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Pseudo S-asymptotically antiperiodic solutions to Volterra difference
equations with infinite delay

Penghui Lüa, Yong-Kui Changa,∗

aSchool of Mathematics and Statistics, Xidian University, Xi’an 710071, Shaanxi, P. R. China

Abstract. In this paper, we firstly present notions and basic properties of m-(weighted) pseudo S-
asymptotically ω-antiperiodic sequence and ∞-(weighted) pseudo S-asymptotically ω-antiperiodic se-
quence, which are applicable to the investigation of delayed difference equations. We secondly show
some existence and uniqueness of pseudo S-asymptotically ω-antiperiodic solutions to Volterra difference
equation with infinite delay as an application of aforementioned sequences.

1. Introduction

When modelling discrete time phenomena or discretized stimulations differential equations with histor-
ical effects, delayed difference equation can be regarded as a powerful and applicable tool, see monographs
[13, 15, 16] and references cited therein. Asymptotical behavior on solutions has been one of the most attrac-
tive topics in the qualitative theory of (delayed) difference equations in the past ten years, see for instance
[1, 4, 5, 8, 17]. Particularly, much attention has been paid to studies on the existence of almost periodic,
asymptotically almost periodic, almost automorphic and pseudo S-asymptotically ω-periodic solutions to
various delayed difference equations in [4, 6, 8, 10, 22]. It is noted that the existence of antiperiodic type so-
lution for differential or integro-differential equations has also been considerably investigated, for example
[2, 3, 7, 21]. As a discretized analogue, Chang and Lü [9] introduced the notion of weighted pseudo S-
asymptoticallyω-antiperiodic sequences and considered the existence of weighted pseudo S-asymptotically
ω-antiperiodic sequential solutions to a semilinear difference equation. However, the sequence defined in
[9] cannot be directly applied to delayed difference equations.

In this paper, we present notions and fundamental properties of m-(weighted) pseudo S-asymptotically
ω-antiperiodic sequence and ∞-(weighted) pseudo S-asymptotically ω-antiperiodic sequence, which are
applicable to the study of delayed difference equations. As an application, we investigate the existence of
pseudo S-asymptoticallyω-antiperiodic solutions to the following Volterra difference equation with infinite
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delay

u(n + 1) = λ
n∑

j=−∞

a(n − j)u( j) + p(n,un), n ∈ Z, (1)

whereλ is a complex number, a(n) is aC-value summable function, un : Z− → X is defined by un(θ) = u(n+θ)
for all θ ∈ Z−, p : Z×B → X, B is a phase space, all of which will be specified later. Some interesting results
for Eq. (1) has been established in [4, 8], however the existence and uniqueness of pseudo S-asymptotically
ω-antiperiodic sequential solutions to Eq. (1) is an untreated topic yet. Our main results can be seen as a
supplement to works in [4, 8, 9].

The paper is outlined as follows. Section 2 is to recall some basic notations and notions which will be used
later. Section 3 is mainly concerned with notions and properties of m-(weighted) pseudo S-asymptotically
ω-antiperiodic sequence and ∞-(weighted) pseudo S-asymptotically ω-antiperiodic sequence. Section 4
is mainly to deal with the existence and uniqueness of pseudo S-asymptotically ω-antiperiodic sequential
solutions to Eq. (1).

2. Preliminaries

We denote byZ(R),Z+(R+),Z+(R+),Z− andC the set of all integers (real numbers), positive integers (real
numbers), nonnegative integers (real numbers), nonpositive integers and complex numbers respectively.
The notation card A stands for the number of elements in any finite set A ⊂ R. Let X be a Banach space.
The set B(X) denotes the space of all bounded linear operators from X to X and l∞(Z,X) is the Banach
space consisting of all bounded sequences u : Z → X with sup-norm ∥u∥∞ = supn∈Z ∥u(n)∥. The space
l∞(Z × Y,X) represents the set formed by all sequences u : Z × Y→ X such that u(·, x) ∈ l∞(Z,X) uniformly
for each x in any bounded subset of the normed space Y. A sequence v : Z→ C is called q-th summable if∑
∞

k∈Z |v(k)|q < ∞(1 ≤ q < ∞), and v is simply called summable if q = 1.
In order to deal with the existence of antiperiodic solution for difference equation with infinite delay,

we recall the axiomatically-defined phase space B, see details in [4, 8, 19, 20]. The space B stands for a
vector space consists of all sequences v : Z− → X. In the sense of norm ∥ · ∥B, it can be a Banach space and
verifies the following axioms:

Axiom 2.1. If x : Z → X is a sequence such that xm ∈ B,m ∈ Z, then for all n ≥ m,n ∈ Z, the following
conditions are fulfilled:

(1) xn ∈ B;

(2) ∥x(n)∥X ≤ C∥xn∥B;

(3) ∥xn∥B ≤ N(n −m)max
m≤i≤n

∥x(i)∥X +M(n −m)∥xm∥B.

where C is a positive constant, N(·) and M(·) are nonnegative sequences defined on Z+.

Axiom 2.2. If (φn)n∈N is a uniformly bounded sequence in B, which converges pointwise to φ, then φ ∈ B
and ∥φn

− φ∥B → 0 as n→∞.

Remark 2.3. [8] From Axiom 2.2, we can get l∞(Z−,X) is continuously included in B. In the rest of paper,
we assume that ∥φ∥B ≤ H∥φ∥∞ for every φ ∈ l∞(Z−,X), where H > 0 is a constant.

