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Abstract. The significance of weighted generalized inverses inspired us to extend the concepts of the
g-MPD and g-DMP inverses. In particular, we define weighted versions of the g-MPD and g-DMP inverses
solving two systems of operator equations. Characterizations and representations of weighted g-MPD
and g-DMP inverses are presented. The operator matrix forms of the weighted g-MPD inverse are given.
Consequently, we get new results for g-MPD and g-DMP inverses and extend some known properties of
g-MPD and g-DMP inverses. Applying the weighted g-MPD and g-DMP inverses, we verify solvability of
some systems of linear equations and minimizations problems.

1. Introduction

For arbitrary Hilbert spaces H and K, let B(H, K) be the set of bounded linear operators from H to K, and
let B(H) = B(H, H). If A € B(H, K), we stand A*, N(A) and R(A) for the adjoint, null space and range of A4,
respectively. Denote by Py the orthogonal projector onto M and by Py s the projector on M along S, where
M and S are closed subspaces.

Solvability of various systems of linear equations is a problem in many areas: physics, economy,
statistics, operational research, and others. As solutions of systems of linear equations, the concepts of
numerous generalized inverses were presented. The Moore-Penrose inverse of A € B(H, K) is the unique
solution X = A" € B(K, H) to the system

M AXA=4, @XAX=X, () (AX)'=AX, () (XA) = XA.

It is known that A" exists if and only if R(A) is closed in K [8]. The Moore-Penrose inverse is applicable in
linear estimation, image restoration, Markov chains, differential and difference equations, graphics, coding
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theory, cryptography, robotics [3, 5]. The relation between the Moore-Penrose inverse and the least-squares
solution problem, as a special case of nonlinear optimization problems, was given in [21].

If M and L are subspaces of H and K, respectively, the outer inverse of A € B(H, K) with the fixed range
M and null space L is the unique operator (if it exists) X = Aﬁ?L € B(K, H) satisfying XAX = X, R(X) =M

and N(X) = L [3]. For a C {1,2, 3,4}, the a-inverse X = A;&?L of A € B(H, K) with the fixed range M and null
space L is the unique operator (if it exists) for which equations from the definition of the Moore-Penrose
inverse contained in a hold.

For a fixed W € B(K, H)\{0}, the Wg-Drazin inverse of A € B(H,K) [7] is the uniquely determined

solution X = A*W € B(H, K) to
AWX = XWA, XWAWX =X and A-AWXWA is quasinilpotent.

If A — AWXWA is nilpotent, AW reduces to the W-weighted Drazin inverse APW [6]. When H = K and
W =1, A? = A% is the generalized Drazin inverse of A [12] and AP = AP! is the Drazin inverse of A
[9]. For the Drazin inverse, the statement that A — AXA is nilpotent is equivalent to AM1B = Ak for some
non-negative integer k; and the smallest such k is the index ind(A) of A. If ind(A) < 1, A* = AP is the
group inverse of A. Set B(H,K)*W, B(H,K)P", B(H)? and B(H), respectively, for the sets of Wg-Drazin
invertible and W-weighted Drazin invertible operators of 8(H, K), and generalized Drazin invertible and
group invertible operators of B(H). We know that A € B(H, K)*" if and only if AW € B(K)? if and only if
WA € B(H)* [7]. In addition, A*W = (AW)?)2A = A(WA)H?, (AW)4 = A“WW and (WA)* = WALW,

The notion of the weighted core-EP inverse was defined in [10] for a rectangular matrix and extended
to a Wg-Drazin invertible bounded linear operator between two Hilbert spaces in [17]. If W € B(K, H)\{0}
and A € B(H,K)*", there exists the unique W-weighted core-EP inverse X = AW € B(H, K) of A such that

WAWX = Pgayy and R(X) € R((AW)).

We observe that AYWWAWASW = A9W R(AW) = R(AW)?) and R((A®")*) = R((WA)?). Dually, the
W-weighted *core-EP inverse of A is the unique operator X = Ay w € B(H, K) satisfying

XWAW = Prawyyy and R(X") € R((WA)Y)).

When H = Kand W = I, A? = A%l (or A, = Ag)) is the core-EP (or *core-EP) inverse of A [17, 20]. For a
Drazin invertible operator A € B(H) and ind(A) < 1, A® = A® (or Ag = Ap) is the (dual) core inverse of A [1].
According to [17] and [14], A% = A[(WA)°]*> and Agw = [(AW)e]*A. Properties of the weighted core-EP
inverse can be found in [2, 11, 13].

As generalizations of the Moore-Penrose inverse, the generalized Moore-Penrose (or gMP) inverse and
its dual were introduced in [22] for a generalized Drazin invertible Hilbert space operator. Extending the
concepts of the gMP inverse and its dual, the weighted generalized Moore-Penrose inverse and its dual
were presented in [19] for operators between two Hilbert spaces. For W € B(K, H)\{0} and A € B(H, K)y4W,
the W-weighted generalized Moore-Penorse (or W-gMP) inverse A*" of A is defined as the unique solution
to

XWAWX =X,  WAWX = WAWA*YWAW) AW and

XWAW = (A WAW)T AW IWAW,

which is expressed by
AW = (ATNWAW) AP,

The dual W-weighted generalized Moore—-Penorse (or dual W-gMP) inverse A, w of A is the unique solution
to
XWAWX =X, WAWX = WAWA, w(WAWAw)" and

XWAW = Agw(WAWAg w) WAW,
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which is represented as
Ao = Agw(WAWAG ).

