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The matrix equation aX” + bY" = cl, over My(Z)
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Abstract. Let N be the set of all positive integers, and leta, b, cbe nonzero integers such thatged(a, b, ¢) = 1.
We prove the following three results. Firstly, we show that the solvability of the matrix equation aX" +bY" =
cl,, m, n € N in M,(Z) can be reduced to the solvability of a corresponding Diophantine equation when the
matrices X and Y do not commute, i.e.,, XY # YX. Alternatively, when X and Y commute, i.e., XY = YX, the
solvability of this matrix equation can be reduced to the solvability of the equation ax™ + by" = ¢, m, n € N
in quadratic fields. Secondly, we determine all solutions of the matrix equation X" +Y" = c"I,, n € N, n > 3
in M,(Z) when X and Y do not commute. Moreover, when X and Y commute, we show that the solvability
of this matrix equation can be reduced to the solvability of the equation x" + y" = ¢",n € N, n > 3 in
quadratic fields. Finally, we determine all solutions of the matrix equation aX? + bY? = cl, in My(Z).

1. Introduction

In [12], Vaserstein suggested solving some classical number theory problems in matrices. He considered
a few classical problems of number theory with the ring Z substituted by the ring M>(Z) of 2 X 2 integral
matrices, that is 2 X 2-matrices over Z. Some classical Diophantine equations, such as Fermat’s equation,
Catalan’s equation and Pell’s equation, to matrix equations were studied by number of authors such as
[2-9, 11].

Let us recall that the Pell’s equation is a Diophantine equation of the form

P —dy? =1,
where d is a positive integer which is not a perfect square. It is well-known that the Pell’s equation has

infinitely many solutions in positive integers x and y. Recently, A. Grytczuk and I. Kurzydto [5] considered
the solvability of the matrix negative Pell’s equation

X2 —dY? =-I, X, Y € Mx(Z),
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where d is a positive integer. They gave a necessary and sufficient condition for the solvability of this
matrix equation for nonsingular matrices X, Y € My(Z). In [3], B. Cohen considered the solvability of the
generalized matrix Pell’s equation

X2 —dY? =cl,, X, Y € My(Z), (1)

where d is a square-free integer and c is an arbitrary integer. He determined all solutions of equation (1) for
c = +1, as well as all non-commutative solutions for an arbitrary integer c. Moreover, he proposed an open
problem: how about the commutative solutions of equation (1) for an arbitrary integer ¢ ? In this paper, we
give complete answers to this open problem.

The rest of this paper is organized as follows. In Section 2, we mainly study the solvability of the matrix
equation

aX" +bY" =cl, X, Y € My(Z), m, n € N, (2)

where g, b, ¢ are nonzero integers such that ged (4, b, ¢) = 1. Let A be a nonzero integer and let n > 3 be a
positive integer. Leta = b =1, c = A" and m = n. Then equation (2) becomes the matrix equation

X" +Y'=A"I, X, Y € My(Z), n€ N, n > 3. 3)

In Section 3, we mainly study the solvability of the matrix equation (3). Let m = n = 2. Then equation (2)
becomes the matrix equation

aX?>+bY? =clp, X, Y € My(2). (4)
In Section 4, we mainly study the solvability of the matrix equation (4), and we determine all solutions of
this matrix equation.
2. The solvability of aX™ + bY" = cl,, X, Y € M»(Z)

In this section, we will study separately commutative and non-commutative solutions of equation (2),
i.e., solutions satisfying XY = YX or XY # YX, respectively. We first study the non-commutative solutions
of equation (2).

Lemma 2.1. ([10, Theorem 1]) Let A = (; {Z) be an arbitrary 2 X 2-matrix and let T = e + h denote its trace and

D = ¢h - fg its determinant. Let y, = ¥."/* (";)T""2(~DY.. Then, for n > 1,

Al = (}/n - h}/nfl fyn—l
IYn-1 Yn—€Yp1)’

Theorem 2.2. Let a, b, ¢ be nonzero integers such that ged (a, b, ¢) = 1 and let m, n be positive integers. If there
are two matrices X, Y € My(Z.) such that

aX™ +bY" =clp, XY # YX,
then X™ and Y™ are scalar matrices.

Proof. Note that X™ is a scalar matrix if and only if Y” is a scalar matrix. So we only need to show that Y" is
a scalar matrix. Let | be the Jordan canonical form of X. Then there is a nonsingular matrix P € M(C) such

that P~1XP = J. The assumption aX™ + bY" = cl, implies that a (P‘lXP)m +b (P‘lYP)n =ch,ie.,

a]" +b(PYP)" = chy. (5)
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Let PlYP = (; {1‘) By Lemma 2.1, we have

(Pflyp)n — (yn - hyn—l fyn—l )
JYn-1 Yn — €Yn-1)’

where vy, = }:IL,:(/)ZJ ("l._i) (tr(Y))""% (= det(Y))'. From (5), it follows that

m Yn — hyn—l fynfl _
al™ + b( Ty Yo~ Eyn-l) = cly. (6)

Casel: | = (98 3?2), where x1 and x, are the eigenvalues of X.

0N (Y —hynr fyur ) _(c O

a( 0 xg") + JYu-1 Yn — €Yn-1 0 ¢/’

Comparing both sides, we have fy,.1 = gy,—1 = 0. If y,.1 # 0, then f = g = 0, which implies that
PlYP = (e 0). Since P7'XP = | = ("1

By (6), we have

0 h 0
Then (P‘lYP)n = yulp. This implies that Y" = y,I,.

3?2), we obtain XY = YX, a contradiction. Therefore, y,-1 = 0.

Case2:]=(3 /1\,

By (6), we obtain

where A is the eigenvalue of X.

AT Yn—=hyn1 fyur | _[c O
a(O /\’”)+b( IYn—1 Yn—eyn—1) \0 ¢}’

Comparing both sides, we have gy,—1 = (e = h)ys—1 = 0. If y,_1 # 0, then g = 0 and e = h, which imply that

plyp = (8 Jec ) Since P'XP =] = (6\ /1\), we obtain XY = YX, a contradiction. Therefore, y,-1 = 0. Then

(P'YP)" = y,L. This implies that Y" = y,l. O

If we replace the cl, by (CO1 (? ) in Theorem 2.2 and let XY = YX, then we have the following proposition.
2

Proposition 2.3. Let a, b be nonzero integers and let m, n be positive integers. Let c1 and c, be integers such that
c1 # ¢p. Let X and Y be 2 X 2-matrices over Z.. Then

C1 0

m n _
aX™ +bY —(0 o

), XY = YX (7)

_[*1 0 it 0
(o 2o )

where x1, X2, Y1, Y2 € Z satisfy ax!" +by" =c¢;, i=1, 2.

if and only if

Proof. The sufficiency is clear. We next prove necessity.
Case 1: X and Y are diagonalizable.
From XY = YX, it follows that they are simultaneously diagonalizable. Then there is a nonsingular

matrix P = (Pn P 12) € M;(C) such that
P21 P22

plXp = (xl 0), plyp = (3/1 0),
0 xo 0 2
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where x;, y;, i = 1, 2 are the eigenvalues of X and Y, respectively. The assumption aX” + bY" = (C01 COZ)

implies thata (P! XP)" +b(P'YP)" = P! (CO1 CO)P. Then
2
p xi' 0 +b yi 0 _ 1 P11pP22€1 — P12p21€2 p12p22 (€1 — €2)
0 x 0 y5)  pupn —popa \ pupnlca—c1)  pupnc —puopac)

Comparing both sides, we have p1op» = pi11p21 = 0.
If p12 = 0, then det (P) = p11p22 — P12P21 = p11p22- Since det (P) # 0 and p11p21 = 0, we have py; = 0. Then

-1
_ X1 0 -1 _ (P11 0 X1 0 P11 0 [ 0
X= P(O X2)P - ( 0 P22 0 X2 0 P22 10 X2 ’

Likewise, Y = (%1 yO) Since X, Y € My(Z), we have x1, x2, y1, Y2 € Z. The assumption aX™ + bY" =
2

C1 0). . .
(0 Cz) implies that ax!" + by =¢;, i =1, 2.

