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Abstract. We introduce the generalized von Neumann-Jordan type constant of a Banach space and
give some geometric properties concerning this new coefficient. Moreover, we establish several sufficient
conditions for normal structure of a Banach space in terms of the generalized von Neumann-Jordan type
constant, the generalized James constant, the coefficient of weak orthogonality and the generalized Garcia-
Falset coefficient. Our main results in this paper significantly improve and generalize many known results
in the literature.

1. Introduction and preliminaries

Many investigations have been devoted to the study of geometric constants of Banach spaces, which
enables us to make precise descriptions of various geometric properties of Banach spaces. In 1965, Kirk
[24] proved that every reflexive Banach space with normal structure has the fixed point property, that is,
for every nonempty closed bounded convex subset C of X and for every nonexpansive mapping T : C — C
there exists a point x € C such that x = Tx. Whether or not a Banach space has normal structure depends on
the geometry of its unit ball and its unit sphere. To check that a given Banach space has normal structure
is not an easy task. However, one can do this with the help of certain geometric constants. To be more
precise, motivated by Kirk’s celebrated work, many studies have focused on finding sufficient conditions
involving different geometric constants for a Banach space to have either normal structure or uniform
normal structure, and therefore the fixed point property. For a great deal of the results related to this topic,
we refer the interested readers to [4}, 6H13] 15117, 22| 26H29]] and the references therein.

Throughout this paper, let X be a real Banach space with the dual space X*. As usual, we will denote by
Sx={x€ X : |lx]| =1} and Bx = {x € X : |x]| < 1} the unit sphere and the closed unit ball of X, respectively.

Recall that a Banach space X is said to have (weak) normal structure [I]] if for every (weakly compact)
closed bounded convex subset K of X that contains more than one point, there exists a point xg € K such
that

sup {leo -yl ye K} < diam(K),
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where diam(K) = supf{|lx — yl| : x,y € K} denotes the diameter of K.

For a reflexive Banach space X, normal structure and weak normal structure coincide. It is worth
noticing that if X fails to have weak normal structure, then there exist a weakly compact convex subset
C c X and a sequence {x,} C C such that dist(x,+1, cofxx}}_;) — diam(C) = 1 [19].

A Banach space X is said to have uniform normal structure if there exists 0 < ¢ < 1 such that for every
closed bounded convex subset K of X that contains more than one point, there exists xy € K such that

sup {leo -yl ye K} < cdiam(K).

A Banach space X is called uniformly non-square provided that there exists 6 > 0 such that either

+ —_
llx + yll <1-5or llx =yl

Banach spaces are super-reflexive and therefore, reflexive.

We next recall some basic facts about the ultrapowers of Banach spaces which are the main ingredient
of our results. For a widespread discussion on the Banach space ultrapower construction, the reader is
directed to [19}23,30].

Let # be a filter on IN and let X be a Banach space. A sequence {x,},en in X converges to x with respect
to ¥, denoted by limg x; = x, if for each neighborhood U of x, {i € N : x; € U} € . A filter U on IN is
called an ultrafilter if it is maximal with respect to set inclusion. An ultrafilter is called trivial if it is of the
form {A C IN : iy € A} for some fixed iy € IN, otherwise, it is called nontrivial.

Let £ (X) denote the linear subspace of the product space [],en X as

< 1 -0 whenever x,y € Sx. In [20] it was proved that uniformly non-square

loo(X) = {{xn}neN : x, € Xforalln € Nand sup |jx,|| < 00}
neN

equipped with the norm

[ bnenl] := sup (2]l
nelN

Furthermore, let U be an ultrafilter on IN and let N¢;(X) denote the normed subspace of £ (X) as
Nau(X) = (b € €o(X) : Tim ] = 0}.

The ultrapower of Banach space X with respect to ultrafilter U is the quotient space

X =X}y = Zf]o;((XX))’

equipped with the norm
n =1i nlls 1
el = Lim [l )

where {x,}¢ is the equivalence class in {X}¢; generated by {x,},en € {oo(X). Note that N¢/(X) is actually a
closed subspace of £ (X) and also the limit (1) always exists and equals to the standard quotient norm.