In the case that H = Kand W = I, A° = A®! is the gMP inverse and A, = A, is the dual gMP inverse [22].
If A € B(H)*, A° becomes A'. Various expressions for the gMP inverse were developed in [4, 16, 22-24].

For A € B(H)", the product AA®A is very significant for decomposing the operator A, for representing
well-known generalized inverses and for investigating partial orders. Notice that A = (AA®A)® and
A°® = (AA®A)'. Solving some system of operator equations, a new generalized inverse of AA®A was defined
in [15], represented by the generalized Moore-Penrose inverse and the generalized Drazin inverse of A
and called a generalized MPD inverse of AA®A. Precisely, if A € B(H)?, the generalized MPD (or g-MPD)
inverse of AA®A is the uniquely determined solution to

XAA°AX =X, AA°AX=AA" and XAA®A = (A®A)'A°A

and given b
i ’ A = (ACA)TAT = ACAAY.

The generalized DMP (or g-DMP) inverse of AAgA is the unique solution to
XAAGAX =X, AALAX = AA4(AAL)' and XAAGA = A%A,

which is expressed as
Age = AYAA)T = ATAA,.

If A € B(H), A> = Ay and Ay, = A®. Applying the g-MPD and g-DMP inverses, some systems of linear
equations and minimization problems were solved in [15].

The weighted generalized inverses, defined as extensions of corresponding generalized inverses, have
many applications in the weighted linear least-square problems, statistics, neural networks and numerical
analysis [3]. The great importance of weighted generalized inverses motivated us to further investigate
this area. Our aim is to generalize the notions of the g-MPD and g-DMP inverses of AA°A when the op-
erator A is generalized Drazin invertible Hilbert space operator, to the case that A is Wg—Drazin invertible
operator between two Hilbert spaces. Precisely, solving two systems of operator equations, we introduce
the weighted versions of g-MPD and g-DMP inverses as unique solutions of these systems. Many char-
acterizations and expressions of weighted g-MPD and g-DMP inverses are established. We give operator
matrix representations of the weighted g-MPD inverse. The weighted g-MPD and g-DMP inverses can be
applied in solving systems of linear equations and minimizations problems. Thus, several known results
for g-MPD and g-DMP inverses are extended and some new properties for g-MPD and g-DMP inverses are
presented as consequences.

This paper is organized in the next manner. In Section 2, we define and characterize the weighted
g-MPD and g-DMP inverses. The operator matrix forms and some expressions of the weighted g-MPD
inverse are parts of Section 3. Section 4 involves applications of weighted g-MPD and g-DMP inverses in
solving systems of linear equations and minimization problems.

2. Weighted g-MPD inverse

Generalizing the concepts of g-MPD and g-DMP inverses, we present their weighted versions as solu-
tions of the following systems of operator equations.

Theorem 2.1. If W € B(K, H)\{0} and A € B(H, K)*W, then
(@) X = (A"WAW)'AYW is the uniquely determined solution to
XWAWAYWAWX = X, XWAWASYWAW = (AYYWAW)TASWIWAW

and WAWA®YWWAWX = WAWAW; (1)
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(b) X = AYW(WAWAqw)' is the uniquely determined solution to
XWAWAL wWAWX =X, WAWA, yWAWX = WAWA, w(WAWAg )"
and XWAWA, wWAW = AYWWAW.

Proof. (a) The projector A"WAW has a closed range, which implies the existence of (A2 WAW)*. Using
AYWWAWASW = A®W we check that X = (AYWWAW)'A%W satisfies the first two equations in (1). The
equality AW = ASWWAWA®YW yields
WAWA*WWAWX WAWASWWAW(ASYWAW)T AW
= WAWA*"YWAW(ASYWAW)" AWV IWAW) AW
WAW(ASYIWAWAYN) = WAWAYY,
Hence, X = (A"WWAW)tA%W is a solution to (1).
For a solution X of the system (1), we have
X (XWAWAYWAW)X = (ASYWIWAW)T ASYIWAWX
= (AY"WAW) AW IWAWACYIWAWX)
(AYWAW)Y (ALY IWAWATWY)
(AW IWAW)T AL,

So, X = (AYWWAW)'A%W represents the unique solution to (1).
Analogously, we verify part (b). O

Definition 2.2. For W € B(K, H)\{0} and A € B(H, K)*W,
(a) the W-weighted g-MPD (or W-g-MPD) inverse of WAWA®WWAW is introduced by

Ao,d,W — (A@’WWAW)fAd’W.
(b) the W-weighted g-DMP (or W-g-DMP) inverse of WAWAq wWAW is introduced by
Adow = A"NWAWAL ).