If pyo = 0, then det (P) = p11p2e — p12p21 = —p12pn- Since det (P) # 0 and p11p21 = 0, we have p1; = 0. Then
-1
X1 0 —1 0 P12\ (X1 0 0 P12 X2 0
X=P P~ = = .
(0 xz) (p21 0 0 X2 ) \P21 0 0 X1

Likewise, Y = (}62 ;1) Since X, Y € My(Z), we have x1, x2, y1, y» € Z. The assumption aX™ + bY" =

C1 0). .
( 0 Cz) implies that ax}’ + by, = c¢1 and ax" + by} = c,.
Case 2: X and Y are not both diagonalizable.
Without loss of generality, we can assume that X is not diagonalizable. Let ] be the Jordan canonical

form of X. Then | = (g )1\ , where A is the eigenvalue of X. Moreover, there is a nonsingular matrix
Al

p= (p“ ’7“) € My(C) such that P'XP = | = ( ) Since XY = YX, we have (P"'XP) - (P"'YP) =

P21 P2 0 A
(P1yP)-(P71XP),ie, - (P'YP) = (P'YP)-J. This implies that P~'YP = (361 zf) where v, 1, € C. The
. m n _ C1 0 . . —1 m —1 n _ p-1 C1 0
assumption aX™ + bY" = (0 cz) implies that a (P XP) +0b (P YP) =P (0 o P. Then
AT s y;l *) 1 P11P22€1 — P12p21C2 p12p22 (c1 — ¢2)
a m|+b n|=— .
0 A 0 v pup2 — pipa \ Pupa (c2 —c1) P11p22€2 — P12p21€1

Comparing both sides, we have p11p21 = p11p2 + p1op21 = 0. This implies that det (P) = p11p2 —pi2p21 =0, a
contradiction. [

Remark 2.4. All commutative solutions of equation (7) are given by Proposition 2.3. How about the non-
commutative solutions of equation (7)? This is an interesting problem that lies out of the scope of this

paper.
About scalar matrices, we have the following lemma and proposition.

Lemma 2.5. ([13]) Let X be a 2 X 2-matrix over Z such that X" is a scalar matrix for some n € IN, and let k be the
smallest positive integer with such property. Then the following statements hold.
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1) kefl, 2,34 6}
2)
(i) k=1lifandonlyif X =aly, a € Z;

(ii) k=2ifand onlyif X = (i _ba), where a, b, c € Z. satisfy a> + b* + ¢ # 0. Moreover, X* = (az + bc) I;
(iii) k =3 ifand only if X = (‘;

X=—(@+d)’ Ly
(iv) k =4 ifand only if X = (Z Z), where a, b, ¢, d € Z satisfy (a + d)*

Z), wherea, b, ¢, d € Z satisfy (a + d)2 =ad — bcand a +d # 0. Moreover,

2(ad —bc) and a +d + 0.

4
Moreover, X* = —4 (‘%’) I, = — (ad — bc)* I;

(v) k=6 ifand only if X = (Z Z), where a, b, c, d € Z satisfy (a +d)? =3@d—-bc)and a+d # 0.
Moreover, X = — (ad — be)’ L.

Proposition 2.6. Let X € My(Z) be a nonsingular matrix such that X" is a scalar matrix for some n € IN, and let k
be the smallest positive integer with such property. Then for m € IN, X™ is a scalar matrix if and only if k | m.

Proof. The sufficiency is clear. We next prove necessity. Since X" and X* are scalar matrices, we have
X" = AL, and X* = ul, for some A, u € Z\{0}. Let m = kq + v, where q, r € Zand 0 < r < k. Then

X=X = X (X9 = AL (uh) ! = %12.

If r # 0, then we obtain a contradiction to the minimality of k. Thus, r = 0. This means thatk | m. [

About commutative 2 X 2 integral matrices, we have the following lemma.

Lemma 2.7. Let X = h b andY =[50 %2
i’3 i’4 S3 5S4

t=(t —ty, tp, t3) and 3 = (51 — sS4, 52, 53) are linearly dependent over Q.

) be 2 x 2-matrices over Z. Then XY = YX if and only if the vectors

Proof. By a direct computation, we have

t283 — Sot3 (t1 —ta)s2 — (81 — sa)ta
XY-YX=
((51 —s4)ts — (f1 — 14)s3 Sots — 1253
th t3 ti—ty t
Sy S3 S1—S4 S»
|-t B |k £
S1—S4 S3 Sy S3

— - —
Let i =(1,0,0), j =(0,1,0)and k =(0, 0, 1). Then XY = YX if and only if

b t3| |(fhh—ts to| |fh—fs t3]|
Sy S3|  [s1—8Sz4 So| ls1—ss szl
if and only if
! )
- _ ty t3|—= th—ty t3|— t— 1y i’z—)_—>
Exs=lh-ts b t3_52 53 51 —54 S3 51— 54 S2k_0

if and only if the vectors Fand’S are linearly dependent over Q. O
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From Theorem 2.2, Lemmas 2.5, 2.7 and Proposition 2.6, we conclude that finding the non-commutative
solutions of equation (2) can be reduced to finding the solutions of the corresponding Diophantine equation.
Next, we give an example to illustrate it, i.e., Proposition 2.8.

Proposition 2.8. Let a, b, ¢ be nonzero integers such that ged (a, b, ¢) = 1. Let X and Y be 2 X 2-matrices over Z.
Then the following statements hold.

1)
aX? +bY?*=ch, XY # YX

X = b Y= S1 S ,
t3 —h S3 =81
; 2 2 ry
where t1, tp, t3, 51, 52, S3 € Z satisfy a (tl + t2t3) + b(s1 + 3253) = c and the vectors t = (t1, tp, t3) and
ﬁ . .
s = (s1, S, s3) are linearly independent over Q;

if and only if

2)
X+ Y=L, XY #YX

Xz(tl tZ),Y:(Sl Sz),
ts —H S3  —$§1

. 2 2 -
where t, ty, t3, $1, 52, 83 € Z satisfy (t% + t2t3) + (S% + 5253) = c* and the vectors t = (t, to, t3) and
% . .

s = (s1, s, s3) are linearly independent over Q.

if and only if

Proof. 1) Sufficiency follows from Lemma 2.5 2) (ii) and Lemma 2.7. We next prove necessity. From Theorem
2.2, it follows that X? and Y? are scalar matrices. Since XY # YX, X and Y are not scalar matrices. By Lemma

2.5 2) (ii), we have
X:(tl fz),Y:(S1 Sz),
t3 —f S3 =S

where t1, ta, t3, 51, 52, 83 are integers. Moreover, X? = (t% + t2t3)12 and Y? = (sf + 5253) I,. The assumption
ﬁ

aX? + bY? = cl, implies that a (tf + t2t3) +b (sf + 5253) =c Let f = (t1, tr, t3) and S = (51, S2, 53). Then it
follows from Lemma 2.7 that t and ¥ are linearly independent over Q.

