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Pseudo S-asymptotically antiperiodic solutions to Volterra difference
equations with infinite delay

Penghui Lii?, Yong-Kui Chang®*

?School of Mathematics and Statistics, Xidian University, Xi’an 710071, Shaanxi, P. R. China

Abstract. In this paper, we firstly present notions and basic properties of m-(weighted) pseudo S-
asymptotically w-antiperiodic sequence and co-(weighted) pseudo S-asymptotically w-antiperiodic se-
quence, which are applicable to the investigation of delayed difference equations. We secondly show
some existence and uniqueness of pseudo S-asymptotically w-antiperiodic solutions to Volterra difference
equation with infinite delay as an application of aforementioned sequences.

1. Introduction

When modelling discrete time phenomena or discretized stimulations differential equations with histor-
ical effects, delayed difference equation can be regarded as a powerful and applicable tool, see monographs
[13, 15, 16] and references cited therein. Asymptotical behavior on solutions has been one of the most attrac-
tive topics in the qualitative theory of (delayed) difference equations in the past ten years, see for instance
[1, 4,5, 8, 17]. Particularly, much attention has been paid to studies on the existence of almost periodic,
asymptotically almost periodic, almost automorphic and pseudo S-asymptotically w-periodic solutions to
various delayed difference equations in [4, 6, 8, 10, 22]. It is noted that the existence of antiperiodic type so-
lution for differential or integro-differential equations has also been considerably investigated, for example
[2,3,7,21]. As a discretized analogue, Chang and Lii [9] introduced the notion of weighted pseudo S-
asymptotically w-antiperiodic sequences and considered the existence of weighted pseudo S-asymptotically
w-antiperiodic sequential solutions to a semilinear difference equation. However, the sequence defined in
[9] cannot be directly applied to delayed difference equations.

In this paper, we present notions and fundamental properties of m-(weighted) pseudo S-asymptotically
w-antiperiodic sequence and co-(weighted) pseudo S-asymptotically w-antiperiodic sequence, which are
applicable to the study of delayed difference equations. As an application, we investigate the existence of
pseudo S-asymptotically w-antiperiodic solutions to the following Volterra difference equation with infinite
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delay

un+1)= A Z a(n — ju(j) + p(n,uy,), n € Z, (1)

j:—oo

where A is a complex number, a(n) is a C-value summable function, u,, : Z_ — Xis defined by u,(0) = u(n+0)
forall@ € Z_,p : Zx % — X, % is a phase space, all of which will be specified later. Some interesting results
for Eq. (1) has been established in [4, 8], however the existence and uniqueness of pseudo S-asymptotically
w-antiperiodic sequential solutions to Eq. (1) is an untreated topic yet. Our main results can be seen as a
supplement to works in [4, 8, 9].

The paper is outlined as follows. Section 2 is to recall some basic notations and notions which will be used
later. Section 3 is mainly concerned with notions and properties of m-(weighted) pseudo S-asymptotically
w-antiperiodic sequence and co-(weighted) pseudo S-asymptotically w-antiperiodic sequence. Section 4
is mainly to deal with the existence and uniqueness of pseudo S-asymptotically w-antiperiodic sequential
solutions to Eq. (1).

2. Preliminaries

We denote by Z(R), Z*(R"), Z+(R+),Z- and C the set of all integers (real numbers), positive integers (real
numbers), nonnegative integers (real numbers), nonpositive integers and complex numbers respectively.
The notation card A stands for the number of elements in any finite set A C R. Let X be a Banach space.
The set B(X) denotes the space of all bounded linear operators from X to X and I*(Z, X) is the Banach
space consisting of all bounded sequences u : Z — X with sup-norm ||ull. = sup,, llu(n)|l. The space
I®(Z x Y, X) represents the set formed by all sequences u : Z X Y — X such that u(:, x) € [*(Z, X) uniformly
for each x in any bounded subset of the normed space Y. A sequence v : Z — C is called g-th summable if
Yoz [0(k)|7 < 00(1 < g < o), and v is simply called summable if g = 1.

In order to deal with the existence of antiperiodic solution for difference equation with infinite delay,
we recall the axiomatically-defined phase space %, see details in [4, 8, 19, 20]. The space % stands for a
vector space consists of all sequences v : Z_ — X. In the sense of norm || - ||, it can be a Banach space and
verifies the following axioms:

Axiom 2.1. If x : Z — X is a sequence such that x,, € %, m € Z, then for all n > m,n € Z, the following
conditions are fulfilled:

(1) x, € %;
2) lIx(m)llx < Clixall;

(3) Ilxulles < N(n — m)ymax|lx(@)llx + M(n — m)llxullz.
m<i<n
where C is a positive constant, N(-) and M(-) are nonnegative sequences defined on Z,.

Axiom 2.2. If (¢"),en is a uniformly bounded sequence in %, which converges pointwise to ¢, then ¢ € %
and |l¢" — ¢l = 0asn — oo.

Remark 2.3. [8] From Axiom 2.2, we can get [*(Z_, X) is continuously included in 2. In the rest of paper,
we assume that ||¢|lz < H||¢lls for every ¢ € 1°(Z_, X), where H > 0 is a constant.

