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On four Sombor-index-like graph invariants of chemical graphs with a
given order, number of edges and pendent vertices

Jianwei Du?*, Xiaoling Sun?, Yinzhen Mei?, Lei Zhang?

?School of Mathematics, North University of China, Taiyuan 030051, China

Abstract. Recently, Gutman constructed six novel graph invariants in view of geometric arguments and
defined them as Sombor-index-like graph invariants, denoted by SOy, SO,, - -+ ,50s. Compared with some
popular and commonly used indices, nearly all these six graph invariants have high accuracy in predicting
physical and chemical properties. Therefore, in this article, we obtain a lower bound on four Sombor-index-
like graph invariants (5O1, 50, SOs and SOy) for all chemical (n, m, k)-graphs (chemical graphs of order

n having m edges and k pendent vertices), and characterize those chemical (1, m, k)-graphs achieving the
extremal value.

1. Introduction

The topological indices of graphs are useful tools to characterize the chemical or physical properties
of compounds[7, 8]. So many topological indices have been proposed and investigated, especially the
topological indices which are defined via end-vertices” degrees of edges of the considered chemical graph.
Lately in [5], Gutman proposed six new graph invariants by using geometric arguments and called them

Sombor-index-like graph invariants. For a graph G, these Sombor-index-like graph invariants, denoted by
SO;(i=1,2,---,6), are defined as

501G =3 Y ldeqt () ~ deg?(o),

1
uveE(G)
2 - 7
woeE(G) dege,(u) + degZ;(v)

degZ(u) + deg’ (v)
0= w;‘@ V2 dege 0 + degc) ™
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_1 degy (u) + degz (v) 2
S04(G) = 2 Z (degc(u) + degc(v)) 7T/

uveE(G)
2|deg? (u) — deg*(v)]
SO5(G) = & = , (3)
weE(©C) V2 +2 \/degzc(u) + deg? (v)
deg®(u) — deg? (v 2
SO6(G) _ e{]G(M) gG( ) ) 71, (4)

weEG) * V2 + 2 \/degé(u) + degZ (v)

where degg (1) and degc(v) stand for the degrees of vertex u and v in G, respectively. Recently, studying the
properties of Sombor-index-like graph invariants is a research focus. Tang, Li and Deng [11] characterized
some extremal trees and molecular trees of Sombor-index-like graph invariants, and they concluded that
compared with some popular and commonly used indices, nearly all these six graph invariants have high
accuracy in predicting physical and chemical properties. Ali et al. [1] solved most of the open problems
proposed in [11]. In addition to the results on Sombor-index-like graph invariants already obtained above,
for details on the fashioned Sombor index, one can see the recent papers [3, 4, 10, 13], review papers [6, 9]
and the references therein.

In this article, just simple connected graphs are taken into account. For such a graph G, we represent the
sets of vertices and edges by V(G) and E(G), respectively. Define m = |[E(G)| and n = |V(G)|. Form =n -1,
m=nand m =n+1, Gis a tree, unicyclic graph and bicycle graph, respectively. A one-degree vertex is
called a pendent vertex. Let G —pg and G + pq be the graphs obtained from G by deleting the edge pg € E(G)
and by joining two vertices p,q € V(G) (pq ¢ E(G)), respectively. Denoted by n; the number of vertices of
degree i in G. Let Py = zz; - - - zs be the path in G with degg(z1) = degg(zz) = --- = degg(zs-1) = 2 (unless
s = 1). If degc(zp) > 3 and degg(zs) = 1, then Ps is said to be a pendent path of G. If degg(z9) > 3 and
deg(zs) = 3, then P; is said to be an internal path of G.

Recall that a chemical graph is a graph G with degg(x) < 4forallx € V(G). Let (1, m, k)-graph be the graph
of order n with m edges and k pendent vertices. For an (n,m, k)-graph G, define Ey = {pg € E(G)ldegc(q) =
2,degc(p) = 1}, Ex = {pq € E(G)ldegc(q) > 3, degc(p) = 1}, Es = {pq € E(G)ldegs(p) = 2,degc(q) = 2},
Ey = {pg € E(G)ldegc(p) = 2,degc(q) = 3} and Es = {pg € E(G)|degc(p) = 3,degs(g) = 3}. For terminology and
notation, not defined here, we refer the readers to relevant standard books|[2, 12, 14].

In this work, by analyzing the irregularity of the chemical (1, m, k)-graphs, we get a lower bound of four
Sombor-index-like graph invariants (SO1, SO,, SO5 and SOg) for all chemical (1, m, k)-graphs. Furthermore,
we characterize the corresponding extremal graphs.

2. Preliminaries

Lemma 2.1. If
x2 — g2 2(x% — a?)
ha) = 5—, holx,a) = ——————=,
X% +a? V2 +2Vx2 + a2
22 2
3(x,a) = (—) T,
f V2 +2 Va2 + a2

where x > a > 1, then fi(x,a), fa(x,a) and f3(x,a) are increasing for x, respectively.
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Proof. For x >a > 1, we have
dfilx,a)  4xa?

ox  (x2 +a2)2 >0,
oflm) 26(V2+ 2V +a2) = (<2 - a?) 2)
Jx (V2+2 Va2 +a?)2

2\/_x\/x2+a2+2x + 6xa?
) (‘/_+2\/x2+a2 ‘/x2+a2 ¢
df3(x,a) :27_(( 2 — g2 )Zx(\/—+2\/m)_(x2_a2)
ox V2+2Vx2 + a2 (V2 +2 V2 + @)
x? — g2 )2\/§X\/m+2x3+6xa2>0
V2+2V2 + a2 (\/§+2\/x2+a2)2\/x2+a2

Hence the lemma holds. [

ZX)
Vi

= 2

Lemma 2.2. Let

2 2

-l - - )
V2+2V2+1 V2+2V2+4 V2 +2+5
Then g(c) > 0 for c > 2.
Proof. For ¢ > 2, we derive
/O :4C[(c2—1)[\/§m+62+3] ~ (c2—4)[«/§w/M+c2+12]]
(V242 V2 +13 V21 (V2+2V2+4)3 V2 +4
:4C<c2_1)[ﬁ«/m+cz+3](ﬁ+zvm)3vm
(V2+2V2 + 1P V2 + 1(V2+2V2 + 4P V2 + 4
(c — V2V + 4+ A+ 12[(V2+2V2 + 1P V2 +1
(V2+2V2+ 13 V2 +1(V2+2V2 + 43 V2 + 4
g1(c)
(\/'+2\/W)3\/c2—+(\/_+2x/ﬁ)3\/c2—+
where g1(c) = (2 - D[V2V2 +1+ 2 +3/(V2+2V2 + 4P V2 +4 — (2 - 4[V2V2 + 4+ 2 + 12](V2 +
2V 13 V2 + 1.
Expanding g;(c), we have that
71(0) =496 V2 V2 +1-70 V2 V2 + 4+ 12 V2 +1 V2 + 4+ 1308 2 + 444 ¢*
+564 V22 V2 +1-42 V24 V2 +1+156 V22 V2 +4 -4 V28 V2 + 1
+78 V2P V2 +4+4 V2 V2 + 441442 V2 +1 V2 +4 +432
=2V2 V2 + 4(2¢® +39¢* + 78¢% — 35) — 2 V2 V2 + 1(2¢® + 21¢* — 282¢2 — 248)
+444c* + 1308c2 + 432 + (1442 + 12) V2 + 4 V2 + 1.

