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A study on lacunary strong E(r, t)-convergence according to F¥
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Abstract. In this manuscript, by using a double band matrix such as Lucas band matrix, a lacunary
sequence and a sequence of modulus functions a new generalization is studied in which the concept of

lacunary strong E(r, t)—convergence according to F is introduced. Then this concept is to be base to create
the sequence space Ny(E(r, t), F¥), where for instance

iel,

No(E(r, 1), F¥) = {x =(x;): }lng }% fo (|E,—(r, f) (x) — s|) =0 for somes € C}.

Furthermore, some inclusion relationships are given on this generalization. Finally, the connections
between the sequence spaces Ng(E(r, t), F¥) and w(E(r, t), F) are investigated.

1. Introduction

Assume that w is the space containing all sequences of real and complex numbers. A linear subspace
of w is referred to as a sequence space. The symbols ¢y, c and . represent the sequence spaces of all
null, convergent and bounded sequences respectively, normed by ||x||,, = sup; |x;|. For the first time, the
difference sequence spaces were presented by Kizmaz [1] in the form of X(A) = {x € w : x; — xi1 € X},
X = {w, ¢, cg. After that, Et and Colak [2] has created a generalization on these sequence spaces such
as X(A") = {x € w: A'x € X]. Kirisci and Basar [3] have recently defined and investigated the difference
sequence spaces X={xew:BrHxeX}, X =l c, co, where B(r,t) = (rxi + txi_1); 1.t # 0. At the same
time, some other mathematicians have investigated the difference sequence spaces in their studies.

Consider W = (1) as an infinite matrix and assume that X and Y are two sequence spaces. Then, W

provides a matrix mapping from X into Y if, for every x = (x;) in X, there exists the sequence Wx = (¢, (x)) €
Y, where

P ()= ) Yixi (meN) (1.1)
i=0
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The set of all matrices W that have the property W : X — Y is represented by (X, Y). For that, W € (X : Y)
if and only if the right hand of the equality (1.1) mentioned above is convergent for each m € IN and x € X.
The notion of matrix domain Xy of W in X is expressed by

X\y={x€a)ZX\y€X} (12)
that represents a sequence space. In recent years, a few mathematicians have developed certain sequence
spaces by use of the matrix domain for an infinite matrix, follow in ([4, 5]).

In 1876, the sequence {L;};>, of Lucas numbers 1,3,4,7,11,18, ... was introduced by Edouard Lucas which
is given by the Fibonacci recurrence relation in the form L; = L;_1 + L;_p; i > 2 with different initial conditions
Ly =2 and L; = 1 where L; is the ith term of the sequence {L;};,. Lucas numbers have various formulas and
several properties, follow in ([6]).

By using Lucas numbers with two real numbers r and t such that #,¢ # 0, the Lucas band matrix
E(r,t) = (E;u(r, t)) has been established as follows:

b (m=i-1)
Eim(r,t) ={ rk= (m = i) (1.3)
0 m>ior0<m<i—1.

With the help of (1.3) the E—transform for a sequence x = (x;) is formed by

L;
Ei(r,t) (x) = r—xl + tL 1x1 1, 121 (1.4)
i

Recently, several mathematicians have used Lucas numbers and Lucas band matrix in constructing
some sequence spaces in their studies, follow in ([7, 8, 9]).

A subset E of N has a natural density 6 (E) that is given by

O0(E) = hm |Exl

—)00

where |E¢| = {i < k : i € E} specifies the number of elements of E not greater than k. It’s evident that 6 (IN) = 1
and 6 (E) = 0 if E is a subset of IN that is finite and 6 (N \ E) = 1 — 6 (E).

From Freedman [10], the sequence 0 = (k) of non-negative integers is referred to be a lacunary sequence
such thatky = 0Oand h, =k, —k,—; = coasr — co. And the periods given by 0 are identified by I, = (k,—1, k]
and k’f—jl can be recognized by g,. These notations are going to be used during the article.

Lacunary sequences have been investigated by several authors in ([11, 12-16]).

The meaning that Orhan and Fridy [17] intended from lacunary statistical convergence is stated in the
following expression.

Suppose that 0 = (k;) is a given lacunary sequence. A sequence (x;) of numbers is referred to be lacunary
statistically convergent (or Sg-convergent) to ¢, if

hmhll{zel lxi—€|>¢}|=0

for each given ¢ > 0. In this context, we shall build x; — €(Sg) or Sp — limx; = £. From the paper entirely,

the class of Sg-convergent sequences is identified by Sy, that is

Sy = {(x,) lim l {iel, :|x;—£] > ¢} forsome{ € C}.