If U is nontrivial, then X can be embedded into X isometrically. It should be pointed out that if X is
super-reflexive, that is X* = (X)*, then X has uniform normal structure if and only if X has normal structure
[23].

The modulus of convexity of X [2] is the function 6x : [0,2] — [0, 1] defined by

llx + yl|

Sx(€) = inf{l -=

. %,y € Sy, ||x—y||:€}, O<e<?)

The function 6x is continuous on [0, 2), nondecreasing on [0, £o(X)] and strictly increasing on [¢¢(X), 2]. Here
eo(X) = suple € [0,2] : Ox(e) = 0} is the characteristic of convexity of X. A Banach space X is said to be
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uniformly convex if 6x(¢) > 0 for all ¢ € (0,2), a property which in its turn implies that X is uniformly
non-square. It is worthwhile to mention that 6x(1) > 0 implies X has uniform normal structure [18].

The James and von Neumann-Jordan constants are two most widely studied constants, due to their
connections with various geometric structures of Banach spaces. The following two constants of a Banach
space X,

e+ Yl + [l — P
Cxye X, [xll+ | ||>0}
202 + lyIR) Y Y

Cny(X) = sup{
and
J(X) = sup {min {llx + yll, Ilx = yll} : x,y € Bx|

are called the von Neumann-Jordan [3] and James constants [16], respectively. These constants are gener-
alized in the following ways [6] [7]:

e o
2P + Ty + TIP 2y, z € X Il + (lyll+ izl > 0, [ly — zIl < allx]l

Cnj(a, X) = sup {

and
J(a,X) = sup { min {|lx + yl, Ix = zll} : x,y,2 € By, lly - zIl < allxll},

where 0 < a < 2. Itis clear that Cnj(0, X) = Cny(X) and J(0, X) = J(X).
In [17]], Gao and Saejung defined the generalized Zbdganu constant for a > 0 as

2|lx + ylllx — z|
2l1x1? + [lyl? + [IzI?

Ca(a,X) = sup{ Cx 2 € X [l + il + Nzl > 0, lly — 2ll < auxu},

which is a generalization of the Zbaganu constant [34] defined by

[lx + vl llx — ] }
= 2 oy yeX |l +|lvll > 0.

Co(X) = C4(0,X) = sup{
Recently, Yin et al. [25] introduced a new constant based on the Zbdganu constant as

P P
llx + yllz|lx — z||2
2-2(xll + [yl + llzIl)

C¥(a,X) = sup{ C %z € X [l + Iyl + Nzl > 0, lly — 2]l < anxu}

foralll1 <p <ocoandalla>0.
In [4], Cui et al. defined the generalized von Neumann-Jordan constant by

e + I + llx =yl
27 (|lxll + llylP)

Cg;(X) = sup{ cx,yeX (x,y) # (0, Q)},

9(X) = Cyy(X) and C2(X) = Cz(X).
Afterwards, Dinarvand [9] introduced a new constant based on the generalized von Neumann-Jordan
constant as

where 1 < p < co. From the definitions, it is obvious that Ct

llx + yllP + llx — z|lP
27 xll + 22yl + 1P

cl)a %) = sup | : %,y,2 € X I+l + 20> O, lly = 21 < alll

foralll1 <p <ooandalla >0.
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In 2008, Takahashi [33] has introduced the von Neumann-Jordan type constant by

J%:(0)
: :0<1<1
1+ 72 O<t< }

C(X) = sup{

for —co < t < 00, where the James type constant Jx(7) is defined as

1
t

) :x,yesx}, —c0<t<oo,t+0,

llx + Tyl + llx =yl
sup {(

_ 2
Jx4(7) = sup{+/llx +yllllx —wyll : x,y € SX}, t=0,
sup min{llx + tyll, lIx - Tyll} X, Y€ SX}, t = —oo.

Here, we remark that [(X) = Jx-«(1). By taking ¢ = —co in the definition of C/(X), we get the constant

min [l + P, bx - 1P}
Il + lyIP

Co(X) = sup{ CxyeX, Il + Iyl > 0}.

