Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Filomat 39:5 (2025), 1631-1655
https://doi.org/10.2298/FIL2505631S

2 S
) @
b, &
Ty xS’

5
TIprpor®

A new family of symmetric and generating functions of binary
products of (p, g)-numbers at consecutive and nonconsecutive terms

Nabiha Saba?, Ali Boussayoudb'*, Salah Boulaaras®

®Higher School of Science and Technology of Computing and Digital of Bejaia, Algeria, Department of Mathematics,
Mohamed Seddik Ben Yahia University, Jijel, Algeria
YFaculty of Exact Sciences and Informatics, LMAM Laboratory and Department of Mathematics,
Mohamed Seddik Ben Yahia University, Jijel, Algeria
¢Department of Mathematics, College of Sciences, Qassim University, Buraydah 51452, Saudi Arabia

Abstract. In this study, by making use of the symmetrizing operator 6*, we introduce a new theorem.
By using this theorem we give a new class of generating functions of the products of (p, g)-Fibonacci
numbers, (p,g)-Lucas numbers, (p,q)-Pell numbers, (p,q)-Pell Lucas numbers, (p, g)-Jacobsthal numbers
and (p, q)-Jacobsthal Lucas numbers at consecutive and nonconsecutive terms and the products of these
(p, g9)-numbers with Mersenne numbers at consecutive and nonconsecutive terms.

1. Introduction

The concept of Mersenne numbers was originally introduced by Marin Mersenne, these numbers are
defined as:

0, ifn=0
M,=: 1, ifn=1, (1)
3My—1 —2M,,—5, ifn>2

or
{Mn}en =10, 1, 3, 7, 15, 31, 63, 127, 255, 511, 1023, 2047, 4095...} .

From the definition of Mersenne numbers, we have that the characteristic equation of (1) is in the form
722 -3z2+2=0, 2)
the roots of equation (2) are 2; = 2 and a, = 1 and we easily get the Binet’s formula

M, =2"-1
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The generating function of Mersenne numbers is given by

z
n= T Al A ith n = on-— - .
M 1“3 1022 with M Su_1 (a1 + [-a2])
For more informations of Mersenne numbers see [18].
The authors in [12] defined and studied the generalized (p, g)-numbers. Considering this sequence, they
gave the Binet’s formulas and generating functions of (p, 7)-Fibonacci numbers, (p, )-Lucas numbers, (p, 9)-
Pell numbers, (p, g)-Pell Lucas numbers, (p, g)-Jacobsthal numbers and (p, q)-Jacobsthal Lucas numbers.

The generalized (p, q)-numbers =Wp’q’n}n€]N is given by the following recurrence relation:
Wian = apWpgn-1 + bqWygn2, 1 22,

with W0 = a, Wyy1 = Bp +y and {a,b,a,B,y} € C. The special cases of the numbers W4 are listed as
follows:

1"Fora=b=y=1and a = B = 0 we get the (p, g)-Fibonacci numbers F,,; , (see [5]).

2’ Fora=b=pf=1,a=2andy = 0ityields (p,g)-Lucas numbers L, , , (see [4]).

3 Fora=y=1a=p=0andb =2 it reduces to the (p, 7)-Jacobsthal numbers J, , (see [19]).

4 Fora=p=1a=>b=2andy =0we get the (p, q)-Jacobsthal Lucas numbers j, 4, (see [19]).

5 Forb=y=1,a=p=0anda = 2it yields the (p, q)-Pell numbers P, , , (see [7]).

6" Fora=a=p=2,b=1andy = 0it reduces to the (p, g)-Pell Lucas numbers Q, 4. (see [7]).

The Binet’s formula for generalized (p, 9)-numbers is given by

n_ n
Ax1 Bx}

W, =
Pt X1 — X2

. \fa2p?+4b — \Ja2p?+4b
withA =Bp+y —ax;and B = fp+y — ax;, where x; = W and x, = w are roots of the
characteristic equation x> — apx — bg = 0. We note that

X1+ X2 =ap, x1x2 = —=bgand x1 — xo = /a?p? + 4bq.

The special cases of the Binet’s formula for generalized (p, q) -numbers are listed in the table below:

alblal|p|y Roots (x1 and x») Binet’s formula (Wp,q,,)
P+ NP4 p= Vpi+iq o
1(1/0(01]1 X1 = 5 X2 = 2 Fﬂrﬂr” = xi—x;
+ P2+ —- VPP +4
1 1 2 1 0 xlzp \/2P q,XQ:p \/5 q Lp,q,HZXIl‘f‘x;l
p+\p*+8q p—\p*+8q 1%
112001 X1 = \/2 ;X2 = \/2 Jpan = 2—2
+/p2+8 ~-\p?+8 .
1122110 X1 = £ \/5 q’ Xy = £ \/; ! Jpan = x’f”-i- )fg
X5 —X
2111001 X1 =p+ vP2+‘1/x2:P_ Vp2+q PW%”:xifxi
2[1[2]2|0 | x=p+\P+ax=p- P +q Qpan = ¥ + 23

Table 1: Binet’s formulas for some (p, g)-numbers.

Generating functions are one of the most surprising and useful inventions in mathematics. Roughly
speaking generating functions transforms problems about functions. Sometimes we can find nice generating
functions for more complicated sequences. For example, the generating function of generalized (p, 9)-

a+(p(‘8—aa)+)/)z

numbers (W%M) Is — o

. Similarly, the generating function for Mersenne numbers (M,) is ;=575

The authors in [10], introduced the following generating functions: n§0 F a2 EO L3 o a2" E‘O P} .2

(o) (o) (o] (o] (o] (o] (o) (o)
Y Qf,,q,nzn/ Y lzz,q,nznr Y ]%,q,nznr )y FpqnMnz", )y LyqnMnz", Y PpanMyz", Y Qp,q,nMnZn/ Y Jp.qnMnz" and
n=0 n=0 n=0 n=0 n=0 n=0 n=0 n=0
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Y. jpgnMyz". In this work, we investigate the generating functions of the products of these numbers at
n=0
consecutive and nonconsecutive terms.

The rest of the paper is organized as follows. In the next section we present some backgrounds about
the symmetric functions. In section 3, we prove our main result which relates the symmetric function
defined in the previous section with the symmetrizing operator 65! . The new generating functions of the
products of (p, g)-Fibonacci, (p, g)-Lucas, (p,q)-Pell, (p, g)-Pell Lucas, (p,q) -Jacobsthal and (p, 4)-Jacobsthal
Lucas numbers at consecutive and nonconsecutive terms are derived in section 4. By making use of the
operator defined in this paper the new generating functions of the products of (p, g)-numbers with Mersenne

numbers at consecutive and nonconsecutive terms are given in section 5.