Let t = ¢? > 4. Note that
(® +4)(2c® +39c* + 78¢% — 35)% — (c® + 1)(2c® + 21c* — 282¢% — 248)?
=(t + 4)(21° + 39> + 78t — 35)% — (t + 1)(2> + 21> — 282t — 248)>
=841° + 3060f° + 26799t* — 29142> — 201024+> — 221991 — 56604.
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Let () = 84t° + 30605 + 26799+ — 291423 — 2010242 — 221991t — 56604, where ¢ > 4. Hence

75(t) =504 + 15300* + 107196t° — 87426t* — 402048t — 221991
=(504t° — 221991) + t*(15300#> — 87426) + t(107196t> — 402048)
>(504 x 4° — 221991) + £*(15300 x 4> — 87426) + +(107196 x 4% — 402048)
=294105 + 157374t + 1313088t > 0.

So g4(t) > 0 for t > 4 and g(t) > g2(4) = 4312008 > 0. It implies that (c* + 4)(2c® + 39¢* + 78¢* — 35)* — (¢* +
1)(2c® + 21c* — 282¢2 — 248)% > 0. Moreover, 444c* + 1308c% + 432 + (144c®> + 12) Ve2 +4Vc2 +1 > 0 for c > 2.
These yield g1(c) > 0 and g(c) is increasing for ¢ > 2. Hence for ¢ > 2, g(c) > g(2) =0. O
Lemma 2.3. Let

2 2 2

2y Y 2_p2
(@, b) :(ﬁfz\/m) +(\/§+2\/m) _(\/Efz\/m) '

Then h(a,b) > 0 for a > b > 3, where a, b are integers.

Proof. By calculating the partial derivative of the function h(a, b) with respect to a, we have

ohia,b) _, @ -D[ V2 Va2 +4+a2+12]( V2 +2 Va2 +12)} Va2 + b2

da (V242 Va2 +4) Va2 +4(V2+2 Va2 +2)3 Va2 + b2

o (@2 =) V2 Va2 + 02 +a2+ 302 ( V2+2 Va2 +4)3 Va2 +4
(V2+2 Va2 +4)3 Va2 +4(V2+2 Va2 + 123 Va2 + 12
hl(ar b)

:4 y

a( V2+2 Va2 +4)3 Va2 +4(V2+2 Va2 +52)3 Va2 + b2
where It1(a, b) = (@2 —)[ V2 Va2 + 4+a2 +12)( V2 +2 Va2 + 23 Va2 + B2 — (a® —D?)[ V2 Va2 + D2 +a? + 302 ] (V2 +
2Va? + 4> Va2 + 4.

Expanding 1 (a, b), it follows that

hi(a,b) =144 b* — 57642 — 464a* — 576 b* — 16 Va2 + 4 Va2 + b2 — 1024 a2 b*
+292a2b* — 124* b* + 32a* b* — 96 V2 Va2 + b2 — 736 V2% Va2 + 12
+22 V2a* Va2 + 2 + 4 V248 Va2 + b2 — 400 V21* Va2 + b2
19282 V2 + 4 V2 + 2+ 40> Va2 + 4 Va2 + b2 — 48 V2a® Va2 + 4
—70 V2t Va2 + 4 -4 V208 Va2 + 4 - 48 V21> Va2 + 4 + 118 V2b* Va2 + 4
+172 V2202 Va2 + 62 +20 V22 b2 Va2 + b2 + 48021 Va2 + 4 Va2 + 12
—152 V220> Va2 + 4 + 44 V222 b* Va2 + 4 -8 N2a* 1P Va2 + 4
=a*(32b* — 12b° — 464) + a*(292b* — 1024b% — 576) + 114b* — 576>

+ (486242 — 19242 + 4b* — 16) Va2 + 2 Va2 + 42

+2V2 Va2 + b2(24° + 106%a* + 11a* + 86b%a% — 3684% — 20062 — 48)

—2V2 Va2 + 42(24° + 4b%a* + 35a* — 22b*a? + 76b%a% + 244° + 241 — 59b%)
=I1(a, b) + y(a, b) + 2 V2I5(a, b),

where I1(a, b) = a(32b* — 1202 — 464) + a2(292b* — 102462 — 576) + 114b* — 57612, I(a, b) = (486242 — 19242 + 412 -
16) Va2 + b2 Va2 + 42 and I3(a, b) = Va? + b2(2a° + 10b%a* + 11a* + 86b%a> — 368a> — 200b> — 48) — Va2 + 42(2a° +
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4b%a* + 35a* — 22b%a% + 76b%a* + 24a* + 241> — 59b*). Next, we shall prove that I1(a,b) > 0, l»(a,b) > 0 and
13(“’133); ?hat for b? > 9,32b* — 120> — 464 = 4[b?*(8b* —3)—116] > 4[b*(8-9—-3)—116] > 0,292b* —1024b> 576 =
4[b*(73b — 256) — 144] > 4[b*(73 - 9 — 256) — 144] > 0 and 114b* — 576b% = b?(114b* — 576) > 0. These mean
that [1(a, b) > 0.
We notice that 48b%a% — 192a% + 4b* — 16 = 48a*(b* — 4) + 4(b*> — 4) > 0 for b*> > 9. So I,(a, b) > 0.
Letr =a’ands =02 Ifa=b,thenr=5s>9. Ifa>b+1,thena’ > (b+12? =2 +2b+1>21*+7,ie,
r > s+ 7. To prove I3(a, b) > 0, we first calculate the following equation.
(@ + b*)(2a° + 10b%a* + 11a* + 86b%a® — 368a> — 200b* — 48)°
— (a* + 4%)(2a° + 4b%a* + 35a* — 22b*a® + 76170 + 24a* + 24b% — 59b*)?
=(r +5)(2r° + 10sr> + 117% + 8657 — 368r — 2005 — 48)>
— (r +4)(27° + 451 + 35r% — 225%r + 7657 + 247 + 245 — 595%)?
=287°5 —1127° +2127°s* —407° s — 32327 + 276 r* s> + 3740 r* s> — 15563 r* s
— 15252 7% — 48473 s* + 624077 s° + 1018 7> 5% — 104704 1> s + 127072 1> — 4532 > s*
+ 28684 12 s> — 107000 7% s> + 250848 1 5 + 33024 r* — 13865 rs* + 8528 s°
+175104 75> + 49920 7s + 2304 r — 13924 s* + 51328 5> + 16896 5> + 2304 s
=(28s — 112)r° + (2125% — 405 — 3232)r° + (276 s° + 3740 s> — 15563 s — 15252)r*
+ (—4845* + 62405 + 1018 s> — 104704 s + 127072)1>
+ (—4532s* + 28684 s* — 107000 s> + 250848 s + 33024 )r?
+ (—138655s* + 8528 5> + 175104 5> + 49920 s + 2304)r
+(=13924 5* + 51328 5° + 16896 5> + 2304 5)
=Iy(r,s).
Ifr=s(a=D0), fors >9, we have

14(s,s) =325” + 5296 5% — 2958 s> — 232352 s* + 604352 5> + 99840 5> + 4608 s
=16(2s” +3315° — 184.8755° — 14522 s* + 37772 5> + 6240 5% + 288 s)
>16(2s” +331s° — 184.8755° — 14522 %)
=16[s>(25> + 131s — 184.875) + s*(200s2 — 14522)]
>16[s°(2 - 9% + 131 -9 — 184.875) + s*(200 - 9> — 14522)] > 0.

