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Abstract. Let f : [0,1] — [0, +c0) be a log-convex function, 0 < u

7 < 1 and m be a positive integer.
Then by using the Jensen’s inequality we prove that

E(r9ef7) - @)+ fOF - £1@) < (FOVf)" - £
and

(1-o"

ﬁ(f’”(o)%f"’(l) — (@) + (FDE = FEW) < (FOVLFD)" - f(2).

Here, V, denotes the weighted arithmetic mean, and r,,;, are two positive constants. Moreover, by
choosing suitable log-convex functions, we derive new refinements of several classical inequalities that

relate the difference between the arithmetic-power, arithmetic-harmonic, and arithmetic-geometric means
for both scalars and matrices and matrices, as well as matrix norms and determinants.

1. Introduction

Let M, be the algebra of all complex matrices of order n X n. The positive semidefinite matrix A € M,
written as A > 0, is a Hermitian matrix with (Ax, x) > 0 for all x € C". If A € M,, is a Hermitian matrix with
(Ax,x) > 0 for all nonzero x € C", then A is called a positive definite matrix, written as A > 0. The set of all
positive matrices is denoted by M} and the set of all positive semidefinite matrices in M, is denoted by M, *.
The singular values of a matrix A € M, are the eigenvalues of the positive semidefinite matrix |A| = (A*A)'/?,
denoted by s;(A) fori =1,2,3,...,n. Anorm ||| - ||| on M, is called unitarily invariant if |||[UAV]|| = |||A|l| for

n

all A € M, and all unitary matrices U, V € IM,,. The trace norm is given by ||A|l; = tr|A| = Z sk(A), where

k=1
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tr is the usual trace. This norm is unitarily invariant. Another important example of unitarily invariant
norms is the Hilbert-Schmidt norm || - ||, defined by

Al = tr(AA") = () |ai,j|2)%, (A = (@)
ij

For A,B € M;}*, u € [0,1] and p € (-1,1), the operators arithmetic, geometric, harmonic and power
means are defined respectively, by

AV,B:= (1 - wA + uB, Af,B:=AY2(A72BA2) A2, ALB=(A"'V,B )
and
1
A, B = AV((1 = p)I + p(A2BATV2P) A2, p e R\(0}.

The limit as p — 0 implies
AfouB = A,B = AV(AP2BAT) A2,

Further, the values p = 1, -1 give the arithmetic and harmonic means.
An important inequalities between the powers, geometric, and arithmetic means for operators is stated
as follows, for p € [-1,0] we have

Afy,.B < AfuB < AV,B. )

The theory of convex and log-convex functions has been crucial in numerous fields, such as mathematical
inequalities, optimization theory, functional analysis, applied mathematics, and mathematical physics.
These functions play a central role in deriving important results and solving problems in these areas.
Convexity helps establish key properties like monotonicity and optimality. Log-convex functions, in
particular, are useful in refining inequalities and characterizing behavior in various applications. Their
study has led to significant advancements in both theoretical and applied mathematics.

Recall that a function f : I — R is said to be convex on the interval I ¢ R if

f(A = wa+ pb) < (1= p)f(@a) + pf(b), (2)

foralla,b € I and p € [0, 1]. If the inequality (2) is reversed, then f is said to be concave. If log f is convex,
then f is called log-convex. Therefore, a log-convex function is a positive function satisfying

A = wa+ub) < fl@)' 7 f(b)", €)

for the same parameters as in (2). Specifically, if f is a log-convex function, it is also convex, As established
by the well-known Young’s inequality, stated in the second inequality of (4).

Using the same notation for positive numbers a and b, the harmonic-geometric-arithmetic mean in-
equalities state

alyb < afyb <aV,b, 4)

fora,b > 0 and i € [0, 1], with equality if and only if a = b. Here the latter one of (4) is the classical Young’s
inequality.
F. Kittaneh and Y. Manasrah [19] derived the following noteworthy refinement of Young’s inequality.

af,b +ro(Va— Vb)? < av,b, ®)

where ro = min{u, 1 — u}.
In [4], H. Alzer et al. presented the following Young-type inequalities, which play a significant role in
various mathematical contexts, particularly mathematics inequalities.
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Theorem 1.1 (Alzer-Fonseca-Kovaéec). Let a,b > 0 and let A, u and t be real numbers with A > 1and 0 < p <
T < 1. Then

(E>/\ B @V, b)* — (af,b)* B (1 - y)A
) S @y @by -7/

The Alzer-Fonseca-Kovacec inequalities have, in fact, become one of the most significant extensions of
Young’s inequalities Another significant refinement of the power form for the case of two weighted Young’s
inequalities was presented in [14].

