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A Cl-regularity result to the inhomogeneous normalized infinity
Laplacian equation
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Abstract. In this paper, we investigate the regularity for the viscosity solution to the Dirichlet problem

-ANu=f(x) inQ,
u=0 on 0Q),

where Q is a bounded convex domain and f(x) € C(Q). For 0 < fi¢ = infg f < f <sup, f = faup < +00, we

first prove the 3-concavity of the viscosity solution by the convex envelope method of Alvarez-Lasry-Lions,

and then establish the Cl—regularity based on the upper estimate of semiconcave functions at the singular
point. The similar result holds for —co < fins < f < foup < 0.

1. Introduction

In this paper, we study the regularity of the unique viscosity solution to the Dirichlet problem

-ANu = f(x) inQ,
{u =0 on JQ, 1)

where Q) C IR" is a bounded convex domain and f(x) € C(Q) satisfies 0 < fins = infq f < f < supg, f = foup <
+00. The normalized infinity Laplacian is given by

ANy = |Du[™ <D2uDu, Du),

which has received significant attention in recent years. The infinity Laplacian AYu is singular and highly

degenerate, which also has wide applications in mass transportation [13], shape deformation [§] and
differential games [20} 25].
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Infinity Laplacian Au := (D?*uDu, Du) was introduced by Aronsson [3H6] in studying the absolutely
minimizing Lipschitz extension. Jensen [16] proved the uniqueness of the viscosity solution to the Dirichlet
problem

At =0 in Q,
u = g(x) on 0Q,

where g € C(dQ). For the planar infinity harmonic functions u, Savin [26] and Evans-Savin [14] established
the C' and C!“-regularity with some a > 0, respectively. Furthermore, Koch-Zhang-Zhou [18] established
the sharp Sobolev Wllo’cz—estimate for the gradient Du. For n > 3, Evans-Smart [15] gained the everywhere
differentiability of the infinity harmonic functions.

For the inhomogeneous equation, Lu-Wang [24] obtained the existence and uniqueness of the viscosity
solution to the Dirichlet problem

Aot = f(x) in Q,
u= g(x) on 8(2,

where f € C(Q) with infg f > 0 or sup, f < 0 and g € C(dQ). If f € C(B1)(L*(B1) and g € dB;, Lindgren
[21] obtained the linear approximation property. Furthermore, if f € C}(B1)(\L*(B1) and g € 9By, he also
established the everywhere differentiability. If f € BV,.(Q) (" C(Q) with |f| > 0, Koch-Zhang-Zhou [19]
proved |Dul* € WiA(Q) with a > 3/2 and [Dul* € W,"(Q) with 0 < a < 3/2 with 1 < p < 3/(3-a) in
two-dimension. If f € C%(Q), Lu-Miao-Zhou [22] proved the everywhere differentiability of the viscosity
solution. In fact, they obtained the regularity of viscosity solutions to the generalized inhomogeneous
Aronsson’s equation. If f(x) = 1 and g(x) = 0, Crasta-Fragala [11] obtained the C!-regularity in a bounded
convex domain satisfying the interior sphere condition.

With the probability methods, Peres-Schramm-Sheeld-Wilson [25] obtained the existence and unique-
ness of the viscosity solution to the following Dirichlet problem

A¥u=f(x) inQ,
u= g(x) on 8(2,

where f € C(Q) with infg f > 0 or sup,, f < 0 and g € C(dQQ). Lu-Wang [23] and Armstrong-Smart [2] gave
another proof by the PDE’s methods and the finite difference methods, respectively. If f(x,u) = u? with
0 < g < 1and g(x) = 0, Juutinen [17] explored the power-concavity property of the positive solution in a
bounded convex domain. If g4 = 1, he also proved the log-concavity by a concavity maximum principle.
For f(x) = 1, Crasta-Fragala [12] established the C!-regularity for the unique viscosity solution based on
the convex envelope method in a bounded convex domain.

Our main results are stated as follows.

Theorem 1.1. Let Q be a bounded convex domain of R". If f(x) € C(Q) satisfies 0 < fint < f < foup < +00, then
the unique viscosity solution u to Problem (T) is -concave in Q.