Ifr>s+7@=b+1),fors>9, we have

ol
% =6(28s — 112)r° + 5(2125> — 405 — 3232)r*

+4(276 5> + 3740 s* — 15563 s — 15252)r°
+3(—4845* + 62405° + 1018 5> — 104704 s + 127072)12
+2(—4532s* + 28684 5> — 107000 5% + 250848 5 + 33024 )r
+(—138655* + 8528 5% + 175104 5> + 49920 s + 2304)
=[6(28s — 112)r° — 138655*] + (8528s° + 175104 s> + 49920 s + 2304)
+5(2125%—405—3232)1* +4-27653r°—3 - 484 s* r*—2 - 45325 r
+ 4(3740 5>~ 15563 s —15252)r° + 3(6240 s> +1018 s> —104704 5 +127072)r>
+2(28684 s> — 107000 5> + 250848 s + 33024 )r.
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Observed that fors > 9,

6(28s — 112)r° — 13865 s* > 6(28s — 112)(s + 7)° — 13865 s*
=1685° + 5208 s° + 44935 s* + 246960 5> — 288120 5> — 5243784 s — 11294304
=1685° + 5208 s° — 11294304 + (44935 s> — 5243784)s + (246960 s — 288120 )s*
>168 - 9% + 5208 - 9° — 11294304 + (44935 - 9> — 5243784)s + (246960 - 9 — 288120 )s>
=387286446 + 275138315 + 1934520s> > 0;
8528'5% + 175104 5> + 49920 s + 2304 > 0;

5(2125*—405-3232)r* + 4 -2765° 1°—3 - 484 s*1*—2 - 4532 5% r
=5(164 52 +5(85—40)+8(55> —404))r* +4 - 276 s> r> =3 - 484 s* * -2 - 4532 s* r
>5-1645*r* +4-2765°r*—3 - 484 5* r* 2 - 45325 r
=45°r(2051° +276 5 1> — 363 5* r—2266 5%)
>45%r[205 (s + 7)° +2765 (s + 7)*>— 363 52 (s + 7)—2266 5%
=45’r(1185° + 3362 5% + 43659 s + 70315) > 0

since £(2057° +27651%— 363 5> r—22665%) = 615¢% + 552sr — 3635 > 0;

3740 5% —15563 s—15252 > 5(3740 - 9 — 15563) — 15252 = 180975 — 15252 > 0;
624053 +1018 52 —104704 5+127072 > 6240 - 92 5—104704 s+1018 s>+ 127072 > 0;
28684 s> —107000 s> +250848 s+33024 > 28684 - 9 s> —107000 s> +250848 s+33024 > 0.

These mean that % > 0 and I4(r, s) > l4(s,s) > 0, which yields I3(a, b) > 0.
h(ab) _ P\
So 242 > 0 and h(a, b) > h(b,b) = 2( @zm) >0forb>3. [

Lemma 2.4. Let

a2—4+b2—4_a2—b2
a2+4 b+4 a2+b
2(a* - 4) - 2(b% - 4) o 2(a® - b?) -
V2+2Va2 +4 V2+2Vp2 +4 V242V v 02

Then @1(a,b) > 0 and @z(a,b) > 0fora>b > 3.

(Pl(ar b) =

(PZ (El, b) =

Proof. It is not difficult to check that fora > b > 3, M, 2020b) - () S for a > b > 3, we have

b ob

-4 P-4 a®-1
(pl(a'b):a2+4+b2+4_a2+bz
J@-4 5 @-9
“a2+4 13 a2+9
s,
(@2 +4)@2+9) 13

1284
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and
2 _ 2 _ 2 _ 1,2
S it B Gt WSS Goted s W
V2+2Va2+4  V2+2VP2+4 \2+2Va2 + 12
2a? - 4) 10 22 - 9)

>
V2 +2Va? + \/_+2\/_ \/_+2Va2
5\/_+2(11 —4) Va2 +9-2(a2-9) \/a2+ L
(V2+2 Va2 +4)(V2+2 Va2 +9) \/§+2\/E
sincea? —4>a*—9and Va2 +9> Va2 +4fora>3. O

Lemma 2.5. Let

@) = 6 2(a® - 4) 2(a% - 1) .
V2+2 \/_ V2+2VaZ+d \2+2VE+1
Then Y(a) > 0 fora > 3.
Proof. Notice that

(@) = 6 3 a2 -4 ~ a2 -1
V2 +2+5 1+ V222+8 1+ V222 +2

For a > 3, we derive

\/_2a(1+\/2a2+8)—(a2— 202+2)— (>~ 1) Z=)
'(a) =V2
v =Vl (1+ V2221 8) (1+ V2a2+2)2 |

V22 + 8+ a2 + 12 V222 +2+a2+3
[(1+ V2a2+8)2 V222 + 8 (1+ V2a2+2)2 V242 + 2]
23 (V222 + 8 + 2% + 12)(1+ V2a2+2)2 V222 + 2
(1+ V2a2+8)2 V222 + 8(1+ V242 +2)2 V2a2 + 2
2V (V222 + 2 + 2% + 3)(1+ V222 +8)2 V222 + 8
(1+ V222+8)2 V222 + 8(1+ V222 +2)2 V242 + 2
o3 V2 Va2 + 1(2a* + 2342 + 20) + 2442
(1+ V2a2+8)2 V242 + 8(1+ V242 +2)? V242 + 2
B V2VaZ +4(2a* + 1122 +23) + 12 Va2 + 1 Va2 + 4
(1+ V242 +8)2 V222 + 8(1+ V2a2+2)2 V242 + 2
V21 (a) + 12¢5(a)
(1+ V22 +8)2 V22 + 8(1+ V22 +22 V22 + 2
where (@) = Va2 + 1(2a* + 2342 + 20) — Va? + 4(2a* + 11a? + 23) and 2 (a) = 242 — Va? + 1 Va2 + 4.
For a > 3, it follows that
(@ + 1)2a* + 23a% + 20)? — (a* + 4)(2a* + 11a* + 23)?
=36a® + 3124° + 171a* — 12334% — 1716
=3[a?(124a° — 411) + 104a® + 57a* — 572] > 0.

=22a

i — 742 _ 2 2 _ 3a*—54%—4 _ d*(2a*-5)+a*-4
Thus, Y1(a) > 0. Furthermore, we notice that i,(a) = 2a°— Va? + 1 Va? + 4 = = >

0 for a > 3. These imply that ’(a) > 0 and 1(a) is increasing for a > 3. Hence for a > 3, ¢/(a) > Y(3) =
0.1112>0. O
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3. Main results

u le_ .. Uy u uz' .. Uy
U Up  Up U R Wy Wiy Wy R
*—o *—o
<: e e e e
01 02 Us U1 02 Us
Ti(n>5) Ty(r,s>2,r+s+2=n) Ts(rs,t 22, r+s+t+1=n)

Note that m > n 2815t A5 BPS Arses v VEisesanvhBS I Y BEIERS definition of SO;
(i =1,2,5,6), the chemical (1, m, 0)-graph with minimum SO; (i = 1,2, 5, 6) index is an I-regular (I = 2,3, 4)
graph. Furthermore, the chemical (1, n — 1,2)-graphs are paths, the chemical (1, n — 1, 3)-graphs are T1, T»
and T3 (see Figure 1). We can easily check that SO1(T1) = SO1(12) = SO1(T3), SO2(T1) < SO2(T2) < SO1(T3),
S505(T1) < SO5(T2) < SOs5(T3), SO6(T1) > SOs(T2) > SO4(T3). So in what follows, we shall suppose that k > 4
form =n—1and k > 1 for m > n to all chemical (1, m, k)-graphs.

