results related to boundedness and continuity of functions are formulated
and established. Finally, we state and proof the Fundamental Theorem of Calculus for the integral.

1. Introduction

S. Hilger, under the supervision of B. Aulbach, introduced the theory of measure chain calculus (com-
monly known as time scale calculus) as part of his doctorial degree titled- “Ein Mafikettenkalkiil mit Anwen-
dung auf Zentrumsmannigfaltigkeiten” (in German), University of Wiirzburg, Germany, 1988, later published
as [11].

Hilger’s main motivation was the analogy between discrete and continuous analysis and the aim to unify
them, a direct quote from his paper- “These analogies which are described in the relevant literature lead to the idea
to develop some higher ranging calculus which in special cases covers those two concepts”[11] beautifully portrays
this objective. As theoretical framework (see [11} [12]), Hilger introduced the forward jump operator (o)
and backward jump operator (p); and for the notion of measure chains Hilger presented three axioms in
an attempt to construct an abstract structure, and concluded that any set that satisfied these three axioms
were to be called a measure chain (or time scale). Using the forward jump operator, Hilger introduced the
delta derivative (A-derivative) and also a descriptive sense of the integral (named the Cauchy integral).

For Banach space-valued functions (which we will simply refer to as Banach-valued functions), the
A-derivative was defined by S. Hilger [11]]; and the V-derivative was defined by B. Satco [14] in 2011.

The A-derivative was formulated using the o operator, hence it was just a matter of time before another
derivative using p was formulated. This was done by C. D. Ahlbrandt et al. [1] in 2000. They formulated
a so-called alpha derivative (a-derivative): when a = ¢ the A-derivative was deduced, and when a = p
the derivative formulated, they called the p-derivative. This ‘p-derivative’ came to be known as the nabla
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derivative and denoted by V-derivative by F. M. Atici et al. in [3]]. For more insight into the theory of time
scale calculus one may refer [4H6].

Various integration notions, in their constructive sense, are discussed in literature including the Riemann
integral for real-valued functions on time scales [9} 10] and Riemann integral for Banach-valued functions
on time scales [2]].

The Riemann integral for real-valued functions on time scale was formulated by S. Sailer [4}, 9], using
the concept of Darboux sum definition of the integral; and by G. Sh. Guseinov et al. [9] (also see [10]),
using the concept of Riemann sum definition of the integral. The latter also proved that the two different
approaches of the Riemann integral for real-valued functions on time scales are in essence equal [9]. While
the Riemann integral for Banach-valued functions on time scale was formulated by B. Aulbach et al. [2]
(also see [15]), the theory is not nearly as developed as it’s real-valued counterpart.

Thus in this paper, we attempt to give an alternate definition of the previously defined Riemann integral
by B. Aulbach et al. [2], and formulate and establish some basic properties and results for Banach-valued
functions on time scale.

For all definitions, properties and results, there are corresponding ones for the nabla derivatives and
V-integral, which we will not bother to consider in this paper.

2. Preliminary

In this section, we recall a few definitions and results on the theory of time scale calculus [4H6], on
Riemann integration for real-valued functions [9,[10] and on classical Banach space theory [7, (8, [13].

A time scale 7" is any non-empty closed subset of IR.

Definition 2.1. [11} pp. 20] Forward Jump Operator. The forward jump operator denoted by ¢ is a mapping,
0:7 — T defined by,

a(t) =inf{re7':r> t}.

Definition 2.2. [11} pp. 20] Backward Jump Operator. The backward jump operator denoted by p is a mapping,
p:T — T defined by,

p(t) = sup{reT:r< t}.
Elements of 77, (t € 7°), can be classified using the jump operators as [11]]:
e right-dense (rd) if o(t) = t < sup 7 right-scattered (rd) if o(t) > ¢;
o left-dense (1d) if p(t) = t > inf T°; right-scattered (rd) if o(t) > ¢;
e denseif o(t) = t = p(t); isolated if o(t) < t < p(¢).
Definition 2.3. [11) pp. 27] T* is defined as,

g — T\(p(sup‘i'),sup‘]’] if sup7 <o
9~ otherwise.

Assuming p < g, intervals in 7~ are defined as [4]-
[P/q]frz{tET:pstSq};(p,q)T:{te‘]':p<t<q}
[P/‘J)T={tGT:pSf<q},(P/EI]T={tET:p<tSq}.