In this paper, we introduce the generalized von Neumann-Jordan type constant c(_”go (a, X) of a Banach
space X and investigate some properties and results related to this novel geometric constant. Furthermore
by applying the ultraproduct techniques, we obtain some new sufficient conditions for normal structure and
uniform normal structure in terms of this new constant and the generalized James constant, the coefficient
of weak orthogonality and the generalized Garcfa-Falset coefficient. Our results improve and generalize
many comparable results in the existing literature.

2. The generalized von Neumann-Jordan type constant
We define the generalized von Neumann-Jordan type constant C% (a, X) of a Banach space X to be

min {|lx + I, llx - zIP’}

c? (a,X) = sup{ cxy,ze X, Il + Iyl + Izl > 0, [y — 2l < a||x||}

22|l + 203yl + |1zl )
forall1 <p <ooandalla > 0. It is apparent that

mmin (b + P, e - P}

22|l + llyllr)

.0, X) = C¥.(X) = sup{ Cxye X, xl + Iyl > 0},

where 1 < p < oo. It should be noted that C(_zgo(a, X) = C_o(a, X) and C(_zgo(O, X) = C_oo(X).
We immediately have the following proposition.

Proposition 2.1. Let X be a Banach space and 1 < p < co. Then, for all a > 0,

min |lx + yIP, llx — zIP’}

c? (a,X) = sup{ C 2 € X, [l + Iyl + Nzl > 0, [y — Il < auxn}

22|l + 23|yl + izl

{ min {|lx + I, llx - zIP’}
=s

up : %,y,2 € By, Il + llyll + llzll > 0, lly — 21| < anxu}
22|l + 23|yl + 1zl

min {|lx + I, llx - zIP’}

: X,Y,2z € Bx of which at least one belongs to Sx,
22|l + 203yl + |1zl

ly - zll < auxu}.
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Now let us collect some important properties concerning this constant.
Remark 2.2. Let X be a Banach space and 1 < p < co. Then,

— (2] (p) (
(1) 227 <C¥ (a,X) < CY(a,X) < C)
spaces;

;(a, X) < 2fora > 0 and also the inequalities are strict in some Banach
(2) c(_’”;(a, X) is a non-decreasing function for a > 0;
(3) if C(_pzo (a, X) < 2 for some a > 0, then C(_”; (X) < 2 and consequently, X is uniformly non-square;
4) C(_”;(a, X) is a continuous function for a > 0.

Proposition 2.3. Let X be a Banach space and 1 < p < oo. Then,

_Lral e
XAY +ar) T

@) (a,X) < 2foralla€0,2].
(i) C¥(a,X) =2 foralla > 2.

Proof. (i) Suppose thata € [0,2] and x € Sx. Take y = (g)x = —z. Thus, y — z = ax. Hence, we get

O x) > min {|lx + I, Ilx - zIP} _ min {(1 + 2)IIdP, (1 + £ [lxIP}
T 22l + 2731yl + HizIP) 22l + 27255 Il
1+3F  Q+ay

T 21+ L) 22w
which implies the left inequality. To prove the right inequality, we have
Zmin{llx + P, llx - ZII”} <+ ylP + llx =zl < 2071 (0P + llyllP) + 277 (P + [1zIP)
= 2||xI” + 27 (lly Il + 11zI1P),
from which it follows that

min {[lx + ylP, ke = 2IP } < 277 el + 27 2(UyllP + ll2IP) = 2(27 2P + 222yl + [121P)).

Therefore, C(f’;(a, X) <2
2+a)y

27220 + )
maximum of 2 at a = 2. This fact concludes that C(_pgo(a, X)=2foralla>2. O

(ii) It is to be noted that the function a is strictly increasing on [0,2] and attains its

Example 2.4. (Day-James ., — ¢; space) Let X be R? endowed with the £, — {; norm defined by

ICx1, 2|0, if X122 > 0,
1Cer, x2)ll1,  if X120 < 0.