2) Sufficiency follows from Lemma 2.5 2) (ii) and Lemma 2.7. We next prove necessity. From Theorem
2.2, it follows that X* and Y* are scalar matrices. Let k and I be the smallest positive integers such that X*
and Y are scalar matrices, respectively. Since XY # YX, we have k, [ # 1. By Lemma 2.5 and Proposition

2.6, wehavek, I € {2, 4}.
X = (tl t ), Y (51 S2 ),
t3 —th S3  —S1

Casel: k=1=2.

By Lemma 2.5, we have
where t1, ta, t3, 51, 52, 83 are integers. Moreover, X? = (tf + t2t3)12 and Y? = (sf + 5253) I,. The assumption

2 2

X* 4+ Y* = 'L, implies that (t% + t2t3) + (sf + 5253) —c* Let f = (i, to, t3) and S = (51, S, s3). Then it
follows from Lemma 2.7 that ¥ and ¥ are linearly independent over Q.

Case2: k=2,1=4.

By Lemma 2.5, we have X? = ul, and Y* = —4v*], for some u € Z and v € Z\{0}. The assumption
X* + Y* = ¢*I implies that ¢* + 40* = u?, which is impossible.

Case3:k=4,1=2.

This case is also impossible, where the reason is similar to Case 2.

|
o
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Case4: k=1=4.
By Lemma 2.5, we have X* = —4u*l, and Y* = —4v*], forsomeu, v € Z\{0}. The assumption X4Y*t =4
implies that —4u* — 40* = ¢, which is impossible. [J

We now study the commutative solutions of equation (2).
Proposition 2.9. If (X, Y) is a solution of equation (2), then
ax} +by! =c,i=1,2, (8)

where x;, y;, i = 1, 2 are the eigenvalues of X and Y, respectively.

Proof. Suppose that (98 ;2) is the Jordan canonical form of X. Then there is a nonsingular matrix P € M,(C)

X1 *

such that P~1XP = (
0 X2

). The assumption aX™ + bY" = cl, implies that a (P‘lXP)m + b(P‘lYP)n = ch.

*

. [axT n C . .
Then we obtain ( 1 m) +b (P‘1 YP) = cl, which implies that
2

0 ax
0 _ pf€—axy * 1
by —P( 0 c—ax?)P . )

Comparing the eigenvalues of both sides of (9), we have ax" + by! =c,i=1,2. O
If the eigenvalues of X and Y are integers, then equation (8) becomes the Diophantine equation ax™ +by" =
¢, X, y € Z. So we can assume that the eigenvalues of X or Y are not integers. Let A = ; {; €EM;(Z)bea

given matrix such that fg # 0 and gcd(e, f, g) = 1, and let C(A) = {B € M»(Z) : AB = BA}. In[9], we showed
that the solvability of the matrix equation

aX" +bY" =clh, XY =YX, m,neN (10)
in M>(Z) can be reduced to the solvability of the matrix equation

aX" +bY" =cl,, m,neN (11)
in C(A), and finally to the solvability of the equation

ax" +by" =c,m,neN (12)

in quadratic fields. As a corollary of [9, Theorem 3.1], we have the following theorem.

0
K=Q ( \ez + 4fg) and let Ok be its ring of integers. Then the following statements hold.

1) Ife® +4fqg is a square, then equation (11) has a non-trivial solution in C(A) if and only if equation (12) has a
non-trivial solution in Z;

2) Ifeé* +4fg is not a square and D is the unique square-free integer such that e + 4fg = k*D for some k € N,
then equation (11) has a non-trivial solution in C(A) if and only if equation (12) has a non-trivial solution
(x, y) in Ok such that x, y can be written in the form

s+t\/5
2

Theorem 2.10. Let A = (; f ) € M, (Z) be a given matrix such that fg # 0 and ged(e, f, g) = 1. Let

, s teZ, k|t

From Theorem 2.10, we conclude that the solvability of equation (10) in M;(Z) can be reduced to the
solvability of equation (12) in quadratic fields. However, the solvability of equation (12) in quadratic fields
is unsolved.
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3. The solvability of X" + Y" = A"I, X, Y € M,(Z)

In this section, we mainly consider the non-trivial solutions of equation (3), i.e., solutions satisfying
det (XY) # 0. Indeed, suppose that (X, Y) is a solution of equation (3) such that det (XY) = 0. Without loss
of generality, we can assume that det (X) = 0. If the eigenvalues of X are both equal to zero, then X> = O.
In this case, equation (3) becomes the matrix equation

Y'=A", Y€ My(Z), ne N, n>3.

However, all solutions of this matrix equation can be given by Lemma 2.5. So we only need to consider the
non-trivial solutions of equation (3). In [8], we showed that equation (3) has no non-trivial solutions if the
eigenvalues of X or Y are integers. Moreover, we gave all non-trivial solutions of equation (3) for A = +1.
In this section, we will study separately commutative and non-commutative solutions of equation (3) for
an arbitrary nonzero integer A. We first study the non-commutative solutions of equation (3).

Theorem 3.1. Equation (3) has no non-commutative non-trivial solutions for n # 4.

Proof. Suppose that (X, Y) is a non-commutative non-trivial solution of equation (3) for n # 4. Then we
have X" + Y" = A"I;, XY # YX and det(XY) # 0. From Theorem 2.2, it follows that X" and Y" are scalar
matrices. Let k and [ be the smallest positive integers such that X* and Y’ are scalar matrices, respectively.
Since XY # YX, we havek, [ # 1. By Lemma 2.5, we have k, [ € {2, 3, 4, 6}. From Proposition 2.6, it follows
thatk | nand I | n. Let g be the least common multiple of k and I. Then q | n. Since k, [ € {2, 3, 4, 6}, we have
q€1{2,3,4,6,12}. If ged (n, 6) = 1, then g 1 n, a contradiction.

Case 1: n =0 (mod 6). Then n = 6m for some positive integer m.

Subcase 1.1: 2 | m.

Then m = 2t for some positive integer t, which implies that n = 12t. By Lemma 2.5, we have X'? = %I,
and Y2 = b’I, for some a, b € Z\{0}. The assumption X" + Y" = A"I, implies that a*I, + b* I, = A'?[,. Then
@) + @' = (/\“)3, which is impossible by Fermat’s last theorem.

Subcase 1.2: 2 t m.

By Proposition 2.6, we have k, | € {2, 3, 6}. By Lemma 2.5, we obtain X® = 4%[; and Y® = b*I, for some
a, b € Z\(0}. The assumption X" + Y" = A"I, implies that a®"I, + b>'I, = A®"I,. Then (a")* + (b")* = ()\2’”)3,
which is impossible by Fermat’s last theorem.

Case 2: n =2 (mod 6). Then n = 2 + 6m for some positive integer m.

Subcase 2.1: 2 | m.

Then m = 2t for some positive integer ¢, which implies that n = 2 + 12¢. By Proposition 2.6, we have
k =1=2. By Lemma 2.5, we have X2 =gl and Y? = bl, forsomea, b € Z\{0}. The assumption X" +Y" = A"[,
implies that a'*%[, + b1+, = A2*12'[,  Then al*® + p!*¢* = (AZ)H&
theorem.

Subcase 2.2: 2 { m.