Example 2.4. Let α > 0. Bα(X) denote the space consisting of all sequences ϕ : Z− → X with the norm
∥ϕ∥Bα(X) = sup

i∈Z−
|ϕ(i)|eαi < ∞. It is well-known that this space satisfies Axioms 2.1 and 2.2, see [8, 19] for

details.
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Let U denote the set of weights ρ : Z → R+. Set U∞ := {ρ ∈ U : limn→∞ s(n, ρ) = ∞} and UB := {ρ ∈
U∞ : 0 < infk∈Z ρ(k) ≤ supk∈Z ρ(k) < ∞}, where s(n, ρ) =

∑n
k=−n ρ(k) for n ∈ Z+. For ρ1, ρ2 ∈ U∞, we denote

ρ1 ∼ ρ2 if ρ1/ρ2 ∈ UB. It is known from [23] that the relation “∼” forms a binary equivalence relation on U∞
and U∞ =

⋃
ρ∈U∞ cl(ρ) := {ϱ ∈ U∞ : ρ ∼ ϱ}. For given ρ ∈ U∞, j ∈ Z, let ρ j(k) = ρ(k + j) for k ∈ Z. We set

UT = {ρ ∈ U∞ : ρ ∼ ρ j for each j ∈ Z}. We also define sets Σ(n,m) and Σ(n, ρ,m) for ρ ∈ U∞ and m ∈ Z+ as
following:

Σ(n,m) :=
{
ν : Z→ R+

∣∣∣∣ lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

ν(s) < ∞
}
, (2)

Σ(n, ρ,m) :=
{
ν : Z→ R+

∣∣∣∣ lim
n→∞

1
s(n, ρ)

n∑
k=−n

ρ(k) max
s∈[k−m,k]∩Z

ν(s) < ∞
}
, (3)

which are useful to establish superposition theorems of parameterized∞-(weighted) pseudo S-asymptotically
ω-antiperiodic sequence.

3. Asymptotically antiperiodic sequences

In this section, we introduce notions of m(∞)-pseudo S-asymptotically ω-antiperiodic sequence and
m(∞)-weighted pseudo S-asymptotically ω-antiperiodic sequence and establish some properties of such
sequences.

We first recall the following definitions.

Definition 3.1. [9] A sequence u ∈ l∞(Z,X) is called pseudo S-asymptotically ω-antiperiodic if there exists
ω ∈ Z+ such that

lim
n→∞

1
2n + 1

n∑
k=−n

∥u(k + ω) + u(k)∥ = 0.

The set of such sequences is denoted by PSAP−ω(Z,X).

Definition 3.2. [9] Let ρ ∈ U∞. A sequence u ∈ l∞(Z,X) is said weighted pseudo S-asymptotically ω-
antiperiodic if there exists ω ∈ Z+ such that

lim
n→∞

1
s(n, ρ)

n∑
k=−n

ρ(k)∥u(k + ω) + u(k)∥ = 0.

The set of such sequences is denoted by WPSAP−ω(Z,X, ρ).

In order to deal with pseudo S-asymptotically ω-antiperiodicity with infinite delay, we introduce the
following notions.

Definition 3.3. A sequence u ∈ l∞(Z,X) is called m-pseudo S-asymptotically ω-antiperiodic sequence if
there exists ω ∈ Z+ such that

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥ = 0

for m ∈ Z+. The set of such sequences is denoted by PSAP−ω(Z,X,m).

Definition 3.4. A sequence u ∈ l∞(Z,X) is called ∞-pseudo S-asymptotically ω-antiperiodic sequence if
u ∈ PSAP−ω(Z,X,m) for all m ∈ Z+. The set of such sequences is denoted by PSAP−ω(Z,X,∞).
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Definition 3.5. Let ρ ∈ U∞. A sequence u ∈ l∞(Z,X) is called m-weighted pseudo S-asymptotically ω-
antiperiodic if there exists ω ∈ Z+ such that

lim
n→∞

1
s(n, ρ)

n∑
k=−n

ρ(k) max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥ = 0

for m ∈ Z+. The set of such sequences is denoted by WPSAP−ω(Z,X, ρ,m).

Definition 3.6. Let ρ ∈ U∞. A sequence u ∈ l∞(Z,X) is called ∞-weighted pseudo S-asymptotically
ω-antiperiodic if u ∈ WPSAP−ω(Z,X, ρ,m) for all m ∈ Z+. The set of such sequences is denoted by
WPSAP−ω(Z,X, ρ,∞).

We have the following basic properties for the m-pseudo S-asymptotically ω-antiperiodic sequence and
m-weighted pseudo S-asymptotically ω-antiperiodic sequence:

Theorem 3.7. Let u = (u(n)), v = (v(n)) ∈ PSAP−ω(Z,X,m). Then we have:

(1) u + v ∈ PSAP−ω(Z,X,m), λu ∈ PSAP−ω(Z,X,m) for any λ ∈ C;

(2) For given j ∈ Z, let u j(n) = u(n + j). Then u j ∈ PSAP−ω(Z,X,m);

(3) LetA ∈ B(X), thenAu ∈ PSAP−ω(Z,X,m).

Proof. If u = (u(n)), v = (v(n)) ∈ PSAP−ω(Z,X,m), then

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥(u(s + ω) + v(s + ω)) + (u(s) + v(s))∥

≤ lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥

+ lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥v(s + ω) + v(s)∥ = 0;

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥λu(s + ω) + λu(s)∥

= |λ| lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥ = 0.