Theorem 1.2. Let Q) be a bounded convex domain of R". If f(x) € C(Q) satisfies 0 < finf < f < foup < +00, then
the unique viscosity solution u to Problem (1) is of class C'.

Theorem I.T|demonstrates that the solution enjoys the power-concavity with exponent 1/2. Our proof
is based on the Alvarez-Lasry-Lions convex envelope technique in [1] and the comparison principle estab-
lished in [23] 25].

Theoremshows the C'-regularity of the viscosity solution. The key is to combine the solution’s local
semiconcavity with an upper estimate for semiconcave functions at singular points.

By similar arguments, we can obtain the following symmetric result.

Remark 1.3. Let Q be a bounded convex domain of R". If the inhomogeneous term f(x) € C(Q) satisfies —co <
fint < f < foup <0, then the unique viscosity solution to Problem (T) is of class C'.
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The paper is organized as follows. In Section [2| we review the definition of the normalized infinity
Laplacian, the concept of viscosity solutions and some related properties. In Section [3) we prove the
power-concavity of the solution. In Section @ we establish the C'-regularity of the solution based on the
power-concavity result.

2. Definitions of viscosity solutions

In this section, we give the definition of the viscosity solutions to the normalized infinity Laplacian
equation involving lower terms

—ANu(x) = g(x, u(x), Du(x)) inQ, (2)

where g : QO X R X R" — R is a continuous function.

For a symmetric matrix A € R, Amin(A) and Amax(A) denote respectively the minimum and the
maximum eigenvalue of A, where the set RiFYl represents the set of all n X 1 real symmetric matrices. In the
following, if u,v : QO — R are two functions and x € Q, by u <, v, we mean that u(x) = v(x) and u(y) < v(y)
for every y € Q.

Due to the singularity and high degeneracy of the operator, we adopt the definition in Lu and Wang

[23] based on the continuous extension.

Definition 2.1. For a C>-function ¢ defined in a neighborhood of x € R", we define the operators

At o) = PP HD*9@De(), Dp(x)) - if Dp(x) # 0,
=P A D0 () if Dg(x) = 0,
AZ(x) == IDp(x)|"(D?p(x)Dep(x), Dp(x))  if Dp(x) # 0,
P =N i (D20(1)) if D(x) = 0.

Definition 2.2. Suppose that u € C(Q) is twice differentiable at xo € (). We define the normalized infinity Laplacian
of u at xq to be the closed interval
Au(xo) = [ALu(xo), ALu(xo)l,

and if ANu(xo) contains only one real number, we do not distinguish AN u(xo) from its single element.

Definition 2.3. Let Q) be a bounded set and g : O X R x R" — R be a continuous function.
An upper semicontinuous function u is called a viscosity sub-solution of (2)) in Q if

~ALp(x0) < g(xo, u(xo), Du(xp)),

whenever u <y, @ for any xo € Q and C?-test function ¢.
Similarly, a lower semicontinuous function u is called a viscosity super-solution of [2) in Q, if

—As@(x0) = g(xo, u(xo), Du(xo)),

whenever ¢ <y, u for any xo € Q and C?-test function ¢.

A continuous function u is called a viscosity solution of (2) if u is both a viscosity sub-solution and super-solution
of Equation @) in Q.

Now we recall the concepts of superjets and subjets.

Definition 2.4. Let u € C(Q). The second-order super-jet of u at xo € Q) is defined to be the set

f{ru(xo) = {(D(p(xo),Dz(p(xo)) cis C?and u <y, (p} ,
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whose closure is defined to be

Jor u(xo) = {(p, X) € R" X R < A(x, P, Xo) € QX R x R such that (p, X) € J57u(x,)

sym syn

and (x, u(xn), pn, Xn) = (x0, u(x0), p, X)}.
The second-order sub-jet of u at xo € ) is defined to be the set

T2 u(x) = {(D(p(xo),Dz(p(xo)) s CPand @ <y u} ,

whose closure is defined to be

fé_u(xo) = {(p, X) € R" x R = A(xn, pu, Xn) € QX R" X R such that (p,, X,) € ]é_u(x,,)

sym sym
and (lel ”(xn)r pn/ XTZ) - (xO/ U(xo)/ pl X)} .

In terms of superjets and subjets, we can also give the equivalent definition of viscosity solutions. See
for example [10].