J. Liao and J. Wu [26] replicated the Alzer-Fonseca-Kovacec inequalities for the difference between
arithmetic and harmonic means as follows

Theorem 1.2 ([26]). Leta,b > 0and let A, u and T be real numbers with A > 1and 0 < u <t < 1. Then

(E>/\ . (@Vb)* — (a!,b)* - (1 - y)A

/7 @Vt = (alb)r TN -1/

At the same time, M. Khosravi [17] derived the following inequalities that relate the difference between the
arithmetic and the power means.

Theorem 1.3. Leta,b>0,p € (—1,1) and let u, T be real numbers with 0 < pp < v < 1. Then

(aV,b) — (alpb) B 1-u

< )
T (aVib) = (afhpb) T 1-7

#
T

Interestingly, Theorems 1.1, 1.2 and 1.3 happened to be special cases of a more general result obtained by
M. Sababheh via convexity:

Theorem 1.4 ([21]). Let f : [0,1] — [0, +00) be convex and let A, u and T be real numbers with A > 1 and
0<pu<t<1 Then

(B < QWfO O i) 1y
T A= 0fO + ) - il =)

For additional reading on the generalized refinement of Young's inequality, the reader is encouraged to
consult recent papers [1, 3, 10-13, 15, 16, 19, 22, 23, 25].

The structure of this paper is as follows: In Section 2, We present Theorem 2.4, which establishes the
primary inequalities for log-convex functions. In Section 3, As an application of these results, we de-
rive a significant new refinement of inequalities involving the differences among the arithmetic-geometric,
arithmetic-harmonic, and arithmetic-power means, as discussed in the introduction. In Section 4, we ex-
plores some applications of the main results from Section 2 to derive analogous inequalities for matrices. In
Section 5, by employing specific log-convex functions, we refine certain inequalities between the arithmetic-
power, arithmetic-harmonic, and arithmetic-geometric means for particular norms. In the final section, we
expand the applications of Section 2 to derive analogous inequalities for determinants.

2. Log-convexity results

In this section, our goal is to explore new inequalities related to log-convex functions. Before presenting
and proving our results, we first introduce the following theorem on Jensen’s inequality.

Theorem 2.1. Let f : I — R be convex, {x1,...,x,} CLand {y,..., un} C [0,1] be such that Z ux = 1. Then,
k=1

F(Y peore) < Y w ). 6)
k=1 k=1
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We also require the following two lemmas.

Lemma 2.2 ([12]). Let m be a positive integer and let p1 be a positive number, such that 0 < u < 1. Then

m m )
Y, ( k)ku"(l — " * = my, @)
k=1

where (k) is the binomial coefficient.

Lemma 2.3 ([14]). Let u and t be a two positive numbers such that 0 < p < % T < 1, and m be a positive integer.

Then "

¢ ¢

— m _ — > m __ _ m > 0.
1-w"-qQ T)T_O and " - (1 T)l—p_o
Throughout the rest of this paper, we denote
mm{ (A= -(1- T)/JT}

and

. (1_T)m m_ _\m l’l
mm{ T (1-1) —1_#},

respectively, by r,, and ;.

We are now prepared to prove our main results on log-convex functions. Additionally, the significance
of these results is highlighted in Remark 2.5 below.

Theorem 2.4. Let f : [0,1] — [0, +00) be log-convex and 0 < u < = < 7 < 1. Then for all positive integers m,

”T(fm(owf £10) = ) + 1O = FE D) < FOVLFM)" - ()

and
(1 (fm<o>v £1) = () + i fDE - FE W) < FOVFD)" - ().
Proof. 1. Suppose that0 < u < % < 1 < 1. We claim that

Fr(u) + (fmu)vffmm — @)+ 1l FEO - FE@) < (FOV,F)™.