We use Gy, .k (resp. CGy,m ) to denote the set of all (1, m, k)-graphs (resp. chemical (1, m, k)-graphs) with
k>1whenm >nand k > 4 when m = n — 1. Next, let us seek the minimal SO; (i = 1,2, 5, 6) index of G, , «
satisfyingk > 1form >nandk >4 form =n—1.

Assume that p, g, k are positive integers withp > 6 and g = SPT_Zk >p-1.1If Hisa (p,q,k)-graph in which
every non-pendent vertex is degree 3, we call H a (p, g, k, 3)-semi-regular graph. It is easy to see that k > 4
forg=p-1,k>3forq=p k>2forq=p+1landk>1forqg>p+2ina (p,g, k 3)-semi-regular graph.

U2 U1 U2 U1
Us o oo Us e
(n,n,1)-graphs in U} (n,m,2)-graphs n i[ﬁ
B<s<n-1) (t>2,3<s<n-3)
U2 U1 /n—_/ii U2 U1
s s
Y . o~
(n,n,2)-graphs in U3 (n,n,1)-graphs in B,
(t>1,3<s<n-2) 4<s<n-1)

Figure 2. Four types of (1, m, k)-graphs, where k = 1 or 2

Let G;lzn , be a collection of (1,m, k, 3)-semi-regular graphs or (1, m, k)-graphs obtained from (p, g, k, 3)-
semi-regular graphs by inserting several new vertices on some pendent edge. Let Gflzzn , be a collection of
(n,m, k,3)-semi-regular graphs or (n, m, k)-graphs gotten from (p, g, k, 3)-semi-regular graphs by inserting
several new vertices on one pendent edge. Let szﬂ , be a collection of (1, m, k)-graphs gotten from (p, q, k, 3)-
semi-regular graphs by inserting several new vertices on each pendent edge. Since k + 1y + n3 = n and

k + 2ny + 3nz = 2m for ij)m L (0=1,2,3),it shows that 1, = 3n — 2m — 2k and the number of newly added
vertices is all 3n — 2(k + m) if there are new vertices added. One can easily see that sz” o szn € GSZn , and

GY ,G? GP  C G, (resp. CGyy). The graphs of UL, U2, U2 and B, used in the following contents

nmk’ “nmk’ " nmk —

are depicted in Figure 2.

3.1. Minimum SOy index of chemical graphs with a given order, number of edges and pendent vertices
Theorem 3.1. Consider G € Gy1 0r Gpyi11. Then

SO1(G) > 9.

Equality occurs if and only if G € UL, n > 4 or G € B, n > 5 (see Figure 2).
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5
Proof. For G € Gy, 1 Or Gy 41,1, Wwe have E(G) = | E; and |Eq| + |Ez| = 1. By using (1), one has
i=1

S0UG) =5 Y, ldegh(w) - deg?y(0)

uveE(G)

=%[3|E1| + Z (deg?(v)—1)+ Z(degé(v)—4) + Z |degZ (1) ~degZ (o)

uvek, uveky uveks
1
>2[BE + ) (degt(0) -1+ }_(degt(0)-4)]
uvek, uveky

1
> [3IEs| + 8IEz| + 5IE

1
=[5+ 5IEz1 + 5IE4]|. ©

Case 1. G € Gy,5,1(n > 4) is a unicyclic graph.

In this case, |Es| = 0 since G € Gy, ,,1-

For |E1| = 0,|E3| = 1, one has |E4| = 2. From (5), we get SO1(G) 2 9. If SO1(G) =9, then (I) |[E1| = 0, |E2| = 1;
(I1) When uv € E4, degg(u) = 2,degg(v) = 3 and |E4| = 2. These indicate that G € U} (n > 4,s =n—1).

For |E1| = 1,|E;| = 0, one has |E4| = 3. From (5), we get SO1(G) > %(3 +15) = 9. If SO1(G) =9, then (I)
|E1| =1, |Ez| = 0; (II) When uv € Ey, degg(u) = 2,degs(v) = 3and |[E4| = 3. Thatis G € Ul(n>523<s<n-2).

Case 2. G € Gy 41,1 (1 = 5) is a bicyclic graph.

For |E1| = 1,|E2] = 0, one has |E4] > 3. From (5), we derive SO1(G) > 9. If SO1(G) = 9, then (I)
|E1] = 1,|Ez| = 0; (II) When uv € Ey4, degg(u) = 2,degc(v) = 3 and |E4| = 3; (III) For uv € Es, degg(u) = degg(v).
Moreover, since every edge of E4 is associated with an edge of E5 and a 2-degree vertex, respectively, then
degg(u) = degg(v) = 3 for uv € E5. These mean that Ge B, (n 26,4 <s<n-2).

For |E1| = 0,|Ez| = 1, one has |E4| > 2. From (5), we derive SO1(G) > 9. If SO1(G) = 9, then () |E4| =
0,|Ez2| = 1; (II) degg(u) = 2,degc(v) = 3 when uv € E3 and |E3| = 3; (III) When uv € Es, degg(u) = degg(v) = 3.
These imply that Ge B, (n > 5,s=n—-1). O

Theorem 3.2. Let G € Gy, 0. Then
S01(G) > 13,

where equality holds only if G € U2, n > 6 or G € U3, n > 5 (see Figure 2).

5
Proof. For G € Gy, E(G) = U E; and |E4| + |E3| = 2. By using (1), we derive
i=1

S01G) =3 Y. Meg?(u) ~ degt (o)

uveE(G)

S [BlE+ Y e @)-1)+ Y et 0)-4) + Y, ldegi ) —deg @]

1woeE 1oeE ioeEs
22 [BIEx | + 8IEal + SIE.]
=2 [6-+ 51Eal + 5IE] ©
For |E1| = 2,|Ez| = 0, we have |Ey| > 4. From (6), one gets SO1(G) > 13. If SO1(G) = 13, similar to the

proof of Theorem 3.1, it is not difficult to check that G € U2 (n > 8,t>3,3<s<n-5orGe U (n>7,
t>2,3<s<n-4).
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For [E1| = 1,|E;| = 1, we have |E4| > 3. From (6), one gets SO1(G) > 13. If SO1(G) = 13, it is easy to check
thatGeU2(n>7,t=2,3<s<n-4)orGels (n>6,t=1,3<s<n-3).

If |[E1| = 0,|Ez| = 2, we have |E4| > 2. From (6), one gets SO1(G) = 13. If SO1(G) = 13, it can be seen that
GelU’n=6,t=2,s=n-3)orGel>(n=>5t=1,s=n-2). O

Lemma 3.1. Let H € Gy, . Assume that x € V(H) is a 2-degree vertex that is not contained in any pendent path,
nor in any cycle of length three. Then there exists a graph H' € Gy, ,  satisfying one of the following properties:

1) SO1(H') < SO1(H);
2) SO1(H") = SO1(H) and H’ contains more 2-degree vertices in the cycle of length three than H.

Proof. Let P = x1x; - --x; (I > 3) be the internal path containing x in H, where x = x;,7 € {2,--- ,[—1}. Without

loss of generality we assume that degy(x1) = a > degn(x,) = b > 3. Let u be a pendent vertex and v be the
neighbor of u in H. Clearly, degy(v) = ¢ > 2. Next, we discuss two cases.