Definition 2.5. Let () C R" be a bounded set and g : A X R x R" — R be a continuous function.
For any xy € Q, an upper semicontinuous function u is called a viscosity sub-solution of (2) in Q, if for any

(p, X) € ff;u(xo), there holds

—|pI2(Xp, p) < g(xo, u(xo),p)  ifp#0,
_/\maX(X) < g(xOr M(XQ), 0) if p= 0.

Similarly, a lower semicontinuous function u is called a viscosity super-solution of (2) in Q, if for any (p, X) €
—2,—
Jo u(xo), there holds

—[pI2 (Xp,p) = g(xo, u(xo),p)  ifp #0,
—Amin(X) > g(xo, u(xp), 0) ifp=0.

A continuous function u is called a viscosity solution of (2) if u is both a viscosity sub-solution and super-solution
of Equation @) in Q.

Remark 2.6. The viscosity solution u to Problem (1) is strictly positive in Q. Indeed, u is non-negative by the
comparison principle proved in [23, 25]. Assume by contradiction that u(xo) = 0 at some point xo € Q. Then
the function @ = 0 touches u from below at xo, and hence u cannot be a viscosity super-solution to the equation
=ANu = f(x) > 0.

3. Power concavity

In this section, we prove the 1-concavity of the viscosity solution u to Problem () by transforming
it to U = —u!'/? which allows us to resolve critical-point singularities with restricted viscosity solutions.
The preservation of convex envelopes is ensured under the interior sphere condition via the comparison
principle. One can extend the }-concavity to any convex domain through outer parallel approximation
technique.

The map u - U := —u'/? establishes a bijective correspondence between positive viscosity sub-solutions
and super-solutions of Equation (1) in Q) and a constrained class of negative viscosity super-solutions and
sub-solutions of the associated equation

DuP  f
-ANU = — .
U g tog O Q 3)
By Remark the viscosity solution u is strictly positive in Q, which ensures that U = —u!/2 is well-

defined and negative.
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Lemma 3.1. Let Q be a bounded domain and f(x) € C(Q) satisfy fine > 0. For a strictly positive function
u: Q — (0, +00), there hold:

(i) An upper semicontinuous u is a viscosity sub-solution of (I) if and only if U := —ul/? is a viscosity super-
solution to @) in Q.

(ii) A lower semicontinuous u is a viscosity super-solution of (1) if and only if U is a viscosity sub-solution to
in Q.

Proof. We only prove (i) since the proof of (ii) is similar. For any x € Q and ¢ € C*(Q)) , let u <y ¢. Since
u > 0, we have @(x) = u(x) > 0. By direct calculations, we obtain

U< &= Pp:=—p?

Then
De(x)
YO = 2
and
1
D*(x) = poes )S/ZD(p( ) ® Do(x) ~ WD%p(x).

For the case Diy(x) # 0, the result is obvious. For the case Di(x) = 0, we have D(p(x) 0 and
D*(x) = -3 l,’)( el sA—D%p(x). Particularly, —Amax(D?*@(x)) < f(x) implies —Amin(D?P(x)) > —zu(x) Thus, U is a
viscosity super-solution to (3) in Q. O

To establish the i-power concavity of the viscosity solution of Problem (I), we need the following
condition:

(4sc): Qis a convex domain and satisfies the interior sphere condition.

First, we show that the convex envelope U.. of a restricted super-solution U to Equation (3) is still a restricted
super-solution in Q) based on the convex envelope technique introduced by Alvarez, Lasry and Lions [1]].
Next, by the comparison principle established in [23, Theorem 3.3], we deduce that if Q) satisfies (21s¢), then
U is convex, or equivalently, u'/? is concave. Finally, through the approximation of Q using outer parallel
sets, we have that u1/2 is concave in any bounded convex domain. Condition (£2;s¢) plays an essential role
in the proof of Lemma 3.2 below, which allows us to avoid imposing state constraint boundary conditions
on dQ.
Next we prove that, if ) satisfies (Q;s¢) and U is a viscosity solution to

(4)

-ANU (|DU|2 ) =0 inQ,
u=0 on 0Q),

then U is convex. We denote by U.. the largest convex function below U. First, we establish that, under
Condition (f2ysc), for every x € ), within the characterization

k k k
UM(X) = inf{Z/\iU(xi): X = ZAixi, Xi Eﬁ, Ai >0, Z)\,‘ =1, k< 7’l+1},

i=1 i=1 i=1
the infimum is attained only at interior points x; € Q.