Definition 2.4. [9, pp. 1002] Given [p, gl where p < q. A partition V is any finite ordered subset V = {th}Z=o
[p, ql5 where,

(V={p=t0<t1<...<tn=q}.
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Definition 2.5. [9] Riemann A-integral (using Riemann sum definition). Let f be a real-valued bounded function
on [p, qly and B be the collection of all possible partitions of [p, qls, then f is said to be Riemann A-integrable if and

only if there exists a number I € R with the property that for all ¢ > O there exists a & > 0, and for any partition
Vs € B (i.e., partitions whose subintervals have length less than O) such that,

[R-1|<e.
Herel =R fp TfOAtand R = Y, f(&1) - (ty — ta), where &, € b1, )7
We now provide some definitions on classical Banach space theory.

Definition 2.6. [13| pp. 5] Metric Space. A metric space is a set S along with a metric or distance function
d : S xS — R such that the following three conditions are satisfied, ¥ x,y,z € S:

1. d(x,y) > 0,and d(x,y) = 0 if and only if x = y;

2. d(x, y) = d(y, x);

3. d(x,z) <d(x,y) +d(y,z)  (the triangle inequality).

Definition 2.7. [13] pp. 9] Normed Space. Let X be a vector space. A norm on X is a real-valued function || - || on X
such that the following conditions are satisfied by all members x and y of X and each scalar a:

1. |lx|| = 0, and ||x|| = 0 if and only if x = 0;
2. |lax|| = lalllx]l;
3. llx+yll < |Ixll + vl (the triangle inequality).

The ordered pair (%, [| - II) is called a normed space/ normed vector space/ normed linear space.

Definition 2.8. [13| pp. 13] Banach Space. A Banach space X is a vector space over R equipped with the norm || - ||
such that X is a complete metric space with respect to the metric-

d(xi,x2) = |[v1 —xaf|,  x1,x2€ X

Throughout this paper X will denote a Banach space and X" its dual.

The A-derivative on X was defined by S. Hilger [11]-

Definition 2.9. [11, pp. 27] Delta Derivative (on X). Let function F be a mapping, F : T — Rand t € T~
FA(t), provided it exists is called the delta derivative of F at t, if for any ¢ > 0, there exists a neighbourhood
W =({t—-0,t+0)NT oft for 5 > 0 such that,

|F(a(®) - E(r) = (o(t) = 1) - FA@)|| < & - |o(t) = 7] for all reW.

Given the A-derivative (on X), Hilger also presented an appropriate notion of integral via antiderivatives
in [11] (also view [12]]). The antiderivative of the A-derivative we will call the A-antiderivative. The integral
defined by means of the A-antiderivative was called the Cauchy integral by Hilger [11]], we will call this
descriptive integral of the A-derivative as A-integral.

Definition 2.10. [11] A-Integral (on X). A function F : T — X is called a A-antiderivative of f : T* — X provided
FA(t) = f(t) for all t € T*. In this case the A-integral from p to q of f is defined by

fq f()At = F(q) — F(p) forall p,qeT.
P

We now proceed to define Riemann A-integral for Banach-valued functions in the following section and
establish a few basic results.
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3. Riemann A Banach-Valued Integral

Let 7~ be a time scale, [p, gl+ be a closed interval on 7 such that p < gq. Let ‘B be the collection of all
possible partitions of [p, qls.

LetV e, V= {p =fhh<h<..<t,= q}, with #y, t1, ..., t, being the points of division. We consider
subintervals of the form [t,_1,t;)7, for 1 < h < n, and from each subinterval we choose 9; arbitrarily,
defined as 9y, € [tp—1, t4)7, and call it the tag point of the respective subinterval. For V € 5, we define a

point-interval collection as V= {(Sh, [th-1, th)T)}:=1’ and call it the tagged partition. We define the mesh of
V as,

mesh(V) = V| = max(ty = ty1) > 0.

<h<n

For some 6 > 0, V; will represent a partition of [p,qly with mesh 0 satisfying the property: For each
h=1,2,...,nwehave either-

(th—th-1) <6 or (ty—typ-1) > 0 A p(ty) = ty,

here A stands for “and”. Hence, V; will mean a tagged partition with mesh § satisfying the above property.
We now form the Riemann A-sum, (E)( 1 (ng), of Banach-valued function f evaluated at the tags as,

RV Vs) = Y (0= ter) - F(O).

h=1

Proceeding, we first give the definition of the Riemann A-integral for Banach-valued function on [p, gl7,
according to B. Aulbach et. al [2], and consequently attempt to give an alternate definition of the same,

similar to it’s classical counterpart [see [7]].

Definition 3.1. [2] A function f : [p,qly — X is Riemann A-integrable, denoted by (R), if there exists an I € X
such that, for all € > O there exists a 6 > 0 so that if Vs is any tagged partition of [p, glg with mesh 6, then

[R)(f; Vo) —T|| < &
Herel=(R) [] 7 f(HAE = (R).