2. Some preliminary properties

This section is devoted to recalling some preliminary facts and results on the symmetric functions. Let
us now start at the following definition.

Definition 2.1. [9] Let k and n be two positive integers and {aq,ay, ..., a,} are set of given variables the k-th complete
homogeneous symmetric function hy (a1, az, ..., a,) is defined by

I (a, a0, ...,a,) = Z a?alzz...aﬁ;’ (k>0),

i1 +ip+...+i,=k
with il, iz, veey in > 0.
Remark 2.2. Set hy (a1, a2, ...,a,) = 1, by usual convention. For k < 0, we set hy (a1,az, ...,a,) = 0.

Definition 2.3. [2] Let A and P be any two alphabets. We define S,(A — P) by the following form

[Mad-pz)
=Y sA-pyz, (3)
al;[q(l —az) nZS

with the condition S,(A — P) =0 for n < 0.

Equation (3) can be rewritten in the following form

i S.(A-P)7" = (i Sn(A)z"] X [i Sn(—P)z”] ,
n=0 n=0 n=0

where
Su(A=P) =Y Sy (~P)S;(A).
=0

Definition 2.4. [8] Given a function f on R", the divided difference operator is defined as follows

flay, -+ ,ai,ai01,+ ,a,) — flar, -+ ,8i-1, i1, 8, Aixo, -+ ,0n)
aj — Qi ’

aﬂmm (f ) =

Definition 2.5. [17] Let n be positive integer and A = {ay,a,} are set of given variables. Then, the n-th symmetric
function S, (a1 + a2) is defined by

n+l _ an+1

=5, _ M 2
Su(A) = Su(a1 + a2) .
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with
So(A) = So(a +a2) =1,
S51(A) = Si(m+a)=a1+a,
S2(A) = 52(611 + 612) = a% +aq1a; + LI%,

Proposition 2.6. [12] For n € IN, we have the symmetric functions for some (p, q)-numbers as

pE NP> +4q
2 7

pE P> +8q
2 7

Fogn = Spalar+[-ax]) and L, 4, = 25, (a1 + [-a2]) — pSu-1 (a1 + [-a2]), withai, =

Joan = Su-1(ar +[-az]) and j, 40 = 25, (a1 + [—az2]) — pSp-1 (a1 + [-az]), withay =
Ppgn = Sp-1(ar +[—a2]) and Qpgn =25, (a1 + [—a2]) = 2pSu-1 (a1 + [-a2]), withaip =p £ \Jp* + 4.

Definition 2.7. [3] Given an alphabet A = {ay,a,}, the symmetrizing operator 8% , is defined by

maz

k _ ik
5§1a2f(ﬂ1) = W, forallk € Np := {NU({0}} ={0,1,2,...}. 4)

If f (a1) = a*!, the operator (4) gives us

ak+”+1 —-aé*”*l

k 1 _ 1
6111»12(”11“ ) - a1 — dp

= Spuular + ap).

Proposition 2.8. [1] Let A = {ay,a,} an alphabet, we define the operator &f . as follows:

araz

Sk 0, (f) = Skc1 (a1 + @) f (@1) + A50a,a, (f), for all k € Ny.

3. The main results

k+1

In this part, we are now in a position to provide new theorem by using the symmetrizing operator 6,,,.

Theorem 3.1. Given two alphabets A = {a1, a5} and E = {e1, ey, ...} , we have

Sk (A) ZO Su(=E)ajz" — aj*! ZO Su (=E) Su-1(A) 2"
n= n=

Y Suk(A)S, (B) 2" = : (5)
n=0

(f S, (—E) ayzn) ( Y Sy (-E) agzn)
n=0

n=0
forall n, k € Np.
Proof. By applying the operator 65! to the series f (a12) = Z—:0 Su (E)ajz", the left-hand side of the formula
(5) can be written as:

a11<+1 ZO Sn (E) a'fz” _ al;+1 ZO Sn (E) Engn
n= n=|
Spanf (@12) =

a; —az
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n+k+1 _ n+k+1
2"

st a a
Y S ()| ——2—
n=0 i —

D Suak (A) S0 (E)2".
n=0

By applying the operator 6! to the series f (a1z) = =————, the right-hand side of the formula (5)
X Sn(_E)u?Zn
n=0

can be expressed as:

1 1
i Su(=E)ajz" )? Su(=E)ayz"
a (alz) — n=0 n=0
ﬂlllzf a1 — ay

Y Sy (-E)aiz" — ¥, S, (~E)a’z"
n=0 n=0

(a1 — a2) ( i Sn (=E) ﬂ'fZ”) ( ij() Sn (—E) ﬂZZ”)

n=0

— ¥, 5, (~E) Sy (A) 2"

n=0

( Y., S, (-E) a;‘z”) ( Y., S, (-E) agz”)
n=0 n=0
By proposition 2.8, it follows that

R R S i

65;1121:(”12) L - [12 [ (o]
Zo Sn (—E)ajz" ( Y S, (=E) a’fz”) ( Y S, (-E) agz”)
n= n=0 n=0

Sk (A) ZO Su (=E)ajz" —a*! ZO Sn (=E) Sp1(A) 2"
n=| n=|

( f S, (=E) a’fz“) ( i S, (=E) agz”)
n=0

n=0

L. 5, (<E) (Sc(A)a = k715, (4))

(f S, (—E) a;lzn) ( Y. S, (~E) agzn)
n=0 n=0
Thus, this completes the proof. [J

e For A = {ay,a2}, E = {ey,e2} and k € {1, 2, 3} in theorem 3.1 we deduce the following lemmas.

Lemma 3.2. Given two alphabets E = {e1,e2} and A = {a1, a2}, then

. (a1 +a2) — may (e1 + €2) z
n __
}%swum+ugSAm+fnz-H(l_wﬂ)n(l_mﬂy ©)
n= ecE ecE

Proof. By applying the operator &3 ,, to the series f (a12z) = Z—lo Sn (E)ajz", we prove this result by the same

method given in theorem 3.1. [
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Lemma 3.3. Given two alphabets E = {e1,e;} and A = {a1, a2}, then

. (a1 + a2)* — ayay — maz (e + e2) (a1 + a2) z + e1ea (A1) 22

S +a5)S + "= . 7
;_O n+2(a1 +a2)Sy(e1 + )z T = en2) [T (1 = em2) (7)
- ecE ecE

Proof. By applying the operator 63 ,, to the series f (a1z) = Y, S, (E)a//z" the result can be proved by the
n=0
same method given in theorem 3.1. [