[1Cx1, x2)Il = {

Putx = (1,1), y = (0,1) and z = (-1,0). Hence, we have y —z = (1,1) = x and [lx + yll = [I(1,2)ll = 2,
[lx = z|]| = I(2, 1)|le = 2 and ||z|| = 1. Thus, we obtain

o min{lx+yll, Il -z}

p)
= — = < C—oo LI,X < 2
271 2r2||x||p + 2P 3(|[yllP + 11zIIP) (@)

Therefore, C(_”;(a, X)=2foralla > 1.



M. Dinarvand, A. H. Sanatpour / Filomat 39:33 (2025), 11701-11716 11706

Example 2.5. (Day-James ¢, — {; space) Let X be R? endowed with the £, — £; norm defined by

e, )M, ifxix2 20,
(1, 22l = .
I(x1, x2)ll,  if x1x2 < 0.

Putx = (-%,1),y=(0,1)and z = (1,0). Thus, we get y—z = (-1,1) = 2(-3, 1) = 2xand |lx+yll = I(-1, )Ih =
2, llx =zl = 1I(=3, DIl = 2 and ||zl = lI(1,0)|l> = 1. Hence, we have
p min {[lx + ylIP, [lx — z|l’
-2 { } <% (@a,x)<2.
27t 2072 xdlP + 203 (P + lziP)

Therefore, c® @, X)=2foralla > 2.

Remark 2.6. Examplesandshow that sometimes it is easy to compute C%) (a,X) foralla > 1, but not
ata=0.

Now, we present a relation between the constant c® (-, X) and the modulus of convexity 0x(-).

le - BF
223+ (1+py)

Theorem 2.7. Let X be a Banach space, € € [0,2] and p > 0. IfC(_pgo(ﬁ, X) < forl <p < oo, then
5)((8) > 0.

Proof. Suppose on the contrary that 6x(¢) = 0. Thus, there exist x,, y, € Sx such that||x,—y,|| = e foralln € N
and limy, e [|X, + yull = 2. Put z, = y, — Bxy. So, for all n € N, we get y, — z, = Bxn, l1zall = lyn — Prull < 1+

and ||x, = zull 2 [Ilx, = yall = IBxall| = le — l. Hence, we obtain
e - B min {2, le—pr)  min{lx, + yall, I, -zl
= < liminf
223+ (A +py) 2PBHA+PP) 7 22l + 20 (lyall + llzall?)
— BIP
C(P) (ﬁ X) IE ﬁ|

223+ (1+pp)
which is a contradiction and the proof is complete. [
Corollary 2.8. Let X be a Banach space and 1 < p < oo. IfC(p) 0,X) < ( ) forall € € [0,2], then ox(e) >

Remark 2.9. It is worthwhile to mention that for 1 < p < oo,

(1) Corollary [2.8 shows that if C(_p;(X) < 277, then 0x(1) > 0, which in turn implies that X has uniform
normal structure.

2 C 00(0 X) < 2 if and only if c? 0,X) < ( ) for some ¢ € (0,2), which is a simple proof of this fact
that “C%),(0, X) < 2 if and only if X is uniformly non-square”.

Now let us present the following proposition indicating the relation between constants J(a, X) and
®)
Cle(a X).

Proposition 2.10. Let X be a Banach space and 1 < p < oo. Then, forall a > 0,

I, X) <27 c? (@, %).
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We give a proposition that will constitute a main tool in proving our results.
Proposition 2.11. Let X be a Banach space and 1 < p < oo. Then c(_”;(a, X) = C(_’zo(a, )?).

Proof. Take 1 < p < co. Obviously, C(_”;(a, X) < C(_”;(a, )~(). We only have to prove that cﬂ”ﬁo(a, }~() < C(_pgo(a, X).
To this end, suppose that 6 > 0, a € [0,4] and X, i,z € X not all of which are zero and for which the relation
[y —zl| = a|lx]| holds. If x = 0, then

min {|[¥ + 7V, Ix - 2}

22| + 2-3(|[gll + 2P )

_ 1 )
=2 < Cl(a X).