Then 1+ 3m = 2t for some positive integer t > 2. Moreover, 3 1 f. We obtainn =2+ 6m = 2 (1 + 3m) = 4t.
By Proposition 2.6, we have k, | € {2, 4}. By Lemma 2.5, we obtain X* = +4?l, and Y* = +b*I, for

some a, b € Z\{0}. The assumption X" + Y" = A"l implies that (iaz)t L+ (ibz)t L = (A‘*)t I,. Then

, which is impossible by Fermat’s last

t t t
(iaz) + (ibz) = (/\4) , which is impossible by Fermat’s last theorem.

Case 3: n = 3 (mod 6).

Then n = 3 + 6m for some non-negative integer m. By Proposition 2.6, we have k = [ = 3. By Lemma
2.5, we have X3 = 2%l and Y? = b°, for some a, b € Z\{0}. The assumption X" + Y" = A"[, implies that
a'ly + 0"l = A"l,. Then a" + b" = A", which is impossible by Fermat’s last theorem.

Case 4: n =4 (mod 6). Since n # 4, we have n = 4 + 6m for some positive integer m.

Subcase 4.1: 2 t m.
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By Proposition 2.6, we have k = [ = 2. By Lemma 2.5, we obtain X2 = al, and Y? = bl, for some
243
a, b € Z\{0}. The assumption X" +Y" = A"], implies that qimy, 4 p2HIm, = (AZ) o L. Then g?*+3m 4 p2+3m —

()\2 2+3m, which is impossible by Fermat’s last theorem.

Subcase 4.2: 2 | m.

Then m = 2t for some positive integer t, which implies that n = 4 + 12¢. By Proposition 2.6, we have
k, 1 € {2,4}. By Lemma 2.5, we have X* = al, and Y* = bl, for some a, b € Z\{0}. The assumption
X"+ Y" = A"l implies that al*¥I, + b, = A#12,, Then al*¥ + b1+ = (24)
Fermat’s last theorem. [

, which is impossible by

Remark 3.2. All non-commutative solutions of equation (3) are given by Proposition 2.8 2) for n = 4.

We now study the commutative solutions of equation (3). If the eigenvalues of X and Y are integers,
then it follows from Proposition 2.9 that

x+yl=A"i=12neN,n>3,

where x;, y; € Z\{0}, i = 1, 2 are the eigenvalues of X and Y, respectively. We know that this is impossible by
f

0] €
M, (Z) be a given matrix such that fg # 0 and gecd(e, f, g) = 1, and let C(A) = {B € My(Z) : AB = BA}. In
[9], we showed that the solvability of the matrix equation

. . e
Fermat's last theorem. Thus, we can assume that the eigenvalues of X or Y are notintegers. Let A =

X'+Y'"=A"L, XY=YX,neN,n>3 (13)
in M(Z) can be reduced to the solvability of the matrix equation

X'"+Y'=A"L,neN,n>3 (14)
in C(A), and finally to the solvability of the equation

X+y'=A",neN,n=3 (15)

in quadratic fields. As a corollary of [9, Theorem 3.1], we have the following theorem.

0
Q( \e2 + 4fg) and let Ok be its ring of integers. Then the following statements hold.

Theorem 3.3. Let A = (; f ) € M, (Z) be a given matrix such that fg # 0 and ged(e, f, 9) = 1. Let K =

1) Ife® +4fyg is a square, then equation (14) has no non-trivial solutions in C(A);

2) Ifé® +4fyg is not a square and D is the unique square-free integer such that e* + 4fg = k*D for some k € N,
then equation (14) has a non-trivial solution in C(A) if and only if equation (15) has a non-trivial solution
(x, y) in Ok such that x, y can be written in the form

s+tVD
2 7
From Theorem 3.3, we conclude that the solvability of equation (13) in M3(Z) can be reduced to the

solvability of equation (15) in quadratic fields. However, the solvability of equation (15) in quadratic fields
is unsolved. We next list a known result about the solvability of the Fermat’s equation in quadratic fields.

s,te”Z, k|t

Lemma 3.4. ([1]) The Fermat’s equation
M+y'=2"neN,n=3

has no non-trivial solutions in quadratic fields for n = 6, 9.
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By Theorems 3.1, 3.3 and Lemma 3.4, we have the following proposition.
Proposition 3.5. Equation (3) has no non-trivial solutions in M,(Z) for n = 6, 9.
Proof. Directly from Theorems 3.1, 3.3 and Lemma 3.4. [J

Corollary 3.6. Let A beanonzerointegerandleti, j, k be positive integers such that 6 | ged (i, j, k)or9 | ged (i, j, k).
Then the matrix equation

X'+ Y =2,
has no non-trivial solutions in My(Z).

Proof. Directly from Proposition 3.5. [

4. All solutions of aX? + bY? =cl, X, Y € M,(Z)

Note that all non-commutative solutions of equation (4) are given by Proposition 2.8 1). Thus, in this
section, we only need to study the commutative solutions of equation (4).

Theorem 4.1. Let a, b, c be nonzero integers such that —ab is not a square and ged (a, b, ¢) = 1. Let X and Y be
2 X 2-matrices over Z.. Then
aX? +bY? =ch, XY =YX

if and only if one of the following statements holds.
(i) X=tbhandY = ], where ty, t; € Z satisfy at? + bt; = ¢;

(i) X=thandY = (t‘* f2

: 2 2 -
s —t4)’ where t1, ty, t3, ty € Z satisfy at] + b <t4 + t2t3) =c;

0 b
t3  —k ts  —k

and the following relations hold:

(iiil) X = t112+% (O f2 andY = t412+%( ), wherety, ty, t3, ty, u, v, k€ Z, u #c, g = ged (va, u —c)

2actyts

u? + vPab = 2, at% + bti + >
g

(c—u)=c, (gt + ck) (u — ¢) + vbgts = 0.

Proof. We now prove sufficiency. We need to verify the following three cases.

First, suppose that X = t1, and Y = kI, where t;, t, € Z satisfy at] + bt = c. Then XY = YX and
aX? +bY? = ﬂf%[z + bt%lz =cl,.
ty b
ts —t4

XY =YXand Y? = (iff1 + t2t3)12. Moreover,

Then, suppose that X = t;l, and Y = ( ), where 1, b, t3, t4 € Z satisfy at3 + b (ti + t2t3) = ¢. Then

aX2 + byz = dt?lz + b(ti + t2t3>12 = (ﬂt? + b(fi + t2f3)) L =cl,.

Finally, suppose that X = 11, + % g iZk) and Y = 41, + % (g izk), where t1, t, t3, t3, U, 0, k € Z

satisfy the above conditions. Then XY = YX. Moreover,

aX? +bY? = (atf +bt5 + Za;tzzt3 (c— u)) L+ ;—Z [(gt1 + ck) (u = c) + vbgts] (O izk)

t3

2act,t
=(at§ + b8 + ”;22 2 (c- u)) I = cly.
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We next prove necessity. Let X = (2 iz) and Y = (y LYy 2). Then the assumption aX? + bY? = cl,

4 Y3 Va

implies that aX? + abY? = acl,. Since XY = YX, we have

(aX + \/—_abY) (aX - \/—_abY) = acl,.