Note that, based on the relationship (7), we get

- (@ + @) —ma)z - mas (o1 + &) (@1 +a2) 2 + erer (1) 2
Z Sn+1(611 + az)Sn_l(el + 62)2 = H (1 — ealz) H (1 — eazz) . (8)
n=0 e€E ecE
Lemma 3.4. Given two alphabets E = {e1, ex} and A = {ay, a2}, then
Y Suea(@ +a)Suler + e2)z" 9)

n=0

2 2 2
(a1 +a2) (@1 + a2)” — 2a187) — M1z (e + 2) ((a1 +a2)" —ma) z - erex (@)’ (@1 + ) 22

- [1(1-emz) ] (1 - eaz)

ecE ecE

Proof. By applying the operator 6;,,, to the series f (a12z) = Z—:o Sn (E)ajz", we prove this result by the same

method given in theorem 3.1. [

From relationship (9), we obtain

Y Sua@r +m)S,a(er + )" (10)

n=0

(@1 +a2) (@1 + @) = 2m182) 2 = 1az (o1 + €2) (@1 + 42)° — ma2) 22 = exes (@102)° (@1 + @) 2°

- [1(1-emz) 11 - eaz)

ecE ecE

4. Generating functions of the products of (p, g)-numbers at consecutive and nonconsecutive terms

In this part, we are now in a position to provide theorems. Also we derive the new generating functions
of the products of (p, q) numbers at consecutive and nonconsecutive indices.

o In the following, we replacing a, by (—az) and e; by (—e;) in (6), (7), (8) and (10), we obtain:

Y Sualan + FaDSyfer + [l = -t {a Z ) o
n=0

T (1 —ae12)(1 + aze12)(1 + arerz)(1 — azerz)’

. p_ (@1 = 1)’ + mar + mas (&1 — &) (1 — 42) 2 — e1ep (1) 22
n - n - = , (12
HZ::; Snr2(a1 + [-a2])Su(er + [—e2])z (1 - me1z)(1 + aperz)(1 + merz)(1 — azerz) (12)
o s (@ —a) +ma)z 4 mar (o - &) (1 - a) 22 - ere2 (1)’ 2 "
Y Sealatl-aD)Sia(ertl-el)" = TR ey s , (13)

n=0
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Y Suaa(ar + [~aDS, (e + [-ea])2" (14)
n=0

2 2
a =) (@1 — @) +2ma2) 2 + 18z (o1 — €2) (@1 — 2) + ma2) 22 + exes (@12)° (@1 — @) 2°

7

(1 —a1e12)(1 + aze12)(1 + arexz)(1 — azerz)

respectively. This part consists of three cases.

Case 1. Puta; —a, = e; — ey = pand a1a; = ejey = q in the relationships (11), (12), (13) and (14) , we get

pz +pqz

gsm(al + [=a2])Su(er + [-e2])Z" = 1-pz—2q(p2 + q) 22 - pPg22 + izt (15)
;sz(al +[=mD)Suler + [-e2)2" = 1 72 _P;q:;if)q;—_fzz;ﬁ ey (16)
;S;wl(ﬂl + [=a2)Spafer + [=e2])2" = 7= pzz(fzz;r(qp)zz :;;ZZi ;21353 ey (17)
§5n+2(‘11 +[-a2])Sn-1(er + [—e2])z" = f_t:_@;; Tq()p ;Jr_quz ;;fi;; (18)

respectively, and we deduce the following proposition and theorems.

Proposition 4.1. For n € IN, the new generating function of the product of (p, q) -Fibonacci numbers (Fp,q,nJrsz,q,n)
is given by

(p* +9)z+ P02 - 42

F F "= , 19
; pam+2ipanZ = 7 1222912 + ) 22 — P2 + qizt (19)

with Fp,q,n+2Fp,q,n = Sn+1(a1 + [_aZ])Sn—l(El + [_62])'

Theorem 4.2. Let n be a natural number. Then we have the following new generating function for (Fp,q,nHFp,q,n) as:

pz + pgz’

F F "= . 20
; pan+lfpan? = 7 12— 20(p% + 9) 22 — PP + 2 (20)

Proof. By (1) in introduction, we get

Fpgni2 = pFpgne1 + qFpgn.

Then, we have

[oe] [oe]
n —_ n
Z Foaneabpgnz’ = Z (PP pant1 +qE wm) Fpqnz
n=0 n=0

(o] (o)
2
P Z Fpane1Fpanz" +q Z Fp,q,nzn'
n=0

n=0

)" P = 2T (see [10])
pan® = 1 - p2z — 2q(p* + q)2% — p2q223 + g4z*’ see )
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We have
(e8] 1 (9]
Z Fp,q,nHFp,q,nZn = ’; I:Z Fp,q,n+2Fp,q,nZn Z pgn% l
n=0 n=0
1 (P2+6/)Z+Mz - g2
C P 1Pz =297 +q) 2 - PP + g
q 2= g7
pl1-p*z=2q(p* + 9)2* - p>¢°2° + 2
B P2z + pqz?
- p |1 -p2z—2q(p2 + q)2% — P2?23 + giz* |’
therefore
Z F E g pz + pgz?
L pan+ltpgn = 77 P22 =29 (P +q) 22 — PR3 + izt

Thus, this completes the proof. [J

Theorem 4.3. Forn € IN, the new generating function of the product of (p, q)-Lucas numbers (L,,,q,nJ,sz,q,n) is given
by

2.3-3

Z(pz+2q)—p2(p2+q)z—q(p4+2p2q+4q )z +p2g°z

21
1-pz2=29(p* +9) 2 - p*¢*2° + q'z* ey

ngk

Lp,q,n+2Lp,q,nZ =

Il
(==}

n

Proof. We have

_ i (25us2(@1 + [-m]) = pSpa(@r + [=a2])) | o
) X (2Su(er + [=e2]) = pSu-afer + [-ea))

ngk

Lp,q,n+2Lp,q,nzn
n=0

=
Il
(==}

= 4) Sua(ar + [-mDS,(er + [e2])2"
n=0

~2p Z Sua(@ + [=a2)S-1 (e + [—ea])2"

n=0

=29 )" Susa (@1 + [~aD)Su(er + [—e)2"

n=0

+p? Z Snr1(ar + [-a2])Su-1(e1 + [—e2])2"

n=0
Using the relationships (15), (16), (17) and (18), we obtain
o 4 (p2 +q+qp°z— q322)
LygnsoLlponz® =
X Toanssharz 1-p2z=29(p* +9) 22 - P2 + gzt

n=0
p(p(r +20)z+pg (07 +9)2 - pr?)
1-p*2=29(p* +9) 2 - p*3*2° + q*2*
B 2p (p + pqz)
1-p*2=29(p* +9) 2 - p*3*2° + q*2*
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p? ((p2 + q)z +qpP2? — q323)
1-p’z=29(p* +9) 2 - p>¢°2 + ¢*2*

2(p? +2q) = p* (p* +9) 2 — q (p* +2p% +442) 22+ p

1=-p’z=2q(p* +9) 2 - p>°2 + ¢*2*
So, the proof is completed. [

1639

Theorem 4.4. Let n be a natural number. Then we have the following new generating function for (Lp,q,nJ,le,q,n) as:

20 +p (Zq - pz) zZ+pg (2q - p2)22 +2pg37°
1-p%2=2q(p + )22 - p*°2° + g*z*

(oY)
Z Lpgnrilpgnz’ =
n=0

Proof. By (2°) in introduction, we get

Lp,q,n+2 = PLp,q,rH—l + qu,q,n-

We know that
(o) (o8]
Z Lpgneolpgnz” = (p Lpgner + qLP,qrn) Lpgnz"
n=0 n=0
(o] (o)
2
= p Z Lygni1lpgnz" +q Z Ly onZ"
n=0 n=0

On the other hand, we have

i 2 4-3pz-4q(g+p7)2 - pp?