—00

If x # 0, then choose ¢ > 0 such that ¢ < §|[x]|. Since |[x]| = limqy ||x,|| and

min{[F+ P, IK-2F} min{ll, + vl + v - zllP)
c:= — = lim = limc,
22|p + 23(gP + EP) Y 22l + 223(lyall + ) Y

it follows that the set E := {n € N : Icy = ¢ < &, llyn — zull < allx,ll + & < (@ + 5)llx,ll} belongs to U. In
particular, noticing that x, # 0 for every n € E, there exists n such that

min {x, + Yl + s = 2l
c< U + g =) +6<CP (a+6X)+5o.
22|l + 203 llyull? + llzalP)

Hence, the conclusion follows from the arbitrariness of 6 and the continuity of C(_’Zo

the proof. O

(-, X). This completes

Saejung proved the following lemma in [28].
Lemma 2.12. ([28]) If X is a super-reflexive Banach space and fails to have normal structure, then for r € (0,1] there
are X1,X2,X3 € Sy and fi, f>, f3 € S&)# such that
(@) Ik =%l = 1and fi(x)) = 0 forall i # j;
b) fiG) =1fori=1,2,3;
(© Iz — (2 + 1)l > 22 + rxa.
Theorem 2.13. A Banach space X has uniform normal structure if there exists 0 < a < 1 such that

o < (i -at+ (i im) )2

where 1 < p < 0.

Proof. Take 1 < p < 0. Since (1+5) < (J(a, X))V < 2”‘1C(_’20(a, X), it follows by the above inequality that X is
uniformly non-square, and consequently, X is super-reflexive. We will prove that X has normal structure.
Arguing by contradiction, we suppose that X fails to have normal structure and the inequality above holds

for some 0 < a < 1. Then there are elements x;, X2, X3 € S; and ﬁ, E, f; € 5z satisfying all the conditions

in Lemma We now use these elements to estimate the constants C(f’; (a, 35) and J(a, ?) of the Banach
space ultrapower X which are the same as c(_”; (a,X) and J(a, X) of the space X, respectively. Consider

B :=llxs —x2 + x1ll, y = lx3 — X — x1ll.
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On the one hand, if we put
T=% -7, 'y*=1ﬁ;”6c3—@+a>+az3, 7= 1@”@3—@%“@,
then
/=1, e 1ﬁ,j f 4, Al < 15; 24 a, Iy~ 21l = alF.

Thus, we have

(@, %) = %0, X)
min {|[¥ + 7P, Ix - 2}

22 + 203(|ye + 1)

1 .= = — 1-a - -
= o 7 [mln{ x3—x1+ax3+ﬁ—p(f3—x2+x1) ,
ZP—Z(l + (ﬁ,,—‘i + a) )
_ _ _ 1-a —  —F
X3 — X1 —ax] — 7 (3 —x2 +x7) }]

1 a —  —\Y
m (fg—x2+x1))),

>
ZP*2(1 + (1; + a)

p—1

(AE-5-a- e -nn) |

=

p)[min{(};(zs ST AT+

Br
p
(1+1ﬁ;p”+a) (1+1ﬁ;,,“+a) , 1oa -1
2 7 > = F(l + ” +a) .
2!7—2(1 + (% + a) ) 2P‘2(1 + 15;,7“ + a) P
On the other hand, if we put
-~ = ~_1—a _ o~ o~ — ~_1—u _ o~ o~ —_
X =Xy — X1, Y= " (—x3 + x2 + x1) + axy, 2—7(—x3+x2+x1)+ax1,
then
Il = 1 7l < =2 44 [ 57~ 2 = alF]
7 - )/p—l 7 - 7/7’_1 7 .

11708
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Hence, we have
c? (@, %) = (a,X)
min |+ 91, I - 2P}
—22Rp + 20 3(Ig + )

1 [ min || Tt )|
= 2 — X1 2+ ——(—x3+x2 + 1) ,
ZP*2(1 + (% + u)p) v
_ - — l1-a, - _ P
Xp — X1 —ax, — (—x3 + x2 + x1) }]
yP

1 . ~— —  — 1-a - — )W
> [mm {(f2(x2 — X1 +axp; + _p(_x3 + X2 + xl))) ’
2!’—2(1 + ()1,,;‘1 + a) ) y

((—ﬁ)(fz — X1 —ax; — 17/;7,“(—73 +X + Ffl)))p}]