Note that
—ab  ax, + —ab
X+ Vb = (B F Ve ax ke V
4 ? (ax3 +ysV—ab axy+ysV-ab
and

_fax1 —y1 V=ab ax; —y, V—ab
X — V—abY = .
? “ (ax3 —ysV—ab axg—ysN—ab

By a direct computation, we have

det (aX + \/—_abY) =a (u +0 —ub) and det (aX - \/—_abY) =a (u -0 —ab) ,

(16)

where u = a (x1x4 — Xox3) = b (Y1 Y4 — Y2y3) and v = X1Y4 + X41 — X253 — X3Y2. By computing the determinants

of both sides of (16), we have u? + v?ab = c2. From (16), it follows that

(aX + V=abY) ' = al_c(ax_ V)= L ( — V=@ v -y \/—_b)

ac \axs — y3 V—ab axy — ys V-ab)’
Moreover,
(aX + \/—abY)_1 = ! adj (aX + V—abY)

det (aX + \/—_abY)

1 axs+ysV—ab - (axz +1» V—ab)
- (ax3 + U3 V—ub) ax; +yy V-ab )’

a (u +0 —ab)
where adj (aX + V—abY) is the adjugate of X + V—abY. Comparing (17) and (18), we have

acxy + (—yic) V=ab = (auxs + vabys) + (uys — avxy) V=ab,
(—acxy) + yoc V=ab = (auxy + vaby,) + (uy, — avxy) V=ab,
(—acxz) + yac V=ab = (auxs + vabys) + (uys — avxs) V=ab,
acxy + (—yuc) V=ab = (aux; + vaby) + (uy1 — avxy) V—ab.

Case 1: u # +c.
Then v # 0. By (19b) and (19¢), we have y,c = uy, — avx; and ysc = uys — avxs. Then

v av
X, and y3 =
u f—

Y2 =

X3.
c

From (19a) and (19d), it follows that —yic = uy, — avxy and —ysc = uy; —avxy, e,
c u\(y1\ _ [avxs
u c)\ys) \avxi/|”
av

ao
n= m (CX4 - uxl) and Ys = m (CX1 - MX4) .

Then we have

(17)

(18)

(19a)
(19b)
(19¢)
(19d)

(20)

(21)
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Therefore, from (20), (21) and u? + v?ab = c?, it follows that

y = av cxg—ux; —W+o)xa) l cxg—ux; —(U+c)x (22)
T2 \—(u+o)xs oxi—uxy | wb\-(w+c)xs  cx;—uxy |
Since Y € My(Z), wehavey; € Z,i=1, 2, 3, 4. Then
ob | (cxq — uxy), (23a)
ob| (- (u+c)x2), (23b)
ob | (= (u+¢)x3), (23c)
b | (cx1 — uxy). (23d)

From (23a) and (23d), we obtain vb | (— (u + c) (x; — x4)). Then thereis anintegerssuch that — (u +c) (x; — x4) =
vbs. Since u? + v?ab = ¢, we have

—vbs _ vbs(u—c) s(u—c)

U+c 2 —u? va

X1 — X4 =

Since x; — x4 € Z, we obtain va | (s (1 —c)). Let g = gcd (va, u — ¢). Then % | s. So there is an integer k such
thats = %k. Thus,

s(u—c):yk'(u—c):u—ck' (24)
va g va g

X1 — X4 =

Likewise, there are integers f, and t3 such that

u—c u—c
t, and x3 =

Xy = i’3. (25)

From (24) and (25), we conclude that
_ u—-c(0
X=x1L + 7 (t3 —k) . (26)
From — (u +¢) (x; — x4) = vbs, s = %k and (22), it follows that

va,  —(u+c)(xp—xg)  cxg—ux; —(cxp —uxy) B
gk—s— o = - = Y1 — Y4. (27)

From x; = %tz, u? + v?ab = ¢® and (22), it follows that

_—(u+c)x2_(cz_”2)x2_ va o va u-c, v (28)
a vb T obu-c¢) u-c’ u-c g > g°

Similarly, we obtain

va
= —13. (29)
Y3 7 3

From (27), (28) and (29), we conclude that

0 t
Y = y112 + % (t3 —zk) . (30)
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By (26) and (30), we have
2a (0 ¢
2 2 _ 2
aX*+bY" = t12+—gzr(t3 —k)’

where t = ax? + by? + c—u)and r = (gx; + ck) (u — ¢) + vbgy;. From the assumption aX? + bY? = cl,, it

2actyts (
gZ
follows that t = cand rk = rty = rt3 = 0. If k = t, = t3 = 0, then X = x1]; and Y = y1],, where ax] + by; = c. If
k, t,, t3 are not all equal to zero, thenr =0 and t = c.
Case 2: u = —c.

Then v = 0. From (19a), (19b) and (19¢), it follows that x; = —x4, y1 = ys and y» = y3 = 0. Then

X = il 2 ) and Y = y11o. The assumption aX? + bY? = cI, implies that a (x% + x2x3) +by? = c. Note that
3 TN
the matrices and the condition which we obtain in this case can be obtained by taking u = —c in Case 1.

Indeed, let u = —cin Case 1. Then v = 0 and g = ged (va, u — ¢) = 2|c|. By Case 1, we obtain

tq —£ty
X=( . ™) and Y = taln,
—Gts  —h

where t, ty, t3, ts € Z satisfy a (tf + t2t3) +bt; =c. Ifc >0, thenletty = x1, f = —xp, t3 = —x3 and t4 = y1.

X2

—Xl) and Y = y1Ip, where

. . X
Otherwise, let f; = x1, t; = X3, t3 = x3 and t4 = y;. Then we can obtain X = (xl
3

a (x% + xZX3) +byd =c.
Case 3: u =c.
Then v = 0. From (19a), (19b) and (19c¢), it follows that x; = x4, y1 = —ys and xp = x3 = 0. Then X = x11,

and Y = (Z; _yyzl). The assumption aX? + bY? = cl, implies that ax] + b (yf + ]/zy3) =c O

About Theorem 4.1, we have the following equivalent statement.
Theorem 4.2. Let a, b, c be nonzero integers such that —ab is not a square and ged (a, b, ¢) = 1. Let X and Y be

2 X 2-matrices over Z.. Then
aX? +bY? =ch, XY =YX

if and only if one of the following statements holds.
(i) X=thandY = t],, where ty, t; € Z satisfy a2 + bt3 = ¢;

(i) X=hbmﬂ¥=(4 2

: 2 2 —
o _m)wmmthh,@J4eZsm5@ag+bQ4+hg)_q

t1 =t ts “t
(iii)) X = u=cp, atvort, | and Y = oy, whou | where t, tp, t3, ty, u, v € Z, u # ¢, g = ged (va, u —c) and
c g c

the following relations hold:

2&Ct2f3

u? + v?ab = &, at% + btﬁ + >
9

(c—u) =c, c| (ut; + vbty), c | (vat; — uty).