L, z" =

4N _ _ _ 4
e B 1—pPz=29(p* + )2 - p*¢°2> + g'z*

(see [10]).

From which it follows

S n 1 S n S n
Z Lpgnalpgnz® = P [Z Lpgnialpgnz’ —q Z Ly }
n=0 n=0 n=0
1 2p* + p? (Zq - pz) z+p%q (Zq - pz) 22 + 2p%¢%23
p 1-p2z-2q(p* + 22 - P2 + 'zt |
therefore
i 20 +p (Zq - pz)z +pq (2q - p2)22 +2pg37°
LpgnsiLlpgnz" = .
ary 1-p?z=2(p* + )2 - pP2°2° + gzt

This completes the proof. O

(22)

Corollary 4.5. Puttingp = kand q = 1 in Egs. (19)-(22) and (10) gives the following new generating functions:

o ) (k2+1)z+k222—z3
FemaFenz" = -
HZ::O kn+2E knZ 1Kz —2(k2 +1)22 — k223 + 24
0 kz + kz?
F Fi,z" = .
Z ki1 5k 1-kz—2(k*+1)z2 — k223 + z*
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o ) 2(k2+2) - 1% (k2 + 1)z — (k* + 262 + 4) 22 + K2
; LipoLinz" = 1-Kz—-2(k2+1)22 — k223 + 24 '
o ) 2k + k(2 - k) z + k(2 - k) 22 + 2kz>

;O Lins1Llinz" = 1-Kz-2(R+1)22— k22 + 24

e Put k =1 in the Corollary 4.6, we obtain the following table:

Coefficient of z" | Generating function
FrioFy %
Fui1Fy %
Lyy2Ly %
Lyy1Ly %

Table 2: The new generating functions of the products of some numbers.

Case 2. Puta; —ay = e — ey = p and a1a = erex = 2q in the relationships (11), (12), (13) and (14) , we obtain

Y Spatlar + [azDSuler + [-ex)e" = i (23)
n+ n - ’
o 1—p?z —4q (p* + 29) 2% — 4p*q%2% + 164424
= . p? +2q + 2p?qz — 84°22
ZO Suvalmy + [-aadSuler + -ea)2" = T o e (24)
° (p2 + Zq) z + 2p?gz% - 8¢°2°

Sn+1(a1 + [—a2])Sn-1(e1 + [—e2])z" = , (25)
é 1—p?z — 4q (p* + 29) 2% — 4p*q%2% + 164424

o . P (p2 + 4q) zZ+2pq (p2 + Zq) 2?2 - 8pg®z®
Z;) Suvalmy + [=aaDSu-sler + a2’ = T o e (26)

respectively, thus we get the following proposition and theorems.

Proposition 4.6. For n € N, the new generating function of the product of (p, q) -Jacobsthal numbers ( Jpan+2 ]p,q,n)
is given by

(p2 + Zq) z + 2p?qz* - 8¢°2°

]p,q,n+2]p,q,nzn = ’ (27)
é 1—p?z —4q (p? + 29) 22 — 4p?¢*2% + 16g%z*

with ]p,q,n+2]p,q,n = Spr1(ar + [—a2])Sy-1(e1 + [—e2]).
Theorem 4.7. Let n be a natural number. Then we have the following new generating function for ( Jpan+ ]p,q,n) as:

pz + 2pqz*

]p,q,n+1]p,q,nzn = . (28)
; 1—p?z —4q (p? + 29) 22 — 4p?¢*2% + 16g%z*

Proof. By (3) in introduction, we get

]p,q,n+2 = P]p,q,n+1 + Zq]p,q,n'
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Then, we have

Z Jpan+2), panZ’ Z (p]p,q,n+l +24 ]M/n) Tpan 2
n=0 n=0
=7 Z ]p,q,n+1 ]p,q,nZn +2q Z ];%,q,nzn/
n=0 n=0
since

- 2 n 7 — 4q223

o ’ 10]).
; ]p,q,n 1 —p2z — 4q(p? + 29)z2 — 4p2q*23 + 16g%2* (see [10])

Then, we obtain

(o] 1 (o] [ee]
2
Z Jpanetlpanz' = = [Z Jpan+2lpanz" —2q Z ]p,q,nzn}
n=0 p n=0 n=0

1 [ p?z + 2p*qz? ]

p |1 -p2z — 492 + 29)22 — 492223 + 16g%2* |
therefore
Z pz + 2pqz?
Jpans1lpanz" = 1-p2z — 4g(p? + 29) 22 — 4?2 + 16024

Thus, this completes the proof. [

Theorem 4.8. Forn € IN, the new generating function of the product of (p, q) -Jacobsthal Lucas numbers ( Jpgn+2 jp,q,n)
is given by

2 _ 4 2 2\ 2 233
Z]pqw,z]pq,,z ~ (p +4q) p (p +2q)z Zq(p +4p°q + 16q )z +8pqz. 29)

e 1—p?z—4q(p? + 29) 2 — 4p>¢*23 + 16g*z*

Proof. We have

gwﬂﬁ"qﬂ" - i)( S A I R A
= 42 Swa(a1 + [~a2])Su(er + [—e2])2"
~2p ZO Suaar + [~a2D)Su-1(er + [-e2))2"
~2p i‘ Swe1(ar + [~a2])Su(er + [—e2])2"
+p? 2 Suer(@r + [~a2])Su-a(er + [—e2])2".