In the case that H = K and W = I, the W-g-MPD inverse A>*" and the W-g-DMP inverse Aj.w,
respectively, become the g-MPD inverse A°? and the g-DMP inverse A, .

Corollary 2.3. For W € B(K, H)\{0} and A € B(H, K)*'", we have
Ao,d,W — AO,WWAWAd,W

and
Agow = AYWWAWA, .

Proof. We only prove the first equality, because the second equality follows in a similar manner. Note that
AN = (ASWWAW)TAYY = (AVWAW)TASVIWAWASY = AWIWAWATW.
0
Remark that, for A € B(H, K)P'"V in Definition 2.2 and Corollary 2.3,
AP = (APWWAW) AP = AWIWAWAPW

and
Ap.ow = APYWAWAL w)" = APYWAWA, w.
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Example 2.4. For the complex matrices

30001 1000
01011
A:OOlllandW=OOlO,
00001 0 001
0000
we have )
Josse
3 1
war={o 010 0l a"=amwaep=|? s 000
000 0 0 00100
000 0 0 [0 0 00O
1 1
10001 i
0 1 o L 4 %?Ogé
D _ 2 32 DW _ pp_|0 5 0 5 5
WA =[0 01 1 2 APW = A[(WA)PP? =
0000 0l 0011 21/
000 0 0 [0 0 0 0 0
1 0 0 0 ! 0 0 00
0 % -5 O 0 & -%5 00
(APVWAW)" = %8 , AN = Y2
0—313?0 0—15—719—900
0 &5 =& 0 0 £ 3 00
and
i 0 o o &
0 2 _3 _1 _1o
ADW — 19 19 19 57
o -+ W 2 17
57 19 37 %71
o L 2 2 1l
1

Qa1
N
=
a1
N
N
[

New expressions of A" and A4 are given.
Lemma 2.5. If W € B(K, H)\{0} and A € B(H,K)*'", then
AN = Ppaammany A = (WASYWAW) AT

and
Ad,o,W = Ad'WPR(WAWA@'W) = Ad’WW(WAWA@,wW)+.
Proof. Since RIWA®"WWAW) = RIWA®WWA) is closed, (WA®WWAW)' exists. Now,
AN = (APYWAW)TATY = (AP IWAW) AT IWAWAT Y
p R((A@«WWAW)*)Ad’W =P R((WA@/WWAW)*)Ad/W
= (WAY"WAW)' WA WAWAYW
(WAL WAW) T WAW,

O

We establish necessary and sufficient conditions for an operator to coincide with A*4".

Theorem 2.6. Let W € B(K,H)\{0}, A € BH,K)*" and X € B(H,K). Then the following statements are
equivalent:
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(i) X =AW,

(ii)) XWAWAS"WAWX = X, WAWA"WAWXWAWASWWAW = WAWASYWIWAW,
XWAWASWWAW = (AW WAW)' ASWIWAW and WAWASWIWAWX = WAWA?W;

(i) XWAWASYWAWX = X, WAWXWAW = WAWAWWAW)'AYWIWAW, XWAW =
(ASWIWAW) AYWWAW and WAWX = WAW(ASVIWAW)F A®W,

(iv) XWAWASYWAWX = X, XWAW = (ASVWAW)T AYWWAW and WAWX = WAW(ASVWAW) A4W,
\% = an = 4 4 ;
XWAWAYW = X and XWAW = (A" WAW)ATWIWAW
V1 = an = 4 (= ),
i) XWAWAYW = X and XWAWASW = (ASWWAW)t AW (= AW
\211 = an 4 = g 2 K
ii) XWAWAYY = X and XWAWASVWAW = (ASWWAW) AW IWAW,
V111 = an 4 , = , ;
iii) XWAWAW = X and XWAWASWYIWAW(ASWYIWAW)' = (AW IWAW)!

x) (AYWWAW)TASWWAWX = X and WAWX = WAW(ASVIWAW)F A®W,

)
)
)
(ix) XWAWAW = X and XWAWASWWAW(ASWWAW) = (AW WAW);
)
(xi) (ASWWAW)TATWWAWX = X and AW WAWX = AW,

)

(xil) (AW WAW)'ASVWAWX = X and WAWASWIWAWX = WAWADW.

Proof. (i) = (ii)~(xii): Using X = A**W = (ASWWAW)'A?W, we show these implications.

(ii) = (i): It is evident by Theorem 2.1.

(iii) = (iv): Obviously.