Thus the conclusion (1) holds and PSAP−ω(Z,X,m) is a vector space.
For j ∈ Z+ we have

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥u(s + j + ω) + u(s + j)∥

= lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m+ j,k+ j]∩Z

∥u(s + ω) + u(s)∥

= lim
n→∞

1
2n + 1

n+ j∑
k=−n+ j

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥

= lim
n→∞

( 1
2n + 1

n+ j∑
k=−n− j

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥
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−
1

2n + 1

−n+ j∑
k=−n− j

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥
)

≤ lim
n→∞

1
2n + 1

n+ j∑
k=−(n+ j)

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥

= lim
n→∞

2(n + j) + 1
2n + 1

·
1

2(n + j) + 1

n+ j∑
k=−(n+ j)

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥

= 0;

Similarly, for j ∈ Z− we have

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥u(s + j + ω) + u(s + j)∥

≤ lim
n→∞

2(n − j) + 1
2n + 1

·
1

2(n − j) + 1

n− j∑
k=−(n− j)

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥

= 0,

which implies the conclusion (2) is true.
SinceA ∈ B(X), we have

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥Au(s + ω) +Au(s)∥

≤ lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥A∥∥u(s + ω) + u(s)∥

≤ ∥A∥ lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥u(s + ω) + u(s)∥ = 0.

Thus the conclusion (3) holds.

Theorem 3.8. The vector space PSAP−ω(Z,X,m) is a Banach space with the sup-norm.

Proof. Let u(k) :=
(
u(k)(n)

)
n∈Z
∈ PSAP−ω(Z,X,m), and ∥u(k) − u∥∞ = 0 as k → ∞. Then for any ε > 0, we can

choose a suitable N ∈ Z+ such that for n, k > N,

1
2n + 1

n∑
i=−n

max
s∈[i−m,i]∩Z

∥u(k)(s + ω) + u(k)(s)∥ ≤
ε
2
, ∥u(k) − u∥∞ ≤

ε
4
.

Thus we have

1
2n + 1

n∑
i=−n

max
s∈[i−m,i]∩Z

∥u(s + ω) + u(s)∥

=
1

2n + 1

n∑
i=−n

max
s∈[i−m,i]∩Z

∥u(s + ω) − u(k)(s + ω) + u(k)(s + ω) + u(k)(s) − u(k)(s) + u(s)∥

≤
1

2n + 1

n∑
i=−n

max
s∈[i−m,i]∩Z

∥u(s + ω) − u(k)(s + ω)∥
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+
1

2n + 1

n∑
i=−n

max
s∈[i−m,i]∩Z

∥u(k)(s + ω) + u(k)(s)∥ +
1

2n + 1

n∑
i=−n

max
s∈[i−m,i]∩Z

∥u(k)(s) − u(s)∥

≤
ε
4
+
ε
2
+
ε
4
= ε,

which implies that PSAP−ω(Z,X,m) is a closed subspace of l∞(Z,X) and thus a Banach space.

For the set WPSAP−ω(Z,X, ρ,m), we have the following corollary by similar proofs of Theorems 3.7-3.8
and [9, Theorem 3.1].

Corollary 3.9. Let ρ ∈ U∞ and u = (u(n)), v = (v(n)) ∈WPSAP−ω(Z,X, ρ,m). Then the following results are
satisfied:

(a) u + v ∈WPSAP−ω(Z,X, ρ,m), λu ∈WPSAP−ω(Z,X, ρ,m) for each λ ∈ C;

(b) For given j ∈ Z, let u j(n) = u(n + j). Then u j ∈WPSAP−ω(Z,X, ρ,m) for ρ ∈ UT ;

(c) LetA ∈ B(X), thenAu ∈WPSAP−ω(Z,X, ρ,m);

(d) The vector space WPSAP−ω(Z,X, ρ,m) is a Banach space with the sup-norm.

By Definitions 3.4 and 3.6 combined with Theorem 3.8 and Corollary 3.9(d), we easily obtain the following
corollary.

Corollary 3.10. The vector space PSAP−ω(Z,X,∞) (or WPSAP−ω(Z,X, ρ,∞)) is a Banach space with the
sup-norm.

We have the following properties for sequences defined in a phase space.

Lemma 3.11. Assume that B is a phase space and satisfies the following condition:

(F) There is a constant N∞ such that N(·) ≤ N∞ and lim
n→∞

M(n) = 0;

Then Z→ B,n 7→ fn ∈ PSAP−ω(Z,B,∞) whenever f ∈ PSAP−ω(Z,X,∞).

Proof. For arbitrary given m ∈ Z+ and ε > 0. By the lim
n→∞

M(n) = 0 , there is n0 > m such that M(l) ≤ ε for all

l ≥ n0. For n ∈ Z+ and l ≥ n0, we have

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ fs+ω + fs∥B

≤
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

(
M(l)∥ fs−l+ω + fs−l∥B +N(l) max

i∈[s−l,s]∩Z
∥ f (i + ω) + f (i)∥

)
≤ 2Hε∥ f ∥∞ +

N∞
2n + 1

n∑
k=−n

max
i∈[k−(m+l),k]∩Z

∥ f (i + ω) + f (i)∥,

which shows n 7→ fn ∈ PSAP−ω(Z,B,∞) by f ∈ PSAP−ω(Z,X,∞).

Remark 3.12. [14] The condition (F) is verified if B is a uniformly fading memory space.

Corollary 3.13. Let ρ ∈ U∞. Assume that B is a phase space and satisfies the condition (F) in Lemma 3.11,
then n 7→ fn ∈WPSAP−ω(Z,B, ρ,∞) whenever f ∈WPSAP−ω(Z,X, ρ,∞).

We have the following convolution results.
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Theorem 3.14. Let {S(n)}n∈Z+ ⊂ B(X) be summable. If f ∈ PSAP−ω(Z,X,m), then

Π(n) :=
n∑

k=−∞

S(n − k) f (k) ∈ PSAP−ω(Z,X,m).

