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Two strongly convergent algorithms with momentum for the split
common fixed point problems without prior knowledge of operator
norms and an application to signal processing
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Abstract. Two novel iterative algorithms are proposed for solving the split common fixed point problem
with demicontractive operators. Strong convergence theorems of the proposed algorithms are proved. The
step-sizes of our algorithms are chosen such that they do not depend on operator norms. The main results

proven in this paper extend and improve some results in the literature. Finally, an application to the signal
processing problem is presented to demonstrate the efficiency of our proposed algorithms.

1. Introduction

Let C and Q be nonempty closed convex subsets of real Hilbert spaces H; and H, respectively. The
split feasibility problem (SFP) is formulated as finding a point x satisfying the property

x € C such that Ax € Q,

where A : Hi — H, is a bounded linear operator. The split feasibility problem (SFP) has been shown to
have broad applicability across various fields, including computer tomography, image restoration, radiation

therapy treatment, and numerous other impactful real-world applications, for instance, see [5} 6,9} 11} [25]].
Due to it has applications across various fields, recently, the SFP has been widely studied by many authors

(see [1} 5,12} 13} 20} 2224, 26]). Due to application in signal processing, Byrne [5] introduced the so-called
CQ algorithm. For any xo € H; and define {x,} as

Xns1 = Pelxy — yA (I = Po)Axy), 1)
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where 0 <y < and where Pc denotes the projection onto C and p(A*A) is the spectral radius of the

_2
p(A*4)
operator A*A. It is known that the CQ algorithm converges weakly to a solution of the SFP if such a solution
exists.

In the case where both C and Q consist of fixed point sets of some nonlinear operators, the SFP is known
as the split common fixed point problem (SCFP). More specifically, the SCFP is to find
x € Fix(S) such that Ax € Fix(T),

where Fix(S) and Fix(T) are the fixed point sets of S : H; — Hj and T : H — H, respectively. We denote
the solution set of the SCFP by

Q:={x € Hy : x € Fix(S) and Ax € Fix(T)}. (2)

When S and T are directed operators, Censor and Segal [8] proposed and proved the convergence of the
following algorithm in the setting of the finite dimensional spaces:

Xp1 = ST = yA*(I = T)A)x,.

Note that a class of directed operators include the metric projection. So the results of Censor and Segal
recover Byrne’s CQ algorithm.

In the case that S and T are demicontractive mappings with constants g € [0,1), u € [0, 1) respectively,
Moudafi [14] introduced the following algorithm for solving the SCFP () as follows:

Xg € Hl
Uy = Xp — VA*(I - T)Axn/ (3)
Xn+l = (1 - an)un + a, Suy,

1—
where a;, € (6,1 — p — 0) for a small enough 6 > 0and y € (0, Ty) with p being the spectral radius of A*A

and he presented the weak convergence of the sequence generated by algorithm (3). It is obvious that to
solve the SCFP (2)) for demicontractive operators by the sequence generated by (3) requires the norm of the
linear mapping A. This is quite challenging in practice. To overcome this difficulty recently, some authors
considered alternative ways of constructing variable step sizes.

In [10], Cui and Wang combined algorithm (3) with a self-adaptive step size and introduced the following
algorithm for solving the SCFP (2):

Xo € Hy
Uy = xy — T, AL — T)Axy,
Xp+1 = (1 — ADuy, + ASuy,

where A € (0,1 - ) and

1 - @l -DAIE
G={ TTAa-Tagp o AT

0, otherwise.

They obtained a weak convergence result for demicontractive operators provided that Q # 0.

The split common fixed point problem (SCFP) (2) for demicontractive operators with weak conver-
gent results has since garnered significant attention and has been extensively investigated by numerous
researchers (see [21} 22, 27]).
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A natural question that arises in the case of infinite dimensional Hilbert spaces is how to design an
algorithm which provides strong convergence for solving SCFP (). Based on the algorithm of Cui and
Wang, Boikanyo [3]] developed the following Halpern-type algorithm for demicontractive operators, which
generates sequences that consistently converge strongly to a solution of the SCFPP (2) with step sizes that
do not depend on the norm of the operator A.

Xo, U € Hy

Uy, = x, — T, AL — T)Axy,
Yn = (1 = MNu, + ASuy,
Xp+1 = antt + (1 = an)yn,

and the step size 1, is chosen as in (@).

Now, let us mention an inertial type algorithm. We know that the problem of finding a zero of a maximal
monotone operator A on a real Hilbert H is formulated as

find x € H such that 0 € A(x). (5)

One of the fundamental approaches to solving it is the proximal method, which generates the next iteration
Xu+1 by solving the subproblem

0 € A ARX) + (x — xy), (6)

where x, is the current iteration and A, is a regularization parameter, see [4} 16} [17]. In 2001, Attouch and
Alvarez [2] applied an inertial technique to the algorithm (6) to contruct an inertial proximal method for
solving . It works as follows: given x,_1, x, € H and two parameters 0, € [0,1),A, > 0, find x,41 € H
such that

Oe /\nA(xn+1) + X1 — Xp — Qn(xn - Xn—l)/
which can be written equivalently to the following
Xn1 = ]j\qn (xn + On(xn — x4-1)),

where ]ﬁ‘n is the resolvent of A with parameter A, and the inertia is induced by the term 6,,(x, — x,-1) and it
can be regarded as procedure of seeding up the convergence properties (see, e.g., [2, [15]).