7’—)00
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Lacunary statistically convergence has also been talked in ([12, 13, 17-20]) and studied by many other
authors.

According to Freedman [10], the space Ny of lacunary strongly convergent sequences is presented as
follows:

1 )
N = {(xi) : 711—>I?o h_rZ |x; — €] = 0 for some t’}.

iel,

This space becomes a BK-space with the norm presented below.

1
Illo = sup -3 bl

iel,

The space N defines the collection of all sequences containing £ = 0 in the definition of Ng. It becomes
also a BK-space with the presented norm ||-||g. After that, Pehlivan and Fisher [14] developed the idea of
lacunary strong convergence by the use of a modulus function.

In 1953, Nakano [21] established the concept of the modulus function. We remember that f : R* U {0} —
R* U {0} is a modulus function such that f(x) = 0 iff x = 0, f is increasing and continuous from 0%, and
flx+y) < f(x)+ f(y) for every x, y in R* U {0}. A modulus can either be bound or unbound. For illustration,
fx) = LX is a bounded modulus, but f(x) = ¥*,(0 < p < 1) is being unbounded. The notion of the modulus

T
function+has also been discussed in ([5, 12, 19]).

Since ) flc)—f (cz)| < f(lc1 — c2]), then from the continuity of f on 0* it shall be clear that f is continuous
on R*U{0}. Additionally, since f(x+y) < f(x)+ f(y) for every x, y in R* U{0}, then we can have f (imc) < mf (c)
for every m € IN and for all c € R* U {0}.

Lemma 1.1 For any k € N, the function f* = f o f... o f (k times) is a modulus whenever f is a modulus
function. The notion f* has been used in some monographs to create new sequence spaces and established
new concepts, follow in ([11, 20]).

Definition 1.2 [20] Suppose that f is a modulus function and let 0 = (k;) be given as a lacunary
sequence. Let £ € C be a number, then the sequence (x;) in C is referred to be lacunary strongly convergent
to ¢ according to f* (or No(f*)-strongly convergent), if

lim hlZ F*(x; - €) = 0.

r—oo -
i€l,

In this manner, it is written as x; — €(Ng(f*)) or Ng(f*) — limx; = €. The set of all Ng(f*)-strongly
convergent sequences is identified by No(f*). That is

Ns(fk) = {(xi) : rh—glo hlnyk(lxi —{]) =0forsome € € C}.

iel,

It is clear to see that if k = 1, then the space Ng(f*) will become the same as Ny(f) of Pehlivan and
Fisher [14]. In the special case of 8 = (2) and f (1) = u, we see that No(f*) = |o1], where |01] = w is the
set of strongly Cesaro summable sequences. We use the notation (x;) as a sequence of complex numbers
throughout the next.
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2. Main results

In this part of our manuscript, we introduce a concept and several sequence spaces based on the Lucas
band matrix E (r,#) and a sequence of modulus functions F = (f;), and study some interesting results
through newly sequence spaces. Let the set of all sequences of modulus functions F = (f;) be identified by
¥ such that lim, o+ sup; f; (1) = 0. The sequence of modulus functions determined by F is indicated by
F=(f)eF. Welet F* = ( fl.k) = { 1", fzk, } (k € IN) to be a sequence of composite modulus functions. We use
these notations throughout this study.

Definition 2.1 Assume that F = (f;) is a sequence of modulus functions in ¥ and let 6 = (k,) be given as
a lacunary sequence. Let s be a number in C, then the sequence (x;) in C is referred to be lacunary strongly
E (r,t)-convergent to s according to F* (or Ng(E (r, t) , F¥)-strongly convergent), if

lim hlz (1B b ) - ) = 0.

r—00 -
i€l,

In this manner, we refer it to as x; — s(Ng(E (r,t), F¥)) or Ng(E (r,t),F*) — limx; = s. The set of all
No(E (r,t), F¥)-strongly convergent sequences is identified by No(E (r, ), F¥) . That is

N 1 A
S VRN k(|f. _dY =
No(E (r,1), F¥) = {(x,) Hlim - 21 FE(IE: (5 () = 5]) = 0 for some s € C}.