Proof. Since ∥Π(n)∥ ≤ ∥ f ∥∞
∑
∞

k=0 ∥S(n)∥ = ∥ f ∥∞∥S∥1 < ∞, Π is bounded. Meanwhile,

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥Π(s + ω) +Π(s)∥

=
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥∥∥∥ s+ω∑
i=−∞

S(s + ω − i) f (i) +
s∑

i=−∞

S(s − i) f (i)
∥∥∥∥

≤
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

s∑
i=−∞

∥S(s − i)∥∥ f (i + ω) + f (i)∥

≤
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∞∑
i=0

∥S(i)∥∥ f (s − i + ω) + f (s − i)∥

=

∞∑
i=0

∥S(i)∥
( 1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s − i + ω) + f (s − i)∥
)

It follows from Theorem 3.7(2) and the dominated convergence theorem that

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥Π(s + ω) +Π(s)∥,

which implies Π ∈ PSAP−ω(Z,X,m).

Corollary 3.15. Let {S(n)}n∈Z+ ⊂ B(X) be summable. If f ∈ PSAP−ω(Z,X,∞), then

Π(n) :=
n∑

k=−∞

S(n − k) f (k) ∈ PSAP−ω(Z,X,∞).

Corollary 3.16. Let {S(n)}n∈Z+ ⊂ B(X) be summable. If f ∈WPSAP−ω(Z,X, ρ,∞) and ρ ∈ UT, then

Π(n) :=
n∑

k=−∞

S(n − k) f (k) ∈WPSAP−ω(Z,X, ρ,∞).

We give some superposition theorems in the following results.

Theorem 3.17. Assume that B is a phase space satisfying the condition (F) in Lemma 3.11. Let f ∈
l∞(Z ×B,X) verify the following conditions:

(A1) For any m ∈ Z+, limn→∞
1

2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥ f (s+ω, x)+ f (s,−x)∥ = 0 uniformly on any bounded

set of B;

(A2) There exists a constant L > 0 such that for all x, y ∈ B and n ∈ Z,

∥ f (n, x) − f (n, y)∥ ≤ L∥x − y∥B.

Then for each ϕ ∈ PSAP−ω(Z,X,∞), f (·, ϕ·) ∈ PSAP−ω(Z,X,∞).
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Proof. Let m ∈ Z+ be arbitrarily given. In fact, from the condition (A2) we have

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s, ϕs)∥

≤
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s,−ϕs+ω)∥

+
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s, ϕs) − f (s,−ϕs+ω)∥

≤
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s,−ϕs+ω)∥

+L
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ϕs + ϕs+ω∥B.

Since ϕ ∈ PSAP−ω(Z,X,∞) and Lemma 3.11, we have ϕs ∈ PSAP−ω(Z,B,∞). Together with the condition
(A1), we can see that 1

2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥ f (s+ω,ϕs+ω)+ f (s, ϕs)∥ = 0, i.e. for eachϕ ∈ PSAP−ω(Z,X,∞),

f (·, ϕ·) ∈ PSAP−ω(Z,X,∞).

Theorem 3.18. Assume that ρ ∈ U∞ and B is a phase space satisfying the condition (F) in Lemma 3.11. Let
f ∈ l∞(Z ×B,X) meet the condition (A2) in Theorem 3.17 and the following assumption:

(A1∗) For any m ∈ Z+, limn→∞
1

s(n,ρ)

∑n
k=−n ρ(k) maxs∈[k−m,k]∩Z ∥ f (s + ω, x) + f (s,−x)∥ = 0 uniformly on any

bounded set of B.

Then for each ϕ ∈WPSAP−ω(Z,X, ρ,∞), f (·, ϕ·) ∈WPSAP−ω(Z,X, ρ,∞).

Proof. We can get the conclusion only by adding weighted ρ in Theorem 3.17.

Lemma 3.19. Let f ∈ l∞(Z,X). Then for each m ∈ Z+, the following assertions are equivalent:

(a) limn→∞
1

2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥ f (s + ω) + f (s)∥ = 0, i.e. f ∈ PSAP−ω(Z,X,m).

(b) For each ϵ > 0, limn→∞
card Mn,ϵ( f )

2n+1 = 0, where

Mn,ϵ( f ) = {k ∈ [−n,n] ∩Z : max
s∈[k−m,k]∩Z

∥ f (s + ω) + f (s)∥ ≥ ϵ}.

Proof. For each given ϵ > 0, since

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω) + f (s)∥

=
1

2n + 1

∑
k∈[−n,n]\Mn,ϵ( f )

max
s∈[k−m,k]∩Z

∥ f (s + ω) + f (s)∥ +
1

2n + 1

∑
k∈Mn,ϵ( f )

max
s∈[k−m,k]∩Z

∥ f (s + ω) + f (s)∥

≥
1

2n + 1

∑
k∈Mn,ϵ( f )

max
s∈[k−m,k]∩Z

∥ f (s + ω) + f (s)∥ ≥ ϵ
card Mn,ϵ( f )

2n + 1
≥ 0,

we can achieve the assertion (b) by the truth of the assertion (a).
If the assertion (b) holds, then for any ϵ > 0, there exists N ∈ Z+ such that card Mn,ϵ( f )

2n+1 < ϵ
2∥ f ∥∞
, n > N. Thus

for n > N,

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω) + f (s)∥



P. Lü, Y. K. Chang / Filomat 39:33 (2025), 11717–11731 11725

=
1

2n + 1

∑
k∈[−n,n]\Mn,ϵ( f )

max
s∈[k−m,k]∩Z

∥ f (s + ω) + f (s)∥ +
1

2n + 1

∑
k∈Mn,ϵ( f )

max
s∈[k−m,k]∩Z

∥ f (s + ω) + f (s)∥

≤
1

2n + 1
(2n + 1)ϵ + 2∥ f ∥∞

card Mn,ϵ( f )
2n + 1

< 2ϵ,

which implies limn→∞
1

2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥ f (s + ω) + f (s)∥ = 0, i.e. (a) holds.