Motivated by Boikanyo’s work [3]], utilizing the inertial technique in this examined direction, we devel-
oped two new algorithms for demicontractive operators that converge strongly to a solution of the problem
(). The aim of our work in this study is as follows:

1. First, we introduce two new iterative algorithms that combine the algorithm (3) the inertial technique.
The motivation behind this combination is to improve the convergence rate of the algorithms for
solving SCFP.

2. Second, under the appropriate conditions, we prove strong convergence results of the iterative se-
quences generated by our algorithms without prior knowledge of operator norm A.

3. Third, we apply our algorithms to the signal processing problem to illustrate the performance of our
algorithms.

This paper is organized as follows: In Sect. 2, we recall some definitions and preliminary results for
further use. Sect. 3 deals with analyzing the convergence of the proposed algorithms. Finally, in Sect. 4 we
perform several numerical examples to support the convergence of our algorithms.
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2. Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. The weak convergence of
{xu})", to xis denoted by x, — x as n — oo, while the strong convergence of {x,} ", to x is written as x, — x
asn — oo.

For each x, y € H, we have the following:

Il + I < Il + 2y, x + ). (7)

Definition 2.1. Assume that T : H — H is a nonlinear operator with Fix(T) # 0. Then I —T is said to be demiclosed
at zero if for any {x,} in H, the following implication holds:

Xy = xand (I - T)x, = 0 = x € Fix(T).
Definition 2.2. Let T : H — H be an operator with Fix(T) # 0. Then
o T:H — H is called directed if
(z—Tx,x—Tx)<0 VzeFix(T),x € H, (8)
or equivalently

ITx —zI> < llx = zI> = |lx = Tx|I*> Vz € Fix(T),x € H,

e T:H — H is called quasi-nonexpansive if

[ITx —z|| < |lx —z|| Vz € Fix(T),x € H;

e T:H — His called B-demicontractive with 0 < § < 1 if
ITx — z|* < |lx — zI* + BII(I - T)x||* Vz € Fix(T),x € H,
or equivalently

-1
2

(Tx —x,x —z) < llx — Tx||> Vz € Fix(T),x € H,

or equivalently

p-1
2

Lemma 2.3. Let U : H — H is - demicontractive with F(U) # 0 and set Uy = (1 — A)[ + AU, A € (0,1 — B) then:
lUpx —zI* < |lx = 2| = A(1 = B = I — U)x|> Vx € H,z € Fix(U).

(Tx —z,x —2) < |lx — 2> + lx — Tx||> Vz € Fix(T),x € H.

Proof. We have
IUnx =2 = I(1 = A)x + AUx — 2|
= [I(x — z) + A(Ux — )|
= |lx — z|]* + 2A{x — z, Ux — x) + A?||Ux — x|*
< lx = z|* + A8 = DI|Ux — x|I> + A?||Ux - x|/?
= [lx = zl> = A(1 = B = DI - W)x|P?

1-p-A
LII(I— Un)xlP.

2
=|lx—z|* =
e =21 - —
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More information on quasi-nonexpansive mappings and demicontractive mappings can be found, for
example [7, [19].

Lemma 2.4. ([18]) Let {a,} be sequence of nonnegative real numbers, {a,} be a sequence of real numbers in (0, 1)
with Y74 oy = 00 and {by} be a sequence of real numbers. Assume that

aps1 < (1= ay)a, + ayb,, Yn>1.

Iflimsup,_, . by, < 0 for every subsequence {ay} of {a,} satisfying lim infy_, o (ay, 41 — ay,) > 0 then lim,, e a, = 0.

3. Strong convergence results
Our strong convergence theorems are established under the following conditions:
Condition 3.1. The solution set QO # (.

Condition 3.2. S : Hy — Hy and T : Hy — H, are two demicontractive operators with constants § € [0,1) and
u € [0, 1), respectively such that I — S and I — T are demiclosed at zero.

Condition 3.3. A : Hy — H, is a bounded linear operator with its adjoint operator A”.

Now, we introduce the first algorithm:

Algorithm 3.4.

Initialization: Let A € (0,1 - ), ¥ € (0,1), @ > 0, and vy, v; € H be arbitrary. We assume that {p,}, {£,), {€n} are

three positive sequences such that {£,} C [a, E]' forsomea > 0and €, = 0(1 — p,,), that is lim, e % = 0, where
— Pn

{pn} € (0, 1) satisfies the following conditions:

lim (1 - p,) =0, Zlu — pn) = o0.

Iterative Steps: Calculate v, as follows:
Step 1. Given the current iterates v,_1 and v, (n > 1), compute

Qn = Up + an(vn - Un—l)r
Uy =(n — TnA*(I - T)AQH/

where
(I = T)Agu|?
T, =1~ ’
O Y o =S, E+ 1A~ T)Ag, P
and
minfa, —<"——}  ifv, # v
a, = "Tow = vaal o )
a otherwise.

If llgn — Squll* + |A*(I = T)Aqull* = O then stop and gq,, is a solution of problem [@2). Otherwise, go to Step 2.
Step 2. Compute

O+l = (1 - En)(pnvn) + & Upuy,

where Uy := (1 - A)I + AS.
Let n := n + 1 and return to Step 1.
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Remark 3.5. 1. We prove that if ||q, — Squll> + [|A*(I = T)Ag,lI* = 0, g, € Q. Indeed, since ||q, — Squll* + [|A*(I -
T)Aqnll2 = 0, it implies 5q, = qn, thus q, € Fix(S) and A*(I-T)Aq, = 0. Since Q) # 0, there exists a point z € Fix(S)
such that Az € Fix(T). Since the operator T is u-demicontractive, we have

1—
—E 0= TAGIP < (1 - )Ag, Aq, — A2)
=(A*(I-T)Agy, qn —2) = 0.
This implies that (I — T)Aq, = 0. Thus Aq, = T(Aq,). Therefore q,, € Q, as asserted, that is q, is a solution of

problem (2).