The set of all Riemann A Banach-valued integrable function on [p, g]5 will be denoted by (R) A([p, qlr, 3€)

We will also agree to the following convention:
— ] _ 4
® [ foai=-@ [ roa
P q

Finally, tagged partition V; is a refinement of the tagged partition V, if the points of V, form a subset
of the points of Vy, i.e. V; refines V5.

We proceed to give the alternate definition of the Riemann A-integral for Banach-valued function on
[p, gl and consequently prove the equivalence of the two above definitions in Theorem 3.3}

Definition 3.2. A function f : [p,ql; — X is Riemann A-integrable, denoted by (R.), if there exists a number I € X
such that for all € > O there exists a partition V. € B([p, ql7) such that,

R V) -1 <,

whenever V is a tagged partition of [p, qly that refines V.
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We now construct a theorem to prove that (R) integrable function is necessarily (R.) integrable and vice
versa.

Theorem 3.3. A function f : [p,ql; — X is (R.) integrable on [p, qlr if, and only if it is (R) integrable on [p, qlr-

Proof. Suppose that f is (R.) integrable on [p,ql7. Let I be the (R;) integral of f on [p,qls and let D be a
bound for f on [p, ql7.

Let € > 0 and choose a partition V, = {p =l <...<t,= q} € P such that,
- s €
|RocE) -1 < 5

whenever V is a tagged partition of [p, gl that refines (V,). Let 6 = 15+ We will show that,

B -1 <

whenever V is a tagged partition of [p, g]7 with mesh 6.

It then follows that f is (R) integrable on [p, g]s. 5 5 5

Let V' be such a tagged partition. Form a tagged partition V1 such that points of both V and V. is a
subset of V. Let the tag of each interval of V; coincides with those of V' and arbitrary for the remaining
intervals. Let {[ck, di)r :1<k<N } be the intervals of V that contains points of V. in their interior, note that

N < n-1. Intheinterval ¢, di)s let oy = uf <uf <... < uﬁk_l < uf, = drwhere the points {u’,; :1<h< nk—l}

are the points of V. in (ck, dx)g. Let 9y, be the tag of Y for [cx, di)7 and let é’; be the tag of Y, for [”271' MZ)T.
Then,

N [
RS D) = Rr V| = | Yot — e 30 = Yk — ) - £
k=1 h=1
N ng
<Y Y k- [0 - feb)|
k=1 h=1
<2D i(dk — ) <2D(n - 1)6 < %

=~
Il

1

Since V is a refinement of V., we obtain,

R0 -1 < |®F T - Rows | + | Rk Vo -]
<s+5=e

Converse of the proof follows directly from Definition 3.1}
This completes the proof. O

Remark 3.4. The function f : [p,qly — ¥ is Riemann A- integrable on [p,qly if f is either (R) or (R.) integrable
on [p, gl

Theorem 3.5. Let f : [p,qly — ¥ be Riemann A-integrable, then the value of the integral, I, is unique.

Proof. Let us assume that the Banach-valued function f has two integral values, say T and T’ both satisfying
the definition and let ¢ > 0.
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Then, there exists &, > 0 such that for any tagged partition V5 we have,
2 2

—_ &€
-1 <=
2

R)(f; Vs

\kw )

Also, there exists 07 > 0 such that for any tagged partition (Vég we have,
2 2

<

| @) -1 <5

Now, let 6, = min {62 ,07 } > 0 and let Vs, be the corresponding tagged partition. Since mesh of Vs, is lesser
2 2

or equal to the mesh of Vs and Vj, thus we have by definition-
2 2

-7 <§ and H(E)(f;(%%)—f””< %,

|®(s:7s,)

whence it follows from triangle inequality that,

-1 =7 - ®(fVs.) + ®(f; Vs,) - T'|
<[ - ® (Vs )| + | ®(Fs)-T| <

Since ¢ > 0 is arbitrary, thus we conclude that I=1". o

We now state and proof the Cauchy criterion of integrability in terms of the Riemann A-integral for
Banach-valued functions on time scale.