We have the followmg identities

FOV )~ E (O - £70) =140 - FE )
_Z( ) (1 — )™ kf (1) fm- “0) - m( -7)f"0)+7f"(1) - f"(t ))
—ru( f"(0) + F7(0) - 2f % ()£ (0))

Z( ) (1= w" 0 - "’fm(l)—u’"lg—Tf'”(0>+”7f”’(T)
k=
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H - )@ + 2 @4 0)
m—1
> (?)uk(l S o (R T 1)

HE =) @) + 2 (5)  ®yremmaz3)

m+1

=Y f" e,

k=0
where

0ifk=0,

k.
aifl<k<m-1,
X =
T ifk=m,

5 ifk=m+1,

and

(1—pym === —r, ifk =0,

(k@ —pym* if1 <k <m-1.
Hr =

‘le .
T rw iftk=m,

21 ifk=m+1.

By using Lemma 2.3, we have

(@) xx >0forallke{0,1,...,m,m+1},
m+1

(b) ur=>0forallk€{0,1,...,m,m+ 1}. Further Zyk =1.
k=0
Since, the function f" is convex. Theorem 2.1 implies

}lm m m 2
FOV )" = —(f"OVef") = @) = ru(f2(0) = ££ (1))
m+1 m+1

> ) s = () ) = ).
Py k=0

1345

2nd case: For the second inequality, first notice that if the function f(x) is log-convex on [0, 1], then

1
f(1 —x)islog-convexon [0,1]. If 0 < u < 3 <7<l thenwehave0<1-7< - <1-pu<1 Soby
changing f(x), 4 and 7 into f(1 —x), 1 — 7 and 1 — , respectively in the first inequality. We obtain the

desired results.
O
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Remark 2.5. Before delving into further results, we briefly discuss the relationship between Theorem 2.4 and Theorem
14.
Notice that the first inequality in Theorem 1.4 can be written as

(&) [Fovesy” - /@) < (09, f0)" - 0 < p< o<1, ®)
while the second inequality in the same theorem can be stated as
m 1—u\"
(O, s) = ] < (1=5) GOy - o0 < <o ©)

wherem =1,2,--- .
As aresult, the first inequality in Theorem 2.4 provides a new refinement of (8), while the second inequality introduces
a refining term for (9). Together, the three parts of Theorem 2.4 offer a significant refinement of Theorem 1.4.

It is important to note that these refinements have been established for integer powers m and for log-convex
functions. Additionally, the assumption that f is log-convex played a crucial role in the proof.

Since Theorem 1.4 generalized the results from [4, 17, 26], our findings in this section offer improved estimates
compared to those in these references, highlighting the significance of our results. In the following sections, we provide
explicit examples of refined inequalities for both scalars and operators.

3. Applications to scalar inequalities

In this section, by choosing suitable log-convex functions, we derive new refinements of classical
inequalities involving the differences between the arithmetic-power, arithmetic-harmonic, and arithmetic-
geometric means for scalars.

Leta,b>0,A €[0,1] and p € R\ {0}. It is widely known that the function

p > atyab = (1- A)a” + AbP)r
is increasing on R \ {0}. In particular, we have
aﬁp,,\b <aV,b,

for every p € (—o0,0). Furthermore, it is known that afib = lirr(} affy b
p—)
p#0
On the other hand, we can easily show that for every p € (-, 0), the function A aﬂp, b is log-convex
on [0, 1]. So, by applying Theorem 2.4 we obtain the following new lower bound for the difference between
the arithmetic and power means.

Corollary 3.1. Leta,b>0,p € (—00,0)and 0 < u < % < 1 < 1. Then for all positive integers m, we have
(@)~ @heb)) + 1l — b))
< (av,b)" — (atpub) (10)
and
%((amvybm) — @l b)") + (e - (aﬁ,g,yb)%)2
< (aVTb)m - (aﬁp,Tb)m. (11)
If we take p = —1 in Corollary 3.1, we obtain the following corollary, that proves a generalized refinement

of the difference between arithmetic and harmonic mean inequality.
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Corollary 3.2. Leta,b>0and 0 < u < - <1 < 1. Then for all positive integers m,

N =

P v -r) + ot -y

(av,b)" — (atud)", (12)

IA

and
A=0" u " m e w2
ﬁ((a Vub™) = (@ub)") + 1,(a? - (aub)?)
< (aved)" — (ated)". (13)
If we take the limit as p — 0 in Corollary 3.1, we obtain the following corollary, that presents a new

generalized refinement of the difference between arithmetic and geometric mean inequality presented in
[14].