2. From the definition of {a,} and lim,,_, En

1-pxu

Theorem 3.6. Assume that the Conditions hold. Then the sequence {v,} generated by Algorithm
converges strongly to an element x* € Q, where ||x*|| = min{|[u]| : u € Q}.

= 0 we have lim,;,_, ;o

a
1—nl|vn - Un—l“ =0.
— pn

Proof. Claim 1. The sequence {v,,} is bounded. Indeed, from x* € Q and using inequality (8) we have
lltn = 1% = 119 = TuA'(I = T)Agy = x|
= lgn = €I + TIIA I = DAGul? = 20,(A" ([ = T)Agy, Gu = X°)
= llgn = x'I? + 1A = T)ALIP = 27,((I = T)AGu, Aqy — Ax")
< llgn = €I + TIA (1 = DAGul? = (1 = @)Talld = T)Agull®

(T - T)Aqgy|I*

= lg. — XIP + (1 — w2 A - T)Ag,|P

llg I+ @ —wy (an = ST+ AT - T)Aqn||2)2ll (I = T)Aqull

(I = T)Agall*
- (1 - .u)z)/ 2 *q 2
lgn = Sqnll* + |A*(I = T)Aq,l|
(I = T)Aq,|I*

S . _x* 2 + 1 _ 2.2

I = = S B+ AU~ T)Ag, P

(I = T)Agall*
- (1 - .u)z)/ 2 *q 2
lgn = Squll* + |A*(I = T)Aq,l|
(I - T)Aqgy|I*

— - x* 2 _ 1 _ 2 1 _ . 10

llg I = (1 = w)"y( 7/)”% TS+ A = DAGP (10)

This implies that
lletn — X*|| < llgn — X7 (11)
Let z, = Uju,, we get
llzw = x°I7 = I(1 = Ay, + ASu, — x°|2

= llup — x* + A(Suy — un)|?
= ||lu, - x*”2 + 2A(SuUy — upy, Uy — x7) + /\2||5un - unllz
< llup = 1P + AB = DIISun — ull® + A/|Suty, — 10
= lluy = x*IP = A = B = M)IISuy — . (12)

Hence, we get

llzn = X7l <l — 71 (13)
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Combining (T1) and (I3) we get
llzn = 27| < {lun = X7 < llgn — X7

On the other hand, from the definition of g,, we get

gn — x*Il = llog + an(vy — 1) = X7|
< oy = X + anlloy, — vall
. a
= |[v, — x| + (1 = pp) —— vy — Vpll-
1-ps,

an

By@,wegetl_p

[lv, — va_1l] = 0, it follows that there exists a constant A; > 0 such that
n

%Ilvn — vl <A1, Yn>1.
~ o

Combining (T4), and (16), we obtain
lzn = XMl < llgn — X7l < llon = 27| + (1 = pn)As.
Now, from the definition of {v,}, we get

o1 = XNl = I(1 = Eu)(Pn0n) + Enzn — X7
=|(1- én)pn(vn —x)+ &z —x) - (1= Pn)(l =&)Xl
<@ = En)pn(on — x7) + En(zn — XN + (1 = pr)(1 = E)IIX7Y.

Now, we estimate [|(1 — &,)pn(0n — X*) + Enlzn — X7)|
(L = En)pn(On — X°) + Enzn — x°)IP
= (1= &)?pillvn — 1P+ 2(1 = &) pn&n(On — X°, 20 — XY + Exllzy — 7|
< (1= &) P20, — 1P +2(1 = &) pnallon — XMz — XN + E2llz, — x|
= [(1 - én)Pn”vn - X*” + Eallzn — X*H]Z-

Thus
(1 - 5H)Pn(vn X))+ &z =X < (A - 6n)pn”vn =X + &allzn — X7
Combining (17) and (19), we deduce that
(1 = Ew)pn(vn — X7) + Enlzn — X
<(1- Cfn)pn”vn = x|+ &l — x| + (1 = Pn)énAl
=(1-01- pn)(l = Ea)llon = x|+ (1 - Pn)énAl
<A =1 =p)A=EDlon =X+ (1 = pu)(1 = En)As

(by0<aSEnS%, thus &, <1-¢&,).

Substituting (20) into (I8), we get

lons1 =211 < (1 = (1 = pu)A = Ellow = 27l + (1 = pu)(A = E) (Il + Ar)
< max{||v, — x|, [lx7[] + As}

< ... <max{|lvg — x*||, |Ix*|| + A1}

11771

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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Therefore, the sequence {v,} is bounded.
Claim 2.

all = (1 - &)1 = po)l(1 - pPy(l - ) I = T Agul*
l3n = SqullP* + 1A*(I = T)Aqall*

+all = (1= &) = p)IA1 = B = A)lISuty —

11772

< o, = x*HZ = lvp41 = x*HZ +(1- pn)[én(l -(1-&)1- Pn))Al + (1= &nA]

for some A1, Ay > 0.