(iv) = (i): We observe that

X (XWAW)ASW(WAWX)

(APYWAWYH AW WAWASYVYWAW (A WAW)F APV
(AP WAW) ALV IWAW (A IWAW)F AW
(A WAW)t AW,
(v) = (i): The assumptions XWAWAYW = X and XWAW = (ASWWAW)TA®WIWAW give

X = (XWAW)A™W = (ASYWWAW) (AT IWAWATWY)
(AP IWAW)T AL,
(vi) = (i): Recall that A%W = A9"WWAWAY"W. Note that XWAWA?W = X and XWAWA®W =
(APWWAW)F A2V (= A°W) yield
X XWAWAPW = (XWAWASYYWAWAYW
(AP WAW)YH AV IWAIWATWY)
(AP WAW)t AW,

(ix) = (viii) = (vii) = (vi): These implications are clear by the properties of the Moore-Penrose inverse
and the W-weighted core-EP inverse.
We finish this proof in a similar way. [

Using Theorem 2.6, we obtain the next consequence for W-weighted Drazin invertible operator A.

Corollary 2.7. Let W € B(K, H)\{0}, A € B(H,K)P"W, max{ind(AW), ind(WA)} = k and X € B(H,K). Then the
following statements are equivalent:

(i) X = A°PW;
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(i) XWAWAPW = X and XWAW)H! = (ASWWAW)HAW);
(iii) (APYWWAW)TAPWWAWX = X and [(WAYTTWAWX = [(WA[TWAWAPW,;
(iv) (AP"YWAW)PAPWIWWAWX = X and [(WAIWAWX = [(WA) ' WAWAPW,

Proof. (i) = (ii): It is clear by Theorem 2.6(v).
(ii) = (i): Applying AWA2WWAPW = APW and Theorem 2.6(vi), we get this implication.
(i) & (iii): This part is evident by Theorem 2.6(xii) and WAWA®W = (WA)F[(WA)]!.
(i) © (iv): It is evident by properties of the Moore-Penrose inverse. [J

As with Theorem 2.6, we show the following equivalent conditions for X = A .w.

Theorem 2.8. Let W € B(K,H)\{0}, A € BH,K)*W and X € B(H,K). Then the following statements are
equivalent:

(i) X = AWIWAWALw)';

(ii) XWAWALwWAWX = X, WAWA, yWAWXWAWA, wWAW = WAWA wWAW, WAWA, wWAWX =
WAWA, w(WAWAgw)t and XWAWA, wWAW = AYWIWAW;

(i) XWAWA,wWAWX = X, WAWXWAW = WAWAW(WAWALW) WAW, WAWX =
WAWAW(WAWA, W)t and XWAW = AYW(WAWAgw) WAW;

(iv) XWAWA, wWWAWX = X, WAWX = WAWAN(WAWAgw)" and XWAW = AYWWAWA, w) WAW;
(v) AYWWAWX = X and WAWX = WAWAW(IWAWA,w);
(vi) APWWAWX = X and Ag wWWAWX = Ay w(WAWALw) (= Aow);

(vii) AYWWAWX = X and WAWA, wWAWX = WAWA, w(WAWA, w)t;

(viii) AYWWAWX = X and (WAWAqw) WAWA, wIWAWX = (WAWAw)';
(ix) AYWWAWX = X and (NAWAgw) WAWA, wWAWX = (WAWA.w)";
(x) XWAWAsw(WAWAgw)" = X and XWAW = AWWAWA,w) WAW;
(xi) XWAWA,w(WAWAgw)" = X and XWAWA, w = AW,

(xil) XWAWAsw(WAWA,w)t = X and XWAWA, wWAW = AYWWAW.

Theorem 2.8 gives more characterizations for X = ADOW,

Corollary 2.9. Let W € B(K, H)\{0}, A € B(H,K)"'", max{ind(AW), ind(WA)} = k and X € B(H,K). Then the
following statements are equivalent:

(i) X = AP,

)
(i) APYWWAWX = X and (WA} WX = (WAY}(WAWA,w)*;
(iii) XWAWApw(WAWApw)" = X and XWAW[(AW) ] = APWWAW[(AW)FTH;
(iv) XWAWApw(WAWApw)t = X and XWAW[(AW) ] = APWWAW[(AW) T,

By Theorem 2.6 and Theorem 2.8, we deduce that AW and Ay ow, respectively, are both outer and
inner inverses of WAWA®WWAW and WAWA, wWAW. We find their ranges and kernels in the following
result.

Lemma 2.10. If W € B(K, H)\{0} and A € B(H,K)*", then
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(i) A“WWAWASWWAW is the orthogonal projection onto R((A®WWAW)");
(ii)) WAWASWWAWA>@W is the projection onto RIWA®W) along N(A4W);

i W (12,4)
(iii) A" = (WAWAY WAW) (Aawmwamy Ny

(iv) Ago wWAWAewWAW is a projection onto R(A*W) along N(AYWW);
(v) WAWAowWAWA, . w is the orthogonal projection onto RIWAW Aq,w);

(Vi) Agonw = WAWALWWAWN 2D o

Proof. (i) Theorem 2.1 gives A*WWAWAYWWAW = (ASWWAW)'ASWWAW is the orthogonal projection
onto R(APWWAW)') = R((A*WWAWY").

(i) WAWASWWAWA*AW = WAWA?W is the projection onto RIWAWA®W) = R(WA?YW) along
N(WAWA®W) = N(ASW).

(iii) It follows by (i) and (ii).

Similarly, we show the rest. O

Lemma 2.10 yields the next consequences.