P P
1= 1-a
(1+y—,,”+u) (1+Vp”+a) 1 1—2a p-1
= - 7 > = T (1 + > ) .
2 (1 + ()/H + ﬂ) ) 227—2(1 + % + a)

Furthermore, we put

It is easy to see that

7l <1, <1, T-T= ¥

Therefore, we have
J@,X) = J(a,X)
> min {|[Z + 1, IIF 21
= min {|[(1 + )% ~ % + (1~ )Tl % ~ (1 + )% ~ (1 - 2T}
> min {(1 +a)|[Fs - % + %ill - alR - 2%, (1 + a)|%s — %2 — 1l - alf¥s — 251}
Notice that |[x; — 2x1|| < |[x2 — x1|| + |[x1]] = 2. Similarly, [[x3 — 2x1]| < 2. Hence, we obtain
J(@,X) = J(a,X) 2 (1 + &) min {|[¥3 - % + %]l I3 - X2 — %ull} - 22 = (1 + a) min(B, y} - 2a,

from which it follows that
1 S 1+a
min{g,y} ~ J(a,X) +2a’

Consequently, we obtain

0,02 g a1+ W) " Za)p_l > L(a-af+ (](;X%)P) + za)p_l,

which contradicts the hypothesis. Hence, X has normal structure if the inequality is satisfied. Since

C(_p; (a,X) = C(_p; (a, )?) and J(a, X) = J(a, )?), it follows from the above arguments that X has normal structure.
Therefore, X has uniform normal structure if the inequality is satisfied. This finishes the proof. [
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Remark 2.14. Take 1 < p < oco. Since C(_”;(a, X) < Cl(f;;(a, X), it follows from Theorem that a Banach
space X has uniform normal structure if there exists 0 < a < 1 such that

@ X) < o 2((1 a)(l +(](allxﬁ)p)+2a)p_l.

Moreover, in [9, Theorem 3.12] it was proved that a Banach space X has uniform normal structure if there
exists 0 < a < 1 such that

1-a? )”

® 1 ( .
C](aX)< 1+a+](11,X)+211

It is easy to check that

il ) <000 (g ) )

for all 0 < a < 1. Hence, Theorem improves Theorem 3.12 in [9].

-1

Remark 2.15. Take 1 < p < co. Since C(_’”;(a, X) < C(Zp)(a, X), it follows from Theorem that a Banach
space X has uniform normal structure if there exists 0 < a < 1 such that

C¥(a,X) <3 ((1 a)(l + (](a,lxﬁ)p)ua)p_l.

Furthermore, in [25, Theorem 2.2] it was proved that a Banach space X has normal structure if there exists
0 <a <1 such that

1-a2 )”

(
7@ X) < @, X) + 2a

1
(1+a+
3.2r2

It is easy to see that

1 1-a% 1+a Y P
— 1 _ 1-a)ll B ra—— 2
3-zv—2( +”+](a,X)+2a) - 2(( ”)( +(](a,X)+2a))+ ”)
for all 0 < a < 1. Thus, Theorem improves Theorem 2.2 in [25].
By letting p = 2 in Theorem we obtain immediately the following result.

Corollary 2.16. A Banach space X has uniform normal structure if there exists 0 < a < 1 such that
T+a
Cata0< -t (T
(@,X)<Q-a)f|l+ @ X + 2 +2a

Remark 2.17. By applying the inequality C_.(a, X) < Cz(a, X), we conclude that Corollary improves
Theorem 6 in [17].

Corollary 2.18. A Banach space X has uniform normal structure if there exists 1 < p < oo for which

-1
) (x) < 2; 2(1 + m)p or P (1,%) <2.

Corollary 2.19. If C_o(X) <1+ ](X TR O C_(1,X) < 2, then X has uniform normal structure.
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Corollary 2.20. If C_(X) < # ~ 1.366025, then X has uniform normal structure.