Theorem 3.6. Cauchy Criterion. Let f : [p,qly — X be Riemann A-integrable on [p, qlg if, and only if for each
¢ > 0 there exists 6 > 0 such that for partition V1,V € [p,qly having mesh 6 for both partitions Vy and V, with
respective tagged partition Vi and V, implies,

|®(f:91) - B V)| <. M

Proof. Suppose first that f € (%)A([p, gl %) and consider ¢ > 0 there exists 6 > 0 such that for partition

V1 and V; of [p, ql7 having mesh(V;) < 6 and mesh(7V,) < 6 with respective tagged partition V; and V,
satisfying,

) <5 [ 1] <
Therefore we have,
|®(f:51) - ®(£:52)| = |R(f: V1) =T+ 1= (V)|
< |[®(£:37) - 1|+ |®(£:92) -1

<fifoe
2 2 7
Hence, given f is Riemann A Banach-valued function integrable Eq. holds.
Conversely, for each n € N, let 0, > 0 be such that if V; and V, are tagged partition with mesh< 6,,
then
— . — o 1
| R ) - B 72| < =

n
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Evidently, we may assume that 6,, > 0,41 forn € IN; otheryvise, we replace 6, by 0;, = min{6,, . iy On} 5
For eachn € N, let V;, be a tagged partition with mesh(V;,) < 0,. Clearly if m > n then both V;,, and V3,
have mesh< §,, so that,

<% for m>n. (2)

|®(f:7,) - ®(f;71,)
Consequently, the sequence { (E)( £ (T/lm)}::l is Cauchy in X. Since X is a Banach space, hence there exists
A € X such that,

limR)(f;V1,) = A.

Passing to the limit in Eq. [2las m — oo, we have,

|®(9.) -4 <~ vnen

To see that A is the Riemann A-integral of f, given ¢ > 0, let K € N satisfy K > 2. If Y, is any tagged

partition with mesh-(V,) < 6, then

|®(£:72) - 4| < |[®(£:92) - ®(F:¥1,) - 4] + | R(F:71,) -4
<ztp<e
Since ¢ > 0 is arbitrary then f € (R)a([p, ql7, X) with integral A. O

Corollary 3.7. Let f : [p,qly — X be Riemann A-integrable on [p, qly- and if for each ¢ > O there exists partition
V. € Plp, ql7) such that for all tagged partition Vi and V, of [p, qls that refines V., we have

||(E)(f;(vl) - (E)(f;qvfz)” <e.

We will now establish a few basic results which will hold true, given a Banach-valued function is
Riemann A-integrable.

Theorem 3.8. Let f : [p,gly — X be Riemann A-integrable on [p, qlq and if for each € > O there exist functions B,
and y. in R)a([p, qlr, X) with

Be(t) < f(t) <ye(t) VY telpqlr, 3)
and such that

_ q
® f (e = BIDAE < e. 4)
p

Proof. (=) Take B, =y, = f forall € > 0.
(<) Let € > 0. Since B, and y, belong to (‘R)A([p, glr, %), there exists 6. > 0 such that if V is any tagged
partition with mesh o, then,

|®ev) - ® fp eoad] < e and | @) - ® f,, "o <.

It follows from these inequalities that,

_ q _ 8 _ g _ q
® [ 00— <@sT) and ®aP <® [ rone
p

p
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In view of inequality Eq. |3} we have (E)(ﬁg,' ) < R)( 1 TP) < (E)()/g ; V), whence
(R) f ' (At — e < (R)(f; V) < (R) f q ye(DAL +¢.
4 p
If H is another tagged partition with mesh &,, then we also have
[®) f q (DALt — & < (R)(f; H) < (R) f ' Ve(DAL + &
p 4
Subtracting the above two inequalities and using Eq. [}, we conclude that,
|- @70 < @ [ yeome-@ [pone sz

(R)fq — Be)()AL + 2¢ < 3e.

Since ¢ > 0 is arbitrary, the Cauchy criterion implies that f € (R)a([p,ql7, X). O

Theorem 3.9. Let f : [p,qlr — X, fi : [p,qly — Xand f, : [p,qly — X be Riemann A-integrable functions, and
let r € R. Then,

1. r- f is Riemann A-integrable on [p, qlg and

_ q _ q
®fmehw®fﬂMt
14 14

2. fi + fois Riemann A-integrable on [p, qly and
— (1 _ _
(R)f (fi + (DAL = (R) ffl(t)Af + (R)f fa(B)At.
P P P
Proof. Given f € (‘.R)A([p, glr, %), r € Rand let ¢ > 0, we have

< E&.

H@%%—@L%Mi
Now,

RV £:V) =Y (b= tia) - (- F)(Sn)
h=1

n

=7+ Y (b= tia) - FS) =7+ R V).

h=1
And

®- V) -r-® [ fond -
H | ]

w@@%—mmﬁhmﬂ

=1r-

'@m%—@ﬁ”mﬁ<Wa

since ¢ > 0 is arbitrary, hence

<EL%¢wmmrﬁEL?mm}
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Proof. Given fi, f» € (‘R)A([p, qlr, %) and let ¢ > 0 we have,

|®0-@ f,, A0 < £ and @9 - ® fp q fond <.