Case 1. ] = 3.

Now, x = x, and x1x3 ¢ E(H) since x does not belong to the cycle of length 3. Let H" = H — x1x2 — xox3 —
uv + x1x3 + vx2 + xou. Then H” € G, .- Notice that

SO1(H) — SO1(H") =%[(a2 —H+ PP -+ -1D)-@ - -(P*-4)-@4E-1)]

:%(2b2—8) > 0.

Case2. 1> 4.
If x1x; ¢ E(H), set H = H — x1x2 — X1_1X; — U0 + X1X; + 0X2 + xj-1u. Then H' € G, x. Note that

SO:(H) — SO1(H") =%[(a2 —H+ PP -+ -1D)-@ - -(*-4)-@4E-1)]

1o,
_2(217 8) > 0.
If x1x; € E(H), set H = H — xpx3 — X1_1X; — U0 + X2X; + vx3 + Xj-1u. Then H' € G, ,,,x. Note that
SO1(H) = SOMH') =3[(@ ~1) = (- 4~ 4~ D] =0.

Clearly, H" has more 2-degree vertices in the cycle of length 3 than H. O

Theorem 3.3. Suppose G € Gy withk >4 form=n—-1,0ork=3form=mn,ork=2form=n+1,0rk >1 for
m>n+2,then

S04 (G) > 4k.

@

nmk’

Moreover, equality holds if and only if G € G

Proof. Pick G € Gy, such that G has the minimum SO;. By this hypothesis and Lemma 3.1, without loss
of generality, we suppose that all 2-degree vertices lie on the pendent paths except the 2-degree vertices on
the cycles whose length is 3 in G. We shall prove the theorem in two cases.

Case 1. G does not contain the 2-degree vertices on the cycles with length 3.
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5
Clearly, E(G) = U E;, |[E1|l + |E2| = k and |E4| = |E4|. By using (1), one has
i=1

S0UG) =5 Y, ldeqh(w) - deg?y(0)

uveE(G)

[3|E1| + ) (degh(@)-1)+ ) (degi(v)—4) + ) degt(u)~deg’ ()]

uvek, uveky uveks

1
> [31E1| + 8IEa| + 5IE

1
=5 [8IEx| + 8IEa]
=4k, )

If the equality in (7) holds, all inequalities in the above argument must be equalities. Note that [E1|+|E;| =
k, we differentiate the following three cases when the equality in (7) occurs.

For |E{| = 0 and |E;| = k, one has (I) |[E4| = 0 cause |E3| = 0; (II) degs (1) = 1,degs(v) = 3 for uv € Ey; (III)
deg(v) = degg(v) for uv € Es. Moreover, degg(u) = degc(v) = 3 for uv € Es since an edge of E is incident to
a 3-degree vertex of Es. Thus, G belongs to the (1, m, k, 3)-semi-regular graphs and 3n = 2m + 2k. Clearly,
GEG,,,

For |E1| = k and |E;| = 0, one has (I) degg(v) = 3 and degg(u) = 2 for uv € Ey; (II) degg(u) = degg(v)
for uv € Es. Moreover, degg(u) = degg(v) = 3 for uv € Es and np > k since an edge of E4 is associated
with one edge of Es and a 2-degree vertex. Hence, the maximal degree of G is three and k + 1, + n3 = n,
k + 2ny + 3nz = 2m since G € Gy, . 1t follows that ny = 3n —2m — 2k, 3n > 2m + 3k and G € CG(1

For |Eq|,|E2| = 1, one has (I) degc(v) = 3 and degg(u) = 2 for uv € Ey; (1) degc(u) = 1, degc(v) = 3 for
uv € Ey; (III) degg(u) = dege(v) = 3 for uv € Es since an edge of E,4 is incident to an edge of E5 as well as
a 2-degree vertex, and one edge of E; is incident to a 3-degree vertex of Es, respectively. So the maximal

degree of G is three and G € ngn .
Case 2. G contains at least a 2-degree vertex on the cycle of length 3.

We use r to represent the number of 3-length cycles having the 2-degree vertices in G. Now, E(G) = U E;,
|E1] + |Eo| = k and |E4| = |Eq| + 2r, where r > 0. By using (1), we have

1
SO1G) =5 ), Megh(u) - deg3 (o)
uveE(G)

[3|E1| + Z degc(v) 1+ Z(degc(v )+ Z Idegc(u) degc(v)l]

uvek, uveky uveks

1
> [3IE1] + 8E2| + 5IE

1
=5 [8IExl + 8IE2l + 107
=4k + 5r
>4k.
The proof is completed. [
3.2. Minimum SO, and SOs indices of chemical graphs with a given order, number of edges and pendent vertices
Theorem 3.4. Let G € Gy 1 07 Gy ps11. Then

50:(0) = -
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and
16 20
SOs5(G) > T+ m.
° V2+ V10 V242413

Equalities hold only when G € LI}1 n>4,s=n-1,0rGeB,, n>55=mn—1((see Figure 2).

5
Proof. For G € Gy u1 0r Gy 41,1, one has E(G) = |J E; and |E1| + |Ez| = 1. By using (2), (3) and Lemma 2.1, we
i=1

deduce that
\deg? (1) — deg?(v)|
S0G) = ), —2 %
1woeE(G) eg(u) + deg,(v)
g Y BEO L g RO 4 g e - de o)
5 uveE, deng(v) +1 uveEy deng(?)) +4 uveEs degé(u) + deng(v)
3 4 5
25|El| + 5|E2| + E|E4| (8)
and
2|ded? (1) — deg (v
505(C) = |degg (1) — degg;(v)l

n
weEG) V2 +2 \/degzc(u) + deg?.(v)
2(degz(v) - 1)

6
-2 T
V2+2+5 wek, V2 +2 4 |degZ(v) +1

2(degg(v) — 4)

+Y, n
uveEy \/E +2 4 [degzc(v) +4

2ldeg? () - deg’ )|

woeEs V2 +2 \/degZG(u) + deg?(v)

16 10
n|E1| + —————=mlEz| + ————=mlE4|. ©)

6
V2 +2+5 V2 +210 V2 +2v13

Casel. G € Gypi(n > 4).

For |[E1| = 1,|E;| = 0, one has |[E4| = 3. From (8) and (9), we get SO»(G) > 2 +3x & = 42 > 12 and
SOs5(G) > «ﬁfz 7T+3 \@320 =T > \516 =T+ ﬁfzo 75T respectively.

For |E1| = 0,|E2| = 1, one has |E4] = 2. From (8) and (9), we get SO,(G) > % + 2 X % = % and
SOs5(G) > w@}f\/ETH ﬁfgmn. If SOL(G) = % or SO5(G) = ﬁ}fmn+ \ng\/ﬁn’ then (I) |E1| = 0,|E>| = 1; (1)
degc(u) = 2,degs(v) = 3 for uv € E4 and |E4| = 2. Furthermore, |Es| = 0. These mean that G € U}, (s = n — 1).

