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A note on the approximation of conjugate functions in the H,’ space
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Abstract. In this paper we use the trigonometric mean R;(B), for 1 < B < 2, to estimate a sharper degree of

approximation of conjugate functions in Hy —space. This paper also generalizes some results of Nigam [12]
and [16]. In addition, a particular result is derived from our results as corollary.

1. Introduction

Dasetal. [4] developed a new space Hy and generalized the result of Leindler [9]. Leindler [10] extended
the result “degree of approximation of the Fourier series in H} space”. Again Das etal. [5] estimated the rate
of convergence by using delayed arithmetic mean. Further, Nigam and Hadish [13] estimated the degree
of convergence in Hy’ space using TC' method and replacing Fourier series by the conjugate Fourier series.
Dutta and Das [1] estimated the degree of convergence by the Zeweier-Euler product summability method.
There are several generalizations of the above estimations in the H} space, see, for example, Mursaleen
[11, 14, 15], Krasniqi [7, 8]. Recently, Nigam and Rani [16] estimated the convergence rate of conjugate
Fourier series in H}} space by using Matrix-Hausdorff product mean. We note that approximation using

the trigonometric mean Ry(B), for 1 < f < 2, of Fourier series of functions belonging to the Hy space have
not been studied so far, which motivated us to study the problem further.

2. Definition and Notation

Let f be a periodic function with period 27 such that f € L, [0, 27rt], p > 1. Let the Fourier series associated
with f at any point x be defined by

fx) ~ %0 + Z(ak cos(kx) + by sin(kx)),V k > 1,
k=1

where ay, by are Fourier coefficients.
Then its conjugate series is given by

Z(ak cos(kx) — by sin(kx)).
k=1
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Let n-th partial sum of the above conjugate series be denoted by

§,(x) = Z(ak cos(kx) — by sin(kx)).
k=1

It is known that [17]
am=—?[¢wmmw,
T Jo

where

Pult) = 31f+ 1) = fx =)

1 1
- cos 5t — cos(n + )t

and D, (t) = Z sinvt =

v=1

1
2s1n§t

Conjugate of a function f is denoted as f and defined as follows:

- % lim f "t cot(t/ 2t

Note that every conjugate Fourier series is not a Fourier series. For example, consider the Fourier series
1 COS X = singx
% Then the corresponding conjugate Fourier series can be deduced as Z 7
e Ing = In
Fourier series[[17], p.186].
Hence, conjugate Fourier series needs to be studied separately.
Let ) a, be a given infinite series and let (s,,) be the sequence of partial sums of the given series. Then
Ri(B)-mean, for 1 < < 2 which was introduced by Das, Nath and Ray [3] is as follows:

, which is not a

B9 = Y b9,
v=1

(-1 i R (Sinvx
B VX

() v

: )sv,v:1,2,3,...,
sint-—5— 95

1

- (1 _ x)1+5‘

Note that the method of summation is Fourier effective and regular [3].
Das et al. [4] have introduced the space

where Z Aﬁx” =
n=0

H;) ={f € Ly[0,2n],p 2 1: A(f, w) < o0},

where w is the integral modulus of continuity and

D FOl,
AP )=S0

The H;[;’ﬁpace is equiped with the norm ||f II;‘,’ = |Ifll, + A(f, w) and with this norm the space H;;’ is a Banach
space [4].

It should be noted that if w(t)/v(t) is non-decreasing, then [|f|l;, < max {1, :‘/’((22:)) } lIflly. Thus

HY CH) CLy,p>1.

Let w(t) and v(t) be the integral moduli of continuity, then the following lemma holds[4]
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Lemma2.1. Let0 <6 < 1and “’(t) be non decreasing. Then

w(t) 5-1 " w(t)
" fo Wy s f L

where C is a constant.

By using the notation K = 2 (S_Ii;é;l)), we define the followings:
. B 1 g [ sin(v/n) ( 1)
K”(t)_nnzﬁ ( win sin vt st

Gu(t) = - ﬁz (Sl?;q/)n))sm(v+%)t.

. K sin(v/n) 1
A= —5 ) A ( e ) (v+2)t

v=n+1

3. Known Results

Dealing with the degree of approximation by matrix-Hausdorff product mean of conjuate Fourier series
in Hﬁ") space, Nigam and Rani [16] proved the following theorem.
w(s)

v(s)
then the degree of approxzmatzon of f by matrix-Haausdorff product mean of its conjugate Fourier series is given by

_ 1 D+1 ("
||can—f||r:0[°g(n+ - f :V((sz)ds]_

Theorem 3.1. If f € Hy, for p > 1 and w and v be integral moduli of continuity, such that is non decreasing;

n+1

Subsequently J. Kim [6] replace the matrix mean by even-type delayed arithmetic mean and the following
result is obtained:

Theorem 3.2. Let w and v be integral moduli of continuity such that $ is nondecreasing. If f € Hy, p > 1 then for
k = 2¢, where c € N,
) | k T w(t) 1
W, f) = fly = O(kn)+0(n2)f/n A

4. Main Results

In this paper we have estimated the rate of convergence of conjugate Fourier series of functions belonging
to the generalized Holder metric space

Hy = {f € L,(0,2n),p 2 1: A(f, w) < o0},

with the norm ||f||;,“’) = |Ifll, + A(f, w), by using a trigonometric mean Ry (), for 1 < < 2.
First we prove the following lemmas which are used in proving our theorem.