Using the relationships (23), (24), (25) and (26), we obtain

w o 4(p? + 29+ 2qp%z - 85°2%)
Z Jpgn+2]pgnz = 1 —pzZ —4q (Pz + 2q)z2 _ 4]9217223 + 16q4z4
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2p (p (pz + 4q) z+2pq (pz + Zq) z2 — 8pq3z3)
1 —p2z—4q (P +29) 22 — 42228 + 164°7°
B 2p (p + 2pgz)
1—p?z—4q(p? + 29) 2% — 4p*¢*23 + 16g*z*
N p? ((p2 + 2q) z +2qp°z% — 8q3z3)
1—p2z—4q(p? + 29) 2 — 4p°¢*23 + 16g*z*
2 (p2 + 4q) - p? (p2 + Zq) z-2q (p4 +4p%q + 16q2) 22 + 8p**Z3
1—p?z —4q (p? + 2q) 22 — 4p2q22% + 16g*2* ’

So, the proof is completed. [

Theorem 4.9. Let n be a natural number. Then we have the following new generating function for ( Jpan+l jp,q,n) as:

< ‘ 20 +p (4q - pz)z +2pq (4q - pz) 2% + 16pg°z°
2 Jpan+ijpanz’ = .
o 1 - p?z — 4q(p* + 29)z% — 4p?q°23 + 164q*z*

(30)

Proof. By (4") in introduction, we get
jp,q,n+2 = pjp,q,n+1 + Zij,q,n-
We know that

(o) (e8]
. o ; . A
Z Jpan+2]pgnz” = Z (P]p,q,nﬂ + zq]p,q,n) JpanZ
n=0

=0

(o] (o)
: : n 2 n
p Z Jpan+1lpanz’ +29 Z Tpqn?

n=0 n=0

=

On the other hand, we have

= 4-3pP -8 (pP +29) 2 - dpPed
; Tpan® =12 P2z — 4q(p* + 2q)z% — 4p2q?28 + 16q*z*

(see [10]).

From which it follows

(o) 1 [o¢] oo
. . n _ . . n .2 n
Z Jpan+ilpgnz = v [Z Jpan2lpanz’ = 2q Z Jpan® }
n=0 n=0 n=0

2p* + p? (4q - pz) z+2p%q (4q - pz) 2?2 + 16p%g°z3
1—p2z — 4q(p? + 29)z* — 4p2q*23 + 16g%z*

1
p

therefore

i ; o 2p+p <4q - pz)z +2pgq (4q - pz) 22 + 16pg°z°
pgn+1Jpgn =
s 1 —p?z — 4q(p* + 29)z% — 4p?q°23 + 16q*z*

This completes the proof. [



Corollary 4.10. Setting p = kand q = 1 in Egs. (27)-(30) gives the following new generating functions:

(o)
Z ]k,n+2]k,nzn
n=0

(o)
Z ]k,n+1]k,nzn
n=0

(o]
. . n
Z ]k,n+2]k,nZ
n=0
(o8]

. . n
Z ]k,n+1 ]k,nz

n=0
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(k2 + 2)z +2K222 -8

3

kz + 2kz?

1-k2z —4(k2 +2)z2 — 4,223 + 1624

1-k2z—4(k2 +2)z2 — 4k223 + 1624
2(k2 +4)—k2(k2 +2)z—2(k4+4k2+16)z2 + 8k27°

1—k2z — 4 (k2 +2) 22 — 4k223 + 1624

2k+k(4—k2)z+2k(4—k2)z2 + 16kz°

1-Kz—4 (k2 +2)z2 — 4k2z3 + 1624

e Put k =1 in the Corollary 4.12, we obtain the following table:

Coefficient of z” | Generating function
324272825

]n+2]n 1—2—1222—473+162%
] ] 2+422°

n+1jn 1—z—1222—473+162

: : 10—3z—427°+82°
Jn+2]n Tz 122247+ 160

: : 2+32+622+162°
Jn+1]n 1—2—1222—473+162%

Table 3: The new generating functions of the products of some numbers.

1643

Case 3. Puta; —ay = e — ey = 2p and a1a, = erey = q in the relationships (11), (12), (13) and (14) , we obtain

Sur1(a1 + [~m])Su(er + [-e2])2" = ,
; 1—4p%z — 2q (4p? + q) 22 — 4p*q°23 + %24
Y Susaar + [~a)Sufer + [—e2])2" =
n=0

Z Sur1(ar + [a2])Sn-1(e1 + [—e2])z" =
n=0

Z Spsa(a1 + [—a2])Sn-1(e1 + [—e2])2" =
n=0

2p + 2pqz

4p? + g + 4p*qz — 22

1—4p2z — 2q (492 + q) 22 — 4p2q?28 + gz*’

(4p2 + q) z + 4p*qz* - ¢°2°

1 —4p%z — 2q (4% + q) 22 — 42223 + q*z%’

4p (Zp2 + q) zZ+2pq (4;92 + q) 22 - 2pg*z®

1 —dp2z —2q (4% + q) 22 — 4P + A7

respectively, thus we get the following proposition and theorems.

(31)

(32)

(33)

(34)

Proposition 4.11. For n € IN, the new generating function of the product of (p, q)-Pell numbers (Pp,q,nJrsz,q,n) is

given by

(9]
Z Pp,q,n+2pp,q,nzn

n=0

(4;72 + q) z +4p?qz? - ¢°73

with Pp,q,n+2pp,q,n = Sn+1(a1 + [_a2])sn—1 ((31 + [_62])'

T 1 —4p2z — 29 (4p% + ) 22 — Ap2PZ3 + gzt

(35)
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Theorem 4.12. Let n be a natural number. Then we have the following new generating function for (Pp,q,,,HPp,q,n)
as:

2pz + 2pqz®

P P .
; pans1Ppgn’ T 1-4pz- 2q (4p2 + q) 22 — 4p2q?23 + giz*

(36)

Proof. By (5) in introduction, we get

Pygni2 = 2pPpgni1 + qPpgn.

Then, we have

[Se] (S
Z Ppgns2Ppanz" = Z (Zp Ppans1 +qP Wir”) Ppgnz"
=0 -

n=0
ZPZPPMHPM"Z +QZ panz s

since
o0 2,3
z—g*z
P2 "= , (see [10]).
; P 1 - 4p%z — 2q(4p* + 9)22 — 4p°¢2% + ¢*z*
Then, we get
pr,qmﬂppfqrnzn = anqnﬂppqﬂz qz pan? l
n=0
1 4p*z + 4p*qz?
T 2p [ 1-4p2z - 29 (4p2 + q) 22 — 42228 + gzt |
therefore
Z p p 2pz + 2pgz?
n=0 paneiFpans’ = 1 - 4pz =29 (4p* + ) 22 — 4p*@*2® + g*z*

Thus, this completes the proof. [

Theorem 4.13. For n € IN, the new generating function of the product of (p, q)-Pell Lucas numbers (Qp,q,n+2Qp,q,n)
is given by

4(2p2+q)—4p2(4p2+q) 4q(4p +2p q+q)z +4p?qPZ°
1—4p2z — 29 (4p% + q) 22 — 4p2q°?23 + ¢*2*