Example 2.4. Let a > 0. #%(X) denote the space consisting of all sequences ¢ : Z_ — X with the norm

lpllzexy = sup lp@)le™ < oo. It is well-known that this space satisfies Axioms 2.1 and 2.2, see [8, 19] for
i€Z..

details.
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Let U denote the set of weights p : Z — R*. Set Uy := {p € U : lim,&5(n,p) = oo} and Up = {p €
Uw : 0 < infyez p(k) < sup, ., p(k) < oo}, where s(n, p) = Y, p(k) for n € Z*. For p1, p2 € Uw, we denote
p1 ~ p2if p1/p2 € Up. It is known from [23] that the relation “~” forms a binary equivalence relation on U,
and Us = Upey,, cl(p) := {0 € U : p ~ ¢}. For given p € U, j € Z, let pj(k) = p(k + j) for k € Z. We set
Ur = {p € U : p ~ pj for each j € Z}. We also define sets ¥X.(n,m) and X(n, p,m) for p € U, and m € Z* as
following:

. 1 v
Houm) = Zo R lim 5o Y, mas v <) @
. 1 v
X(n, p,m) := {v 1 Z - R, r}g{}o S p) kZ‘n p(k) SE[EH%OZ v(s) < oo}, 3)

which are useful to establish superposition theorems of parameterized co-(weighted) pseudo S-asymptotically
w-antiperiodic sequence.

3. Asymptotically antiperiodic sequences

In this section, we introduce notions of m(co)-pseudo S-asymptotically w-antiperiodic sequence and
m(oco)-weighted pseudo S-asymptotically w-antiperiodic sequence and establish some properties of such
sequences.

We first recall the following definitions.

Definition 3.1. [9] A sequence u € [*(Z, X) is called pseudo S-asymptotically w-antiperiodic if there exists
w € Z" such that

lim L
n—oo 211 + 1

3 lhutk + ) + ()l = 0.
k=—n

The set of such sequences is denoted by PSAP_,(Z, X).

Definition 3.2. [9] Let p € Us. A sequence u € [*(Z,X) is said weighted pseudo S-asymptotically w-
antiperiodic if there exists w € Z* such that

n

1
TP kZ p()llutk + @) + u(®)|| = 0.

lim
n—oo

=—n

The set of such sequences is denoted by WPSAP_,(Z, X, p).

In order to deal with pseudo S-asymptotically w-antiperiodicity with infinite delay, we introduce the
following notions.

Definition 3.3. A sequence u € [*(Z,X) is called m-pseudo S-asymptotically w-antiperiodic sequence if
there exists w € Z* such that

1 n
li =
0 5T 2 g 0 )+ O =0
for m € Z*. The set of such sequences is denoted by PSAP_,(Z, X, m).

Definition 3.4. A sequence u € [*(Z, X) is called co-pseudo S-asymptotically w-antiperiodic sequence if
u € PSAP_,(Z, X, m) for all m € Z*. The set of such sequences is denoted by PSAP_,(Z, X, ).
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Definition 3.5. Let p € Us. A sequence u € [°(Z,X) is called m-weighted pseudo S-asymptotically w-
antiperiodic if there exists w € Z* such that

Y plo _ max lu(s +w) + u(s)| =0

im
n—co 5(11, p) P se[k—m,k]NZ
for m € Z*. The set of such sequences is denoted by WPSAP_.(Z, X, p, m).

Definition 3.6. Let p € Us. A sequence u € [*(Z,X) is called co-weighted pseudo S-asymptotically
w-antiperiodic if u € WPSAP_,(Z, X, p,m) for all m € Z*. The set of such sequences is denoted by
WPSAP_,(Z, X, p, ).

We have the following basic properties for the m-pseudo S-asymptotically w-antiperiodic sequence and
m-weighted pseudo S-asymptotically w-antiperiodic sequence:

Theorem 3.7. Let u = (u(n)), v = (v(n)) € PSAP_,(Z, X, m). Then we have:
(1) u+vePSAP_,(Z,X,m), Au € PSAP_,(Z, X, m) for any A € C;
(2) Forgiven j € Z,letuj(n) = u(n + j). Then u; € PSAP_,(Z, X, m);
(3) Let A € B(X), then Au € PSAP_,(Z, X, m).

Proof. If u = (u(n)), v = (v(n)) € PSAP_,(Z, X, m), then

s 2n+1 4 seliminz I14(5 + ) + 0(s + @) + (u(s) + )