Corollary 3.20. Let n 7→ fn ∈ l∞(Z,B). Then for each m ∈ Z+, the following assertions are equivalent:

(a) limn→∞
1

2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥ fs+ω + fs∥B = 0, i.e. fn ∈ PSAP−ω(Z,B,m).

(b) For each ϵ > 0, limn→∞
card Mn,ϵ( fn)

2n+1 = 0, where

Mn,ϵ( fn) = {k ∈ [−n,n] ∩Z : max
s∈[k−m,k]∩Z

∥ fs+ω + fs∥B ≥ ϵ}.

Corollary 3.21. Let ρ ∈ U∞ and n 7→ fn ∈ l∞(Z,B). Then for each m ∈ Z+, the following assertions are
equivalent:
(a) limn→∞

1
s(n,ρ)

∑n
k=−n ρ(k) maxs∈[k−m,k]∩Z ∥ fs+ω + fs∥B = 0 ( fn ∈WPSAP−ω(Z,B, ρ,m)).

(b) For each ϵ > 0, limn→∞

∑
k∈Mn,ϵ ( fn) ρ(k)

s(n,ρ) = 0, where

Mn,ϵ( fn) = {k ∈ [−n,n] ∩Z : max
s∈[k−m,k]∩Z

∥ fs+ω + fs∥B ≥ ϵ}.

Theorem 3.22. Let B be a phase space satisfying the condition (F) in Lemma 3.11. Assume that f ∈
l∞(Z ×B,X) verifies the condition (A1) in Theorem 3.17 and the following assumption:

(A3) For any ε > 0 and any bounded subset K ⊆ B, there exist constants Nε,K ∈ Z+ and δε,K > 0 such that
∥ f (k, x) − f (k, y)∥ ≤ ε for all x, y ∈ K with ∥x − y∥B ≤ δε,K and k ∈ Zwith |k| ≥ Nε,K.

Then for each ϕ ∈ PSAP−ω(Z,X,∞), F(·) := f (·, ϕ·) ∈ PSAP−ω(Z,X,∞).

Proof. Let m ∈ Z+. For each ϕ ∈ PSAP−ω(Z,X,∞), we can get ϕn ∈ PSAP−ω(Z,B,∞) from Lemma 3.11.
Let K = {ϕn : n ∈ Z}. By the fact ϕn ∈ PSAP−ω(Z,B,∞) and Corollary 3.20, for any ε > 0 there exists
N1
ε ∈ Z

+ such that for n > N1
ε ,

card Mn,ε(ϕn)
2n+1 ≤

ε
4∥F∥∞

. From the condition (A1), for this ε, there exists N2
ε ∈ Z

+

verifying 1
2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥ f (s + ω,ϕs+ω) + f (s,−ϕs+ω)∥ ≤ ε

4 for n > N2
ε . From the condition (A3),

for above ε > 0 there exists δε,K = ε and Nε,K := N3
ε ∈ Z

+ such that ∥ f (s, ϕs) − f (s,−ϕs+ω)∥ ≤ ε
4 whenever

∥ϕs + ϕs+ω∥B ≤ ε and |s| > N3
ε . Thus we have for n > Nε = max{N1

ε ,N2
ε ,N3

ε}

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s, ϕs)∥

≤
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s,−ϕs+ω)∥

+
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s, ϕs) − f (s,−ϕs+ω)∥

≤
ε
4
+

1
2n + 1

∑
k∈[−n,n]\Mn,ε(ϕn)

max
s∈[k−m,k]∩Z

∥ f (s, ϕs) − f (s,−ϕs+ω)∥

+
1

2n + 1

∑
k∈Mn,ε(ϕn)

max
s∈[k−m,k]∩Z

∥ f (s, ϕs) − f (s,−ϕs+ω)∥

≤
ε
4
+
ε
4
+ 2∥F∥∞

card Mn,ε(ϕn)
2n + 1

< ε,
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which implies limn→∞
1

2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥ f (s + ω,ϕs+ω) + f (s, ϕs)∥ = 0, i.e. for each given ϕ ∈

PSAP−ω(Z,X,∞), F(·) = f (·, ϕ·) ∈ PSAP−ω(Z,X,∞).

Theorem 3.23. Assume that ρ ∈ U∞ and B is a phase space and satisfies the condition (F) in Lemma
3.11. Let f ∈ l∞(Z × B,X) satisfy conditions (A1∗) and (A3) in Theorems 3.18-3.22. Then for each ϕ ∈
WPSAP−ω(Z,X, ρ,∞), F(·) := f (·, ϕ·) ∈WPSAP−ω(Z,X, ρ,∞).

Proof. The proof can be similarly conducted by adding weighted ρ in Theorem 3.22.

The following theorems are based upon sets Σ(n,m) and Σ(n, ρ,m) defined by equations (2)-(3).

Theorem 3.24. Assume that B is a phase space verifying the condition (F) in Lemma 3.11. Let f ∈
l∞(Z ×B,X) satisfy the condition (A1) in Theorem 3.17 and suppose further that

(A4) There exists a function L(·) ∈ Σ(n,m) such that for any ε > 0, there is a constant δ > 0 satisfying
∥ f (k, x) − f (k, y)∥ ≤ L(k)ε for all x, y ∈ K any bounded subset of B with ∥x − y∥B ≤ δ and k ∈ Z.

Then for each ϕ ∈ PSAP−ω(Z,X,∞), F(·) := f (·, ϕ·) ∈ PSAP−ω(Z,X,∞).