Case 2. G € Gy 41,1(n = 5).
For |Eq| = 1,|E;| = 0, one has |E4| > 3. From (8) and (9), we derive SO,(G) > % > % and SOs5(G) >

71, respectively.

ni|Eq| +

=

6 10 16 20
Vavs " T 3 mavn T VeV T Ve
For |E1] = 0,|E2] = 1, one has |Ey] = 2. From (8) and (9), we derive SO,(G) > % and SO5(G) >
\ﬁ}ﬁ/ﬁn + \ﬁfg\@n. If SOL(G) = % or SO5(G) = ﬁ}fmn + ﬁfz()\/ﬁn' then (I) |[E1| = 0,|Ez| = 1; (I)
degg(u) = 2,degc(v) = 3 for uv € E4, and |E4| = 2; (III) degg(u) = degc(v) = 3 for uv € Es. These indicate that

GeB,(s=n-1). O
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Theorem 3.5. Let G € Gy, 0. Then

154
50:(0) = =

and
32 20

S05(G) > ™+ 7.
V2+2v10 V2+2V13
Equalities hold only if Ge U2, n > 6,t =2, s=n-30orGe U, n>5,t =1, s = n — 2 (see Figure 2).

5
Proof. For G € Gy 5, E(G) = U E; and |Eq| + |E5| = 2. By using (2), (3) and Lemma 2.1, we derive
i=1

Z \deg? (1) — deg? (0)|

SO4(G) =
2 wiEE) degé(u) + degZG(v)

gy Y Oy de0) 24 g ergle) - deglo)
> deg(@)+ 1 Gt deqt@) + 4 Lt degt(u) + deg(o)

uvek, uveky, uveEs

3 4 5
>—|E —|E —I|E 10
_5| 1|+5| 2|+13| 4l (10)

and
2ldeg? (1) — deg (o)
weEG) V2 +2 \/degzc(u) + degZ.(v)
2(deg*(v) — 1
__ 6 lEr| + (degi(v) = 1)

T
V2+2+5 woeEs V2 +2 \|deg? () + 1

2(degZ(v) — 4)

+ T
1w;4 V242, |deg? (v) + 4

2ldegz,(u) — deg (o)l
woeEs V2 +2 \/degé(u) + deg? (v)

SO5(G) =

6 16 10
>——  7n|E|+ —————n|Ey| + ——————71|E4l. (11)
V2 +245 V2 +2410 V2 +2413
154

If [E1| = 2,|E5] = 0, then |E4| > 4. From (10) and (11), one has SO,(G) > 2 X % +4 x % = % > & and

32 20 :
505(G) > 2( z\fn+4( 5" Vavio "t Vavn respectively. —

If |[E1| = 1,|E;| = 1, then |E4| = 3. From (10) and (11), one has SO,(G) > % + % +3 X % =% > & and

6 16 10 32 20 .
S05(G) > o T Vv T3V vVt T vV v respectively.
If |[E4| = 0, |E2| = 2, then |E4| > 2. From (10) and (11), one has SO,(G) > 2x 3 +2x & = £ and
SO5(G) 2 2 zfn +2 2«Fn’ respectively. If SO5(G) = 22 or SO5(G) = ﬁfjmn + ﬁfgmn, it is not
difficult to check that Ge U% (t =2, s=n—-3)orGe U (t = 1, s=n-2). O

Lemma 3.2. Suppose H € Gy, and H contains at least one 2-degree vertex in a pendent path. Let x € V(H)
be a 2-degree vertex that is not contained in any 3-length cycle and any pendent path. Then there exists a graph
H' € Gy, satisfying one of the following properties:

1) SO,(H’) < SO,(H) and SOs(H') < SOs(H);

2) SO2(H") = SO(H), SOs(H’) = SOs(H) and H' contains more 2-degree vertices in the 3-length cycle than H.
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Proof. Let P = x1x5 - -+ x; (I > 3) be the internal path containing x in H, where x = x;,7 € {2,--- ,I-1}. Without
loss of generality we assume that degr(x1) = a > degy(x;) = b > 3. Let u be a pendent vertex in the pendent
path containing the 2-degree vertices and v be the neighbor of u in H. Then degy(v) = 2. Next, we discuss
in two cases.

Casel. [=3

Now, x = x, and x1x3 ¢ E(H) since x does not belong to the cycle of length 3. Let H" = H — x1x2 — xox3 —
uv + x1x3 + vx2 + xou. Then H' € G, .. By Lemma 2.4, we derive

a2-4 -4 a2-p?

H) — H) = —
SO»(H) — SO,(H') a2+4+b2+4 a2+b2>0

and
2a - 4) 20 - 4) 2 - b?)
SOs(H) — SO5(H') = T+ > 0.
V2 +2Va2+4 \/§+2\/b2+4 \/_+2\/a2+b2
Case 2. | > 4.

If x12; ¢ E(H), set H' = H — x1X2 — x_1X7 — uv + x1x7 + vX2 + X;_1u. Then H’ € G,, . x. Note that

-4 P-4 2P
SO,(H) — SO,(H') = 2+4+b2+4_a2+b2>0

and
2= 2Py 2 - 1?)
V2+2Va2 +4 \/§+2Vb2+4 \/_+2Va2+b2

If x1x; € E(H), set H = H — xpx3 — X;_1X; — U0 + XoX; + 0x3 + x;-1u. Then H' € G, ,, x. Note that

SOs(H) - SOs(H') =

3 3
SO,(H)—SO,(H)==-==0
5 5
and
6 6

SOs(H) — SOs(H') = e G

Obviously, H’ contains more 2-degree vertices in the cycle of length 3 than H. [

X1 Xy X1
e
—_—
n Ys X2 Xy
e o SR D
N Ys
G G’

Figure 3. The graphs G and G’ in Lemma 3
Lemma 3.3. Let G be a graph as shown in Figure 3, where x, y € V(Gy) (posszbly, x=y)anddc(x) =a > 3,dc(y) =

b > 3. xxixp---x, and yy1y2---ys are two paths attached to x and y of Gy, respectively, where 1,5 > 2. Set
G" = G — x1x2 + YsXy, as shown in Figure 3. Then SOy(G) > SO,(G’) and SO5(G) > SO5(G’).

Proof. Fora > 3, we derive

-4 .3 =1 3@ 1)@ -4)
+4°5 Ca2+1 52+ 1)@ +4)

502(G) = SOx(G') =

and
6 2(a* - 4) 2@ -1

505(G) — SOs(G") =
O O = s av 2V rd | va+2vas

from Lemma 2.5. O
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Theorem 3.6. Let G € Gy, wherek >4 form=n—-1,0ork>=3form=mn,ork22form=n+1,0rk>1 for
m>n+2. Then

2k if|E1[=0
SOL(G) >4 3 / !
2(G) {§k+% if|E1] >0
and
k if|E1| = 0,
S05(G) > fﬂrk .fEl 0
M vkt e Veevn " Ve I 1Eil > 0.

Moreover, equalities hold only if G € Gf’)n o With 3n = 2m + 2k when |E1| = 0 and with 3n > 2m + 2k + 1 when
|E1] > O, respectively.