IA

1
lim max u(s + w) + u(s
n—oo 21 + 1 P se[k—m,k]mzH ( ) @I

+ lim max ||[o(s + w) +v(s)|| = 0;
n—>oo2n+1 4 selk-mknZ o )+ o)l

1
lim max Au(s + w) + Au(s
n—ooo 211 + 1 P nse[k—m,k]mZ 1A ) @l

= |A] lim max |lu(s+w)+u(s)||=0
| |n—>oo 2n+1 [ selk-m Kz s )+ ul

Thus the conclusion (1) holds and PSAP_,(Z, X, m) is a vector space.
For j € Z* we have

im max |lu(s+j+w)+u(s+j
n—oco 21 + 1 se[k—m,k]mzH 5+ ) s+l
= max [lu(s + w) + u(s)||
”_’oo 27’1 + 1 - se[k m+]k+]]ﬂZ
l I’H']
= Ilim Z max |Ju(s + w) + u(s
n—ooo 211 + 1 ¥ se[k-mk]NZ I ) @l

n+j

1
= lim
oo (Zn 1 Z g 16+ @) + UGl

——p—




IN

P. Lii, Y. K. Chang / Filomat 39:33 (2025), 11717-11731

—n+j

Zn + 1 se[lpn?li( (s + @) + M(S)H)

11+]

1
li u(s + w) + u(s
lim o ) max (s + @) +uE)l

k=—(n+j)
2n+j)+1 1 s
’ +w) +
noe 2n+1 2+ j)+1 k=—2(n' et max . lu(s + @) + u(s)||

0;

Similarly, for j € Z_ we have

<

lim max |ju(s+j+w)+u(s+j
n—o 21+ 1 k__”se[k—m,k]ﬁZH (5+] ) Sl

n-j

2n - j)+1 1
I :
e 2041 20— j)+1 k:—Z(n‘—j) Do 116+ )+ 1O

0,

which implies the conclusion (2) is true.
Since A € B(X), we have

IA

IA

11—>°0 21”1 +1 se[k—-m,kINZ

Z max || Au(s + w) + Au(s)||

im max Allllu(s + w) + u(s
jim, 2”+1k max Al + @) + u)|
=—n

n

1
lim ——— +w) + =
AN lim. ——— 2 X lluls + w) + u(s)ll =0

Thus the conclusion (3) holds. [

Theorem 3.8. The vector space PSAP_,(Z, X, m) is a Banach space with the sup-norm.

Proof. Let Uy = (u(k)(n))nez

choose a suitable N € Z* such that for n,k > N,

max. ||M(k)(S +w) +uge)| < 5 ||M(k) Ul < =

27‘l+1 se[z m,i 4

Thus we have

IA

+w) +
2n+1 ~ seli- mazX (s + @) + u(S)l

aX UGS+ w)—u S+w)+u S+w)+u S)—Uu S) + u(s
2n+1 se[lmznZ”( ) — U ) + g ( ) + U (s) — ugy(s) + u(s)l|

max us + S+
21’1 + 1 se[z m,iN. ” ( w) (k)( a))”

11721

€ PSAP_,(Z, X, m), and ||u) — tllo = 0 as k — co. Then for any ¢ > 0, we can
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1 v 1 v
+ max ||lug(s + w) + ug(s)|| + max |jug(s) — u(s
2n+1 izz_nse[i—m,i]mZ” (k)( ) (k)( 2 2n+1 i:Z_nse[i—m,i]mZ” (k)( ) @
< & N e N e .
T4 2 47

which implies that PSAP_,(Z, X, m) is a closed subspace of [(Z, X) and thus a Banach space. [J

For the set WPSAP_.,(Z, X, p, m), we have the following corollary by similar proofs of Theorems 3.7-3.8
and [9, Theorem 3.1].

Corollary 3.9. Let p € U, and u = (u(n)), v = (v(n)) € WPSAP_,(Z, X, p, m). Then the following results are
satisfied:

(a) u+ve WPSAP_,(Z,X, p,m), Au € WPSAP_,(Z, X, p, m) for each A € C;

(b) For given j € Z, let u;j(n) = u(n + j). Then u; € WPSAP_,(Z, X, p,m) for p € Ur ;
(c) Let A € B(X), then Au € WPSAP_,(Z, X, p, m);

(d) The vector space WPSAP_,(Z, X, p, m) is a Banach space with the sup-norm.

By Definitions 3.4 and 3.6 combined with Theorem 3.8 and Corollary 3.9(d), we easily obtain the following
corollary.

Corollary 3.10. The vector space PSAP_,(Z, X, ) (or WPSAP_,(Z, X, p,)) is a Banach space with the
sup-norm.

We have the following properties for sequences defined in a phase space.
Lemma 3.11. Assume that % is a phase space and satisfies the following condition:

(F) There is a constant N, such that N(-) < N, and lim M(n) = 0;

ThenZ — #,n - f, € PSAP_,(Z, %, ) whenever f € PSAP_,(Z, X, ).

Proof. For arbitrary given m € Z* and ¢ > 0. By the lim M(n) = 0, there is 1y > m such that M(l) < ¢ for all
n—oo
I > ny. Forn € Z* and | > ngy, we have

- i
max + £l
2n+1 se[k—m,k]nZ”fs v+ fills
k=-n
n

IA

1 ) .
T kZ X (MOt + folla +NO) _max  1f+w) + FO)

IN

Neo v
2H o+ i+ w) + f(),
el 2n+1 I{_Z_nie[k—fﬁfl))(,k]mznf(l @)+ f@

which shows n = f, € PSAP_.,(Z, 9%, >) by f € PSAP_,(Z,X, ). O
Remark 3.12. [14] The condition (F) is verified if # is a uniformly fading memory space.