Proof. Let m ∈ Z+. For each ϕ ∈ PSAP−ω(Z,X,∞), we can get ϕn ∈ PSAP−ω(Z,B,∞) from Lemma 3.11. Let
K = {ϕn : n ∈ Z}. From the condition (A4), for any ε > 0 there exists δ > 0 such that ∥ f (k, ϕk)− f (k,−ϕk+ω)∥ ≤
L(k)ε whenever ∥ϕk + ϕk+ω∥B ≤ δ for all k ∈ Z. From the condition (A1), for above ε > 0 there exists
N1
ε ∈ Z

+ such that 1
2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥ f (s + ω,ϕs+ω) + f (s,−ϕs+ω)∥ ≤ ε2 for n > N1

ε . By Corollary 3.20
and ϕn ∈ PSAP−ω(Z,B,m), for above ε > 0 there exists N2

ε ∈ Z
+ such that card Mn,δ(ϕn)

2n+1 ≤
ε

4∥F∥∞
for n > N2

ε .
Since L(·) ∈ Σ(n,m), there exist N3

∈ Z+ and M > 0 such that 1
2n+1

∑n
k=−n maxs∈[k−m,k]∩ZL(s) ≤ M for n > N3.

For n > N = max{N1
ε ,N2

ε ,N3
}, we have

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s, ϕs)∥

≤
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s,−ϕs+ω)∥

+
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s, ϕs) − f (s,−ϕs+ω)∥

≤
1

2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s,−ϕs+ω)∥

+
1

2n + 1

∑
k∈[−n,n]\Mn,δ(ϕn)

max
s∈[k−m,k]∩Z

∥ f (s, ϕs) − f (s,−ϕs+ω)∥

+
1

2n + 1

∑
k∈Mn,δ(ϕn)

max
s∈[k−m,k]∩Z

∥ f (s, ϕs) − f (s,−ϕs+ω)∥

≤
ε
2
+
( 1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

L(s)
)
ε + 2∥F∥∞

card Mn,δ(ϕn)
2n + 1

≤
ε
2
+Mε +

ε
2
= (M + 1)ε,

which implies that

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥ f (s + ω,ϕs+ω) + f (s, ϕs)∥ = 0,

i.e. F(·) := f (·, ϕ·) ∈ PSAP−ω(Z,X,∞) for each ϕ ∈ PSAP−ω(Z,X,∞).
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Theorem 3.25. Assume that ρ ∈ U∞ and B is a phase space satisfying the condition (F) in Lemma 3.11. Let
f ∈ l∞(Z ×B,X) verify the condition (A1∗) in Theorem 3.18 and the following assumption:
(A4∗) There exists a function L(·) ∈ Σ(n, ρ,m) such that for any ε > 0, there is a constant δ > 0 satisfying
∥ f (k, x) − f (k, y)∥ ≤ L(k)ε for all x, y ∈ K any bounded subset of B with ∥x − y∥B ≤ δ and k ∈ Z.
Then for each ϕ ∈WPSAP−ω(Z,X, ρ,∞), F(·) := f (·, ϕ·) ∈WPSAP−ω(Z,X, ρ,∞).

Proof. The conclusion can be similarly proved by adding weighted ρ in Theorem 3.24.

Theorem 3.26. Assume that B is a phase space satisfying the condition (F) in Lemma 3.11. Let f ∈
l∞(Z ×B,X) verify the condition (A1) in Theorem 3.17 and suppose further that

(A5) There exists a function L(·) ∈ Σ(n,m) such that for all x, y ∈ B and k ∈ Z, ∥ f (k, x) − f (k, y)∥ ≤
L(k)∥x − y∥B.

Then for each ϕ ∈ PSAP−ω(Z,X,∞), f (·, ϕ·) ∈ PSAP−ω(Z,X,∞).

Proof. We can prove the result through replacing δ in Theorem 3.24 by ε.

Theorem 3.27. Assume that ρ ∈ U∞ and B is a phase space satisfying the condition (F) in Lemma 3.11. Let
f ∈ l∞(Z ×B,X) verify the condition (A1∗) in Theorem 3.18 and the following assumption:

(A5∗) There exists a function L(·) ∈ Σ(n,m) such that for all x, y ∈ B and k ∈ Z, ∥ f (k, x) − f (k, y)∥ ≤
L(k)∥x − y∥B.

Then for each ϕ ∈WPSAP−ω(Z,X, ρ,∞), F(·) := f (·, ϕ·) ∈WPSAP−ω(Z,X, ρ,∞).

Proof. The proof can be conducted by a slight modification of Theorem 3.25.

Remark 3.28. (1) It is obvious that ν ∈ Σ(n,m) if ν(·) ≡ L > 0 or ν : Z→ R+ is q-th summable for 1 ≤ q < ∞.
Thus ν ∈ Σ(n,m) if ν : Z→ R+ is q-th summable for 1 ≤ q ≤ ∞ by letting ν(·) ≡ L > 0 whenever q = ∞.
(2) We can get ν ∈ Σ(n, ρ,m) if ν(·) ≡ L > 0 or (ρν)(·) : Z→ R+ is summable with (ρν)(k) := ρ(k)ν(k) for each
k ∈ Z.

(3) If ν(·) : Z→ R+ verifies that (ρν)(·) : Z→ R+ is q-th summable for 1 < q < ∞ with limn→∞
(2n+1)

q−1
q

s(n,ρ) < ∞,
then ν ∈ Σ(n, ρ,m).
(4) We can similarly present and discuss notions of pseudoω-antiperiodic sequences [18] with infinite delay
as aforementioned techniques.

4. Existence results

In this section, we consider existence results for pseudo S-asymptoticallyω-antiperiodic solutions to the
Volterra difference equation (1).

For a given λ ∈ C, we denote S(λ, k) ∈ C by the solution of the difference equationS(λ, k + 1) = λ
∑k

j=0 a(k − j)S(λ, j), k ∈ Z+,
S(λ, 0) = 1.