Indeed, we have

|Tp41 — x*”2 =1 - én)Pn(vn —xX) +&nlzn —x) - (1 - Pn)(l - En)x*uz
= (1 = E)pn(0n = x°) + Enlzn — XN + (1 = pa)*(L = &)X
=2(1 = pu)(1 = E XA = En)pn(vn = X7) + En(zn — X7), X7)

< N1 = E)pa(n = X7) + Enza = X + (1 = pu)(1 = én)[(l = )L = &)Xl
+ 201 = En)pn(n — x7) + Enlzn — x*)llllx*ll]
<N = E)pa(On = X) + Enlzn = X + (1= pu)(1 = Ex)As.

(21)

The last inequality obtains by the boundedness of {v,}, {z,}, {£,}, and {p,}, implies there exists A, > 0 such

that
(1= pu)(A = EDIIXN + 2|(1 = En)pn(vn — X7) + En(zn — X)X < Az, V.

Now, we estimate [[(1 — &,)pn(vy — X*) + &E4(z4 — x)|I>. We have

(1 = En)pu(n = x°) + En(zn — )
= (1= &) P2llon — X1 + 2(1 = En)pn&n(n — X, 20 — XY + Ellzy — X7
< (1= E)?*P2low — X1 + 21 = Epéallon — X lllze — 21| + EXllza — x|
< (1= &) P2l = X IP + (1 = EDpnéallon — 1P + A = E)puallza — 1P + Ellza — X717
= (1= &)pa(l = (1= &)L = paDlion = 1P + Eall = (1= E)(L = p)lllza — x|

On the other hand using the inequalities and , we have
lzn = I < ity = 21 = AL = B = MIStay — 1l

I = T)Aqall*

< - x* 2 _ 1-— 2 1-
I =1 = =y = g I+ 1A - AP

Combining (23) and (22), we get
(1 = Enpu(On = X) + En(zn = X
< (1= &)pa(l = (1= ENA = p)llon = XIP + &1 = (1 = E)(1 = p)lllgn — x°IP]
— &1 = (1= &)1 = p)I(1 = )y (1 =) I~ T)dgnl®
l3n = SqullP® + |A*(I = T)Aqll®
=&l = (1= &)1 = p)IAL = B = A)lIStty — ]

— A1 = B = A)lISuy = .

(22)

(23)

(24)
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Substituting (24) into 1)), we get

ot = 1P < (1= (1= £:)(1 = p)Pllon — 117
+ (1= pu)(En(1 = (1= E)(1 = pu))A1 + (1 = £)A2)

_ 4
&1 = (1= £)(1 = p)(1 - Ay - ) I = T)AG|
lgn = Sqall> + 1A*(I = T)Agyll*

— &l = (1= &)1 = p)IAL = B = A)lIStty — ]
<o = xIP (by (1= (1= &)1 = py))* <1and &, > a)
+ (1= pu)[&n(1 = (1 = &)1 = pu))Ar + (1 = £1)A2]

_ 4
—a[l— (1= &)1 - p)](1 - ,ll)z)/(l —) (I — T)Ag,|
3n = Saull* + 1A*(I = T)Aqyl?

a1 = (1= E)(1 — p) A = B = DlSity —
< (1= &npu(l = A= E)A = pullon = xI? + &al1 = (1 = &)L = pu)lllvn = x°I
+& (1 -1-&)(1 - pn))(l - pn)Al
1 (- £ — ol — (1 —y) A= DABI
o = SaulP + A0~ T)ALTE
a1 = (1 - &)1~ po)AQ = § = DlISity — P
= (1= (1= £)(1 = pu)llon — 2P + &l — (1= £:)1 = p))(1 = pu)As
- (= (1 - pl(L - (1 —)— M= DA
W = S+ 14— DAGTE
a1 = (1= E)(1 — po)IA — B = DlISity — il

This implies that

- 4
{Il[l — (1 — én)(l — Pn)](l _ [,l)z)/(l _ 7/) H(I T)A%H
19 = Squl? + 14*(I = T)Aqg|I?

+all = (1= &)1 = p)IA1 = B = A)lIStt — l®
< ow = X1 = l[opsr = P + (1= p)[Ea(1 = (1 = E)(1 = pa))A1 + (1 = Ex)As].

Claim 3.

0541 = XIP < (1= (1= &)(1 = p))llon = I
Qy

# (1= 8)(1 = po)| T2l a1~ (1= &)1~ P s = 22 e~ X)),

for some Az > 0. Indeed, using the inequalities (7), 22) and (14) we have

o1 = X1 = (L = E)pn(@n = X7) + Enlzn = x7) = (1= pu)(1 = E)XI?
<N = Epn(0n = X) + Enlzn = X)P = 2(1 = pu)(1 = E)X, Opar = x7)
< (1= &Pl = (1= &)1 = pa)lvn — x|
+ &1 = (1= &)1 = pu)lizn = XIP = 2(1 = pu)(1 = EX, Vst = X7)
< (1= &Pl = (1= &)1 = pa)lvn — I
+ &1 = (1= &)1 = pu)lign = XIF = 2(1 = pu)(1 = E)X, Va1 — X°). (25)
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On the other hand, by the definition of {g,}, we have
gn = x*1I* = llow = X + an(vn — va)II?
= |[vy = X7 + a3 llon — vuca P + 2 (0y — X7, 0y — V1)
<oy — X' + a3 llon — vpal? + 2aullon — x*|lllow — vyl
< o = X' + aullon — vpall(@ullon = vaall + 200, — x71)
<[y = XIP + anllon — va-1llAs, (26)

for some A3 > 0.
Substituting (26) into (25) we deduce that

[ons1 = X7 < (1= En)pn(l = (1= ENA = pu))llvy — X IP + E(1 = (1= E)(A = pp))llvy — 7|
+ En(l - (1 - én)(]- - pn)an”Un - Un—1||A3 - 2(]- - pn)(l - 5n)<x*/ Un+1 — X*>
=(1-1-&)A - pw)llv, — x|