Corollary 2.11. If W € B(K, H)\{0} and A € B(H, K)*W, then
(i) AN = (WAWASYWWAW) if and only if WAWAIW = (WAWA?WY;
(ii) Agow = (WAWAwWAW) if and only if AYWWAW = (AYWWAW)".

Proof. (i) It is clear by Lemma 2.10(iii) and WAWA®WWAWA®4W = WAWA?W.
The part (ii) follows in a same manner. []

Corollary 2.12. If W € B(K, H)\{0}, A € B(H, K)"'" and max{ind(AW), ind(WA)} = k, then
(i) APWWAWAPWWAW is the orthogonal projection onto R(WAW)* (WA)");
(i) WAWAPYWWAWA®PW is the projection onto R(WA)X) along N(WA)*);

. oDW _ W (1,24)
(iii) A* = (WAWA®> WAW)R((WAW) (WA N(WAY)

(iv) Ap,owWAWA, wWAW is a projection onto R((AW)¥) along N((AW));
(v) WAWAp wWAWAD,w is the orthogonal projection onto RWAW[(AWT);

. 1,23
(vi) Apow = (WAWAQIWWAW);((AV)V)k),N((AW)k(WAW)*).

Some expressions for A" and A, w presented in [19] imply the following representations of A**" and
Ad,o,W'

Corollary 2.13. If W € B(K, H)\{0} and A € B(H, K)*'W, we have
AN = (WAWASYWAW) wAw AW

and
Agow = AYWWAW(WAWA, wWAW)'.

Proof. According to [19], A>" = (WAWA®WWAW)" and A, = (WAWA,wWAW)'. The rest follows by
Corollary 2.3. O
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Consequently, we obtain the next result for W-weighted Drazin invertible operator.
Corollary 2.14. Let W € B(K, H)\{0}, A € B(H, K)\PW and max{ind(AW), ind(WA)} = k. Then
APV = (WAF[(WATTWAW) WAWADPW

and
Apow = APYWAWWAW[(AW)TT (AW))T.

Proof. By [19], AW = (WAX[(WAT'TWAW) and A, w = (WAW[(AWYTFAW)SE. O
More characterizations for A°#" and A, w follow.

Theorem 2.15. If W € B(K, H)\{0} and A € B(H,K)*W, then

(@) X = A°4W s the uniquely determined solution to

WAWAYWWAWX = Pryacwynaawy and  R(X) € R(A*"WAWY); )

(b) X = A>*W is the uniquely determined solution to

XWAWA*YWWAW = Praawwanwyy and R(X") € R(A"™)"); (3)

() X = Ag.w is the uniquely determined solution to

WAWAGwWAWX = Prawawag,y and R(X) € R(A"™);

(d) X = Agow is the uniquely determined solution to

XWAWA@/WWAW = PR(Aer),N(AerW) and R(X*) C R(WAWA@/W)

Proof. (a) Using Lemma 2.10, we deduce that X = (A*"WAW)'A?W satisfies conditions in (2).
Let (2) hold for two operators Z and X. Then

WAWA*"WWAW(Z — X) = Prayaimy naiwy — Provacwy neaiwy = 0
gives R(Z — X) € N(WAWASWWAW) € N(A*"WWAW). Because
R(Z — X) € R(A®YWWAWY) N N(A*YWWAW) € N(AYWIWAW)* N N(AYWWAW) = {0},
we have Z = X = A**W is the unique solution to (2).
(b) Note that X = (A" WAW)'A%W is a solution to (3) by Lemma 2.10 and R(X*) € R((A*")) =

R([(WA)TT).
If two operators Z and X satisfy (3), then, by (WAWA@W) = WAWA®W,

R(Z'=X) < R@A"™)) N N(WAWA*YWWAW)")
= R((WAYT) N N(WAWA®Y) = R((WA)'T) N N(A>™)
= R(WAYT) NR(A*Y)) = RIUWA)'T) N R(WA)?) = {0},
ie. Z=X.

The parts (c) and (d) follow similarly. [J

Corollary 2.16. If W € B(K, H)\{0}, A € B(H, K)P'"W and max{ind(AW), ind(WA)} = k, then
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(@) X = A*PW is the uniquely determined solution to

WAWA@'WWAWX = PR((WA)k),N((WA)k) and R(X) - R((WAW)*(WA)I(),

(b) X = A>¥W is the uniquely determined solution to
XWAWAPYWAW = Prwawymayy and R(X) € ROIWAY'T);
() X = Ap,o,w is the uniquely determined solution to
WAWA, WWAWX = Prawawiawypy and  R(X) € R(AW)Y);
(d) X = Ap.w is the uniquely determined solution to
XWAWA, wWAW = Prawpniawyy  and  R(X") € RIWAW[(AW)T).

We can characterize the W-g-MPD inverse in the next way.