5
Proof. Choose G € Gy, such that G has the minimum SO, or SOs. Clearly, E(G) = |J E;, |[E1| + |E2| = k. We
i=1

discuss in two cases.
Case 1. G contains no 2-degree vertex in any pendent path, that is |E;| = 0, |[Ez| = k
Now, by using (2), (3) and Lemma 2.1, we derive

50:0)= ¥ |deg? (1) — degg,(v)
2 ol degZ (u) +deg2G(U)

Z degc(v) Z degZ(v) — 4 Z |deg? (1) — degZ (v)]
= —s - 4

= degZ(v) + 1 = deg?(v) + 4 = deg2.(u) + deg? (v)
5|E2| + —|E4|
%k (12)
and
SO5(G) = 2|deg? (u) — degZ,(v)|

weEG) V2 +2 \/degzc(u) + deg?.(v) "
Z 2(degz,(v) — 1) o 2(degg(v) - 4) -
weE; V2 42 W uwoeEs V2 + 2., |deg?(v) + 4
dege(v) —degz @)
iocts V242 \/degé(u) + deg? (o)

> 16 e 10 CE
> ) 4
V2 + 2410 V2 +213
16
(13)
\/_+2\/_

If the equalities in (12) and (13) follow, all inequalities above-mentioned have to be equalities. So we
obtain (I) |[E1| = 0, |Ez| = kand |E4| = 0; (I) degg(u) = 1,degc(v) = 3 for uv € E,; (II1) degg(u) = dege(v) = 3 for
uv € Es. Hence the maximal degree of G is three and k + n3 = n and k + 3n3 = 2m for G € Gy ;. It follows
that 3n = 2m + 2k, G belongs to the (1, m, k, 3)-semi-regular graphs and G € G?

nmk’
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Case 2. |[E1| > 0 and G does not contain the 2-degree vertices on the 3-length cycle in G.
In this case, by Lemmas 3.2 and 3.3, we suppose that all 2-degree vertices lie on a pendent path of G.
Now, |[E1| =1, |[Ep| = k — 1 and |E4| = |E4| = 1. By using (2), (3) and Lemma 2.1, we deduce that

Z \deg? (u) — degZ (v)|

SO,(G) =
2 ) degZ(u) + deg? (v)

3 degZ(v) -1 deg? (v) — 4 \degz(u) — degZ (o)
=ZlEi+ ) st ) i )

uveE, deng(v) +1 uveE, deng(?)) +4 uveEs degé(u) + deng(v)
3 4 5
25|El| + §|Ez| + E|E4|
3 4 5
=z 5(k 1) + —
4 12
—gk 5 (14)
and
2|deg? (1) — deg*(v))
505(G) = g (u) — degz (v) -
weE(G) V2 + 2 \/degzc(u) + deg?.(v)
2(deg*(v) — 1
_ 6 ﬂ|E1| " Z ( gG( ) ) n
V2+2+5 woeEs V2 +2 \|deg?(v) + 1
2(deg?(v) — 4
N Z (deg;(v) — 4) -
weks V2 +2 4 |deg?(v) + 4
2ldegz,(u) — degy; (o)l
woeEs V2 +2 \/degé(u) + deg? (v)
6 10
>——n|E| + + ———————7|Ey]
V2+2V5 f v— V2+2Vi3
16 10 16

(15)

"VEr 2o \/’+2«/' "2V VEeaNo

If the equalities in (14) and (15) follow, all inequalities above-mentioned have to be equalities. Therefore
one get (I) |[E1| = |E4| = 1and |E,| = k—1; (I) degc(v) = 3and degg(u) = 2 for uv € Ey; (II1) degs (1) = dege(v) =
for uv € E5 and ny > 1. So the maximum degree of G is 3. We have k + 1, + n3 = nand k + 2n, + 3n3 = 2m
for G € Gy, ;. It follows that np = 3n —2m — 2k, and 3n > 2m +2k+1,G € G(2 ke

Case 3. |[E1| > 0 and G contains at least one 2-degree vertex on the 3- length cycles

We use r to represent the number of the 3-length cycles having the 2-degree vertices in G. So |E4| = |E;|+2r,
where r > 0. By Lemmas 3.2 and 3.3, we assume that all 2-degree vertices are on the 3-length cycles or a
pendent path in G. Now, |E1| = 1, |[Ez| = k — 1 and |E4| = |E1| + 2r = 1 + 2r. By using (2), (3) and Lemma 2.1,
one has

y \degg (u) — degg ()]
e degZ(u) + deg? (v)

3 deg(v) — 1 deg(v) — 4
G T AEOL, y s
deg.(v) + 1 deg(v) + 4

SO»(G) =

uvek, uveEy,
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Z |degZ (1) — degZ(v)|
= degzc(u) + degzc(v)

3 4 5
>=|E1| + =|E2| + —<|E
_5| 1l 5| 2l 13| 4

:§ + g(k—1)+ i(1 + 2r)

5 13
i 12
k4 2
75" 65
and

2|deg? (u) — degZ (v)|
wek(G) V2 +2 \/degé(u) + deg? (0)
2(degg(v) = 1)

6
-—— % R+ n
V2+2+5 uvéz \/§+2,/deg2G(v)+1
2(deg?(v) — 4)

+Y] n
weEs V2 +2 \|deg? (v) + 4

2|degZ(u) — deg? (v)| .
weks V2 +2 \/degé(u) + degZ ()

505(G) =

7t|E| + 7t|E4]

6 16 10

>—nlE| + ———— -

V2 +2+5 V2 + 210 V2 +2v13
6 16

10
= T+ nk-1)+ ————
V24245 V242410 V2 +2413
16 6 10 16

>TT k+ ™+ - .
V2+2V10 V24245 V2 +2413 V2 +2+v10

1

(1 + 2r)

The proof is completed. [

3.3. Minimum SOq index of chemical graphs with a given order, number of edges and pendent vertices

Theorem 3.7. Let G € Gy 1 0f Gypi11. Then

2 2
S06(G) 2 (ﬁ) e+ 3(\5%\@) .

Equality holds if and only if G€ U}, n >5,3<s<n-2,0r GEB,, n > 6,4 <s <n—2(see Figure 2).

1295

5
Proof. For G € Gy 1 or Gppi11, One gets E(G) = U E; and |Eq| + |Ep| = 1. By using (4) and Lemma 2.1, it
i=1
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follows that

degz,(u) - deg? (v) )Zn

SO6(G) =
weEG) - V2 + 2 \/degzc(u) + deg?.(v)

2 degZ(v) — 1 )2
n

nlEdl+ ) (
Méz V242 [deg? (v) + 1

deg?(v)—4 2
+ ) n

uZJZG‘E4( V2+2 [deg? (v)+4

degy, (1) —degz(v) 2n

+ué5 ( V242, /degzc(u)+degé(v))

()

2 2
>(;) nlE |+(L) 7lEs|
\vz2+2v5) 0 \Nat2vmo/
5 2
+ (—) 7lE4l. (16)
V2+2vi3)
Casel. G € Gypu1(n = 5).
2
Now, |[Es| = 0. For |Eq| = 1,|E;| = 0, one has |[E4] = 3. From (16), we get SOs(G) > (m) T+
2 2 2

3( @im) 7. If SO6(G) = (m) m+3( @im) 7, then (I) |E1| = 1, |Eo| = 0; (II) degg(u) = 2, degc(v) = 3

for uv € E4 and |E4| = 3. Thatis G € U,ll (3<s<n-2).

T+ 2(+)zn >

2
For |Ei| = 0,|Es| = 1, one has |E5| = 2. From (16), we get SO4(G) > (m)

2 2
3 5
(@z@) T +3( \ﬁ+2\@) .
Case 2. G € Gyps11(n = 6).
2 2
For |E1] = 1,|E5| = 0, one has |E4| > 3. From (16), we derive SO4(G) > (m) m+ 3(%) n If

2 2
SO4(G) = (m) n+ 3(@%%) 7, then (I) |E1| = 1,|Ea| = 0; (II) degc(u) = 2,dega(v) = 3 for uv € Eq and
|E4| = 3; (1) degc(u) = degi(v) = 3 for uv € Es. This means that G€ B, (4 <s <n-2).