Let ΩS :=
{
λ ∈ C :

∞∑
k=0

|S(λ, k)| < ∞
}
. For any λ ∈ ΩS and p ∈ l∞(Z,X), it follows from [12] that

the expression u(n + 1) =
∑n

k=−∞ S(λ,n − k)p(k) formulates the solution to the following linear equation
u(n + 1) = λ

∑n
j=−∞ a(n − j)u( j) + p(n), n ∈ Z. Thus for λ ∈ ΩS, if k 7→ S(λ,n − k)p(k,uk) is summable on Z+

for each n ∈ Z, then a sequence defined by u(n + 1) =
∑n

k=−∞ S(λ,n − k)p(k,uk) is a solution to Eq. (1) (see
also [8]).

We always assume that B is a phase space satisfying the condition (F) in Lemma 3.11 in the following
hypotheses:
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(Hp1) For all (k,u) ∈ Z×B and m ∈ Z+, limn→∞
1

2n+1

∑n
k=−n maxs∈[k−m,k]∩Z ∥p(s+ω,u)+p(s,−u)∥ = 0 uniformly

on any bounded set of B.

(Hp2) There exists a function Lp : R+ → R+ such that for each r ≥ 0 and all u, v ∈ B with ∥u∥B ≤ r, ∥v∥B ≤ r,
∥p(k,u) − p(k, v)∥ ≤ Lp(r)∥u − v∥B, k ∈ Z.

(Hp3) There exists a summable functionLp(·) : Z→ R+ such that for all u, v ∈ B and k ∈ Z, ∥p(k,u)−p(k, v)∥ ≤
Lp(k)∥u − v∥B.

Lemma 4.1. Letλ ∈ ΩS. Assume further that conditions (Hp1)-(Hp2) hold. Then for each u ∈ PSAP−ω(Z,X,∞),
P(n) :=

∑n
k=−∞ S(λ,n − k)p(k,uk) ∈ PSAP−ω(Z,X,∞).

Proof. For each given u ∈ PSAP−ω(Z,X,∞), we can get n 7→ un ∈ PSAP−ω(Z,B,∞) from Lemma 3.11. It is
bounded and there exists a bounded subset K of B such that un ∈ K for all n ∈ Z. It follows from the condition
(Hp2) that p(k,u·) is uniformly continuous on the bounded subset K uniformly for k ∈ Z. Thus we have from
Theorem 3.22 together with conditions (Hp1)-(Hp2) that p(·,u·) ∈ PSAP−ω(Z,X,∞) if u ∈ PSAP−ω(Z,X,∞).
It further follows from Corollary 3.15 that P(n) ∈ PSAP−ω(Z,X,∞) for each u ∈ PSAP−ω(Z,X,∞).

Lemma 4.2. Suppose that λ ∈ ΩS and conditions (Hp1) and (Hp3) are satisfied. Then P(n) :=
∑n

k=−∞ S(λ,n−
k)p(k,uk) ∈ PSAP−ω(Z,X,∞) whenever u ∈ PSAP−ω(Z,X,∞).

Proof. It follows from Theorem 3.26 and Remark 3.28(1) together with conditions (Hp1) and (Hp4) that
p(·,u·) ∈ PSAP−ω(Z,X,∞) for each u ∈ PSAP−ω(Z,X,∞). Thus we have from Corollary 3.15 that P(n) ∈
PSAP−ω(Z,X,∞) whenever u ∈ PSAP−ω(Z,X,∞).

In what follows, we suppose that λ ∈ ΩS with |S(λ, ·)|1 =
∑
∞

k=0 |S(λ, k)| and H is a constant in the Remark
2.3.

Theorem 4.3. If conditions (Hp1)-(Hp2) are satisfied, then Eq. (1) admits a solution u ∈ PSAP−ω(Z,X,∞)
whenever

sup
r>0

[r −HrLp(Hr)|S(λ, ·)|1] > |S(λ, ·)|1 sup
k∈Z
∥p(k, 0)∥. (4)

Proof. We define the operator P : PSAP−ω(Z,X,∞)→ PSAP−ω(Z,X,∞) by

(Pu)(n) =
n−1∑

k=−∞

S(λ,n − 1 − k)p(k,uk). (5)

It is known from Lemma 4.1 thatP is well-defined for each u ∈ PSAP−ω(Z,X,∞). By the condition (4), there
exists a constant r > 0 such that

r −HrLp(Hr)|S(λ, ·)|1 > |S(λ, ·)|1 sup
k∈Z
∥p(k, 0)∥. (6)

Let B = {u ∈ PSAP−ω(Z,X,∞) : ∥u∥∞ ≤ r}, then B is a closed subset of PSAP−ω(Z,X,∞). We claim that
P(B) ⊆ B. In fact, for any u ∈ B and all n ∈ Z, we have

∥(Pu)(n)∥ ≤
n−1∑

k=−∞

|S(λ,n − 1 − k)|[∥p(k, 0)∥ + ∥p(k,uk) − p(k, 0)∥]

≤

[
sup
k∈Z
∥p(k, 0)∥ +HrLp(Hr)

]
|S(λ, ·)|1,

which implies from (6) that ∥Pu∥∞ ≤ r and thus P(B) ⊆ B.
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It follows from (6) that r−HrLp(Hr)|S(λ, ·)|1 > 0, i.e. HLp(Hr)|S(λ, ·)|1 < 1. For each u, v ∈ B and all n ∈ Z,
we have

∥(Pu)(n) − (Pv)(n)∥ ≤
n−1∑

k=−∞

|S(λ,n − 1 − k)|∥p(k,uk) − p(k, vk)∥

≤ HLp(Hr)|S(λ, ·)|1∥u − v∥∞,

which implies ∥Pu −Pv∥∞ ≤ HLp(Hr)|S(λ, ·)|1∥u − v∥∞. Thus P is a contraction on B and has a unique fixed
point u ∈ B, which is also a solution u ∈ PSAP−ω(Z,X,∞) to Eq. (1).