Theorem 2.17. Let W € B(K,H)\{0}, A € B(H,K)"" and X € B(H,K). Then the following statements are
equivalent:

(i) X =AW,
(ii) R(X) = R(AP"WAW)*) and WAWASWWAWX = WAWA*W;
(iii) R(X) = R((A®WWAWY") and A2WWAWX = A4W,
(iv) N(X) = N(A*Y) and XWAWASWVWAW = (ASWIWAW)t ASWWAW;
(v) N(X) = N(A*") and XWAWAPW = (ASWWAW)t AW,
Proof. (i) = (ii): This implication is evident using Theorem 2.1 and Lemma 2.10.
(ii) = (iii): Since WAWA®"WWAWX = WAWA*W, we have
AYYWAWX = AVIWAWASYVWAWX)
= A®VWAWAW
= AW
(iii) = (i): Becuase R(X) = R(A"WWAW)"), X = (A*WWAW)*U, for some U € B(H, K). Now,
X (AYWAW)T ALY WAW(ASYIWAW) U
(ASYWWAW)T ASWIWAWX

(A@,WWAW)+Ad,W
Ao,d,W.

The rest can be completed in a similar manner. [

We verify the next result related to the W-g-DMP inverse as Theorem 2.17.

Theorem 2.18. Let W € B(K, H)\{0}, A € B(H,K)"" and X € B(H,K). Then the following statements are
equivalent:

(1) X = Ad,o,W;
(i) N(X) = N(WAWAg,w)") and XWAWAwWAW = Ad’WWAW,'
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(iil) N(X) = N(WAWAgw)") and XWAWAg w = AW,

(iv) R(X) = R(AY) and WAWA, wWAWX = WAWA, w(WAW A w)*;

(v) R(X) = R(A“W) and AYWWAWX = AYY(WAWAgw)".

It is interesting to study equivalent conditions for A*#W = A*W.
Theorem 2.19. If W € B(K, H)\{0} and A € B(H, K)*V, the following statements are equivalent:
(i) AW = AW,

(i) AWV = AoW;

(i) Agow = Aow-
Proof. (i) = (ii): Notice that A>*W = A°W je. (AYWWAW)TALW = (ASWIWAW)T AW gives

AN = ASVWAWATY = ASWIWAW(ASYIWAIW) (A IWAIWADNY)
= AYWAW((AYYWAW) AYYY = ASWWAW(ASYIWAW)TASW
= AYWWAWATYWAW) ASWIWAWASW
= A®YWWAWA®W = AoV

(ii) = (i): Itis clear.
(i) © (iii): This equivalence follows similarly as (i) & (ii). O

Consequently, we characterize the equality A*? = A°.
Corollary 2.20. If A € B(H)", the following statements are equivalent:
() A% = A%
(i) A4 = A%,
(iii) Ago = Ao.

3. Expressions for A**W

The following operator matrix forms of A and W with the corresponding expression for AW were
developed in [17], and the adequate representation for the W-gMP inverse was established with [19,
Theorem 3.2].

Lemma 3.1. [17, Theorem 2.1] Let W € B(K, H)\{0} and A € B(H,K)*"W. Then

Az[Al AzH R((WAY) ]q[ R((AWY) ] 4
0 As || NI(WAYY] NI(AW)')']
and
Wz[ Wi W H R((AWY) ]H[ R(WAY) ] )
0 Ws || NI(AW)Y] NI(WAY)T |

where Ay € BR(WAY), RIAWY))"L, Wy € BRIAWYD, RIWAYD)L, AsWs € BIN[(AWYY 1) and WsAs €
BN[(WAY!. Furthermore,

i _ | ViAW) WU | R((WA)Y) R((AW)?) ©)
- 0 0 NI(WAY)] NI(AW))]
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and
e _ | THEEYIWMAWY™ 0 | [ R(WA)) R((AW)) %
E(I+EE) ' (WiAiW)™ 0 | 7| NI(WAY)] NI(AW)T)] |
where .
U =Y (WiA) D (W1 A + WaA3)(WaAs)"
n=0
and
E = Wi'W, + Wi AT (A W5 + W T, A3 W3).
We now present the operator matrix form of A*4".
Theorem 3.2. If W € B(K, H)\{0} and A € B(H, K)*W are given as in (4) and (5), respectively, then
AW — (I + EE")~ Y (W1 A1 Wy) 7 (I+EEY'Wtu ||
“ | B+ EEY (Wi AWy Ef(I+ EEND)TTWIUL |
R(WAY | _ | R(AW)) ®)
NI(WAY')] NI(AW)yT |

where E and U are represented in Lemma 3.1.