Corollary 3.13. Let p € Uw. Assume that # is a phase space and satisfies the condition (F) in Lemma 3.11,
thenn v f, € WPSAP_,(Z, %, p, ) whenever f € WPSAP_.,(Z, X, p, ).

We have the following convolution results.
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Theorem 3.14. Let {S(n)} ez, C B(X) be summable. If f € PSAP_,(Z, X, m), then
TI(n) := Z S(n — k) f(k) € PSAP_(Z, X, m).
k=—co

Proof. Since |[TI(1)I] < |l fllo Xopeo IS = [ fllsolISIl < 00, IT is bounded. Meanwhile,

Il(s + w) + I1
2n+1 se[krzln?,lénlll (5 + @) ®l

S+w

- Zn +1 Z se[k mk]mZ ” ZA S +w-D)f() + Z S(s - 1)f(1)“
S Z - Z 1S(s = DIILFG + ) +
TES Z s ZZHS(f>II||f<s—f+w>+f<s-i>u

=0

Y S5 ST D 2 I =i+ @)+ fs =)
i=0 k=-n !

It follows from Theorem 3.7(2) and the dominated convergence theorem that

IN

IA

n

1
im max ||II(s + w) + I1(s)]|,
n—oo 211+ 1 S selk-mknz I ) @l

which implies I € PSAP_,(Z, X, m). O
Corollary 3.15. Let {S(n)},ez, € B(X) be summable. If f € PSAP_,(Z, X, o), then

I(n) := Z S(n —k)f(k) € PSAP_,(Z, X, o).

k=—0c0

Corollary 3.16. Let {S(1)},ez, € B(X) be summable. If f € WPSAP_,(Z, X, p, o) and p € Uy, then

I(n) := 2 S(n —k)f(k) € WPSAP_,(Z, X, p, ).

k=—00
We give some superposition theorems in the following results.

Theorem 3.17. Assume that % is a phase space satisfying the condition (F) in Lemma 3.11. Let f €
I®(Z x %, X) verify the following conditions:

(A1) Forany m € Z*, liMy 00 527 Y-y MaXsek-milnz lIf (s + @, X) + f(s, —x)|| = 0 uniformly on any bounded
set of %;

(A2) There exists a constant L > 0 such that forallx,y € Zand n € Z,
llf(n,x) = f(n, Yl < Lllx = yll.

Then for each ¢ € PSAP_,(Z, X, ), f(-,¢.) € PSAP_,(Z, X, o).
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Proof. Let m € Z* be arbitrarily given. In fact, from the condition (A2) we have

selk—-mkINZ

21’11+ 1 Z max ”f(S + w, ¢S+(u) + f(sl (PS)”
k=—n

1

< 5 kz X IfG + @, Bsra) + £~ Psr)
1 n
+ ’ - r @
P kz_nse[krp”%mzllf(s Bs) = f(8,=Ps+0)ll
n
<

1
+ D+ f(s, —
2n+1 kZ" se[kr—nn?,lﬁnz 1£(s + @, Pssw) + £(5, =Pssa)ll

=—n

1 n
L Z max + -
2n+ 1 = selkomkinz ps + Psroll

Since ¢p € PSAP_,(Z, X, ) and Lemma 3.11, we have ¢ € PSAP_,(Z, %, ). Together with the condition
(A1), we can see that ﬁ Y ey MaXsekm iz | f S+ @, Psiw)+ £(S, Ps)ll = 0, i.e. foreach ¢ € PSAP_,(Z, X, =),
f(,¢.) € PSAP_(Z,X,0). O

Theorem 3.18. Assume that p € U, and Z is a phase space satisfying the condition (F) in Lemma 3.11. Let
f €1°(Z x #, X) meet the condition (A2) in Theorem 3.17 and the following assumption:

(A1%) For any m € Z*, lim,_c s(n;,m Yo, p(k) maxsepe-munz lf(s + @,x) + f(s,—x)|| = 0 uniformly on any
bounded set of #.

Then for each ¢ € WPSAP_,(Z, X, p, ), f(-,$.) € WPSAP_,(Z, X, p, ).
Proof. We can get the conclusion only by adding weighted p in Theorem 3.17. [J

Lemma 3.19. Let f € I*(Z, X). Then for each m € Z*, the following assertions are equivalent:
() limy e 57 Tf_, maXsepominz 15 + @) + f&) = O, ie. f € PSAP_,(Z, X, m).

card M,,¢(f)

5 = 0, where

(b) For eache > 0, lim,_

M, (f)=tke[-nn]NnZ: SE[kr_nr;?lziﬁz||f(s +w) + f(S)ll = €}

Proof. For each given € > 0, since

n

P UL

2n+1
k

=—n

1 1
= m +w) + + +w) +
M1 Z se[k_ﬁénzﬂf(s )+ f)ll P se[mﬁﬂzllf(s w) + fs)ll
ke[-nn]\M,(f) keM,,.(f)