Z Qp,q,n+2Qp,q,nzn = (37)
n=0

Proof. We have

i (2Suia(ar + [=a2]) = 2pSpea(ar + [-a]) )Z
X(25,(e1 + [—e2]) — 2pSu-1(e1 + [—e2]))

o0
Z Qpan+2Qpgnz"
n=0

n=0

= 42 Sns2(a1 + [-a2])Su(er + [—e2])z"
n=0

—4pZ Sua@ + [=a2])S1 (e + [—e])2"

n=0
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~4p Y Sua(ar + [~aD)Su(er + [-ea)z"

=0
+4p? Z Spu+1(ar + [—a2])Sp-1(er + [—e2])z".
=0
Using the relationships (31), (32), (33) and (34), we obtain
i ) 4 (4;72 +q +4qp%z - q3zz)
Ly Qa2 Qpan’ = I gz g+ )7 — a7 + 0
4p (4p (2;92 + q) z+2pq (4;?2 + q) z2 — 2pq3z3)
1—4p%z — 29 (4p* + 9) 22 — 4p?q%2% + ¢*2*
B 4p (2p + 2pqz)
1—4p%z — 2q (4p* + q) 2% — 4p°q°23 + q*2*
. 4p? ((4p2 + q) z + 4qp?z* - q3z3)
1—4p%z — 2q (4p% + q) 2% — 4p°q°23 + g*2*
4 (2;72 + q) - 4p? (4;72 + q) z—4q (4;94 +2p%q + qz) 22 + 4p*g*23
1 —4p2z — 2q (492 + 9) 22 — 4p2q?28 + giz* ’

So, the proof is completed. [

Theorem 4.14. Let n be a natural number. Then we have the following new generating function for (Qp,q,n+1 Qp,q,n)
as:

4p +4p (q - 2p2) z+4pg (q - 2;92) 2 + 4pg*7?
1—4p%z — 29 (4p* + q) 2% — 4p29°23 + q*2*

Z Qp,q,n+1 Qp,q,n Z" = (38)
n=0

Proof. By (6) in introduction, we get

Qpanv2 = 20Qpgn+1 + qQpgn-

We know that
Z Qp,q,n+2Qp,q,nZn = Z (szp,q,nH +4q Qp,q,n) Qp,q,nzn
n=0 n=0

2
219 Z Qp,q,n+1 Qp,q,nzn + q Z Qp,q,nzn‘
n=0 n=0
On the other hand, we have

o 4 —12p%z — 4q (4p* + q) 2% — 4p?g°Z°
ZQ;MZ"=1_42 —2g(4 2(+p)2_)4223+ 44,(see[10]).
n=0 pz q\xp q)z p-q-z q-z

From which it follows

(o) 1 (o] (9]
— 2
Z Qp,q,n+1Qp,q,nZn - E Z Qp,q,n+2Qp,q,nZn - 17 Z Qp,q,nzn}
n=0 n=0 n=0

1 | 8p* + 8p? (q - sz) z + 8p%q (q - 2p2) 2% + 8p?g37°
2p 1 —4p?z — 2q(4p* + )22 — 4p2q225 + g*z* ’
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therefore

i dp +4p (q - 2p2) z +4pq (q - 2p2) 22 + dpgP73
Qp,q,n+1Qp,q,nZn = .
e 1—4p%z — 2q(4p? + 9)z% — 4p?¢°23 + q*z*

This completes the proof. [

Corollary 4.15. Tuking p = 1 and q = k in Egs. (35)-(38) gives the following new generating functions:

ZP P = (4 + k) z + 4kz2 — k°2°
RIS T 1 4 2k (A4 k) 22 - 4k223 + Kzt

2z + 2kz?
Zpkn+1pknzn = SR .
’ ’ 1—4z -2k (4 + k) 22 — 4k225 + k*z4

4(2+k)—4(4+k)z—4k(4+2k+k2)z2+4k3,z3
1—4z — 2k (4 + k) z2 — 4k223 + k4z*

4+4(k—-2)z+ 4k (k- 2)2% + 4k32°
1—4z — 2k (4 + k)22 — 4k223 + kiz4

Qk,n+1 Qk,nzn =

n=0

e Putk =1 in the Corollary 4.18, we obtain the following table:

Coefficient of z” | Generating function
Sz+472—7
PPy TE- G
Z+27
Pui1Py 1-4z-1022-4z3+7*
Q0,120 12-20z-287%+47°
n+2%n 1=4z—10z2—-4z3+74
4-47—47%+4z
Qn1Qn S T )

Table 4: The new generating functions of the products of some numbers.

5. Generating functions of the products of (p, g)-numbers with Mersenne numbers at consecutive and
nonconsecutive terms

In this part, the new generating functions of the products of Mersenne numbers with (p, q)-Fibonacci
and (p, g)-Lucas numbers, (p,g)-Jacobsthal and (p, g)-Jacobsthal Lucas numbers, (p,q)-Pell and (p, g)-Pell
Lucas numbers at consecutive and nonconsecutive terms will be introduced.

This part consists of three cases.

Case 1. putay —a, = p,a10, = q, €1 — e = 3 and eje; = —2 in the relationships (13) and (14) , we obtain

- 2 2 2.3
p°+q)z+3pgz" +2q°z

Z Sni1 (a1 +[-a2]) Sy (e1 + [—e2]) 2" = ( ) (39)

n=0

"~ 1-3pz— (59— 2p?) 22 + 6pqz® + 4q2z4

0 p(p?*+29)z+3q(p* +q) 2> + 2pg°2°
Z Snv2 (a1 + [—a2]) Sy (e1 + [-e2]) 2" = ( ) ( ) (40)
n=0

"~ 1-3pz— (59 - 2p?) 22 + 6pqz® + 4gPz*’

respectively, and we deduce the following proposition and theorems.
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Proposition 5.1. Forn € IN, the new generating function of the product of (p, q) -Fibonacci numbers with Mersenne
numbers (Fp,q,szn) is given by

(p2 + q) z + 3pgz? + 24723

Y FranaMuz" = == (41)

n=0

3pz — (59 — 2p?) 2% + 6pgz® + 4g2z*
with Fpgni2My = Spy1(ar + [—a2])Su-1(e1 + [—e2]).
Theorem 5.2. Let n be a natural number. Then we have the following new generating function for (Fp,q,nHM,,) as:

pz + 3qz*

FyonniMyz" = . (42)
nZ:(:) 1-3pz — (59 — 2p?) 22 + 6pqz3 + 4q%z*

Proof. By (1) in introduction, we get

Fpgni2 = pFpgni1 + qFpgn.