Proof. Let A, W, AW and AW, respectively, be represented by (4), (5), (6) and (7). We complete this proof
using the expression A*#" = A>WWAWA®W presented in Corollary 2.3. [

With respect to the orthogonal sums H = R(W) ® N(W*) and K = R(A) ® N(A”"), the operators A € B(H, K)
and W € B(K, H)\{0} can be represented by [18] as follows:

_| A A2 || RW) R(A)
A‘[O 0]'[N<W*>]*[N<A*>] ©)
and
W wy || RA) R(W)
W‘[ 0 0 ]'[N(A*)]*[MW*)]’ (10

where A1A] + A2A; € B(R(A)).
Theorem 3.3. If W € B(K, H)\{0} and A € B(H, K)*W are given as in (9) and (10), respectively, then
Aeaw _ [ ATV WIAW) DAY (AP Wi AW DAY W AT WAy |
T APV WL AW, DRATY (AP AL Wo) DY AS Y W AT W Ay |
RW) |_ [ R@A)
N(W") N@AY) |

where
D = AP W1 A Wi (AT WL AT+ ADTT I AT IV (AT IV AL )

Proof. For A and W expressed as in (9) and (10), respectively, we have by [18] and [19] that
qaw | AT @ WA [ RW) | [ R
0 0 | N(W¥) N(A")

and
aow _ [ AP WAy DRAY™ 0 ] T RW) | [ RA)
APMW A W) DTATY 0 || N(WY) N |

Applying A>¥W = A>WWAWA?W, we finish the proof. [
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The maximal classes of operators G and H such that A**" = (GWAW)'H are investigated next.

Theorem 3.4. Let W € B(K, H)\{0}, G,E € B(H,K) and A € B(H, K)*" such that RRGWAW) is closed. Then the
following statements are equivalent:

(1) AW = (GWAW)'E;
(i) (GWAW)'EWAW = (ASWWAW)'A“WWAW and (GWAW)'E(I - WAWA4W) = 0.
Proof. (i) = (ii): Because AW = (ASWWAW)tA?W = (GWAW)'E, it follows
(ASYWAW)Y AW WAW = (GIWAW) EWAW

wnd (GWAW)TE(I - WAWAPYY) = (AYWWAW)TAYY (1 - WAWAPW) = 0.
(ii) = (i): Using (GWAW)'EWAW = (ASWWAW)' A*WWAW and (GWAW)'E(I - WAWA®W) = 0, we
obtain
AN = (ATVWAW)T AT = (AW WAW)TAYYIWAW) AW
(GWAW) EWAWAYY = (GWAW)'E.

O
We consequently get new properties of the g-MPD inverse.

Corollary 3.5. Let G,E € B(H) and A € B(H)" such that R(GA) is closed. Then the following statements are
equivalent:

(i) A* = (GA)'E;
(i) (GA)'EA = (A®A)YA9A and (GA)'E(I — AAW) = 0.

One more expression for A*#W

is given.
Theorem 3.6. If W € B(K, H)\{0} and A € B(H, K)*W, we have
AN = (AP APV IWAW) TWAWAY,
Proof. According to [19], A*" = ((A®W)tASWWAW)*. The rest follows by A**W = A>WWAWAYW. O
As a consequence of Theorem 3.6, we obtain new representation for AcA,
Corollary 3.7. If A € B(H)*, we have
A = (A9)TA2A)TAAY
4. Applications of W-g-MPD inverse

We firstly apply the W-g-MPD inverse to solve certain systems of linear equations and represent their
solutions.

Theorem 4.1. If W € B(K, H)\{0}, A € B(H, K)*" and b € H, the general solution to

APVIWAWx = A%Wp (11)

x = A°PWp 4+ (I - AWIWAW), (12)

for arbitrary c € H.
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Proof. Notice that

AYWWAWASW = APVIWAW(APYIWAW) AT
= (AYYWAWATYWAW) ASYVIWAW) AP

= A*VWAWAYW
_ Ad,W.

Now, for x given by (12), we have
AYVIWAWx = A%Yh + (AYVIWAW — ASYWAW)e = AYWD.

We deduce that x is a solution to the equation (11).
If x is a solution to (11), then

(AYYWAWY AV IWAWX = (AYYIWAW) AY W = A°4WD,

which yields
x = A%Yp 4+ x — (AYVWAW) AV IWAWY = AWVh + (1 - AW WAW)x.

So, (12) is the form of x. O

Theorem 4.1 implies the next result about W-weighted Drazin invertible operators.

Corollary 4.2. Let W € B(K, H)\{0}, A € B(H,K)*'" and max{ind(AW), ind(WA)} = k. If b € H, the general
solution to

[(WAYTWAWx = [(WA)"WA(WA)Pb (13)
is expressed by (12).
Proof. Using (WA)® = (WA)P(WAK[(WAK]T, AW = A[(WA)PR(WAY[(WA)]*. Since
AIWAWX = A"h & o  A[(WAPPWAFTWATTWAWx = A[(WA)PT?b
&  (WAPWAKWAFTTWAWx = (WA)Pb
e  (WAI(WAYT WAWx = WA(WA)Pb
& [(WATWAWx = [(WA)T'WA(WA)PD,
by Theorem 4.1, the rest follows. [

Taking b € R((WA)") in Corollary 4.2, we solve the following equation.
Corollary 4.3. If W € B(K, H)\{0}, A € B(H, K)P" and max{ind(AW), ind(WA)} = k, the general solution to
[(WATWAWx = [(WA)T'D, b e R(WA)Y,

is expressed b
P Y x =AYb+ (1-AYWAW)c,

for arbitrary c € H.