Corollary 3.3. Leta,b>0and0 < u < % < t < 1. Then for all positive integers m,
ﬂ((umv ") - (aﬂ b)m) + 7 (b% _ (uﬂ b)%)Z
T T T ” .
< (thb)m - (aﬂyb)", w
and
oV @) - e - ans)
< (aved)" - (atb)". -

1
Remark 3.4. Ifwe set T = % in (14) and p = > in (15) respectively, then we recapture Theorem 3 from [1].

4. Applications to some matrix inequalities

Our aim in this section is to discuss some matrix inequalities that correspond to scalar inequalities
derived in the previous section.

In order to obtain matrix inequalities from the corresponding scalar inequalities, we will use the mono-
tonicity property of operator functions described in the following lemma.

Lemma 4.1 ([24], p. 3). Let A € M,, be Hermitian. If f and g are both continuous functions with f(t) > g(t) for
t € Sp(A) (where the sign Sp(A) denotes the spectrum of matrix A), then f(A) > g(A).

An analogue of Corollary 3.1 for matrices is the following theorem, which establishes a refinement of the
difference between the arithmetic and power mean inequalities for matrices.

Theorem 4.2. Let A,Be M;",p € (—c0,0)and 0 < u < % < 1 < 1. Then for all positive integers m,
E(AVA(ARLB) — Af(AthB)
+ rm(A + Aﬁm(Aﬁp,rB) - ZAﬁ% (Aﬁp,TB))
< ABu(AVuB) — Afw(AlyuB), (16)
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“{_T(AVH(AMB) — Ay (At,B))
+ 7,(AuB + (At .B) - 2(Afy B)A™ Aty (At .B))
< Alim(AVTB) - Aﬁm(Aﬁp,TB)~ (17)

Proof. Let b =1 in inequality (10). Then

%((mm +(1-1)) (ta” + (1-1))7)

+

ru(1+ (ta + (1= 1))7 = 2(1a” + (1 - 7))*)
(pa + (1= )" = (ua” + (1 - )7, (18)

IA

Since the matrix C = A7 BA7 hasa positive spectrum, Lemma 4.1 and (18) imply
“T(( C"+(1-0) - GC+@1-DDF)

+ I+ (@CP+ (1= DDF = 2C7 + (1= D)D¥)

< (UC+ (A - D" = (uCP + (1 — ). (19)
Finally, multiplying inequality (19) by A7 on the left and right hand sides, we get
E(AVAABB) — A(Afy,B)

+ 1A+ Afw(Al,<B) - 2484 (Af,B))
< Aﬁm(AvyB) - Aﬁm(Aﬁp,pB)-
Using the same technique in (11), we get (17). This completes the proof. [J

To deduce our first corollary of the above theorem we need the following simple lemma from [27].

Lemma 4.3 ([27]). Let A,B € M,;* and p, 7 € [0,1] are be real numbers. Then
A (A#,B) = Afl.,B.

If we take the limit as p — 0 in Theorem 4.2, we obtain the following corollary, that proves a refinement of
the difference between arithmetic and geometric mean inequality for matrices.

Corollary 44. Let A, BeM; " and 0 < u < % < 1 < 1. Then for all positive integers m,
[Jm
T(AVT(AﬁmB) — AfweB) +  1u(A+ AteB — 2A80: B)
< Afu(AV,B) — AbB, 20)
and
1-o" ,
ﬁ(AVH(AﬂmB) — AthB) +  17,(AthuB + AhuB — 2A8,  B)
< A#,(AV.B) — Af}..B. (21)
Take p = —1 in Theorem 4.2, we obtain the following corollary, that prove a refinement of the difference

between arithmetic and harmonic mean inequality for matrices.
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1
Corollary 4.5. Let A,Be M;;* and 0 < u < 3 < 1 < 1. Then for all positive integer m, we have
E(AVi(AfuB) — Afu(ALB))
+ Tu(A + Afu(AlB) — 2AH 4 (ALB))
< Aﬂm(AVyB) - Aﬂm(A!yB)/ (22)

a-o"

(AV(AfuB) — Afu(ALB))

+

h(AlhuB + At (Al,B) — 2(Ay BYA™ Aty (A1,B))
Aln(AV.B) — At (AL B). (23)

IA

5. Applications to some norm inequalities

In this section, by selecting some appropriate log-convex functions, we obtain new refinements of some
inequalities between arithmetic-power, arithmetic-harmonic and arithmetic-geometric means for certain
norms.