Proof. We only need to show that (iii) is equivalent to Theorem 4.1 (iii).
We now prove sufficiency. By Theorem 4.1 (iii), we have k = C(C%’_u) [(1 —c) t1 + vbty]. Then

u—-c(0 t t b
X=tHL+ 7 (t3 —k) = [%tS 1¢t1g+cvbt4
and

va [0 t ty G
Y = f412 + ? (t3 —zk) = (%ts vuZ;ut4 .
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Since k € Z, we have c | (ut; + vbty) and c | (vat, — uty).
We next prove necessity. By (iii), we have

t it u—c(0 t
X = [Mts ut1g+vbt4 = t112 + 7 (i’3 _k)

g C
and .
ty 2ty va(0 t
Y = _ =t + — ,
(%tg vafqlc uty 412 g tS —k)

where k = ﬁ [( —c) t1 + vbts]. To complete the proof we need to show that k € Z and (gt + ck) (u —¢) +
vbgty = 0. Since c | (ut; + vbty) and c | (vat; — uts), we have ”chk, %‘zk € Z. Then c | (u—c)t; + vbty) and

% | (”7; . M) Since ged (%, %) =1, we obtain % | (”_C)++vbt4 Hence, k € Z. Moreover, by a direct

computation, we have (gt + ck) (u —c) + vbgty = 0. O
By Theorem 4.2, we can get all solutions of some matrix equations for given nonzero integers 4, b, c.
Proposition 4.3. Let p be a prime such that p = 3 (mod 4). Then all solutions of the matrix equations
X2 +Y? = 4ph, X, Y € My(Z) (31)

are given by the following five parts.

. t t s S .
() X= (t; _il) and Y = (S; _;l), where ty, by, t3, 51, S2, 53 € Z satisfy 15 + byt + 52 + 5253 = +p;

.. t t .
(i) X=tLandY = (é _;), where ty, by, t3, ty € Z satisfy 13 + 13 + btz = p;

t .
i )and Y = tyly, where ty, ty, t3, ty € Z satisfy 2 + 15 + btz = xp;
-t

. _[h t _[ta —h iof 12 o 42 - 4y
(iv) X= (fa t4) and Y = (—t3 H ), where t1, ty, t3, ty € Z satisfy t] + t; + 2tats = £p;

(b _[ta t iof 12 o 42 -
(v) X= (t3 —t4) and Y = (t3 —h)' where t1, ty, t3, ts € Z satisfy t] + t; + 2tots = +p.

Proof. We can prove this proposition simultaneously for the equations X2 + Y? = pl and X? + Y? = —pl,,
where the upper signs refer to the first equation and the lower signs refer to the second equation. From
Proposition 2.8 1), it follows that all non-commutative solutions of equations (31) are given by (i). We next
find commutative solutions of equations (31). By Theorem 4.2, we only need to consider the following three
cases.

Case1: X = 1, and Y = t]5, where t, t; € Z satisfy £ + 15 = p.

Obviously, £ + t5 = —p is impossible. Since p is a prime such that p = 3 (mod 4), it follows that p cannot
be represented as a sum of two squares. This means that {2 + {2 = p is impossible. Therefore, this case is
impossible.
ty b
ts —ty
Then we can get the solutions (ii) in this case.

Case2: X=thLand Y = ), where ty, by, t3, ty € Z satisfy £ + 15 + btz = +p.

v
=t
g3 T

*p
and the following relations hold:

t iy, ty 2ty
Case3: X = wp oty |and Y = of —ut, |, wherety, ta, t3, ts, 1, v € Z, u # +p, g = gcd (v, u F p)
By Oh—uty

2ptot
u2+02=p2,t%+tﬁ+%(p$u)=ip,p|(ut1+vt4),p|(vtl—ut4).
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In this case, we need to solve the Diophantine equation u? + v*> = p? in integers u, v. Note that p is a
prime such that p = 3 (mod 4). Then it follows from u? + v* = p? that p | u and p | v. Thus, we obtain

(u, v) € {(Fp, 0), (0, p), (0, =p)}.
We now consider the matrix equation X? + Y? = pl,. Then we have

(u, v) €{(-p, 0), (0, p), (0, —=p)}-

5]

—(_ _[h
For (u, v) = (-p, 0), we have X = (fs “h

) and Y = t4],, where ty, b, t3, t4 € Z satisfy £2 + 5 + tt3 = p. For

h b ty —t : 2 2

(1, v) = (0, p), we have X = - and Y = PR where ty, ta, t3, ty € Z satisfy t] + t] + 2tt3 = p. For
3 Iy —t3 tH

5]

—ty

We next consider the matrix equation X? + Y? = —pl,. Then we obtain

(u, v) €{(p, 0), (0, -p), (O, p)}.

(u, v) = (0, —=p), we have X = (2 ) and Y = (2 ti ), where ty, to, t3, t4 € Z satisfy t% + ti + 2trt3 = p.
-

For (1, v) = (p, 0), we have X = h b and Y = t4I,, where t, ty, t3, ts € Z satisfy t2 + 12 + tot; = —p. For
13 —t1 1 4

_t .
(u, v) = (0, —p),wehave X = (il ?) andY = ( t;l ; 2), wheret, by, t3, ty € Zsatisfy t7+t5+2tt3 = —p. For
3 b -t3 h

t t t t .
(u, v) = (0, p), wehave X = (tl i )and Y = (t4 ? ), where t, t, t3, t4 € Z satisfy t%+tfl +2tts = —p. O
3 I 3 —h

Proposition 4.4. Let p be a prime such that p = 50r7 (mod 8). Then all solutions of the matrix equations
X?+2Y? = +phy, X, Y € My(Z) (32)

are given by the following three parts.

. t t .
(i X= (t; _il) and Y = (: _Ssl), where ty, by, t3, 51, S2, 53 € Z satisfy 12 + tyts + 2 (Sf + 5253) =xtp;
ty B

(11) X = i’112 and Y = (
ty —ty

), where ty, b, t3, ty € Z satisfy 5 + 2(1@2l + t2t3) = +p;

(iii) X = (:1 t? )and Y = tyly, where ty, ty, t3, ty € Z satisfy 15 + tats + 212 = +p.
3 —h

Proof. We can prove this proposition simultaneously for the equations X? + 2Y? = pl, and X? + 2Y? = —pl,
where the upper signs refer to the first equation and the lower signs refer to the second equation. From
Proposition 2.8 1), it follows that all non-commutative solutions of equations (32) are given by (i). We next
find commutative solutions of equations (32). By Theorem 4.2, we only need to consider the following three
cases.

Case 1: X = i, and Y = t)I,, where t1, t, € Z satisfy t% + 2t§ = +p.

Obviously, £2 +23 = —p is impossible. We claim that £ + 22 = p is also impossible. Indeed, if £2 +2t2 = p,
then ged (p, f1t;) = 1. Otherwise, we have p | t and p | t,. This is impossible by £ + 2t5 = p. So
ged (p, tity) = 1. Then there is an integer t; such that £t/ =1 (mod p). From t% + 2t§ = p, it follows that

(tlt;)z +2 (tzt’z)2 =p (t§)2. Then (tlté)z = -2 (mod p). This means that (‘72) =1, where (;) is the Legendre
symbol. However, for p = 50r7 (mod 8), we have (‘72) = —1, a contradiction.

ty B
t3 —t4
Then we can get the solutions (ii) in this case.

Case2: X =tHiband Y = ( ), where t1, ty, t3, t4 € Z satisty tf + Z(ti + t2t3) =+p.
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51 =Lt ty °t
Case3: X = wp wioor, |and Y = 0 o —ut, |, Wherety, ta, ts, ts, u, vE Z, u % +p, g = ged (v, u Fp)
Tl dhh of, Yhuly

g p
and the following relations hold:

2ptot
u? + 207 :pz, t%+2t421+ Pg; 3 (pFu)==xp, p|(uty +20ts), p| (vt — uty).