1 card M, ¢(f)
>e——- >0,
i1 kEMZ(f) nax lf(s+ )+ f(s)l > € e

2

we can achieve the assertion (b) by the truth of the assertion (a).
If the assertion (b) holds, then for any € > 0, there exists N € Z* such that
forn > N,

card M, ¢(f)

TS| n > N. Thus

€
< 2.

n

1
+w) +
BT D a6+ )+ SO
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1 1

- tw)+ + +w) +

1 Z se[gﬁﬁmzﬂf(s w) + f()l o Z se[krfln%ﬂzllf(s @) + f(s)
kE[_”/n]\Mn,c(f) keMn,c(f)

card M,,¢(f)

2n+1 2n+1

which implies lim,,_, ﬁ Yooy MaXsek—minz |1 f(s + @) + f(s)ll = 0, i.e. (a) holds. [

< (2n +1)e + 2| fllo < 2,

Corollary 3.20. Letn = f, € I°(Z, %). Then for each m € Z*, the following assertions are equivalent:

(a) limn—)oo znlﬁ ZZ:_,, maXse[k—mklnZ ||fs+a) + fs”%’ = 0/ ie. fn € PSAP—w(Z/ %/ m)

b d M”e n
(b) For each € > 0, lim,,_,o mTﬂ(f) = 0, where

M e(fa) =tke[-nnlNZ: se[kIBr%lﬁmZ”wa + fillz > €.

Corollary 3.21. Let p € U and n = f, € I°(Z, #). Then for each m € Z*, the following assertions are

equivalent:

(a) hmn—wO S(JW Z]il:_n P(k) MaXsel[k-mkInZ ||fs+(u + fs”% =0 (fn € WPSAP—(U(Z/ %/ P m))

LieMen) PK)
s(m,p)

Mn,e(fn) ={ke[-nnlNnZ: se[kr—niilﬁﬂlnﬁﬂv + fs”% > e}

(b) For each € > 0, lim;,—,0 = 0, where

Theorem 3.22. Let % be a phase space satisfying the condition (F) in Lemma 3.11. Assume that f €
I®(Z x %, X) verifies the condition (A1) in Theorem 3.17 and the following assumption:

(A3) For any ¢ > 0 and any bounded subset K C %, there exist constants N, x € Z* and 0. x > 0 such that
lf (k,x) — f(k, y)ll < € for all x, y € K with [|lx — yllz < 0.k and k € Z with |k| > N, .

Then for each ¢p € PSAP_,(Z, X, ), [F(-) := f(,¢.) € PSAP_,(Z, X, ).

Proof. Let m € Z*. For each ¢ € PSAP_.,(Z, X, o), we can get ¢, € PSAP_,(Z, %, o) from Lemma 3.11.
Let K = {¢, : n € Z}. By the fact ¢, € PSAP_,(Z, %, ) and Corollary 3.20, for any ¢ > 0 there exists
N! € Z* such that for n > N}, Cardzl:f:{ @) < i From the condition (A1), for this ¢, there exists N} € Z*
verifying z;ﬁ Yo MaXsek—minz | f(S + @, Psrw) + F(S, —Psta)ll < g forn > N2. From the condition (A3),
for above ¢ > 0 there exists 0. x = ¢ and N,k := N2 € Z* such that lf(s, Ps) — f(s, —Ps+0)ll < § whenever
llps + Ps+allz < € and |s| > N2. Thus we have for n > N, = max{N}, N?, N3}

n

1 max _|If(s + @, Pssaw) + £(5, Os)ll

2n+1 selk—mkINZ
k=—n

n

1
< + )+ - )
- 2n+1kzz—:nse[kmma,1§nZ”f(s W, Psr) + f(5, = Psrol
1 n
* 4 - r (W
T L 699 = S =G
< itan max _||£(s,¢s) = f(s, ~Psso)ll
T 4 2n+1 se[k—m,kINZ. '(PS ’ ¢s+w
kE[—n,l’l]\M”,é((])”)
1
* - - )
T, pmax  If(s, 9s) = (s, = sl
kEMVI,L ((Pn)
card M,, .
< E4 oy S M ()

171 m+l Y
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which implies lim,_« 2nlﬁ Yo MaXsek-m iz | f(s + @, Ps+w) + f(5,Ps)ll = 0, i.e. for each given ¢ €
PSAP_(Z,X, ), F(-) = f(-,¢.) € PSAP_,(Z,X,0). O

Theorem 3.23. Assume that p € U, and # is a phase space and satisfies the condition (F) in Lemma
3.11. Let f € I®(Z x %, X) satisty conditions (A1*) and (A3) in Theorems 3.18-3.22. Then for each ¢ €
WPSAP_,(Z, X, p, ), F(:) := f(-,¢.) € WPSAP_,(Z, X, p, ).

Proof. The proof can be similarly conducted by adding weighted p in Theorem 3.22. [J
The following theorems are based upon sets X(1, m) and X(n, p, m) defined by equations (2)-(3).