The matrix version of classical Young inequality af;b < aV,b states that [7],

AT XBIIl < (1 = HIIAXII + HIXBIIl, 0 <t <1. (24)

It is known that when A, B € M, and X € M,,, the function f(u) = IIAT#XBH||| is log-convex on [0, 1],
(see [20]) for any unitarily invariant norm |||.|[| on IM,,. Then by using the Theorem 2.4 we have the following
corollary which presents a new generalized refinement of Young's ineuality (24).

1
Corollary 5.1. Let A,Be M}, and X e M,,,0 < u < 3 < 7 < 1 and m, be a positive integer. Then

m
E(haxirvixsir - naTxsr)
z 1-7 T 2
+ ru(lIXBIIE = A" XB|%)
" 1-u m
< (IAXIIVIXBI) " - A XBH|™,
and
1-7)" _
L= axrw, ixBIr - A XE)
T-u
’ m 1— m 2
+ r(IlAXIIZ — A XBH|?)
" 1-7 T(||m
< (AXNVAAIXBII) " - A" XBT|™.

It is known that when A, B € M, and X € IM,,, the function
f(w) = IIA#XB|||lA*XB'#||

is log-convex on [0, 1], (see [20]) for any unitarily invariant norm [||.||| on IM,,. Then by using Theorem 2.4
we have the following corollary.
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1
Corollary 5.2. Let A,Be M}, and X e M,,,0 < u < > < 1 < 1and m, be a positive integer. Then

MT((IHAXHl-lIIXBHI)m - (|||A17TXBT|||‘|||ATXBl*T||)m)
L -1 T T -T2 2
+ru((NAXILIXBIDE = (1A' XBY[ILIA"XB="|)? )
m
< <|||AX|||-|||XB|||) — (IAT#XBH||LIIIA* XB' )™,
and
(]‘ — T)m m 1- ! 1=y pym
Ty ((|||AX|||-|||XB|||) = (IATHXBHILIIARXBH]) )

m _ _ m 2
7, ((AXILNXBINE — (AT XB L I|A* XB'#])¥)
m
< (IAXILIXBIN) " ~ (1A' XBT|IIIATXB!7])".

The next lemma provides a technical result which we will need in the next result.

Lemma 5.3 ([21]). Let A,B € M;}* and X € M, and let f(u) = ||A*XB'"# + A" XB¥||,. Then f is log-convex on
[0,1].

Using this lemma, together with Theorem 2.4, we have the following corollary.

1
Corollary 5.4. Let A,Be M;; " and X € M,,, 0 < u < 5 <t < 1and m, be a positive integer. Then
lum
T(||AX +XBIlY — ATXB'T + ATTXBI)
m m\2
+ ru(lAX + XB|l; — |A™XB'"" + A'"XB|; )
< |lAX + XBJly — ||A*XB'+ + ATHXBH[7,
and
(1 B ,.[)m m L 1- 1- Lym
(IAX + XBIly —  [IA“XB'™* + A"“XB!7)
T-w
n nm 2
+ 7,(IAX + XBIl — A" XB'# + AT+ XBH||; )
< JJAX + XB|ly - |A"XB"" + AT XBly.

It is known that when A, B € M, the function f(u) = tr(AYHBH) is log-convex on [0, 1], (see [20]). Then
by using Theorem 2.4 we obtain the following corollary.

1
Corollary 5.5. Let A, Be M;*,0< u< 7ST< 1 and m be a positive integer. Then

K m m _ 1-tpt\m
- (t"(A)V-tr"(B) tr(AT"B)")
+ ru(tr(B)¥ - tr(Al-TBT)%)2
< tr(AVB)" — tr(A'HBH)",
and
(1_T)m m m 1- m
ﬁ(tr (AVutr"(B) —  tr(A"FBY")

m m 2
7, (tr(A)% — tr(AHBH)%)
tr(AV,B)" — tr(A¥"BY)™.