# (1= 8001 = po)| T2l = a0~ (1= £0)(1 = pu)) s =248 )
S
# (1= £)(1 = po)| T2 = a1 = (1= £0(1 = pu) -

A = 2 Oyt — 3 >]

Claim 4. {||v, — x*||*} converges to zero. Indeed, by Lemma it suffices to show that limsup,_,  (x", 41 —
x*) < 0 for every subsequence {||v,, — x*[|} of {|[v, — x*||} satistying

liminf([o,, 1 — %1l low, - x°1) > 0.
k—o0

For this, suppose that {||v,, —x"||} is a subsequence of {||v,—x||} such that lim infy_, oo (|[Vs,+1 =X"||=[|0n, —x7[]) >
0. Then

Hm inf(|[os+1 = 2|7 = llog, = IP) = im inf[([os,41 = %" = [0, = X ID(0n01 = 2l + [[o, = 2] = 0.
k—o0 k—o0
By Claim 2 we obtain

I = T)Ag|I*
I3, = Sn > + NA*(I = T)Aqy, |I*

lim sup (a[l — (1= &)1 - p)lA - w2y -7)

k—o0

Fall = (1= &)1 = pu)IAQ = B = A)l|Stty, — unkHZ)
< Timsup[llon, — 1 = e = 21 + (1 = pu)lém (1 = (1 = Ex)(L = pu A1 + (1 = ) A2l

k—o0

< limsup(l[on, — x°IF = [[on+1 = x"I]

k—o0

+limsup(l — pp )[En (1 = (1 = & )(1 = pu))A1 + (1 = &y )A2]

k—o0

= lim suplflo, = x'I? = [[os41 = ']

k—o0

= — liminff|[oy.1 — XN = llow, = 7171
<0.
This implies that

i I = T)Ag|I*
m 5 " 5
k= [qn, = S |I* + |A*(I = T)Aqgy,l|

=0and lim [ISu,, — Uy, |I* = 0. (27)
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Moreover, since {v,} is bounded, using the inequality we also obtain {g,} is bounded. By Lemma
we get {gy, — Sqy,} is bounded and {A*(I — T)Aqy,} is bounded. Therefore it follows from that

lim (1 = T)Agu,]| = 0 and lim [y, — Sty ]| = 0. (28)
n—oo —00

On the other hand, using the definition of {u,,}, see that

it = G|l = Tu [JATU = T)Ag, |
I = T)Agn |

= o = Squ P+ 1A~ DyAgup " M= TAGI =0 a1 = oo (29)

Using and the definition of {z,}, we get

e = zu |l = AlIStt, — |l = 0 asn — oo. (30)
Now, we show that

lon+1 = vnll > 0 as 1 — oo. 31)
Indeed, combining (29) and (30) we have

Iz, = Gl = 0. (32)
and

o, = gl = o, =1l = (1= pu) == o, = o1l = 0. (33)

Combining (32) and (33), we deduce that

lim ||z, —vpll = 0.
k—+00
Therefore, we have

1041 = Onll = 11 = En)puOn, + EnZn, = Ol
= ”fSnk(an - vnk) -(1- Pnk)(l - gnk)vnk”
< Enllzm, = Onll + (1 = pu )1 = En)lvn, | = 0.
Since the sequence {v,, } is bounded, it follows that there exists a subsequence {vnkj } of {vy,, }, which converges
weakly to some z € H, such that

lim sup{x*, v,, — x*) = hm(x*,vnk/_ —x)y =",z =x). (34)
k—o0 J—
From (33) and 29) we get

Gn, — z and u,, — z,

this together with and the demiclosedness of I — T and [ — S at zero, we obtain z € Q and, from and
the definition of x* = Pq(0), we have

lim sup(x*, v, — x*) = (x",z —x") < 0. (35)

k—o0
Combining (31) and (35), we have

lim sup{x*, vy 1 — x*) < limsup{x*, v, — x*)

k—o0 k—oo0
=" z—x")
<0. (36)
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Hence, by , im0 %Ilvn —v,-1]| = 0, Claim 3 and Lemma we have lim,,_,e ||v; — x*|| = 0. This
— Pn

is the desired result.
O

Now, we introduce the second algorithm:

Algorithm 3.7.
Initialization: Let A € (0,1 -p), ¥y € (0,1), a > 0, and vy, v1 € H be arbitrary. We assume that {p,}, {En}, €}

are three positive sequences such that {&,} C (a,b) € (0,1 — p,) and €, = 0(p,), that is lim, S _ 0, where

{pn} € (0, 1) satisfies the following conditions:

fimpu=0, Y=o
n=1

Iterative Steps: Calculate v, as follows:
Step 1. Given the current iterates v,_1 and v, (n > 1), compute

qn = Un + an(vn - vnfl)r
Up =(n — TnA*(I - T)Aan

where
(I - T)Agu|?
T, =(1- ,
O Y S+ A - DA
and
min{a e—n} ifo, # 0
a, = "Non = Opill ol (37)
a otherwise.