Remark 2.21. Corollaries and are improvements of the following results.
A Banach space X has uniform normal structure if one of the following conditions is satisfied:

(1) Cz(X) <1+ W [17, Corollary 7];
(2) Cz(1,X) <2[17, Corollary 7];

(3) Cz(X) < 228 [17) Corollary 8];

(@) Cy(X) <1+ m [5, Corollary 3.17];
(5) Cny(1,X) < 2[7, Theorem 3.6];

(6) Cny(X) < 1+2‘6 [27, Theorem 2] and [5, Theorem 3.16].

3. The coefficient of weak orthogonality

The WORTH-property was introduced by Sims in [31]]. Recall that a Banach space X has the WORTH-
property if

lim ||l + ]| = [, — x|l = 0
n—oo

for all x € X and all weakly null sequences {x,}. In [32], Sims defined the coefficient of weak orthogonality,
which measures the “degree of WORTHwhileness”. As in [21], we prefer to use its reciprocal, i.e. u(X) €
[1,3], defined by

u(X) = inf{/\ >0 : limsup|lx, + x|| < Alimsup||x, — xll},

n—oo n—oo

where the infimum is taken over all x € X and all weakly null sequences {x,} in X. It is proved that
w(X) = u(X*) in a reflexive Banach space X [22].
The following lemma can be found in [29].

Lemma 3.1. ([29]) If a super-reflexive Banach space X fails to have normal structure, then there are x1, X, € Sg and
fi, f2 € S . such that

(@) Ilx1 — x|l = 1and ﬁ(&“]) =0foralli # j:
) &) =1fori=1,2;
(©) Ilx1 + 22l < w(X).

Theorem 3.2. A Banach space X has normal structure if there exists 0 < a < 1 such that

P
1-a
(1 T ay t “)

ZP—2(1 + (W + a)p)

c® (@, X) <

4

where 1 < p < co.
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Proof. Take 1 < p < oo. By applying Corollary [2.18 the condition c? (1, X) < 2 implies that X has
normal structure. Since p(X) > 1, it follows by the above inequality that X is uniformly non-square, and
consequently, X is super-reflexive. Arguing by contradiction, we suppose that X fails to have normal
structure and there exists 0 < a < 1 such that the above inequality holds. Then there are elements x1, x; € S5

and ﬁ, ]“; € 5z, satisfying all the conditions in Lemma We now use these elements to estimate the

generalized von Neumann-Jordan type constant of the Banach space ultrapower X which is the same as
that of the space X itself. We will estimate 7 := ||x; + x| in terms of the generalized von Neumann-Jordan
type constant of X. Now, we put

_ - - — 1-a — — — 1-a — —
X=X, —x1, y=7(fl+x2)+ax2, z=— (1 +x2) + axy.

We note here that |[x; + x1|| > f;@ +x1) = 1. Itis easy to see that

Il =1,

a,

+a, Iy —zIl = allx]|.

Therefore, we have
c? (a,x) =% (a,X)
min {|[¥ + I, I - 2}
22 + 23(|ye + )

_ — 1-a —_
X2 — X1 +ax2+—p(9?1 + x7)
Ui

i
) 20-2(1 + (1 )”)[min {(f2(~

o+ a

" 21+ (25 4 a)) [ind

a —
X1+ X2)

552—551 —{1551 -

X1 + 322)))17,

(Aff-F-m- @ ) |

- P P
(1 + a + u) . (1 + <u(X>)” + a)
21+ =5 af) 221+ (op + a))

which is a contradiction. This completes the proof. 0O

7

Remark 3.3. Take 1 < p < oo. Since C(p ) @, X) < C(p ) (a X), it follows from Theorem!that a Banach space
X has normal structure if there exists 0 <a <1 such that

4
(1 + ooy * “)

2-2(1+ (o + “)p)‘

Moreover, in [9, Theorem 5.2] it was proved that a Banach space X has normal structure if there exists
0 <a <1 such that

C(P]( X) <

_ p
C(”](a X) < — ! (1+u+a).
201 u
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It is easy to see that

p
—a
1 1-2 p (1+(u 00 +a)
%(1+—+)< 7
2
2721+ (o +a) )

u(X)
for all 0 < a < 1. Hence, Theorem [3.2/improves Theorem 5.2 in [9]. Furthermore, Theorem [3.2]improves
Theorem 3.7 in [4] in the case a = 0.