Lemma 3.2. Assume that Q) satisfies Condition (Qusc) and f(x) € C(€Q) satisfies fine > 0. Let u be the solution of
Problem (T). Set U := —ul/2. Fora fixed x € Q, let x1,...,x; € Q A1, .., Ak > 0 with Zl 1 Ai = 1 be such that

k k
= Z /\ixi, U**(X) = Z /\iu(xi)-
i=1 i=1

Then x1,...,x, € Q.



G. Dong et al. / Filomat 39:35 (2025), 12391-12400 12396

Proof. For the sake of contradiction, assume that at least one of the points x;, say x1, lies on dQ. Let Br(y) € Q
be a ball such that dBr(y) N dQ = {x1}. Since fins > 0, u satisfies —Anu > 0in Q. By [9], the function

@ —u()
x€dB,(y) r

is non-increasing with respect to r. Thus, for any 0 < r < R, there holds

L)) L ue) () u)

— = - . 5
xdB,(y)  |x =yl xedBr(y)  |x =yl R ©
That is,
lx -yl
u(x) > u(y)(1 - = | Vx € Br(y).
Hence,
=yl 1/2
Ux) < U(y)|1 - = | Vx € Br(y). (6)
Define a := ;=4 (the unit vector in the direction of x in Q) and f := IZ :2‘ (the inner normal of JQ at

x1). Since Q is convex, for any t € [0,1], we have x; + ta € Q and (B, > 0. By the definition of convex
envelope, we have U > U... Since U..(x1) = U(x1) = 0, there exists u > 0 such that

U(xy + ta) = U(xg + ta) = —ut  fort € [0,1].
By (6), we obtain

12
IRf - ta') . telo1].

< u1-
Since

R — tal = R (1= (6, @) —o(1)),
there holds
6 )

12
—ut < U( )( o(t)) , t— 0%

Direct calculations yield

1/2
lu\/lell(y)l(w) , t—0%,

which leads to a contradiction. We have finished the proof. O

Lemma 3.3. Assume that Q satisfies Condition (Qsc) and f(x) € C(Q) satisfies fins > 0. If U is a restricted
viscosity super-solution to {@) in Q, then UL, is also a restricted viscosity super-solution to the same problem in Q.

Proof. By [1, Lemma 4], we have U.. = 0 on dQ. To show that U.. is still a restricted viscosity super-solution
to (@), we only need to verify that U.. is a viscosity super-solution of (3) in Q. In terms of sub-jets, this
property can be reformulated as,

Wy ifp#o0 ,
A i (7)
CTIm ifp=0.

VxeQ, Y(p,A) € ]é’fuﬂ(x) — { < Ip(AI;;>>
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Letx € Qand (p,A) € ]‘(2)/7 U..(x), with p # 0 and A positive semidefinite. For every € > 0 small enough,
we select points x1, ..., x¢ € Q, positive numbers A4, ..., Ay with Zi;l Ai =1, and elements (p, A;) € ]é’_ U(x;),
with A; positive semidefinite. Then, we have

k k
Z Aixi = x, Z AU(x) = Ua(x), A—eA?<
i=1 i=1

i=1

Recall that, we may without loss of generality assume the matrices A, A;,--- , Ay are positive definite,
since the case of degenerate matrices can be addressed as in [1, pp. 273]. Since U is a super-solution to (4)

in Q), we have
4 ]_( 2
(Ipl + 5Pl )

~Uw) < o

Hence, one has

-1

—;(IPI‘*+£IPIZ)> Yo
T Al T 20 T G A

Then, exploiting the degenerate ellipticity of the operator and concavity of the mapping Q + 1/tr((p®p)Q")
(see [1]), we have

—((A-€eAMp,p) -

1 (|P|4 " fx)

1
.. (x) TW) > —(Bp,p) - (Ipl4 S

_ — |2) >0.
Y AU(x) 2 ¥
On the other hand, if (0, A) € ]é’_ U..(x), it is necessary to demonstrate that

f)

Amin(4) < =575

In terms of test functions, this means

fx)

Y <o U, DY) =0 = Ain(D(0) < ~577 .