If u, = 0 then stop and g, is a solution of problem (2)). Otherwise, go to Step 2.
Step 2. Compute

Up+1 = (1 —&n— pn)vn + Enlpuy,

where Uy := (1 - A)I + AS.
Let n := n + 1 and return to Step 1.

Theorem 3.8. Assume that the Conditions hold. Then the sequence {v,} generated by Algorithm
converges strongly to an element x* € Q, where ||x*|| = min{|[u]| : u € Q}.

Proof. Claim 1. The sequence {v,} is bounded. Indeed, let z, = U u,, from x* € Q using (23), we get
lzn = X1 < lluy = 21 = AL = B = A)lIStty — ] ?

I = T)Agall*
lgn = Squll* + |A*(I = T)Aq,lI*

<lgn = X1 = 1 = w?*y(1 - ) — A1 =B = M)lISuy — w,l*. (38)

This follows that

llzn = X7l < llgn = 7| (39)
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On the other hand, from the definition of g,, we get

lgn — x*Il = llv; + an(vy — 1) — X7|
< Mlow = x| + aullon — vyl

. a
= o, — x| + Pn_nllvn = Up1ll- (40)
Pn
By , we get %Ilvn —v,_1l] = 0, it follows that there exists a constant M; > 0 such that
n

20, = vpcall < My, Vi > 1. (41)

n

Combining (39), and (#T)), we obtain

lzy = x| < llgn = X7l < 0w = X7|| + puM.
Thus
lzy — x| < llgn — x| < 0w = X7|| + puMy, (42)

for some M; > 0. We also have

lTp1 — X*“ = “(1 —&n— pn)vn + Enzy — X*”
= (1= &n = pu)(On — X7) + En(zn — X7) — puX’|
SN = &n = pu)(©On — X7) + En(zn — X))+ pallXl- (43)
Moreover

(1 = & = pu)(©n = X7) + En(z0 = X)IP
= (1= & = pu)?llon = XIP +2(1 = &n = pu)&n(on — X, 20 — XY + Ellzn — x|
< (=& = p)llon = 1P +2(1 = & = pn)énllon — X' llzn — x°I| + EXllzn — x|
< (1 =& = pa)llon = XIP + (1 = & = pu)&allon — X1
(U= &y = pu)allzn = 2°IP + s — 2°IP
= (1= & = p)(1 = pu)llon = X1 + (1 = pu)&allzn — €I (44)

Substituting (@#2) into (44), we obtain

(L= &n = pu) (v — X°) + Enlzn — I
< (1 =& = pu)A = pu)llog = X1 + (1 = p)&nlllon — x°|| + puM1)?
< (1 =& = p)A = pu)llvg = X1 + (1 = pu)&allon — 7|17
+2(1 = pu)enpullon — x'|My + p2M?2
< (1= pn)llon = X1 +2(1 = pn)pullon — x*IM1 + ppM;
= [(1 = p)llvy — x| + puMi]*.

Therefore, we have

I = &n = pu)(©On = X7) + En(zn = X < (1 = pu)llvon — X7 + puMi. (45)
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Combining (43) and (45), we get
lone1 = X"l < (1 = pu)llon — X711 + paMy + pallx’ll
=1 = pulloy — 27l + (M1 + [1x7[])
< max{llo, — x|, My + [Ix7]I}
< ...

< max{llvo — x7|l, My + [lx[[}.
Thus {v,} is bounded and {z,}, {,} are also bounded.
Claim 2. We show that
I = DAgall*

1 — Mn)on 1 - > 1 -
(1 = pu)én(l = )7y( V)“qn — Sqall? + |A*(I - T)Aq,

E + (1 = pp)&nA(L = B = M|ty — uy|?
<oy = P = [ — X°I* + puMs,
for some My > 0. Indeed, we have
||Un+1 - X*Hz = ”(1 —&n— Pn)vn + &Enzn — x*Hz
=l(1-¢&, - Pn)(vn - X*) + Enlzn — X*) - PnX*llz
=[1-& - Pn)(vn —x") + Enlzn — x*)HZ - 2Pn<(1 & — pn)(vn - x)
+ Enzn — x°), X + phlIX° 1P

<N = &n = p)(On = x7) + En(20 = X + puMa, (46)
for some M, > 0. Substituting [@#4) into (46), we get
0541 = X717 <(1 = &x = pa)(1 = p)llon = X1 + (1 = pu)&nllza = X1 + puMy, (47)

which implies from (38) and (47) that
l[041 = 7]
< (1= & = pn)A = pllon = XIP + (1 = pu)&allgn — x|
I - T)Agall*

— (1= pn)én(1 = w2y -
= puen =0y Q=g A= D)Ag,

- (1= p)&nA(L = B = DSty = wnl* + puMa.
(48)
Since {v,} is bounded and ||g, — x*|| < ||v, — x*|| + p, M1, we get
9 = x'I? < llog = X1 + puMs, (49)
for some M3 > 0. Substituting [@9) into (48), we obtain

l[041 = x|

< (1 - gn - pn)(l - pn)”vn - x*”2 + (1 - Pn)5n||0n - x*Hz + (1 - pn)énPnMS

-(1- Pn)én(l - #)27/(1 =) L T)Aqn“4 -(1- Pn)‘gn/\(l =B = MlSu, - un||2 + pnM>
g2 = Squll> + |A*(I = T)Aqull?