The set of all sequences in which s = 0 in the definition of No(E (r, 1), F) is identified by Ng(ﬁ (r,t), F).
That is

NY(E(r,1), F5) = {(x,-) : lim hlZ FFE D)) = o}.
"iel,

Observe that the functions in F are not necessary to be unbounded modulus in this definition. If we put
fi(u) = uforalli € N and for every u € R* U{0}, then the N o(E(r, 1), F¥)-strong convergence is reduced to the
No(E (r, t))-strong convergence and it is so for the Ng(ﬁ (r,t), F¥)-strong convergence. Also, it is clear to see
that if k = 1, then from the spaces Ny(E (7, t), F¥) and Ng(ﬁ (r,t), F¥) we have Ny(E (r, 1), F) and Ng(ﬁ (r,t),F),
respectively. As well as if f; (1) = f (u) for all i € IN and for every u € R* U {0}, then instead of No(E (r,t), FF)
and Ng(ﬁ (r,t), F¥) we shall write Ng(E (r, 1) , f¥) and Ng(E" (r,t), f%), respectively.

Theorem 2.2 Assume that F = (f;) is a sequence of modulus functions in ¥, and let 8 = (k;) be given as
a lacunary sequence. Then the sets No(E (7, t) ,F¥) and Ng(E (r,t), FX) are linear spaces.
Proof. Here, we only consider Ny(E (r,t), F¥). Suppose x; — s1(No(E (1,1), F¥)) and y; — s2(Ng(E (1, ) , F¥))

asi — oo,and let a, f € C. Then there are positive integers N, and Mg such that |a| < N, and |ﬁ| < M. Since
fi is a modulus for each i € IN, we may have

lim herflk (|E", (r,t) (ax + By) — (as1 + [352)))

r—o00 -
i€l,

r—00

= lim hlr;flk (|o¢ (Ei (r,t) (x) — sl) + ‘B(Ei (r,t)(y) - sz)|)

< lim hlz FE (1ol | 8) () = 1] + |B] |Ei (1) () = s2])

r—o0 :
i€l,

< N, lim hlnylk <|]2", (r,t)(x) — 51|) + Mg r11_>r£10 herflk ((E (r,t)(y) - sz|).

r—0o0 : :
iel, iel,
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Putting the limits into both given sides as r tends to co, we then have

lim herff (|E"1 (1, t) (ax + By) — (as1 + /352))) =0.

r—00 :
i€l,

This implies that (x; + ;) — (s1 +52) (No(E (r,t),F¥)) as i — oo. Therefore, the space No(E (1, 1), F) is
indeed linear. O

Theorem 2.3 Assume that F = (f;) is a sequence of modulus functions in 7, and let 6 = (k) be given
as a lacunary sequence. Then every Ng(Pk)—strongly convergent sequence implies Ng(E" (r, 1) ,Fk)-strongly

convergent, i.e, NO(F¥) ¢ NO(E (1, ), F¥).

Proof. From the Lucas sequence, we see that (Li-1./L;) < 2 and (L;/Li-1) < 3 (¥i € N). Then by using
(1.4), we have

|E: (1, t) ()] < 36 max {|r], I£]} (Ixil + xi-a) -

Let x = (x;) be an Ng(Fk)—strongly convergent sequence. Since f; is increasing for each i € IN, then we
may write

herflk (|Ez (r,t) (X))) < 36max|{T,, Tt} herflk (il + |xizal)

iel, iel,

< 36max (T, T 5 Y () + 2 3 (il

i€l, i€l,
where T, and T; are natural values such that || < T, and |f| < T;. Thus, we have

oM

iel,

Ei(r,t) (x))) — 0asr — oo.

This concludes that x € Ng(ﬁ (r,t), F¥). Hence the proof. O

Corollary 2.4 Assume that F = (f;) is a sequence of modulus functions in ¥ and let 6 = (k;) be given as
a lacunary sequence. We have the results below

@) If f; (u) < u foralli € N and for every u € R* U {0}, then N C Ng(E" (r,t), F).
(i)  If fi(u) > uforalli € N and for every u € R* U {0}, then NO(F*) c N%(E (1, 1)).
(iii)  If f;(u) = u foralli € N and for every u € R* U {0}, then N% < NS(E (r, 1)).

Theorem 2.5 Assume that F = (f;) is a sequence of modulus functions in ¥, and let the lacunary
sequences 0 = (k;) and 9 = (s;) be given such that I, C J, for all r € N. If lim,_,c ,% =1and (x;) € lo(E (1, 1))
then Ng(E (1), F) € Ns(E (r, ), F¥), where

Lo(E(r, 1) = {(xi) s sup |E"i (r,t) (x)l < oo}.