Since U.. is convex, the conditions ¢ <, U.. and Diy(x) = 0 imply that x is a minimum point of U... In
particular, U(x1) = -+ = U(xx) = Un(x).

If k =1, we have U..(x) = U(x) and B = A;. Thus, Amin(A — €A?) < Amin(B) = Amin(41) < —f(x)/(2U(x)).

If k > 1, we have that x is not a strict minimum point. Since x is the relative interior of the convex
polyhedron with vertices x1, - - - , x¢, choosing g := (x; — x)/|x1 — x|, we have that U..(x + tq) is constant for |¢|
small enough. Thus, Y(x + tq) < U..(x) = ¢ (x) for |t| small enough. Hence,

f()
2U..(x)

Amin(D*P(x)) < (D*P(x)g,9) <0 < —

O

Proof of Theorem First, we prove that the unique solution u to (1) is 1/2-concave if () satisfies Condition
(Susc)-

Let U = —ul2, By Lemma U is a restricted super-solution to @ in Q. Then, U.. is a restricted
super-solution to (6) in Q by Lemma By Lemma the function v := (U..)? is a viscosity sub-solution
to (1) in Q.
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On JQ, we have u = 0 and U = 0, which imply U.. = 0. Thus, v = (U..)*> = 0 = u on dQ. Since
-ANv < f = =ANu in Q, by the comparison principle in [23, Theorem 3.3], we deduce v < u in Q, i.e.
(U..)* < U%in Q. Since U.. < U (by the definition of convex envelope) and U < 0 in Q, we have (U..)* > U>.
Then U = U.. is a convex function in Q. That is, u is 1/2-concave in Q.

Next, we show that the power-concavity of u remains true if Q) is any bounded convex domain.

For any ¢ € (0, 1], let Q. denote the outer parallel body of Q defined by

Q, :={xeR": dist(x,Q) < ¢},

and u, denote the viscosity solution to

-ANu, =f. inQ,
u. =0 on Jd(Y,

where Q € Q. C () and {f.} is a sequence of continuous functions satisfying 0 < (fe)inf < fe < (fe)sup < +09,
which converges uniformly to f in O’. By Theorem 5.3 in [23], as ¢ — 0%, u, — u uniformly in €)'

Since (), satisfies an interior sphere condition of the radius ¢, the function ui/ 2

that /2 is concave in Q, we only need to prove that as ¢ — 0%, u, — u uniformly on 9Q.
For any y € dQ), take x, € dQ), satisfying |x, — y| = ¢ and consider the polar quadratic polynomial

is concave in Q.. To show

2
el

n(x) := %diam(Qg)Ix - Xe| — @Ix -X

Since u, < 1 on dQ,, by the comparison property with the polar quadratic polynomial [23, Theorem
2.2], we have u, < nin Q.. In particular,

ue(y) < g (diam(Q) + 1) — (f S;S“P 2.

Thus, u.|yq converges uniformly to 0. O

4. Cl-regularity

In this section, we establish the C!-regularity of the viscosity solution to Problem (T based on an upper
estimate of semiconcave functions at singular points.

We first recall the definition of semiconcave function. The function u: QO — Risreferred to as semiconcave
(with constant C) in Q) if

A1 - A)
2

u(Ax + (1= A)y) > Au(x) + (1 = Au(y) = C Ix — y?,
for all line segments [x, y] € Q) and every A € [0, 1]. Additionally, u is said to be locally semiconcave in € if it
is semiconcave on any compact subset of (2.

Next, we quote an estimate for locally semiconcave functions in the neighborhood of singular points,
which will be used to establish the C!-regularity.