Theorem 3.24. Assume that % is a phase space verifying the condition (F) in Lemma 3.11. Let f €
[*(Z x #B, X) satisty the condition (A1) in Theorem 3.17 and suppose further that

(A4) There exists a function L(-) € Z(n,m) such that for any ¢ > 0, there is a constant 6 > 0 satisfying
Ilf(k,x) = f(k, Il < L(k)e for all x, y € K any bounded subset of % with ||x — yllz < 6 and k € Z.

Then for each ¢p € PSAP_,(Z, X, ), [F(-) := f(,¢.) € PSAP_,(Z, X, o).

Proof. Letm € Z*. For each ¢p € PSAP_.(Z, X, o), we can get ¢, € PSAP_,(Z, #, ) from Lemma 3.11. Let
K = {¢y : n € Z}. From the condition (A4), for any ¢ > 0 there exists 0 > 0 such that [|f(k, ¢x) — f(k, —=Pr+0)ll <
L(k)e whenever ||px + Prrwllz < 0 for all k € Z. From the condition (Al), for above ¢ > 0 there exists
N! € Z* such that 5= Y}, maXsejk-minz If (S + @, Psiw) + £(5, =Ps10)ll < § for n > NL. By Corollary 3.20
and ¢, € PSAP_,(Z, %, m), for above ¢ > 0 there exists N? € Z* such that Cardzl:ﬁf @) < s forn > N2,
Since £L(-) € X(n, m), there exist N* € Z* and M > 0 such that 75 Yi__, maxse-mnz £(s) < M for n > N°.
For n > N = max{N}, N2, N®}, we have

n

1
T 2 sl I+ 0900+ S0

=—n

1 n
< + w) T r @
< BT L PO 0 Br) + f6 0
1 n
+ —_ —
T T Dt sl 6 99 = 6=
1 n
< -
S 5 ;156[,;5%2 F G5 + @, Pora) + £(5,~Pssa
1
+ - - )
2n+1 se[lg}jﬁml ||f(S, qbs) f(S/ ¢s+a )”
ke[-n,n]\M,,5(¢n)
1
+ - - )
2n+1 se[krfln?,lémz “f(S, (;Z)S) f(S, Qbs-m )”
kEMn,b((f)n)
€ 1 v card M, 5(¢n)
< 4+ 4 2|[F]f o )
< 3+ (e £ ez L6)e + 20l =77
< §+M£+§=(M+1)e,
which implies that

1y
lim > kz X IIfS + @, Buv) + FG5, 0 =0,

m,k|NZ.

ie. F(-) := f(-,¢.) € PSAP_,(Z, X, o) for each ¢ € PSAP_,(Z,X,00). O
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Theorem 3.25. Assume that p € U, and 4 is a phase space satisfying the condition (F) in Lemma 3.11. Let
f €I®(Z x %, X) verify the condition (A1*) in Theorem 3.18 and the following assumption:

(A4") There exists a function L(-) € X(n, p, m) such that for any ¢ > 0, there is a constant 6 > 0 satisfying
lf(k, x) — f(k, y)ll < L(k)e for all x, y € K any bounded subset of Z with ||x — yllz < 6 and k € Z.

Then for each ¢p € WPSAP_,(Z,X, p, ), F() := f(-,¢.) € WPSAP_,(Z, X, p, ®).

Proof. The conclusion can be similarly proved by adding weighted p in Theorem 3.24. [J

Theorem 3.26. Assume that % is a phase space satisfying the condition (F) in Lemma 3.11. Let f €
I°(Z x A, X) verify the condition (Al) in Theorem 3.17 and suppose further that

(A5) There exists a function £(-) € X(n,m) such that for all x, y € # and k € Z, ||f(k,x) — f(k, )l <
L)llx = yll.

Then for each ¢ € PSAP_,(Z, X, ), f(-,¢.) € PSAP_,(Z, X, ).
Proof. We can prove the result through replacing 6 in Theorem 3.24 by ¢. [

Theorem 3.27. Assume that p € U, and ¥ is a phase space satisfying the condition (F) in Lemma 3.11. Let
f €I®(Z x A, X) verify the condition (A1*) in Theorem 3.18 and the following assumption:

(A5") There exists a function £(-) € I(n,m) such that for all x, y € # and k € Z, ||f(k,x) — f(k, Il <
LO)llx = yll.

Then for each ¢ € WPSAP_,(Z,X, p, ), () := f(-,¢.) € WPSAP_,(Z, X, p, ®).
Proof. The proof can be conducted by a slight modification of Theorem 3.25. [J

Remark 3.28. (1) It is obvious that v € X(n,m) if v() =L > 0 or v : Z — IR, is g-th summable for 1 < g < co.
Thus v € X(n,m) if v : Z — R, is g-th summable for 1 < g < oo by letting v(-) = L > 0 whenever q = co.

(2) We can get v € L(n, p,m) if v(-) = L > 0 or (pv)(-) : Z — R, is summable with (pv)(k) := p(k)v(k) for each
keZ.

@) If v(-) : Z — R, verifies that (pv)(:) : Z — R, is g-th summable for 1 < g < co with lim,_,«
thenv € X(n, p, m).