In this case, we need to solve the Diophantine equation u? + 2v* = p? in integers u, v. From u? + 20% = p?,
it follows that 2 | (p — u) (p + u). Then p and u have the same parity. Moreover, 2 | v. By u? + 20 = p?, we
have

= : . (33)
If v = 0, then we obtain (1, v) = (Fp, 0). Let us now assume that v # 0. Let g = gcd (%, %) Theng | p. If
g =1, then it follows from (33) that there are integers y; and 1, such that

p—u
2

p+u
2

p—u p+u
2 :]/%/ 2 :2]/2‘

=2y, —— =y or

Then we have p = 2y7 + 3 or p = y3 + 23, which is impossible by the argument of Case 1. Therefore, g = p.

Then p | u, sop | v. From u? + 20* = p?, it follows that (1, v) = (¥p, 0). Then we have X = (:1 ti ) and
3 —h

Y = t4lp, where ty, by, t3, ty € Z satisfy {5 + bt3 + 25 = +p. [

Let c = +1 in Theorem 4.2. Then we have the following corollary.

Corollary 4.5. Let a, b be nonzero integers such that —ab is not a square and let X, Y € My(Z). Then
aX?+bY? = I, XY =YX

if and only if one of the following statements holds.

1) X=tLandY = t,I,, where t1, t, € Z satisfy at + b2 = +1;
1+ 0t

ty b
f3 —ty
uFl fy

(i) X=thLandY = ( ), where t1, ty, t3, ty € Z satisfy at? + b(ti + t2t3) =+1;

5]

ty “t,
(i) X = [ 1, ]
3

g

and Y = (%f3 & (vaty — ut4))’ where t1, ty, t3, ty, u, v € Z, u # 1,9 =

+ (Z/ltl + Ubt4)
ged (va, u F 1) and the following relations hold:

2(1t2t3
gZ

u?+v%ab=1,at +bts + (1Fu) = +1.

Remark 4.6. Let d be a square-free integer and leta = 1, b = —d. Then Corollary 4.5 becomes [3, Theorem
2.1].

By Corollary 4.5, we have the following proposition.

Proposition 4.7. Let b be a nonzero integer such that —b is not a square. Suppose that b has a prime divisor of the
form 4k + 3. Then all solutions of the matrix equation

X2+bY?=-1, X, Y € Mx(Z) (34)

are given by the following two parts.
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. t t .
(i) X= ( o )and Y = (il S; ), where ty, by, t3, 51, 52, 53 € Z satisfy 2 + btz + b(s% + 5253) =-1;
3 —S1

t1 b

ii) Forb>0,letX = andY = t4lo, wherety, ta, ts, ts € Z satisfy t2+tytz+bt2 = —1. Otherwise, let X =
1 4

t uwtly

%i’g; - (ut1 + Z)bt4)
and the following relations hold:

ty g )

and Y = (§t3 ut4 - Z)tl

), where ty, ty, t3, ty, u, v € Z, u # -1, g = ged (v, u + 1)

2tyt
w+v*h =1, t§+bti+%(1+u) =-1.
g

Proof. From Proposition 2.8 1), it follows that all non-commutative solutions of equation (34) are given by
(i). We next find commutative solutions of equation (34). Suppose that p = 3 (mod 4) is the prime divisor
of b. Then (‘71) = —1, where (5) is the Legendre symbol. By Corollary 4.5, we only need to consider the
following three cases.

Case 1: X = tj, and Y = t)I,, where t1, t; € Z satisfy tf + bt% =-1.

We claim that 2 + b3 = —1 is impossible. Indeed, if £ + bt = —1, then 7 = -1 (mod p). This means that

-1

(7) =1, a contradiction.

Case2: X =tjLand Y = (t4 2 where 1, t, t3, t4 € Z satisfy 2 + b(ti + t2t3) =-1.

t3 —ta)
However, this case is also impossible, where the reason is similar to Case 1.
t utly, ty t,
Case 3: X = [ﬂts B (ut1g+ vbt4)] and Y = (§t3 ut4g— vtl)’ where ty, ty, t3, ty, u,v € Z, u # =1, g9 =
gcd (v, u + 1) and the following relations hold:

245t
u2+v2b=1,t§+bti+%(1+u)=—1.

h b
f3 —h
where t1, ty, t3, ts € Z satisfy £ + bt + btz = =1. If b < 0, then u? + v?b = 1 is the Pell’s equation. We know
that it has infinitely many solutions in integers u and v. [J

If b > 0, then it follows from u? + v?b = 1 that u = 1 and v = 0. Then we have X = ( ) and Y = 41,

Example 4.8. Let b = —3 in Proposition 4.7. Then all solutions of the matrix equation
X2-3Y?2=-I, X, Y € Mx(Z) (35)
are given by the following two parts.

. t1 tz S1 S» .
(i) X= (fs —tl) and Y = (53 —51)' where ty, b, t3, 51, 52, 53 € Z satisfy 12 + tyt3 — 3(5% + 5253) =-1;

utl 4
t ty g 5]

(11) A= §t3 Mt4 - ?Jtl

andY = ( ), wherety, to, t3, ts, 4, vE€Z, u+ -1, g =ged (v, u+1)

g
%t:‘, 3Ut4 - Mi’1
and the following relations hold:
u* =30° =1, t§—3t§+2t—22t3(1+u): -1.
g

For example, let u = 7 and v = 4 in (ii). Then we can get a family of solutions to equation (35):

b2 Vo g b N
2t 124 —7H ty Tt —4t] — ¥

where ty, b, t3, t4 € Z satisfy £2 — 315 + tyt3 = —1.
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Let ¢ = +2 in Theorem 4.2. Then we have the following corollary.

Corollary 4.9. Let a, b be nonzero integers such that —ab is not a square and let X, Y € My(Z). Then
aX? +bY* = 2D, XY =YX
if and only if one of the following statements holds.
() X=tbhandY = ], where ty, ty € Z satisfy at? + b3 = +2;

(i) X=#handY = (t‘* f2

oo t4), where by, by, ts, ty € Z satisfy at? + b(£ + ots) = +2;

t ur2y, ty wuy,
(iil) X = (”—+2t3 ut1g+vbt4 and Y = wy, vati—ut, |, Where t1, to, t3, tg, u, v € Z, u # £2, g = gcd (va, u ¥ 2)
+2 g +2
and the following relations hold:

4at2t3
gZ

u? +v%ab =4, at’ + bts + 2Fu)==+2.

Proof. By Theorem 4.2, we only need to show that 2 | (ut; + vbty) and 2 | (vat; — ut,) in (iii). To see that
g = gcd (va, u F 2), the proof is divided into the following two cases, depending on whether g is even or
not.

Casel: 2| g.

Then 2 | va and 2 | u. Therefore, 2 | (vat; — uty). If 2 | v, then 2 | (ut; + vbty). Otherwise, by u? + v%ab = 4,
we have 4 | ab. If 2 | b, then 2 | (uty + vbty). If 2 4 b, then 2 | a. From at? + b5 + 4";—%“ (2 Fu) = +2, it follows

that vat? + vbt2 + 47’;# (2 Fu) = £2v. Then 2 | t4, s0 2 | (ut; + vbty).
Case2:21g.
From ty, ty, t3, ts, u, v € Z and at? + bt + 4“;—§t3 (2 F u) = 2, it follows that g° | 4atts (2 F u). Since 2 1 g,
we obtain g? | atat3 (2 F u). Then from u? + v?ab = 4 and at? + bt} + ‘% (2 ¥ u) = £2, it follows that
u?+v%ab=0 (mod 4) and at +bt5 =0 (mod 2). (36)
If 2 | u, then it follows from (36) and 2 4 g that 2 4 va, 2 | band 2 | t;. In this case, we have 2 | (ut; + vbty) and

2 | (vaty — uty). If 2 ¥ u, then it follows from (36) that 2 ¥ v and 2 1 ab. Then t; and t; have the same parity.
Therefore, in this case, we have

uty +obty =t +t, =0 (mod 2) and vat; —uty =t +t, =0 (mod 2).