Proof. The fact b € R(WA)¥) = R(IWA(WA)P) gives b = WA(WA)Pb and so, by Corollary 2.3, A>PWp =
A WWAWAPWY = A>WWA(WA)Pb = A°W. The rest is clear by Corollary 42. [J

We study when the equation (11) has the unique solution.

Theorem 4.4. If W € B(K, H)\{0}, A € B(H,K)*" and b € H, x = A**"b is the uniquely determined solution in
RAPYWAWY) of (11).
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Proof. The equation (11) has a solution x = A®*"b by Theorem 4.1. Lemma 2.10 gives that x = A>*"p €
R(A**W) = R(AYWWAW)").
Assume that x,z € R((AY"WWAW)*) are two solutions to (11). From

x —z € R(AYWWAW)) N N(AY"VWAW) = N(AYWWAW)* N N(AYVWAW) = {0},
(11) has in R((A*"WAW)") the unique solution z = x = A*"p. O
Using W-g-DMP inverse, we solve certain systems of linear equations in an analogue way:.
Theorem 4.5. If W € B(K, H)\{0}, A € B(H, K)*W and b € H, the general solution to
Ag wWAWx = A, wb (14)

x = Agowb+ (I - A"WWAW)C,
for arbitrary c € K.
Corollary 4.6. Let W € B(K, H)\{0}, A € B(H,K)P'" and max{ind(AW),ind(WA)} = k. If b € H, the general

solution to
(AWY'x = (AWY A, wb (o equivalently [(AWYTHAW) x = A, wb)

x = Ap.wb+ (I - APYWAW)c,
for arbitrary c € K.

Theorem 4.7. If W € B(K, H)\{0}, A € B(H, KW andb e H, x = Agowb is the uniquely determined solution in
R(APW) of (14).

Applying the W-g-MPD and W-g-DMP inverses, solvability of certain minimization problems are veri-
fied.

Theorem 4.8. If B € C™™, W € C"™™\{0}, A € C"™" and max{ind(AW),ind(WA)} = k, X = BA*PW is the
uniquely determined solution to

min [[XWAWA®"YWAW - Bllr  subjectto X € C"™"(WA)~. (15)

Proof. Using Theorem 2.1and Corollary 2.12, we know that A>°PWWAWAPWWAW = (APWWAW) ASWWAW
is the orthogonal projection onto R(WAW)*(WA)*). Since

B = BA*’YWWAWA®WWAW + B(I — A*PWWAWAPYWAW)
B(APWWAW)'APWWAW + B(I — (A2 WAW) APV IWAW),
Pythagorean theorem implies
IXWAWAPYWWAW - BIZ = [ XWAWAPYWAW — B(A>"WAW)" AP IWAW|2
+ |IB(I - (A WAW)" APV IWAW)| 2
is minimal for XWAWA®YWWAW = B(A2"WWAW) APWIWAW = BA>*PWWAWALWWAW, attained at X
BA®PW ¢ ¢ (WA)E.
For a solution X to minimization problem (15) and for some Y € C™", we get X = Y(WA)
(Y(WAFYWA(WA)P = XWA(WA)P. So,
X = XWAWAP = (XWAWA>VWAW)APW
= BA*PYWWAWAPYWAWAPW) = BA*PWIWAWAPW
BAO,D,W

is the unique solution to (15). O
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Similarly as Theorem 4.8, we obtain solvability of the next minimization problem.

11748

Theorem 4.9. If B € C™", W e C™"\{0}, A € C™" and max{ind(AW),ind(WA)} = k, X = Ap.wB is the

uniquely determined solution to
min ||[WAWA, wWAWX — B||r subjectto X e (AW)YCm ",

To illustrate the previous results, we present the next example.

3 C1
Example 4.10. Let A and W be given as in Example 2.4, b = };} andc=| | Since
0 Cyq
x = APYh+ (I-AYWAW)C
1
| 9+ et S - Sa
B 87 + 5502+ 1903 — 19C4 ’
84 — 5702 — %Cg, + 15C4
we confirm Theorem 4.1 by
1
19
oW - — ADW
AT WAWx = 171 | = AZh.
0
1
Theorem 4.4 implies that A*PWb = g? is the unique solution to AW WAWx = APWb in
84
n
R(APYWAWY') = 5; L Y12 ¥ €CL.
%yz +Ys3
9 0 00
Set B = 8 507 8 8 . Applying Theorem 4.8, it follows that
0 0 00
30 0 O 1
0 6 -9 -3 -10
©,D,W
X=BA 00 0 0 0
00 0 0 O

is the uniquely determined solution to minimization problem (15), where ind(WA) = ind(AW) = 2 and

X € CYWA)
9ui  9uy  uz  9uy +uj 3uq + 12uy + 2us
_ Oy 9us Ug us + ug 3uy + 12us + 2u, o . T A
- uy Yug Ug ug + ug 3uy + 12ug + 2u9 rw e i=1,12¢.
uyg uir urp upg +urp 3uqg + 12u11 + 2uqn
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