(4) We can similarly present and discuss notions of pseudo w-antiperiodic sequences [18] with infinite delay
as aforementioned techniques.

q-1
2n+1) 1 oo
s(n,p) 4

4. Existence results

In this section, we consider existence results for pseudo S-asymptotically w-antiperiodic solutions to the
Volterra difference equation (1).

For a given A € C, we denote S(A, k) € C by the solution of the difference equation

S k+1) =AY\ gak—)S(A, j), k € Z,,
S(A,0) = 1.

Let Qg := {)\ e C: Z IS(A k)| < 00}. For any A € Qg and p € [*(Z, X), it follows from [12] that
k=0

the expression u(n + 1) = Y,;__ S(A,n — k)p(k) formulates the solution to the following linear equation
un+1)=A7A Z]'?:_oo a(n — ju(j) + p(n), n € Z. Thus for A € Qg, if k = S(A, n — k)p(k, ux) is summable on Z,
for each n € Z, then a sequence defined by u(n +1) = Y,___ S(A,n — k)p(k, 1) is a solution to Eq. (1) (see
also [8]).

We always assume that % is a phase space satisfying the condition (F) in Lemma 3.11 in the following
hypotheses:
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(Hp1) Forall (k,u) € Zx % andm € Z*,lim,_, Mlj Y e, MaXsefk—m knz IP(s + @, ) + p(s, —u)|| = 0 uniformly
on any bounded set of #.

(Hp2) There exists a function L, : Ry — R, such that for each r > 0 and all u,v € # with |lullz <7, |lvll% <,
lip(k, u) = p(k, )|l < Ly(r)llu = vllz, k € Z.

(Hp3) There exists asummable function £,(-) : Z — R, suchthatforallu,v € Zandk € Z, ||p(k, u)—p(k, v)|| <
Ly (k)l[u = 0llz.

Lemma 4.1. LetA € Qg. Assume further that conditions (Hp1)-(Hp2) hold. Then foreachu € PSAP_,(Z, X, ),
P(n) == Y.;__ S(A,n—k)p(k, ux) € PSAP_,(Z, X, o).

Proof. For each given u € PSAP_,(Z, X, o), we can get n +— u, € PSAP_,(Z, %, ) from Lemma 3.11. It is
bounded and there exists abounded subset K of Z such thatu,, € K foralln € Z. It follows from the condition
(Hp2) that p(k, u.) is uniformly continuous on the bounded subset K uniformly for k € Z. Thus we have from
Theorem 3.22 together with conditions (Hp1)-(Hp2) that p(-, 11.) € PSAP_,(Z, X, 00) if u € PSAP_,(Z, X, o).
It further follows from Corollary 3.15 that P(n) € PSAP_,(Z, X, o) for each u € PSAP_(Z, X, ). [

Lemma 4.2. Suppose that A € Qg and conditions (Hp1) and (Hp3) are satisfied. Then P(n) := },;__ . S(A, n—
k)p(k, ux) € PSAP_,(Z,X, o) whenever u € PSAP_,(Z, X, o).

Proof. It follows from Theorem 3.26 and Remark 3.28(1) together with conditions (Hp1) and (Hp4) that
p(-,u.) € PSAP_,(Z, X, ) for each u € PSAP_,(Z,X, ). Thus we have from Corollary 3.15 that P(n) €
PSAP_,(Z, X, ) whenever u € PSAP_,(Z,X,00). O

In what follows, we suppose that A € Qg with [S(A, )1 = Y12, IS(A, k)l and H is a constant in the Remark
2.3.

Theorem 4.3. If conditions (Hp1)-(Hp2) are satisfied, then Eq. (1) admits a solution u € PSAP_,(Z, X, o)
whenever

sup[r — HrL,(Hr)IS(A, )b ] > IS(A, )l sup [|p(k, O)]I. (4)

>0 keZ
Proof. We define the operator P : PSAP_,(Z, X, o) — PSAP_,(Z, X, ) by

n—1

Pu)(m) = Y, S(A,n—1=Rp(k, ). (5)

k=—00

It is known from Lemma 4.1 that # is well-defined for each u € PSAP_,(Z, X, ). By the condition (4), there
exists a constant r > 0 such that

r — HrLy(Hr)IS(A, )l > |S(A, )k SkuP lip(k, O)II. (6)
cZ

Let B = {u € PSAP_,(Z, X, ) : ||u]|o < 1}, then B is a closed subset of PSAP_,(Z, X, 0). We claim that
P(B) € B. In fact, for any u € B and all n € Z, we have

n—-1
Y 1S, 1 =1 = R)lipCk, )1l + lIp(k, u) = p(k, O)I]

IPu)Il - <
k=—00

< [supliptk, Ol + HrL, (H IS, .
€Z

which implies from (6) that ||Pull < r and thus P(B) C B.
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It follows from (6) that r — HrL,(Hr)|S(A, -)l1 > 0, i.e. HL,(Hr)|S(A,)l1 < 1. For eachu,v € Band alln € Z,
we have

n—-1
Y 18,1 =1 = R)lp(k, u) - plk, o0

k=—c0

HL,(Hr)IS(A, llu = vlles,

|(Pu)(n) = Po)(m)ll

IA

IA

which implies ||Pu — Poll < HL,(H7)IS(A, -)l1][t — 0||eo. Thus £ is a contraction on B and has a unique fixed
point u € B, which is also a solution u € PSAP_,(Z, X, ) to Eq. (1). O

Corollary 4.4. If conditions (Hp1)-(Hp2) hold with L,(-) = L > 0 and HL|S(A, )y < 1, then Eq. (1) has a
unique solution u € PSAP_,(Z, X, o).