Lemma 4.1. K,(t) = O(tn'P) + O(t°n®F),0 < 6 < 1.
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Proof.
. 2K - 1-gsin(v/n) . 1. . vt
K, (t) = o L A, n sin(v + )tsm( 2)
1 ﬁsm(v/n) 1\ . vt
nz 5 [Z Zl v+ 3 tsm(;)
=1 v=n+
=L+ 1. (1)
Now,
_ 2K - 1-gsin(v/n) . 1\, . vt
L = m L, Av 1//—71 sm( + E)tSIH(E)
2K sin(1/n) 1-p ( )
< —
<2F 1/n Z |A, " sin tsm( )
=0(1) ZAi‘ﬁvt
v=1
= O(tn'"F). (2)
_ 2K - ﬁsm(v/n) ( 1) . vt
I = o AV n v+ 5 t sin( > ).

v=n+1

Using the fact that, forany 0 <6 <1

. (vt _(vE\P ] (vE\[*? 5.5
SIH(E)‘ = sm(E) sm(E) = O0(°t).
Now, we obtain
L, =0() Z vITPy 00
v=n+1
=0(1) Z yBrog
v=n+1
= O(t°n®F). (3)

Using 2 and 3 for K,(t) in 1, we get
K, (t) = O(tn'P) + O(t°n®P).

|
Lemma 4.2. H,(t) = O(n~f*1(2 - 3tn)™1).

Proof.

sin(v/n) cos (1/ + %) t

_y A
1-B

== Z ——2sin(v/n) cos (v + 1)t
~ v 2
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0o

(Zafos )i)e A7 in(% = (v 1)1
sm v 2 2 - VS " 2

nfﬁ

3L
G

2n
= -
= Ol )(2+3tn 2—3tn)
= O(n~P*1(2 - 3tn) ™).
O
Lemma 4.3. G,(f) = O(ﬁ).

Proof.

Gult) =1- %ZA ‘ﬁ(sm(v/”))

(v/n)
< L(sm(l/n))'
“n*F\ (1/n)

Which implies

Co(t) = o(%).

O

Theorem 44. If f € Hy, forp > ‘1 and B € (1,2); then the degree of approximation of f by Ry(B) trigonometric mean
of its conjugate Fourier series is given by

lda(f) = fr/mlly = LGOI,

= O(1)max{ 2113 711.[1/;1 :jfz)dt},

where w(t) and v(t) are integral moduli of continuity such that av)((t)) is nondecreasing.

Proof. We know [17]

0= 0 = 5 [ g D

By using R;(B), (1 < p < 2) mean on §,(x), we have

- A Al 5sm(v/n) cos(t/2) —cos(v+ %)t
on(f) = 5 Z Wi s I,Dx(t) )

_ KT ) N apsin(v/n)
T n2 B, 2sin(t/2);AV (v/n)

T a(t)
o 2sin(t/2)

(cos(t/Z) — cos (1/ + %) t) dt

R, (t)dt.
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Now,
Iu(x) = @u(f) — flx, /)

L2 g 2 (7
_,:ﬂ T O = | oot/

E[}X( ) ~ 2 T
{f f /n} 2sm(t/z) n(B)dt - — n Py (t) cot(t/2)dt

_2 (M _2Kn#! Gl oo 2 (T )
- fo Ra(tyt - = f H, (bt () cot(t/2)G(B)dt.

4 2sin(t/2) nm 28in(t/2) " T Jnn
Then,
. - 2 (Tn K, (t)
|W@+W‘M”W5;i:”%Wm‘%mmzmpr“

B 2KnP-1

2sin(t/2)

f/ ”be+y(t) - be(t)”p

2 ey (® = (Bl 1B cos(t/2)t

U n/n
=hLh+L+1I; (4)
Using Lemma 4.1, we get

_ 2 mi/n Izn(t)
h== j(; e (8) = (D)l 2sin(t/2)

T/ n
:oameﬂ %%Mﬂﬁ+ﬂﬁ£ “gﬁuﬂ. 5)

Using Lemma 4.2, we get

dt

2Knh1 H,(t)

2sin(t/2)

- O((y)) f / %(2 3tn)ldt. ©6)

2=

f ||1l)x+y(t) - be(t)”p

By Lemma 4.3,

= % ”‘wbﬂj(t) Yx()llp 1Gn(b)| cos(t/2)dt.

v(y) o) .,
Collecting the estimates for I3, I, I3 and using (4), we obtain
L 1)L = O [ @®
I+ ) umw—omwwﬁﬁl;wmw. ®)

Thus,

||l~n(x + ]/) - Tn(x)Hp

aOIl = 1Ll + Jiﬁ) )
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_ 1 w(t) " (t)
_O(l)nl—ﬁ fo - (t)(z 3tn)” 1dt+O(1) f B0 dt

_O(l)max{ 21 -, rll fn . ;"V((tz)dt}. )

Corollary 4.5. If we take w(s) =

O

7, in theorem 4.4, where a,b € Rand 0 < n < a < 1. Then

o " = G

o(1) )
= ifa>mnanyabekR,

O(DW ifa=nanya-b<1,

O(l)logilogn l:fa:n,gnya_bz 1,
o
n

l&a(f) = F)Ily =
ifa=nanya—-b>1.
Proof. We have

N A A 1 (™ a2 1
lion(f) — £l = O(1) max | = f s, -
n T/n (log %)a n B

Since

o) ifa>n,anyabeR,

(1
7T b—a . _ _
f sa-1-2 (log 1) s — O(1)(logn)a —= ifa=nanya-b<1,
n/n s O()loglogn ifa=nanya-b=1,
(

©)

1) ifa=nanya—-b>1.
The result follows. O
Remark 4.6. If w(6) = 67,0 <n <1, then Hy space becomes H(1, p) space, which was introduced by Das et al. [2].

Remark 4.7. If w(0)/6 tends to 0 as 6 — 07, then f'(x) =0, Vx, and f(x) is a constant function.
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