O

By Corollary 4.9, we have the following two propositions.

Proposition 4.10. Let b # 3 be a nonzero integer such that —b is not a square. Suppose that b has a prime divisor of
the form 8k + 3 or 8k + 5. Then all solutions of the matrix equation

X2 +bY? =2D, X, Y € My(Z) (37)
are given by the following two parts.

. t t S s .
(i X= (t; _il) andY = (s; _;l), where t1, ta, t3, 51, S2, 3 € Z satisfy 13 + btz + b(s% + 5253) =2;
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.. t t . .
(ii) Forb>0,let X = (tl ; ) and Y = ty]p, where ty, ty, t3, ty € Z satisfy 15 + bots + bt2 = 2. Otherwise, let
3 —h
t “y%ztz b Sh
X = w2y, oty |And Y = vy, ohouh | wherety, ty, t3, t4, u, v € Z, u #2, g = ged (v, u — 2) and the
2 g 2

following relations hold:
Atyts

7
Proof. From Proposition 2.8 1), it follows that all non-commutative solutions of equation (37) are given by
(i). We next find commutative solutions of equation (37). Suppose that p = 3or5 (mod 8) is the prime

u2+vzb:4,t%+bti+ 2-u)=2.

divisor of b. Then (’%) = -1, where (ﬁ) is the Legendre symbol. By Corollary 4.9, we only need to consider
the following three cases.

Case 1: X = tjI, and Y = t,I,, where t1, t; € Z satisfy t% + bt% =2.

We claim that £ + bt5 = 2 is impossible. Indeed, if £ + btJ = 2, then £ = 2 (mod p). This means that

(%) =1, a contradiction.

t t .
Case2: X =tHihband Y = (t4 ; , where t1, ty, t3, t4 € Z satisty t% + b(ti + t2t3) =2.
3 —l
However, this case is also impossible, where the reason is similar to Case 1.
t u=2y, ty I
Case 3: X = (u_—2t3 ut1g+vbt4 and Y = [2t3 Uf‘?—u& 7 Where tl/ t2/ t3/ t4/ u,o € Z/ u 7& 2/ g = ng (vl u- 2)
2 g 2

and the following relations hold:
u? +v°b =4, t§+bt§+‘1’l2t3(z—u) =2.
g

h b
t3 —h
where t1, ty, t3, ty € Z satisfy 12 + tot3 + bt2 = 2. If b < 0, then u? + v?b = 4 is the Pell’s equation. We know
that it has infinitely many solutions in integers u and v. [J

If b > 0, then it follows from u? + v*b = 4 that u = —2 and v = 0. Then we have X = ( ) and Y = t41,,

Example 4.11. Let b = -5 in Proposition 4.10. Then all solutions of the matrix equation
X2 -5Y2 =20, X, Y € My(Z) (38)

are given by the following two parts.

. t t .
(i) X= (tl i ) and Y = (zl S; ), where t, b, t3, 51, 5, 53 € Z satisfy £ + byt — 5(5% + 5253) =2;
3 —h 3 =51
.. f M__th ty ytz
(i) X= w2, utlsor, [and Y = o of—ut, |, where ty, to, t3, ta, u, v € Z, u # 2, g = gcd (v, u — 2) and
g 3 T2 g3 T2

the following relations hold:

Atots
gZ

For example, let u = 18 and v = 8 in (ii). Then we can get a family of solutions to equation (38):

b2 N o b )y
2t 9t — 20ty ty 4t —9ty) 2/

where ty, ty, t3, ty € Z satisfy 1 — 5t; — trts = 2.

u? —50* =4, 1 — 545 + Q2-u)=2.
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Proposition 4.12. Let b be a nonzero integer such that —b is not a square. Suppose that b has a prime divisor of the
form 8k + 5 or 8k + 7. Then all solutions of the matrix equation

X2 +bY? = 2D, X, Y € My(Z) (39)

are given by the following two parts.

. t t S S .
() X= (t; _il) and Y = (s; _;l), where ty, by, t3, 51, S2, 53 € Z satisfy 2 + btz + b(s% + 5253) =-2;

.. t t . .
(ii) Forb>0,letX = (tl ? ) and Y = tylp, where by, by, t3, ty € Z satisfy 12 + trt3 + b5 = =2. Otherwise, let
3 —h
t uty, ty I
X = w2y mlg+vbt4 and Y = o, o —ut, |, Where ty, ty, t3, ty, u, v € Z, u # =2, g =ged (v, u+2)and
-2 g -2

the following relations hold:

4tyt
P+ 0P =4, £+ bt + —> 2+ u) = 2.
g

Proof. From Proposition 2.8 1), it follows that all non-commutative solutions of equation (39) are given by
(i). We next find commutative solutions of equation (39). Suppose that p = 5or7 (mod 8) is the prime
divisor of b. Then (‘72) = -1, where (13) is the Legendre symbol. By Corollary 4.9, we only need to consider
the following three cases.

Case1: X = hl, and Y = tr]5, where ty, t; € Z satisfy £ + bi3 = =2.

We claim that 7 + bt5 = =2 is impossible. Indeed, if {5 + bt5 = =2, then 7 = =2 (mod p). This means that

(’72) =1, a contradiction.

t t .
Case2: X =tLand Y = t4 i , where ty, ty, t3, t4 € Z satisfy £ + b(ti + t2t3) =-2.
3 —I4
However, this case is also impossible, where the reason is similar to Case 1.
t u+2 o ty 2¢,
Case3: X = ws2, l,t19+vbt4 andY = v of—ut, |, Wherety, ty, t3, ts, u, v EZ, u # -2, g = ged (v, u +2)
g B T2 g3 T2

and the following relations hold:

Aot
2 @+u)=-2.

W +?b =4, 2 + b5 +

t1 b
t3 —h
where t1, ty, t3, ty € Z satisfy £2 + byt + bt = =2. If b < 0, then u? + v°b = 4 is the Pell’s equation. We know
that it has infinitely many solutions in integers u and v. [J

If b > 0, then it follows from u? + v?b = 4 that u = 2 and v = 0. Then we have X = ( ) and Y = 4],

Example 4.13. Let b = -5 in Proposition 4.12. Then all solutions of the matrix equation
X2 -5Y?=-2I,, X, Y € My(Z) (40)

are given by the following two parts.

. t t .
() X= (tl i ) and Y = (zl s; ), where t1, ty, t3, 51, 52, 53 € Z satisfy {3 + tat3 — 5(5% + 5253) =-2;
3 —h 3 —S51
- t 2t b Ut
(11) X = u_+2t3 Svty—uty and Y = 2t3 oti—uty |r where tl/ t2/ t3/ t4/ u,v e Z/ u# _2/ g = ng (vl U+ 2)
2 g -2

and the following relations hold:

Atots

u> — 50" = 4, £; - 5t; + 7 Q+u)=-2.
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For example, let u = —18 and v = 8 in (ii). Then we can get a family of solutions to equation (40):

h 26\ 5 (1 oV o
—2t5 20t + 91 ty — (4t +98)) ~ ¥

where ty, b, t3, t4 € Z satisfy 12 — 55 — btz = =2.
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