For a function u € C(Q), let X(u) denote the singular set of u, i.e., the set of points where u is not
differentiable. At each x € X(u), the super-differential of u at x is defined by:

D*u(xo) = {p € R" : lim sup ux) — ulxo) =~ (p,X = X0) o},
X—Xo |.X - xOl

which is a non-empty compact convex set distinct from a singleton. In particular, D*u(xo) \ extr D*u(xo)
is non-empty and contains non-zero elements, where extr D*u(xo) denotes the set of extreme points of the
convex set D*u(x).
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Lemma 4.1. [11, Theorem 2] Let u : QO — IR be a locally semiconcave function. Fix xo € L(u) and let p €
D*u(xp) \ extrD*u(xo). Assume that there exists R > 0 such that Br(xo) C Q, and C is the semiconcavity constant
of u on Br(xo). Then there exist a constant K > 0 and a unit vector { € R" satisfying the following

C _
u(x) < u(xo) +<{p, x — xp) — KK, x — x0)| + E'x - x>, Vx € Br(x). (8)
In particular, for any c > 0, setting 6 := min{K/c, R}, we have
u(x) < u(xo) + (p, x — xo) — c{C, x — x0) + glx — x>,  Vx € Bs(xo). )

Moreover, if p # 0, the vector C can be chosen such that (C,p) # 0.
Now we are ready to give the C'-regularity.

Theorem 4.2. Let Q be a bounded convex domain of R" and f(x,t,p) € C(QQ X RXR") satisfy 0 < fins < f < foup <
+o0. Suppose that u € C(Q) is a viscosity solution to —ANu = f(x,u, Du) in Q. If u enjoys local semiconcavity in
Q, then u is everywhere differentiable in Q) (thereby belonging to the C'-class).

Proof. Let u € C(Q) be a locally semiconcave viscosity solution to —ANu = f(x,u, Du) in Q. For the sake
of contradiction, suppose that the singular set (1) is non-empty. Let xg € Z(u). Take p € D*u(xp) \
extrD*u(X(u)) with p # 0. By Theorem 4.1} there exists a unit vector { € IR" satisfying ((,p) # 0, such that
for any ¢ > 0, there holds

u(x) < uxo) + (p, x — x9) — c{C, x — xo) + %lx —-xf?, Vxe Bs(xp),

where 0 depending on ¢ and C is the local semiconcavity constant of # in Bs(xp). Define

P(x) = u(xo) + (p, x — x0) — c{C, x — x0)* + §|x — x>, x € Bs(x0).

Obviously, u <y, ¢. Since Dp(xp) = p # 0 and u is a viscosity subsolution to —ANu = f(x,u, Du) in Q, we
derive

—ALp(x0) < f(xo,u(x0), Dp(x0)) = f(xo, u(x0), p).
By direct computations, we have

(Cp>

|p|2 +C.

1
ALg(xo) = |]{)?<D2(p(x())p,p> =-2c

1_lpP
2(Cp?
definition of the viscosity subsolution. That is, u has no singular points and is everywhere differentiable in

Q. By [7, Proposition 3.3.4], we have u € C}(Q). O

Clearly, choosing ¢ > (fsup + C) large enough, we get —AL p(xo) > f(xo, u(x0), p), which contradicts the

Now we are ready to give the proof of Theorem|[1.2]
Proof of Theorem By Theorem[4.2} to prove u € C'(Q), it is sufficient to prove that u is locally semiconcave
in Q.

Let K be an arbitrary compact convex domain of Q and M denote the Lipschitz constant of v := u!/2 on
K. Forany x,y € Kand A € [0,1], by Theorem there holds

u(Ax + (1= A)y) — Au(x) — (1 = Nu(y) + M2A(1 = A)x - yI2
> [Ao(x) + (1 - A)v(y)|2 — Ao(x)? = (1 = A)o(y)* + MPA(1 = A)|x — yl?
=A(1-A) [lex — P = [ox) - v(y)|2] > 0.

Thus, u is semiconcave in K with the semiconcavity constant of C = 2M?. O
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Remark 4.3. Let Q satisfy Condition (Qsc). If u is the viscosity solution to Problem (T), then u is locally semiconcave
in Q by the proof of Theorem Indeed, recall that the function U := —v = —u'/? satisfies (6). Let y € Q and
x1 € dQ N Br(y). Choosing x = x1 + Av with U(x1) = 0and 0 < A < R, we have

im U(xy + Av) = U(xq) < lim U(y) (&)1/2 ~

Ah—»o+ A “ 100 A \R

That is, the normal derivative of U with respect to the external normal tends to +oco on dQ. Hence, M — +o0 as
K- Q.
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