Also
Rfi + 5 V)= Y (= bir) - (fi + S)(O0)
=0
=) (th—th1) - {A(Sn) + f2(Sn)}
=0
= Z(th —tp1) - fi(Sp) + Z(th —ty_1) - f2(Sn)
=0 =0
= R)(fi; V) + R)(fr; V).
Now

@0+ - [@® [ oaer® [ o] | = @i

+ R V) -® fp " fAt- ®) f,, ' fz(t)AtH

<

® V) - ® fp q fioad]| + | @ - ® fp q o

<-—+-=g¢

e &
2 2

since ¢ > 0 is arbitrary, hence

_ — (7 —
(R)fp(ﬁ +f2)(t)At=(R)j; fl(t)At+(R)ff2(t)At-

O

Remark 3.10. Taking r = -1
— 1 _ (1
(R) | =H®HAt=~(R) | f(OAL
J o= [

Remark 3.11. In general, if f1, fo,..., fu € R)a([p, glr, X) implies (fi + fo + ... + o) € Ra(Ip, 917, X).
Result related to boundedness of a function on X is presented below.
Theorem 3.12. Let f : [p,qly — X be Riemann A-integrable, then f is bounded on [p, qls-.

Proof. By contradiction, suppose there exists a Riemann A-integrable function f on [p, gl thatis unbounded.
Let I denote the value (R) fp T f()AL.
Taking ¢ := 1, there exists 6 > 0 such that,

IRV -1| <1,
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for all tagged partitions V of [p, g]7 having mesh strictly less than 6. The reverse triangle inequality then
yields,

IRVl < 1+ [ )

for all such V. We now construct a special tagged partition { which will contradict the above.
Let H = { [th-1, th)¢}Z=1 be any partition of [p, g7 whose mesh is strictly less than 6. Since f is unbounded

on [p,glr, it is unbounded on atleast one interval of H. Hence, there is an index h = 1,2,...,n and
I € [ty-1, th)7 such that,

[ =ty o] > 1 i+ | Yot - 6500 £
j#h
Hence, we have chose 9; := t; for all j # h. But then, if we give H these tags,

(B = tin) - F(S) + Yt = £i0) - £(9))

j#h

Y = ti) - (S
j#h

B 70| =

> ||(th —tp1)- f(Sh)” -

>1+|T

which contradicts Eq. |5, hence if f is Riemann A-integrable then f is bounded on [p,qly. O
Theorem 3.13. Let f : [p,qly — X be Riemann A-integrable, then the following holds,

@ fp ot < @ - -supl 1) ©

Proof. Let ¢ > 0 be given and choose 6 > 0 such that,

<eg,

| @) - ® f,, ' foae

for all tagged partition V of [p, gl whose mesh is strictly less than 6. Now, fix any such partition V and
write,

|® fp ,, s = ® fp " at— @) + RV

+

_ q — —
< H(R) f FOAL = R)(f;V) (R)(f;(V)H
p
<e+ |®0i)
<e+ Zn: |t = ta—)| - £ o)
h=1
<e+ (;(tk - th—l)) “sup £l

= e+ (q—p)-sup||f(t)
tex

7

since ¢ > 0 is arbitrary, hence Eq. [f|holds. [
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Theorem 3.14. Let fi : [p,qle — X and f, : [p,qly — X be Riemann A-integrable functions, if fi < f, for all
t € lp,qly, then

_ q _
®) f At < ® f HOAL
14 14

Proof. Given fi, f» € (‘R)A([p, glr, %) and let ¢ > 0 we have,

— . . — . —
[@cm-® [ roa] <5 and |Re-® [ poar
P P

<t
5

Also, given f; < f, for all t € [p, ql7 thus (R)(fi; V) < (R)(fo; V).
Applying triangle inequality, we get,

_ . 5 _ ) o
(R) fp fl(t)At—§<(R)(f1;fV) and (R)(f;V) < (R) f f2(t)At+§.

p

Hence,

R) f,, qﬁ(t)Ats(E) j: fb)At +e.

Since ¢ > 0 is arbitrary, we conclude that
_ q _ q
(R)f fiAt < (R)f faAt.
p p

Theorem 3.15. Let f : [p,qly — X be Riemann A-integrable, and let V1 and V', be partition on [p, qly such that
YV, CVs. Then,

R)(f; V1) < R)(f; V).