2 2
For |E1| = 0,|E;| = 1, one has |E4| > 2. From (16), we derive SO4(G) > (wﬁéx/ﬁ) ™+ 2(%) ™ >

O

2 2
T + 3(@;2\/@) TT.

(\/532\/5)

Theorem 3.8. Let G € Gy, 0. Then

Y7+ s(———)'n,

504622 Ee2vn

3
V2 +245

where equality holds only if GE U2, n >8,t>3,3<s<n—-50rGe U’ n>7t>2, 3<s<n—4 (se Figure
2).
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5
Proof. For G € Gy, 2, E(G) = U E; and |Eq| + |E3| = 2. By using (4) and Lemma 2.1, we derive
i=1

SO6(G) =

deg?(u) — deg?(v) )2
7
weE(G) V2 + 2 \/degé(u) + degZ (v)

3 2 deg*(v) — 1 2
(\/§+2V5) it +ZG‘E( V2+2 ‘G/degzc(v)+ 1) "

deg’(v)—4 )Zn

+uvze;‘4( V242, |deg? (v)+4

degZ(u)—deg? (v) 2

+Lw;5(‘/§+2\/‘m)n

3 2 8 2

z(—) nIE |+(—) -
V2 +245 ! V2 +2410 ?

2

7t|E4|

(o)

2

:2( ﬁfz \/g) 7”[( \/§+82\/m) _( ﬁfz \/5) ]”'E2|
27‘(|E4I. (17)

(e

2
If |[E1| = 2,|E>| = 0, then |E4| > 4. From (17), one has SO¢(G) > 2( n+4 7. If SOg(G) =

s5) (i)
) R V2125 V212 V13
2(@%6) n+4(m) 7, similar to the proof of Theorem 3.7, it is not difficult to check that G € uz2
(t=3,3<s<n-5)orGell(t>2,3<s<n-4).

2 2 2
If |[E1| = 1,|E;| = 1, then |E4| > 3. From (17), one has SO¢(G) > (m) n+(\@§m) 71+3( \@;\/ﬁ) >
2 2
3 5
2( \ﬁ+2\@) 7'[+4( \ﬁ+2x/ﬁ) Tt
2 2
If [E1| = 0,|E5| = 2, then |E4 > 2. From (17), one has SO¢(G) > 2(%) T+ z(ﬁ) >
2 2
3 5
(5w i) ™ O

Lemma 3.4. Let H € Gy, . Assume that x € V(H) is a 2-degree vertex that is not contained in any 3-length cycle
and any pendent path. Then there is a graph H' € G,, ,, satisfying one of the following properties:

1) SO6(H") < SO6(H);
2) SOg(H") = SOg(H) and H' contains more 2-degree vertices in pendent paths than H.

Proof. Assume that the neighbors of x are y and z with degy(y) = a > degn(z) = b > 2. Let u be a pendent
vertex of H and v be the neighbor of u with degy(v) = c > 2. Let H' = H — xy — xz — uv + yz + ux + vx. Then
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H’ € G, x- Note that

SOs(H) — SOs(H')

2 2 2

_ a2 -4 b2 -4 2-1
) ) )

2 2 3 2

c>-4 a? - b?
_(ﬁ+zm)”‘(ﬁ+zm)”‘(ﬁ+z@)”

21 2 2_4 2 3 2
Z”[(mzm) ‘(mzm)”'(m—zv@)]
a’-4 2 b*-4 2 a2-1p? 2
| oves) i) Eaves) |
Fora > b > 2 orc > 2, in view of Lemmas 2.2 and 2.3, one gets SOs(H) > SO¢(H’). On the other hand, only

when b =2 and ¢ = 2, SOg(H) = SOs(H’). Now, obviously H' contains more 2-degree vertices in pendent
pathsthan H. O

Theorem 3.9. Suppose G € Gy, x, wherek >4 form=n—-1,0ork >3 form=mn,ork>2form=n+10rk>1
form > n+ 2, then

504(G) = n[(m) ; (m) ]k.

Equality holds if and only if G € ijznlk and 3n > 3k + 2m.

Proof. Pick G € Gy, such that G has the minimum SOg. By this supposition and Lemma 3.4, without loss
of generality, we suppose that all 2-degree vertices lie on the pendent paths except the 2-degree vertices on
the 3-length cycles in G. In what follows, we prove the theorem in two cases.

Case 1. G does not contain the 2-degree vertices on the 3-length cycle.

5
Clearly, E(G) = U Ei, |[E1]l + |E2| = k and |Eq| = |E4|. By using (4) and Lemma 2.1, one has

i=1

sou@)= Y, (W EEO
o(G) =
wekG) V2 +2 \/degé(u) + deg?.(v)
3 2 deg.(v) — 1 2
= — | n|E1| + i
(\/§+2\/§) 1 uéz(\/i+2,/deg2c(v)+l)
degZ(v)—4 2
+ T
uvze:&( V242, /degzc(v)+4)
.\ Z ( degZ(u)—deg? (v) )27_[
uveEs © V2+2 |degZ (u)+deg? (v)
3 2 8 .
- E _ E
2(«/§+2«/§) n 1|+(\5+2m) |
5 2
2 )
+ 5 m) lEs|

) s
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s (w1

3 ¥ 5 g
Zn[( ) + ( ) ]k. (18)
V2+245 V2+2v13
If the equality in (18) holds, all inequalities in the above argument must be equalities. Thus we have (I)
degg(u) = 2,degg(v) = 3 for uv € Ey; (1) |Ez| = 0; (III) degg (1) = degg(v) = 3 for uv € Es and n, > k since an
edge of E, is associated with one edge of E5 and a 2-degree vertex. Hence, the maximal degree of G is 3 and
k+ny+n3=mn,k+2ny, +3n3 =2m for G € Gy, . It follows that n, = 3n — 2m — 2k, and thus 3n > 2m + 3k,
©)
GeG,
Case 2. G contains at least a 2-degree vertex on the 3-length cycles.
We use r to denote the number of the 3-length cycles having 2-degree vertices in G. In this case,

5
E(G) = UE;, |[E1l + |E2| = k and |E4| = |Eq] + 27, where r > 0. By using (4) and Lemma 2.1, we have
i=1

SO6(G) =

dege,(u) — degz;(v) )2
T
weEG) V2 + 2 \/degzc(u) + deg?.(v)

deg?(v) — 1 2
|Eq] + 7 )71

3 2
(\/§+2‘/§) uéz(\/f+21/deg2c(v)+l

deg’(v)—4 2
N ) n

UUZG‘E;( V2+2 [deg? (v)+4

deg?(u)—deg? (v) 2

+
ué5 ( V242, |degZ (u)+deg? (v)

Z(m) n|E1| + (

Tt

—ﬁfz m) nlE
B
Vzi2v)
2 2
G ) s

2 2

2
v () (s 1

2

) v

The proof is completed. [

4. Conclusions and discussions

Remark 4.1. For any graphs in U}, U2, U3, B, G"  G?  and Gf?ﬂ i the maximum degree of these graphs is

nmk’ " n,mk

less than 4, so Theorems 3.1-3.9 hold for G € CGyy k.

In this paper, we get the minimum value of SO;, SO, SOs and SO indices for all (1, m, k)-graphs (resp.
chemical (1, m, k)-graphs). One can investigate the chemical (1, m, k)-graphs with the minimum value of
503, SO4 indices and the maximum value of SO1, SO,, SO3, SO4, SOs5, SOg indices as a future work.
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