(T = T)AqyI*
=(1-pn z n— X Z-(1- n)En(1 — (1 -
(1= pu)loy = XN = (1 = pu)&n(1 — )"y ( V)”qn —So T 1A =T)Aq

-(1- pn)én/\(l -B- MISu, — unHZ + Pn[(l - Pn)énM?; +Ms]

I-DAg,|*
< lfon = x'IP = (1 = p)&a(l = wPy(1 - y) I = T)Ag1 .
13 — 541 + 1A~ = Ayl

-(1- Pn)én/\(l -B- MISuy, — un”z + puMy,
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for some My > 0. Therefore, we have

I = T)Agall*

1- n)Gn 1- 2 1-
(1= pu)&n(l = ) p( V)||qn_5qn||2+||A*(I—T)Aqn

T (1= p)EnA(1 = B = WISty — |

<oy = XIP = llogss = X'IP + puMa.

Claim 3.

2 2
041 = 2117 < (1 = py)llvn — X7

a * £ *
+ pn[p—”uvn = 0 all(1 = pu)Ms + 28,100 = Zulllon = X1l + 206", 2" = Du1)].
n

Indeed, we have
Upy1 =(1 =& — Pn)vn +&nzn = (1= &p)vy + Enzn — PnOn-
Lett, = (1 —-&,)v, + €4z, Then we have

llt, — x°II”
= (1 = &n)vn + Enzn — x|
=11 = &) (@n — X7) + Enlzn — X)IP
= (1= &E)llon = X2 + Elllzn — X°IP + 2(1 = £3)En(On — X7, 20 — X7)
< (1= &)lloy = X1 + Exllzn — X7 + 2(1 = E)énllon — xlllze — x|
< (1= &E)llog = X'NP + Exllzn — X7 + (1 = E)énllon = I + (1 = Ex)énllzn — X711
= (1= EDllon — X IP + Enllzn — X1

< (1= &llon = X1 + Enllgn — X712
Moreover, we have

lgn = X°I7 = llon + an(©n = v4-1) = X7
= ll@n = %) + 2n(O = V1|
= [[on = X'|* + 200(vy = X*, 0y = Vp1) + A ll0n — V1|
< llon = X2 + 2allon = X llow = vu-all + @2llon = vpa P
= llon = X1 + aulfon = vpall[2low = 21l + aullon = v,al]

<oy = X' + ayllon — va-1llMs,
for some Ms > 0. Combining and (51)), we obtain

*112 *[12 112
llt, — x*I" < (1 = Ellvn — X7 + Eallon — X°N1° + anullvy — vprllMs

<o, — x*”2 + apllvn — Up—1]lMs.
Since t, = (1 — &,)v, + &2y, we have v, — t, = &,(v, — 2,,). Therefore, it follows that

Uyl = £y — PnOn = (1 - pn)tn - pn(vn - tn) = (1 - Pn)tn - Pnén(vn - Zn)-

11779

(50)

(51)

(52)
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This implies that
041 — X*H2

=1(1- ,On)tn - Pngn(vn —2Zy) — x*”2

=1(1- Pn)(tn -x") - (Pnén(vn —2zZp) + an*)”z

< (1 - pn)zlltn - X*HZ - 2<pnén(vn - Zn) + an*r Ups1 — X*>

< (1= po)litn = XN = 26pnén(On = zn), Onst — XY — 204X, V1 — X°)

< (1= pllts = XN + 2pn&nllon — zullllonsr — XN = 2p4(x", Vpi1 — x°). (53)
From (52) and (53), it follows that

041 — X1 < (1 = pdllon — XIP + (1 = p)aallon — va1llMs

+ 20uénllon = zallllx™ = vpaall = 200X, Vpy1 — X7)

. a
< (1 - pu)llon — x| + pn[p—”uvn — 0,all(1 = pu)Ms
n
+ 28100 = Zullllx* = Dpsall = 242, D1 )]

Claim 4. {||v, — x*|*} converges to zero. Indeed, by Lemma it suffices to show that

lim sup(x*, vy, +1 —x*) <0 and %im lv, — 2|l = 0
—00

k—oo
for every subsequence {||v,, — x*||} of {|[v, — x*||} satisfying

lim inf([o, 1 — %1 = low, - x°1) 2 0.
k—o0

For this, suppose that {||v,, —x"||} is a subsequence of {||v,—x||} such that lim infy_, oo (/[0 +1 =X || =[|0n, —x[]) =
0. Then

.. 2 2 .
Lminf(|[v,,+1 — X*|I = [lvn, — x71°) = Iminf[([[vy,4+1 = X"l = [0, = X ) (|0p41 = x| + llog, — x7[))] > 0.
k—o0 k— oo

By Claim 2 we obtain
I = T)Aqa,II*
G, = S |* + AL = T)Ag,|I?