Corollary 4.4. If conditions (Hp1)-(Hp2) hold with Lp(·) ≡ L > 0 and HL|S(λ, ·)|1 < 1, then Eq. (1) has a
unique solution u ∈ PSAP−ω(Z,X,∞).

Proof. Since 1 − HL|S(λ, ·)|1 > 0 and |S(λ, ·)|1 sup
k∈Z
∥p(k, 0)∥ < ∞, there exists a r∗ > 0 satisfying r∗ >

|S(λ,·)|1 supk∈Z ∥p(k,0)∥
1−HL|S(λ,·)|1

. Thus for all r > r∗, we have r−HrL|S(λ, ·)|1 > |S(λ, ·)|1 sup
k∈Z
∥p(k, 0)∥, i.e. (6) holds for all r > r∗.

We can infer from the proof of Theorem 4.3 that Eq. (1) admits a unique solution u ∈ PSAP−ω(Z,X,∞).

Theorem 4.5. Assume that conditions (Hp1) and (Hp3) hold. Then Eq. (1) admits a unique solution
u ∈ PSAP−ω(Z,X,∞).

Proof. Consider the operator P defined by (5). It is known from Lemma 4.2 that (Pu)(n) ∈ PSAP−ω(Z,X,∞)
for each u ∈ PSAP−ω(Z,X,∞). Thus the operator P is well-defined. Since λ ∈ ΩS, we have sup

n∈Z
|S(λ,n)| ≤ C∗

for a suitable constant C∗ > 0. For each u, v ∈ PSAP−ω(Z,X,∞) and all n ∈ Z, we have

∥(Pu)(n) − (Pv)(n)∥ ≤
n−1∑

k=−∞

|S(λ,n − 1 − k)|∥p(k,uk) − p(k, vk)∥

≤ HC∗
( n−1∑

k=−∞

Lp(k)
)
∥u − v∥∞.

Generally, from [11, Lemma 3.2.] and technique of mathematical induction, we have

∥(Pmu)(n) − (Pmv)(n)∥

≤

n−1∑
k=−∞

|S(λ,n − 1 − k)|∥p(k, (Pm−1u)k) − p(k, (Pm−1v)k)∥

≤
(HC∗)m

(m − 1)!

[ n−1∑
k=−∞

Lp(k)
( k−1∑

j=−∞

Lp( j)
)m−1]

∥u − v∥∞

≤
(HC∗)m

m!

( n−1∑
k=−∞

Lp(k)
)m
∥u − v∥∞ ≤

(HC∗∥Lp∥1)m

m!
∥u − v∥∞,

which implies that ∥Pmu − Pmv∥∞ ≤
(HC∗∥Lp∥1)m

m! ∥u − v∥∞. Since (HC∗∥Lp∥1)m

m! < 1 for sufficient large m ∈ Z+,
we conclude from the Banach fixed point theorem that P admits a unique fixed point u ∈ PSAP−ω(Z,X,∞)
which is a solution to Eq. (1).

Example 4.6. We give a simple example to illustrate our main results. Assume that a(k) = ak with |a| < 1 for
a ∈ C andλ ∈ D(−a, 1) := {z ∈ C : |z+a| < 1}. It is known from [12, Example 3.3] that S(λ, k) = λ(λ+a)k−1, k ≥ 1
andD(−a, 1) ⊆ ΩS. We consider the following difference equation:

u(n + 1) = λ
n∑

k=−∞

an−ku(k) + p(n,un),n ∈ Z. (7)
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Let p(k,uk) := η sin(uk+1)
e|k| (η > 0), we have for m, ω ∈ Z+

lim
n→∞

1
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

∥∥∥∥ηsin(us + 1)
e|s+ω|

+ η
sin(−us + 1)

e|s|

∥∥∥∥
≤ lim

n→∞

η(eω + 1)
2n + 1

n∑
k=−n

max
s∈[k−m,k]∩Z

1
e|s|
= 0,

which shows the condition (Hp1) holds. Moreover for each uk, vk ∈ B and k ∈ Z,

∥p(k,uk) − p(k, vk)∥ = ∥η
sin(uk + 1)

e|k|
− η

sin(vk + 1)
e|k|

∥ ≤
η

e|k|
∥uk − vk∥B ≤ η∥uk − vk∥B,

which shows the condition (Hp2) holds. Hence for η small enough, we can get Eq. (7) has a unique solution
u ∈ PSAP−ω(Z,X,∞) via Corollary 4.4 .

Finally we give numerical simulations for solutions of Eq. (7). Let f (n) := −n+4
8 ,n ∈ [−4, 12] ∩ Z be

a function with 16 as the antiperiodic length. In Figure 1, we let a = 1
2 , λ =

1
3 and p1(n,un) := f (n) +

sin(u(n−100)+1)
1+n2 ,n ∈ Z, thus u(n + 1) =

∑n
k=−∞

1
3 ×
(

5
6

)n−k−1
p1(k,uk). In Figure 2, we let a = 2

5 , λ =
2
5 and

p2(n,un) := f (n) cos nπ
8 +

sin(u(n−100)+1)
1+n2 ,n ∈ Z, thus u(n + 1) =

∑n
k=−∞

2
5 ×
(

4
5

)n−k−1
p2(k,uk). The notation ✳

denotes values of u at n.
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Figure 1: Solution u(n) for p1 on [−120, 120].
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-120 -104 -88 -72 -56 -40 -24 -8 8 24 40 56 72 88 104 120

-1

-0.5

0.5

1

=16,a=2/5, =2/5

Figure 2: Solution u(n) for p2 on [−120, 120].
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