Proof. Given V1 and V; be partition on [p, g]s such that V; € V.
An induction argument, let us assume that V, has only one more point, say r, than V. If

O

‘V1={p=t0<t1<...<th_1<th<...<tn=q},
then,

sz{p=t0<t1<...<th_1<r<th<...<tn=q},

for some h = {1,2, ... ,n}.
Given V; and V; let the respective tagged partition be V; and V,. We find the difference between
(R)(f;V1) and (R)(f; V).

R)(f; V2) = RYf; V1) = (r = tie1) - F(9r) + (b = 1) - F(S,) = (b = ta1) - F(S0),

where 9,, € [ty_1,71), Oy, € [1,ty)7 and O, € [ty-1, tn)7. The above is non-negative because,

(tn = th1) - fOn) = (th —r+71—ty1) - f(Sn)
S(tp=1) fOn) +(r—th1) - f(Sr)

Thus (R)(f; V1) < R)(f; V). O
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Results related to continuity of a function on X are presented below.

Definition 3.16. [11] Continuous (on X). A function f : T — Xis continuous at f € T if for each € > 0, there exists
6 > 0 (depending on € and f) such that ||f(t) — f(F)|| < € whenever t € (t—6,t+6) NT, and write lim,_; f(t) = f(D).

Definition 3.17. Uniform Continuous Function (on X). A function f : T — X is uniformly continuous on
t e [p, qlr, if for each € > 0 there exists 6 > 0 (depending on €) such that for all ,t € [p, gl we get ” fH-f (t)” <e
whenever f € (t =6, +0)NT.

Theorem 3.18. Let f : [p,qly — X be continuous. For each € > O there exists 6 > 0 such that, for any tagged
partition V of [p, qls- whose mesh is strictly less than 6, and any refinement H of V, the following holds,

YD) - R 50) < e

Proof. Since f is continuous and [p, g7 is compact, the function f is uniformly continuous. Therefore given
¢ > 0, we may find 6 > 0 such that

o - s < .=

forallr,u € [p, q]rr satisfying |r — u| < 6. Let ‘V be a tagged partition of [p, g7 with mesh(V) < 6.
Suppose that H is any refinement of V with its own set of tags. Any subinterval [#,_1, #,)7 of V may then
be decomposed into a finite union of subintervals from #,

iy

[th-1, t)7 = U [Eh,'flthj)T
=1

Therefore,

R V) - ® s )| = H Y -t FO0 =Y Y~y F5)
h=1

h=1 j=1

Y Z(fh,. —Fiy1) - [FS0) = £(Sh)]

h=1 j:l

where 9, are tags from Y and §,, are tags from H. However, since the mesh of V is strictly less than o, the
above implies that,

| - R0 < —fZ(th By =e
h 1 j=1
U

Theorem 3.19. Let f : [p,qly — X be a continuous function. Then f is Riemann A-integrable on [p, gls-.

Proof. This proof relies upon Theorem Let ¢ > 0 be given, and there exists 6 > 0. Let ¥V and H be two
tagged partitions of [p, gl7, both having mesh strictly less than 6. Let ¥ = V U H denote their common
refinement, then following Theorem we get,

|®E) - R F)| <e and |[RFF) - R )| < e
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| - ®F50)| = |RGE) - RGEF) + RIS F) - REH|
<||® ) - ®EH||+ [R5 F) - R )|
whence,
RSB - R 70| < e + e
= 2¢.
Since ¢ > 0 is arbitrary, hence from Corollary [3.7]gives that f is Riemann A-integrable. [
Theorem 3.20. Let f : [p,qly — X be continuous. Then,

@ fp s < fp "lFoa

Proof. Given f is continuous thus f and ||f]| are Riemann A-integrable on [p, gl
Let {‘Vm} . be a sequence of partitions of [p, gl whose mesh tends to zero as m — oco. Then since
m=

fe (ER)A([p, glr, %) we have,
® fp fAt = tim (RY(F V).
By continuity of the norm, this extends to,
™ o] = tim @V
Fix an index m € IN and let,

p=th<...<t,=¢q

denote the end points of the sub-interval in V., and let 9, be the tag from the ht" interval. Clearly,

7

@] < Y- oo
h=1

which is itself a Riemann A-sum for the function ” f (t)H on [p,qly. Since ” f || is Riemann A-integrable on
[p, gl7, putting all the pieces together gives,

|® [ reone] =t [z 0.0
< lim R)(IfI; V)

_ q
_R fp IF o)A

This completes the proof. [J

Theorem 3.21. Let f : [p,qly — Xand ifp <r < gand f is Riemann A-integrable on [p, rlg and on [r, gl then f
is Riemann A-integrable on [p, qlg and,