. %112 *112
< lim supl|lv,, — X7 = [log41 — X7|I° + py, M4l

k—o0

tim sup((1 - )& (1 - (1 =) +1= P AL = B = ISt = 0

k—o0

< lim supll|lvy, — x> - 04,41 — x*|[*] + im sup P, My

k—oo k—oo

= ~liminfllfo,.1 - ¥ = llog, = ']
<0.
This implies that

i I = T)Ag|I*
m 5 " 5
k= [qn, = S |I* + |A*(IL = T)Agy,l|

= 0and I}im 1St — 1y, |I* = 0. (54)

It follows from that

%im (I = T)Agy, |l = 0 and l}im [t — Stay, || = 0. (55)
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Now, we show that
lon+1 = O ll = 0 as n — oo.
Indeed, using the definition of {uy,}, see that

”unk - anH = Tl’lk”A*(I - T)Aan”
(I = T)Aga,IIP

= T~ SqulF + 1A~ DAgy - 10~ DABlI =0 asm = eo 0
Ny Ny Ny
Using and the definition of {z,}, we get
2y, = Zn |l = AllStty, — || = 0 as n — oo. (57)
k k k k
Combining and (57), we deduce that
lim ||z, — qu,ll = 0. (58)
k—+o00
Moreover, we have
a
[0, = Gl = 0w, = Onall = (1 = pnk)#nvnk — Oyl = 0. (59)
Ny

Combining (68) and (59), we deduce that

lim ||z, —vgll = 0.
k—+oc0

Therefore, we have

||Unk+l - v?’lk” = ”(1 - é?’lk - pnk)vnk + éﬂkzl’lk - vnkH
= ”€nk(znk - Unk) - Pnkvnk”
< Enk”an - vnkH + Pnk”vnk” - O (60)

Since the sequence {v,, } is bounded, it follows that there exists a subsequence {vnk/_ } of {vy,, }, which converges
weakly to some z € H, such that

lim sup(x*, v,, — x*) = lim(x", Uny, — Xy ={x",z—x"). (61)
koo joe
From (59) and (B6) we get

Gn, — zand u,, — z,

this together with and and the demiclosedness of I — T and I — S at zero, we have z € Q and, from
and the definition of x* = Pn(0), we have

lim sup(x*, v,, —x*) = (x",z = x") <0. (62)

k—oo

Combining (60) and (62), we have

lim sup{x*, vy 41 — x*) < limsup{x", v, — x*)

k—o0 k—o0
=", z-x")
<0. (63)

Hence, by , limy, o0 %Ilvn — 0,21l = 0, Claim 3 and Lemma we have lim,,_,» ||v, — x*|| = 0. This is the
n

desired result.
O
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4. Numerical results

We consider an application of our algorithms to inverse problems occurring from signal processing. For
example, we consider the following equation:

y=Ax+e, (64)

where x € RY is recovered, y € RX is noisy observations, A : R¥N — RX is a bounded linear observation
operator. It determines a process with loss of information. For finding solutions of the linear inverse
problems (64), a successful one of some models is the convex unconstrained minimization problem:

1 2
min S{}Ax = bl + Al (65)
It is well known that the problem [65|is equivalent to the convex constrained optimization problem

1 )
min = |Ax — bl (66)
st |lxllh <¢,

where A € R™",b € R" and t > 0 is a given constant.
When C := {x e R" : [|[x|l; <t}, Q = {b} and U = P, T = Py, problem is a particular case of the problem
Therefore, we can solve the problem with the proposed algorithms.

For numerical experiments, we will solve by our algorithms and Algorithm 3.6 of Yao et al. [27],
Algorithm 4.1 of Wang et al. [21]. In what follows, we will perform a sparse signal recovery experiment
to demonstrate the efficiency of our algorithm. In our experiment, the original signal x € IR" contains K
randomly placed +1 spikes. The matrix A € R™™ is generated from a normal distribution with mean zero
and one variance and then orthonormalizing the columns. The restoration accuracy is measured using the
Mean Squared Error MSE =%||x — x*||?, where x* is an estimated signal of x.

The process is started with the initial vg = v; = (0, ..,0)T € R",t = K for all agorithms. We choose

. 1 .
_ |min{a, 1.1—} ifv, # 0,1,
ap = niHoy = vyl
! otherwise.

witha = 0.6 and y = 0.6, A = 0.5 for Algorithm 3.1, Algorithm 3.2, y = 0.6 for Algorithm 3.6.
P

We take p, = 1 - m,én = 5 for Algorithm 3.1, p, = m,én = 0.98 — p, for Algorithm 3.2,
ay = Bn = m,u = vy for Algorithm 4.1 and Algorithm 3.6. To terminate algorithms, we use the
condition MSE < e with € = 107® or the number of iterations > 500 for all algorithms.

All the numerical experiments are performed on an HP laptop with Intel(R) Core(TM)i5-6200U CPU
2.3GHz with 4 GB RAM. All the programs are written in Matlab2015a. The numerical results are reported
in Figs 1-4.
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Figure 1: MSE of times generated by all agorithms with m=1024, n=2048 and K=128,
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Figure 2: Original signal and recovered signal by all algorithms

11783



D. V. Thong et al. / Filomat 39:33 (2025), 11765-11785

107 E T 3
% —b— Algorithm 3.1 | ]
} — % - Algorithm 3.2| 7
Algorithm 4.1 |

Algorithm 3.6
102 E
0% 3

&)

%) 21y 4 |
0% E
105F E
107 | | | | | | | |

0 0.5 1 15 2 25 3 35 4 45

Time(seconds)
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Figures 1, 2, 3, 4 give the mean squared error of the Algorithm 3.6 of Yao et al. [27], Algorithm 4.1 of
Wang et al. [21] and our Algorithms as well as their execution times. We see that our Algorithm 3.1, our
Algorithm 3.2 are less time consuming and more accurate than those of Yao et al. [27] and et al. [21].

5. Conclusions

In this paper, we propose two new iteration algorithms for split common fixed point problems. Our
main results are an extension of the related results announced in this direction. This paper’s research
highlights include novel algorithms and their analysis techniques, which use inertia to improve algorithm
convergence rates.
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