+

IA
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6. Application to determinant inequalities

In this section, we examine the matrix version of inequalities involving the arithmetic, power, harmonic,
and geometric means for determinants, which correspond to the scalar inequalities derived in Section 2. Let
A and B be two positive definite matrices. The matrix version of the classical Young inequality aff;b < aV,b
for determinant states that [7],

det (A''B') < det (1-)A+1tB), 0<t<1. (25)

Several other forms of Young’s inequalities for the determinant, based on weaker scalar inequalities, can
also be found in a paper of J. Liao [26].
Before giving our result, we need the following two lemmas.

Lemma 6.1 ([6], p. 26). (Minkowski inequality) Let a = [a;], b = [b;], j = 1,...,n such that a;, b; are positive real
numbers. Then

n o n i

([Ta)" +(J1t)" <([J@+vp)"-

j=1 j=1 j=1

Equality holds if and only if a = b.

Lemma 6.2. Let a and b be positive real numbers witha > b. If A > 1, then
a' —b' > (a-Db)t.

Proof. For A > 1 the function f(t) = s super-additive, in the sense that f(a + b) > f(a) + f(b). Since, a > b,
we have
At =@-b+b)">@@-b"+v"

It follows thata* —b* > (a —b)*. O

The first key result of this section is stated as follows.

Theorem 6.3. Let A,Be M;",p € (—0,0), T = ATBA? and 0 < u < % < 7 < 1. Then for all positive integers
m,
F” et (Av.B - (A TB))%
T P
+ rudet(A¥(I— (If,T)¥)?A%)’
< det(AV,B)" — det(Af},.B)", (26)
and
1-1)" o
( _T) det(AV,B ~ (A,,B))
+ 1, det(A¥(TH - (1§, T)%)*A%)"
< det(AV.B)" — det(Af,.B)". (27)

Proof. Since the determinant of a positive definite matrix is the product of its singular values, so we have

det(IV,T)% = det((1— w)l + uT)*

[T] - w+msiy]
j=1
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From inequality (10) of Corollary 3.1 we have

\%

det(rv, T)¥ > [[[wsh(m+ @ -w)?
j=1

+ K((q:s;"(T) +1-1)= (1w () + (1-1))7)
T ]

+ (1 (xs!(T) + (1 - T))%)Z]*.

So,
deviD)? = | 4n1 () + @ -]’
j=
+ §[ ‘”1 ((si(T) + (1= 1)) - (ts(T) + (1 - T));)m]%
]:
+ rm[ - (1 - (Ts?(T) +(1- T))%)Z]%
j=1

= det(lf, DY + == det (IV.T - (1#,.7)"
+ rudet((I - (1,1?))’",

where the second inequality follows by the convexity of the function f(f) = t" and Lemmas 6.1 and 6.2.
So, multiplying the above inequality by (det A%)" on the left-hand side and on the right hand side, we can
deduce the result. Using the same technique above we can easily get the proof of the other inequality. This
complete the proof. [J

If we take the limit as p — 0 in Theorem 6.3, we obtain the following corollary, that proves a refinement of
the difference between arithmetic and geometric mean inequality for determinant.

Corollary 6.4. Let A,B€ M;*,T=A?BA~ and0 < u < % < 1 < 1. Then for all positive integers m,
”m %
“—det(AV.B - (At:B))
T
+ rudet(A¥(I- (I T)3)A%)
< det(AV,B)" — det(Af},B)", (28)
and
1-7)" m
( _T) det(AV,B — (A#.B))
+ 7, det(A%(T% - (1§, T)% A%
< det(AV.B)" — det(Af.B)". (29)
If we take p = -1 in Theorem 6.3, we obtain the following corollary, which present a new generalized

refinement of the difference between arithmetic and harmonic mean inequality for determinant.
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Corollary 6.5. Let A,Be M;*, T = A?BA7 and 0 < u < > <t < 1. Then for all positive integer m, we have

m
n

% det (AV.B (ALB))

1

+ rudet(A¥(I- (LT)3)A%)
< det(AV,B)" — det(A!,B)", (30)
aQ-om u
T det(AV,B - (Al,B))
+ ), det(A¥(T% - (1, T)% 2A%)
< det(AV.B)" — det(A!,B)". (31)
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