— q _ 4 _ q
(R) f f(OAL = (R) f F(HAE + (R) f F(HAL. @)
P p r

The converse also holds.
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Proof. Since f is bounded on both [p, rl7 and [r, g7, f is bounded on [p, q]+.
Suppose that the restriction f; of f on [p, ]7, and the restriction f; of f to [, ql7 are Riemann A-integrable

to I; and I, respectively. Then, given ¢ > 0 there exists &’ > 0 such that for tagged partition V; with mesh
o’, we have

— v - €
|® -1 < 5.
Similarly there exists 6” > 0 such that for tagged partition V, with mesh 6” we have,
— v - €
s -1 <

If D is a bound for || f]|, we define 6 := min {6’, o, %} such that for tagged partition 9 with mesh 6 we have

| - @+ 1) < e. ®)
1. If r is a partition point of YV, we split Y into V; of [p, ]y and VP, of [r,glr. Since (R)( f;(V) =
(R)(f1; V1) + (R)(fo; V), with mesh & for V; and mesh 6 for Vs, the inequality in Eq. is clear.

2. If r is not a partition point in Y= {([tk_l, te), Sk)}:—l’ dk < n such that r € (t;_1,t). We let Y1 be the
tagged partition of [p, ]y defined by,

V= {([t0/ t)r, 91)/ ey ([tkflr )T, Sk)/ ([tkflr "7, 7’)},

(VZ = {([T, tk)‘Tr 7"), ([tk/ tk—l)‘Tr Sk+1)/ ey ([tn—lr tl’l)'rl ‘971)}
A straightforward calculation shows that,
R)(f;V) = Rf; V1) = RYf; V2) = (b = tiea) - F(9) = (b = tir) - £(1)
= (b= te1) - (F(80) - F),
whence it follows that,
|R:) = Rz - R V)| < 2Dt = i) < 5.
But since ||(V1|| <6< and H(VZH < 0 < 0”, it follows that,
|RE A -1 <5 and |V -1 <5,

from which we obtain Eq. 8 Since ¢ > 0 is arbitrary, we infer that f € (R) A([p, gl %) and that Eq,ﬂholds.
Conversely, we suppose that f € (R) A([p, qglr, %) and given ¢ > 0 welet 6 > 0 satisfy the Cauchy criterion
(Theorem . Let f; be the restriction of f to [p, 7]y with tagged partition ¥, #; and mesh & for both
partitions. By adding additional partition points and tags from [r, g]7, we can extend V; and ; to tagged
partition V and H of [p, gl and mesh 6 for both partitions.
If we use the same additional points and tags in [, g]5 for both Y and H, then
R)(f1; V1) = R) (A Fh) = RN V) = R)(f D).
Since both V and H have mesh 0, thus
”(E)(fﬂ(iﬁ) - (E)(fl}‘fvﬁ)” <e.

Therefore the Cauchy condition shows that the restriction f; and f to [p, ] is in (R) A([p, glr, X)

In a similar way we see that restriction f, of f to [r,qls is in (‘R)A([p,q]% 36) Hence equality Eq. ﬂ
holds. O
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Theorem 3.22. Let f € (%)A([f,a(f)]rr, %), we have
_ a(f)
® | foat= (o~ |- £O.

Proof. There are two possible cases:
1. When o(f) = f which is 0, and
2. When o(f) > f which we proof below-
Consider the tagged partition V = {f =ty <t = o(f)}, with tag point f. Hence for ¢ > 0 there exists 6 > 0
and
0
® | fOAt= (o) -F)- £D.

t

O

We delve into a few examples-

1. If T = R, Definition 3.T|coincides with the usual definition of Riemann integration for Banach-valued
functions on which domain is R.
2. T =rZwithr>0andp,q € rZ,and f € (R)a([p, ql7, X) then

q
i1

(R) f ' F(HAE = Z F(ru)-.
P u=t

3. fT=Zandp,qeZ,and f € (‘R)A([p, glr, %) then

q-1
®) f Cfoat=Y fw.
r

u=p

4. If fe (ER)A([p, qlr, %) such that f(t) = C, a constant set, for all f € [p, gl7, then

_ q
® f f(OAL=C-(q-p).
14

In the following section we establish some basic results on the Fundamental Theorem of Calculus for
Riemann A Banach-valued integrable functions on time scale.