Proof. Since 1 — HL|S(A,-)li > 0 and [S(A, )l supllp(k,0)] < oo, there exists a r+ > 0 satisfying r+ >
keZ

B 0z WEOL Thus forall r > r+, we have r—HrLIS(A, )l > IS(A, )1 sup llp(k, 0)I, ie. (6) holds forall r > r+.

kez
We can infer from the proof of Theorem 4.3 that Eq. (1) admits a unique solution u € PSAP_.(Z, X, o). O

Theorem 4.5. Assume that conditions (Hp1) and (Hp3) hold. Then Eq. (1) admits a unique solution
u € PSAP_,(Z, X, ).

Proof. Consider the operator # defined by (5). It is known from Lemma 4.2 that (Pu)(n) € PSAP_,(Z, X, o)

for each u € PSAP_,(Z, X, ). Thus the operator P is well-defined. Since A € Qg, we have sup |S(A,n)| < C”
nez
for a suitable constant C* > 0. For each u,v € PSAP_,,(Z, X, ) and all n € Z, we have

n—-1
Y 18,1 =1 = R)lp(k, u) - plk, o0

IPw)n) = Po)m)ll - <
k=—00
n-1
< HC( Y £,00)l = vll.
k=—00

Generally, from [11, Lemma 3.2.] and technique of mathematical induction, we have

" u)(n) = (P 0)n)|

n-1

< Y180, - 1= Rllplk, ")) - plk, @ o))l
k=—c0
(HC*)m n—1

< (m — 1)| Z Lp(k)( Z Lp(]) ]”u — Uloo

j=—00

coyn § e
(Hm!) (Z L)) llu = lleo < % "

- 0”001

HC ”Lp”l) || (HC*H-Eplll)m

which implies that [|P"u — P"vll < — Ul|leo. Since o < 1 for sufficient large m € Z*,
we conclude from the Banach fixed point theorem that  admits a unique fixed point u € PSAP_,(Z, X, o)
which is a solution to Eq. (1). O

Example 4.6. We give a simple example to illustrate our main results. Assume that a(k) = a* with |a| < 1 for
aeCand A € D(—a,1) :={z € C: |z+a| < 1}. Itisknown from [12, Example 3.3] that S(A, k) = AA+a)1 k>1
and D(-a,1) € Qg. We consider the following difference equation:

un+1)=A Z A" u(k) + p(n, un),n € Z. @)

k=—00
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Let p(k, uy) := 224D () > 0), we have for m,w € Z*

‘ sin(us + 1) sin(—us + 1) H

lim max
n—eo 2+ 1 - selk-mkinz els+l ekl

ne® +1
< Jlim >z
n—co Zn +1 sel k m k]mZ e|s|

which shows the condition (Hp1) holds. Moreover for each uy, vy € #Z and k € Z,

sin(uy + 1 sin(vg + 1
pk ) — plk, ol = IS+ 1 @+,

T 7 < e = vz < nlluie = viellzs,

which shows the condition (Hp2) holds. Hence for 1 small enough, we can get Eq. (7) has a unique solution
u € PSAP_,(Z, X, o) via Corollary 4.4 .

Finally we give numerical simulations for solutions of Eq. (7). Let f(n) := _”+4 ,n € [-4,12] N Z be

a function with 16 as the antiperiodic length. In Figure 1, we let a = %,/\ 1 and p1(n,u,) = f(n) +
sin(u(n—100)+1)

—k-1
T ,n € Z, thus u(n +1) = Zk__oo 3 (%)n p1(k, ur). In Figure 2, we let a = 5,/\ = 5 and

n—k-1
pa(n,u,) := f(n)cos 2 + %,n €Z thusu(n+1) = Y;__ 2 ><( ) pa(k, ux). The notation *
denotes values of u at n.

ol
w=16,a=1/2,A=1/3 !
2 f
s
o % %
* * * |
F F B 15K F F F
SRR R O S
B s e
A S L T A S
R A T
SRR RN LI RN
IR IR I AL T A I A
1 | ‘\ 1 L 1 1 1 I 1 1 ‘\ “l ‘\ 1
-T20-304 88 2 86 40 % B | § 34 4D 56 72 88 104 180
O T T A S I T I T S
ST S N S R
L o* S I PR I S
FhoOTd Fg Ty ¥ L T S
| |y ¥ | ¥ ‘ L L% L%
*J * * * Lk * *] *J
.5
¥ ¥ v Y o¥ oy ¥

Figure 1: Solution u(n) for p; on [-120,120].
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w=16,a=2/5,\=2/5 e
%
O O
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| . | ¢ 0.5 | ! |
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Figure 2: Solution u(n) for p, on [-120,120].
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