Proof. Let (x;) € €o(E (1)) N No(E (r,t), FX). Then (E; (1, t) (x)) is a bounded sequence, so there has some
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H > 0 such that |E"i (r, 1) (x) - s| < Hforalli e N. Since I, C |, and h, < {, for all r € N, we are going to write

{)Zf (1 (6 (@) = 5]) = Zf (|E: (1) () = ]) + €Zf (1B (0 () - 5])

i€], 7E]y I, iel,

s(f )supfk(H)+€ka (AIGEE)

i€l,

< (=)o £ 0D+ 2 Y (0D ).

i€l,

Putting the limits into both given sides as r tends to oo, we then have

{,ka (B -s))=0

i€]y

since lim, _,co ,% = 1. Therefore, we obtain that (x;) € Ns(E (r,t), F¥). Hence the proof. O

Corollary 2.6 Assume that F = (f;) is given as a sequence of modulus functions in # and k < n. If
fi(u) <uforalli e N and for every u € R* U {0}, then Theorem 2.5, provides the following results:

) No(E(r,1) < No(E (1), F).

(i)  No(E(rt),F*) c No(E(r, 1), F").

Corollary 2.7 Assume that F = (f;) is given as a sequence of modulus functions in # and k < n. If
fi(u) > u foralli € N and for every u € R* U {0}, then Theorem 2.5, provides the following results:

(1) N@(EA(T’/ t) s Fk) c NS (EA(T’, t))

(i)  No(E(rt),F") c Ns(E (1), F).

Theorem 2.8 Assume that F = (f;) is a sequence of modulus functions in ¥, and let the lacunary
sequences 6 = (k,) and 9 = (s,) be given such that I, C ], for all r € N. If lim, ,. sup,f—: < oo, then
NS(E (1’, t) /Pk) c N@(E (r/f)/Fk)'

Proof. Let (x;) € Ny(E (r,t), F¥). Since I, C ], we may write

KZf (| (1) () - o) < Zf (| @) (0 - 5])

iel, 7€]r
and then
hsz |E (rt)(x)—s| §€ka |E (7, 1) (x) —s|)
iel, i€],

Putting the limits into both given sides as r tends to oo, we then have

hmh ka |E (r, 1) (x) —s|)=

r—o0
iel,

Therefore, we obtain that (x;) € No(E (, ), F¥). Hence the proof. O

Corollary 2.9 Assume that F = (f;) is given as a sequence of modulus functions in # and k < n. If
fi(u) < uforallie N and for every u € R* U {0}, then Theorem 2.8, provides the following results.

@) NS(E (1) C N@(E (r,1), F").

(i)  Ns(E(rt),F)c NoE(r,t),F").

Corollary 2.10 Assume that F = (f;) is given as a sequence of modulus functions in ¥ and k < n. If
fi(u) > u foralli € N and for every u € R* U {0}, then Theorem 2.8, provides the following results.
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() No(E(r1),F) < No(E (r,1)).
(i)  Ns(E(rt),F") c No(E(r,1), F).
Theorem 2.11 Assume that F = (f;) and G = (g;) are two sequences of modulus functions in 7, and let

0 = (k) be given as a lacunary sequence. If sup, ; ;’(Z; < 0o, then Ng(E (r,t), F¥ 0 G) © No(E (r, t) , F*+1).

fiw)

Proof. Leta € C. Then there is a natural number T, such that |a| < T, . Now suppose 0 < a = sup,,;

gi(u)
oo, then o > f‘(”) and so that f; (1) < ag; (u) for all i € IN and for every u € R* U {0}. Since (f;) is increasing
foreachie lN then we get
5N w) < ff (agi ) < Taff (g; ). (2.1)

Now if (x;) € Ng(E (r,t), F* o G), then according to (2.1), we shall possess

ka+1 |E (rt)(X)—s| <T, ka gi )E (rt) x)—s‘))—>0asr—>oo

"iel, "iel,
This concludes that (x;) € No(E (r,t), F* o G) implies (x;) € No(E (r, ), F**!). Hence the proof. O
Theorem 2.12 Assume that F = (f;) and G = (g;) are two sequences of modulus functions in 7, and let
N) > 0, then No(E (1, £), F**1) € No(E (1, ), F* 0 G).
Proof. Let b € C with b # 0. Then there has a natural value Tj-1 such that |b 1| < Ty1. Now suppose

B = 1nfu, f’— > 0 then g < f‘(u) and so that g; (1) < ﬁf, (u) for all i € N and for every u € R* U {0}. Since (f;)
is mcreasmg foreachie ]N and B > 0, then we get

= (k;) be given as a lacunary sequence. If inf,, ;

fE(gi ) < fE(BTA ) < Tga fE41 (). 22)

Now let (x;) € Ng(E (r, 1), F**1), then according to (2.2), we shall possess

n ka gi |E (1) (x) —s| < Tg 1—2]"‘“ (E (r, t)(x)—s|) —0asr— oo,
i€l, "iel,
This concludes that (x;) € No(E (r,t), F**1) implies (x;) € No(E (1,t), F¥ o G). Hence the proof. O
Corollary 2.13 Assume that F = (f;) and G = (g;) are two sequences of modulus functions in #, and let
0 = (k;) be given as a lacunary sequence.
(1) If sup,, ; g(u) < oo, then Ny(E (r,t), G**1) € Ny(E (r,t), GF o F).