By letting p = 2 in Theorem 3.2} we obtain immediately the following result.

Corollary 3.4. A Banach space X has normal structure if there exists 0 < a < 1 such that

2
_1-a
(1 +aoor t a)

1+(

C_oola, X) < a
mm+@

Remark 3.5. By applying the inequality C_o(a, X) < Cz(a, X), we conclude that Corollary improves
Theorem 12 in [17].

Corollary 3.6. A Banach space X has normal structure if there exists 1 < p < oo for which

p
O+wmﬁ
22(1+ ()

Corollary 3.7. If C_(X) <1+

c? (x) <

(#(X OOR” then X has normal structure.

Remark 3.8. Corollary3.7)is an improvement of the following results.
A Banach space X has normal structure if one of the following conditions is satisfied:

1) CzX) <1+ 26|, Theorem 4];

_1 [
(u(X))?

(2) CniX) <1+ i [22, Theorem 1].

u( X))2

4. The generalized Garcia-Falset coefficient

The generalized Garcia-Falset coefficient R(a, X) of a Banach space X for a given a > 0, was introduced
in 1996 by Dominguez-Benavides [14] as

R(a, X) = sup { lim inf ||x;, + x]]},
where the supremum is taken over all x € X with ||x|| < @ and all weakly null sequences {x,} in Bx such that

D({x,}) = hmsup(hmsup [lx, — xmll) <1

n—0o0 m—00

It is noteworthy that 1 < R(1, X) < 2.
The following key lemma was proved by Dinarvand in [§].

Lemma 4.1. ([8])) If a super-reflexive Banach space X fails to have normal structure, then there are X1,%; € Sg and
fi,f€ 5(70* such that
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(@) %1 - %ll = Tand £i(X;) = 0 forall i # j;

b) fix)=1fori=1,2;
(@) Ix1 + Xl < R(1, X).

Theorem 4.2. A Banach space X has normal structure if there exists 0 < a <1 such that

P
(1 + (R(l X))p + a)

¥ (a,X) <
op- 2(1+( e +a)p)

7

where 1 < p < oo.

Proof. The proof of this theorem can obtained by using similar arguments as those given in the proof of
Theorem[3.2]and applying Lemma O

Remark 4.3. By using similar arguments as those given in Remark we conclude that Theorem
improves Theorem 4.2 in [9].

Remark 4.4. Take 1 < p < co. Since C‘_”;(a, X) < C(Zp) (a, X), it follows from Theorem (4.2| that a Banach space
X has normal structure if there exists 0 < a < 1 such that

p
_1-a
(1 + ®aop T a)

221+ (st +a) )

Moreover, in [25, Theorem 3.1] it was proved that a Banach space X has normal structure if there exists
0 < a < 1 such that

C(Zp)(a, X) <

_ p
Ve, X) < — (1+ 1-a +a).

322" T R, X)
It is easy to see that
P
1 1-a V (1 + miy + ”)
3. 2p—2( RO,X) " “)

P
221+ (s +a) )
for all 0 < a < 1. Hence, Theorem [£.2|improves Theorem 3.1 in [25].
By letting p = 2 in Theorem 4.2} we obtain immediately the following result.

Corollary 4.5. A Banach space X has normal structure if there exists 0 < a < 1 such that

2
(1 + (R(l X))z + a)

C_ola, X) < -
+a)

1+( R(LX)

Remark 4.6. By applying the inequalities C_(a, X) < Cz(a, X) < Cnj(a, X), we conclude that Corollary
improves Theorems 3.8 and 3.13 in [8§].
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Corollary 4.7. A Banach space X has normal structure if there exists 1 < p < oo for which

P
1
(1 + <R<1,X)>V)

221+ (k) )

Corollary 4.8. I[fC_o(X) <1+

c? (x) <

W, then X has normal structure.

Remark 4.9. Corollary [4.8]is an improvement of the following results.
A Banach space X has normal structure if one of the following conditions is satisfied:

1) CzX) <1+ [8, Corollary 3.14];

1
(R(A,X))*

(2) CnyiX) <1+ m [8, Corollary 3.9].
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