Then, we have

Z Fp,q,n+2MnZn = (PFp,q,n+1 + qu,q,n)MnZn
n=0 n=0
= p Z FpaniMuz" +q Z FpqnMyuz",
n=0 n=0
since

Y Eppye” 2+ 20 (see [10])

pgniVinZ = - — YN 3 -1 (see .
e 1-3pz — (59 — 2p*)z* + 6pqgz® + 4g°z

Then, we obtain

(o) 1 o0 [ee]

Y FognaMaz® = =Y FponaMuz" =q ) Fpgn ann]

n=0 p n=0 n=0
1 P’z + 3pqz?
© p|1-3pz— (59 —2p?) 22 + 6pqz3 + 4274 |

therefore
i E M pz + 3qz*
pan+iVinZ = o e o N 2 31 42t
pr 1-3pz — (59 — 2p?) 22 + 6pqz® + 44°z

Thus, this completes the proof. [

Theorem 5.3. For n € IN, the new generating function of the product of (p,q)-Lucas numbers with Mersenne
numbers (L,,,q,nJ,zM,,) is given by

o op (p2 + Bq) z+3g (p2 + Zq) 2% + 2pg*z®
Z Lpgne2Muz’ = 1-3pz — (59 — 2p?) 22 + 6pqz® + 4q?z* )
n=0
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Proof. We have

)

Z Lygn2Myz" = Z (2Sns2(a1 + [—a2]) = pSp+a(ar + [—a2])) Sp-a(e1 + [—e2])2"
n=0 n=0
= 2 Z Sus2(a1 + [-a2])Su-1(e1 + [—e2])Z"
n=0

-p Z Sn+1(a1 + [-a2])Sn-1(e1 + [—e2])z"
n=0

Using the relationships (39) and (40), we obtain

2 (p (pz + Zq) z+3g <p2 + q) 22+ quzzs)

Lp,q,nJrZMnZn =
HZ:;‘ 1-3pz — (59 — 2p?) 22 + 6pqz3 + 4q%z*

P ((pz + q) z + 3pgz® + 2q223)
1—3pz — (59 — 2p?) 22 + 6pqz® + 4q%z*
p (p2 + Bq) z+3q (p2 + 2q) 22 + 2pg?23
1—3pz — (59 — 2p?) 22 + 6pqz® + 4g2z*

So, the proof is completed. [

Theorem 5.4. Let n be a natural number. Then we have the following new generating function for (Lp,q,nHMn) as

0 . M2 (pz + Zq) z +3pqz* + 4q%z )
§ pgn+l =
— ~1-3pz— (59— 2p?) 22 + 6pgz® + 4g?z*

Proof. By (2°) in introduction, we get
Lp,q,n+2 = PLp,q,nH + qu,q,n-
We know that

(o) (o)
Z Lp,q,n+2MnZn = Z p gn+1 + qu,q,n) ann
n=0

n=0

= PZLMHHM z" +qZLMnM z"
n=0 n=0

On the other hand, we have

pz + 6qz> — 2pqz3
LygnMpz" = ,
;6 1—3pz — (59 — 2p?)z2 + 6pqz® + 4¢°z*

(see [10]).

From which it follows

(e8]
Z Lp,q,n+1MnZn

n=0

SRR

i Ly g ne2My z" —qZLM,,M Z }
n=0 n=0

1[ p +2q z+3pqz +4pqz ]
p

1-3pz — (59 — 2p?) 22 + 6pqz3 + 4q*z*
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therefore
i (pz + 2q) z + 3pgz? + 4q°23
Lp,q,n+1MnZn = .
— 1-3pz — (59 — 2p?) 22 + 6pqz® + 4¢%z*

This completes the proof. O

Corollary 5.5. Puttingp = kand q = 1 in Egs. (41)-(44) gives the following new generating functions:

oo (k2 + 1) z + 3kz2 + 223
Z Fk,n+2MnZn = 2N\ 2 3 4°
— 1—3kz — (5 — 2k?) z% + 6kz° + 4z
- kz + 322
F M, z" = .
; kn+18n2 1—3kz—(5-2k) 2 + 6k23 + 42
©0 } k(k2+3)z+3(k2+2)22+2kz3
L M = .
; kint2VinZ 1-3kz — (5 — 2k2) 22 + 6kz3 + 4z

© (k2 + 2) z + 3kz? + 428
Z LinaMuz" = 1-3k 2y 2 3 e
e —3kz — (5 — 2k?) 22 + 6kz3 + 4z

e Put k = 1in the Corollary 5.5, we obtain the following table:

Coefficient of z” | Generating function
FreoMy e e
FuiMy, T
LisaM, I arear
LMy v

Table 5: The new generating functions of the products of Mersenne numbers with numbers.

Case 2. putay —a, = p, a0, = 2q, €1 — e, = 3 and eje; = —2 in the relationships (13) and (14) , we obtain

o (p2 + Zq) z + 6pgz* + 8¢°23

Sn1 (@1 +[-a2]) Su-1 (e1 + [—e2]) 2" = , (45)
; 1-3pz —2(59 — p?) 2% + 12pqz3 + 164%z*
o P (pz + 4q) zZ+6g (p2 + Zq) 2% + 8pg*z?

Sni2 (a1 + [-a2]) Sp-1 (1 + [-e2]) 2" = ’ (46)
é 1-3pz —2(59 — p?) 2% + 12pqz3 + 164%z*

respectively, thus we get the following proposition and theorems.

Proposition 5.6. Forn € IN, the new generating function of the product of (p, q) -Jacobsthal numbers with Mersenne
numbers ( ],,,q,,HzMH) is given by

(p2 + Zq) z + 6pgz? + 8¢°23

JpansaMnz" = 2) 2 3 2,47 (47)
; 1-3pz —2(5q — p?) 2% + 12pqz3 + 164°z

with Jpqn2My = Spi1(ar + [—a2])Su-1(e1 + [—e2]).
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Theorem 5.7. Let n be a natural number. Then we have the following new generating function for (]p,q,n+1Mn) as:

pz + 642>

n _
; JoansaMaz® = 1-3pz —2(59 — p?) 22 + 12pqz® + 164%z* 48

Proof. By (3) in introduction, we get

Jpan+2 = Plpgnr +2q)pqn-

Then, we have

Z ]p,q,n+2an” = Z (p]p’q,,ﬁ,l + zq]p,q,n)an”
n=0 n=0
- p Z ]p,q,n+]MnZn + Zq Z ]p/q/an’lZn/
n=0 n=0
since
if Myz" A 2 (see [10])
z = , (see .
par P 1—-3pz — 2(5q — p*)z* + 12pgqz3 + 164%z*
Then, we get
(o) 1 00 o
Z ]p,q,n+1MnZ" = = Z ]p,q,n+2MnZn ~2q Z ]p,q,nann}
n=0 P n=0 n=0
1 p?z + 6pgz>
~ pl1-3pz—2(59 - p?) 22 + 12pqz® + 164224 |
therefore