3.1. Fundamental Theorem of Calculus for Riemann A Banach-valued integrable functions.
Theorem 3.23. Let f : [p,qly — X be continuous. Define-

_ F
Filpalr > % FO=® [ foa
p

Then F is continuously differentiable on [p, g7 and satisfy FA = f on [p,qlr-

Proof. Let us fix u, v with p < u < v < g. Then, using additivity of integral we get,

F(v):(E)fpvfm:(E)fpquH(ﬁ)fuvat

= F(u) + (R) f ’ fAt,
F(v) — F(u) = (R) f fAt.



V. Sekhose et al. / Filomat 39:33 (2025), 11683-11700 11698

Now,

® f FO)AL = (0 - u) - £)

Therefore,

IF@) - Foy - 0 - ) - fu)| =H® f st -@®) f At

_ H@ [ (70 - raa
<flo~u] sup |17 - feo]|

Given f is continuous on [p, g7, implies that f is also uniformly continuous on this interval, hence the
above implies

lim
Uv—u

F(v) — F(u) _
", - fw).

The above covers the case 1 = p thus we may assume that # > p and proceed to proof similarly.
Let v be such that p < v < u. As above, we get

SO tha t,

F(u) — Fv) = (R) f ' fAt or F(v)—-Fu)=—(R) f ' fAt.

Therefore,

|F@) - Faw) - (0 - 1) - fw)| = H - ®) f At - =) f@)

_ ‘ ® [ fone- -0 fw
<(u-0) s:g) ||f(f) —f(u)“-

Given f is continuous on [p, g7, implies that f is also uniformly continuous on this interval, hence the
above implies

lim F) - Fw) = f(u).

VU v—UuU

This proves the claim. [

Theorem 3.24. Suppose that F : T — X is continuous on T and has a A-derivative at each point of T*. Then there
exists F1, 5 € T* such that

FA(R) - (g —p) = F(q) - F(p) > F*(R2) - (9 —p) forall p,geT.
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Theorem 3.25. Let f : [p,qly — X be Riemann A-integrable on [p, gl If f has a A-antiderivative F : [p,qly — X,
then

_ q
® f FAL = E(q) — F(p).
p

Proof. Let € > 0. By Theorem [3.6|there is a 6 > 0 such that for tagged partitions V’, V" € B both having
mesh 6 implies

<e. )

|V - Ry V)
Applying Theorem toF: [t-1,tuly — Xforeachh =1,2,...,n we obtain f1, f, € [#,_1, t;)7 such that

S - (tn = tn1) = F(ty) = F(tw-1) > f(E)) - (tn = tn-1)-

Hence summing we have,

Y @) (= tia) 2 F@) = F(p) 2 ) FE) - (b = i)

h=1 h=1
®(f; V') 2 F@) - Fp) = ®)(f; V")
using Eq. 0} and the fact that f is Riemann A-integrable, we conclude that

|® fp i g - Fo)| < e

Since ¢ is arbitrary, hence

_ q
(R) (At = F(q) — F(p).
fp f q p
O

Theorem 3.26. Let f : [p,qly — X be Riemann A-integrable on [p,qls. For F € [p,qls, let F(F) = (R) fp ! fHAL.

Then F is continuous on [p, qlg. Further, let t, € [p,qly and let f be arbitrary at t,, if t,, is right-scattered, and let f
be continuous at t, if t, is right-dense. Then F is A-differentiable at t, and FA(t,) = f(t,).

Proof. Let D > 0 such that ”F(f)” <Dforallfe[p,q)s. IfL,E €[p,qly and F - F, < § where f < £, say, then

f,
Sﬁf; || £ )|t

sﬁf DAt=D-(f,-F <e.
F

| - F@] = | ® f ot

This shows that F is uniformly continuous on [p, g]s. Let t, € [p,q)s be right-scattered. Then, since F is
continuous, it is A-differentiable at t, and we have by Theorem and Theorem

w o FOG)=Ft) 1 = (T
=)=t o)t ”(R)fp Jon (R)fp / (t)AtH
1 o(tu)

oty B, SoM=ft)
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which is the desired result.
Suppose now that ¢, is right-dense and f is continuous at ¢,. In this case

\ F) - F(t)
PG = fim FO =T
= lim - |® f Fst - ® f o

—hm— (R)ff(t)At

t_’tu t - t

Let ¢ > 0. Since f is continuous at t,, there exists 0 > 0 such that t € [p,q)y and |t — t,| < 0 imply

l£® - f(t.)|| < . Then
(R) f f(tu)AtH

- ft)|| =

& ~
: |t - tu| =g,
u - ul

R f 7 - feenllas <

for all t € [p,gls such that |[f — t,| < 6 and f = t,,. Hence the desired result follows. [

Conclusion

This paper explores the theory of Riemann integration for Banach-valued functions on time scale and
discuss a few fascinating results.
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