(i)  Ifinf,; ;E; > 0, then No(E (,), G* o F) € No(E (1, t), G*+).

Theorem 2.14 Assume that F = (f;) is a sequence of modulus functions in ¥ and let 6 = (k;) be given
fiw)

as a lacunary sequence. If lim, > 0 for all i € N and there has a natural number 4 such that
fi(uv) > df;(u) f; (v) for all i € N and for every u,v € R* U {0}. Then (x;) — s(No(E (r,1), F¥)) implies
(x;) — s(Se(E (7, t), F¥)), where

So(E(r,t),F5) = {(xz) lim ——— L (h ) ff (|{z €l : |l§,- (r,t) (x) = s) > é}|) =0 for some s € C}.

Proof. Suppose that (x;) — s(Ng(E(r,t),F)), and ¢ > 0 is given. Let Y, and Yz be defined on
(E,- (r,t) (x) — s| > ¢and |E"i (r,t) (x) — s| < ¢, respectively. Then from the definition of modulus functions, we
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may write
n ka (| .ty () = 5]) = ka (|E: (1) () ) +—ka (£ .5 () - ])
iel, 161,\A "iel,\B
> _ka (| @) () - 5])
zEI,\A
hl {Z |E rt)(x)—s|]
i€l,\A
Zhl,f ({zel |E (r, 1) (x) —s|>e}‘ )
Zhg,f ({zel 12 () (x) —s|>e}‘)fk(£)

where D is a positive constant. Since |{z el : |E,- (r, 1) (x) — s) > €}| is a natural value, then

hZf (£ (rt)(x)—s|) (
:ff(

infrf;’k(g)
{161 Ei(rt) () —s| 2 H)M
fien Bt -2 €}|)fr" () inf, f7 (&)
D
() bl )

Putting the limits on both sides as ¥ — oo, it concludes that x; — s(So(E (r,t), F¥)). Hence the proof. O

Theorem 2.15 Assume that F = (f;) is a sequence of modulus functions in # and let 6 = (k) be given as
a lacunary sequence.

(1) If liminfg, > 1 thenx; — s(w(E (r,t), FY)) implies x; — s(Ng(E (r,t), F¥)).

(i) If lim sup g, < oo, then x; — s(No(E (r,t), F")) implies x; — s(w(E (r,t), FY)).

Proof. (i) Since liminfg, > 1 then there is 6 > 0 such that

kr
qr—k >1+6

r—1

for sufficiently large r, then we have that

0 andk—<—6+1
“o+1 h )

,
<>
k

I

Now assume that x; — s(w(E (r, t), FF)), then we may write

k
Z (|E (r,t)( x)—s) > —Z
mi=1

1eI

JEZﬁk(|Ei (rt) () —3)

iel,

6” 1ka (£ D @ - s]).

lEI

(x) —s))

Thus

5” 1Zf (|E: () (@) = 5]) > 0as r — co.

1EI,
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This concludes that x; — s(Ng(E (v, t), F¥)).

(ii) Since limsup g, < oo, then there has a positive number K, say K = sup g, so that g, < K for every
r € IN. Assume that x; — s(Ng(E" (r,t),F") and given ¢ > 0. There has ny such that for every n > ny, we shall
have

To=i Y (B o) <

iel,

Also, a positive number S can be found such that T,, < S for all n. Let m be an arbitrary integer such that
m € (kr—1,k;]. Now we may write

1 1
az{ FE(B: 0t (@) - 5]) Sk_=1

no ky
,5_1[ DY)

n=1 n=ng+1

=—Zka (1,0 ()~ o) +— Z Y (1B 0y 0 - o)

IN

n=1 iel, n no+1i€l,
k
< ZZf (B @ =)+ —(k ko) €
n=1 iel,
1
) (thl +h2T2 + - +hn0Tn0)+ (ky—kno)é‘
r— r—
1 1
< sup Tiky, |+ eK < —K,;,S + eK.
=1 \ie[1,no] ki1

Thus
%;flk <|E", (r, ) (x) — s|) — 0asr — oo.
This implies that x; — s(w(E (r,t), F)). Hence the proof. O
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