- Z + 6q2*
Z]plquann = ! 2 2q 3 24"
e 1-3pz—-2(59 — p?) 22 + 12pgqz® + 164°z

Thus, this completes the proof. [

Theorem 5.8. For n € IN, the new generating function of the product of (p,q) -Jacobsthal Lucas numbers with
Mersenne numbers ( jp,q,nJrgMn) is given by

i ; M p (p2 + 6q) zZ+6g (p2 + 4q) 22 + 8pgz3 )
pgm+24Vln = .
o 1-3pz—2(59 — p?) 2% + 12pgz3 + 164%z*

Proof. We have

Z Jpgne2Mpz" = Z(an+2(ﬂ1 + [=az]) = pSns1(ar + [-a2]))Sp-1(e1 + [—e2])z"
n=0 n=0
= 2 Z Snr2(ar + [—a2])Su-1(e1 + [—e2])z"
n=0

=P ) Su(@r + [~mDSa(er + [-ea])2",

n=0
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Using the relationships (45) and (46), we obtain

o ) 2 (p (pz + 4q) z+6q (pz + Zq) 22+ 8pq223)
;) JeanaMuz" = T 3pz —2(5q9 — p?) 22 + 12pqz3 + 16g2z*

p ((pz + 2q) z + 6pgz® + 8q223)
1-3pz—2(59 — p?) 2% + 12pgz3 + 164%z*
P <p2 + 6q) zZ+6q (p2 + 4q) 2% + 8pg*z®

1—3pz —2(59 — p?) 22 + 12pqz® + 1642z

So, the proof is completed. [

1651

Theorem 5.9. Let n be a natural number. Then we have the following new generating function for ( jp,q,nHMn) as:

o ) (p2 + 4q) Z+ 6pq22 + 1607223
; ]p,q,n+1MnZ - 1 _ 3pz — 2 (Sq _ p2)22 + 12pqz3 + 16q2z4 :

Proof. By (4') in introduction, we get

Jpan+2 = Plpgn+1 + 2q]pqn-

We know that

Z JpamaMnz" = Z (Pjp,q,"+1 + 2‘7jp,q,n)MnZ"
n=0 =0

=

PY Mz +20 Y a2

n=0 n=0
On the other hand, we have

pz + 12gz* — 4pgz®

"~ 1-3pz —2(59 — p*)z2 + 12pqz3 + 16¢22*’

Z JpanMnz" = (see [10]).
n=0

From which it follows

. " n 1 . ; n . M n
Z JpanaMuz" = p [Z Jpan+2Mnz" =29 Z JpanMnz l
n=0 n=0 n=0
1 P (p2 + 4q) z + 6p2gz% + 16pg°z3
~ p|1-3pz-2(59 —p?) 22 + 12pqz3 + 16¢2z* |
therefore

= . <p2 + 4q) z + 6pgz* + 164%2°
;) IpamaMi” = 1—3pz —2(59 — p?) 22 + 12pgz® + 1642z

This completes the proof. O

(50)
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Corollary 5.10. Setting p = kand q =1 in Egs. (47)-(50) gives the following new generating functions:

o (k2 + 2) z + 6kz? + 82°
Z ]k,n+2MnZn = 1-3k N3 3 T
~ —3kz—2(5 - k?)z2 + 12kz3 + 16z
- kz + 622
n Mn S .

;]k' e 1-3kz—2(5 - k2) 22 + 12k23 + 162°
o . k(k2+6)z+6(k2+4)zz+8kz3

oo Myz" = .
HZS T2 1-3kz —2(5—K2) 22 + 12k2° + 1628
o (k% +4) z + 6k + 162°

] n Mn "= .
,;]"’ e 1—3kz —2(5 - k2) 22 + 12kz3 + 1624

e Putk =1 in the Corollary 5.10, we obtain the following table:

Coefficient of z" | Generating function
32+62%+8z

Ju+2My 1-32-822+1223+162
] M 24622

n+14Vin 1-32-822+]223 162"

i oM 7z+30z%+82°
Jn+2Vln 1=32-822+12231162"

i M 5z+62z2+162°
Jnt1Vn T 3282241234162

Table 6: The new generating functions of the products of Mersenne numbers with numbers.

Case 3. put a1 —ap, = 2p, a10, = q, €1 — e = 3 and eje; = =2 in the relationships (13) and (14) , we obtain

o (4;92 + q) z + 6pgz® + 24723

Sn+1 (a1 + [-a2]) Su-1 (e1 + [—e2]) 2" = , (51)
;) 1—6pz — (59 — 8p?) 22 + 12pqz3 + 44°2*
°° 4p (2;72 + q) z+3g (4;92 + q) 2% + 4pg*2?

Snvz (a1 + [—a2]) Sy (e1 + [-e2]) 2" = , (52)
; 1—6pz — (59 — 8p?) 22 + 12pqz3 + 4¢%2*

respectively, we deduce the following proposition and theorems.

Proposition 5.11. For n € IN, the new generating function of the product of (p,q)-Pell numbers with Mersenne
numbers (Pmszn) is given by

(4;92 + q) z + 6pgz* + 2¢4%2°

Pp/qanrzann = ’ (53)
; 1—6pz — (59 — 8p?) 22 + 12pqz3 + 4¢%2*

with Py gni2My = Spsa(ar + [—a2])Sp-1(e1 + [—e2]).
Theorem 5.12. Let n be a natural number. Then we have the following new generating function for (PM,HHM”) as:

2pz + 3qz*

PygniiMyz" = . (54)
nzz(:) 1—6pz — (59 — 8p?) 22 + 12pqz3 + 4¢*2*

Proof. By (5) in introduction, we get

Pp,q,n+2 = 2PPp,q,n+1 + qu,q,n-
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Then, we have

Y PrgnwiaMuz’ =Y (2pPpgnar +qPpgu) Ma2"
n=0 n=0
= ZpZP,,MHan +qZquan
since
Z P, M,2" 2422 (see [10])
Pt T 1= 6pz— (57— 8pD)2 + 12pq2® + Agizt’ '
Then, we get
(e8] 1 (o8] (o)
Y PognaMyz’ = % Y PrgmiaMaz' =0 P,,,,,,nan"l
n=0 n=0 n=0
1 4p?z + 6pgz>
~ 2p|1-6pz— (59— 8p?) 22 + 12pqz3 + 4g2z* |
therefore
2pz + 3qz*
P M
Z pani Moz’ 1o 6pz — (59 — 8p?) 22 + 12pqz3 + 4q2z*

Thus, this completes the proof. [

Theorem 5.13. For n € IN, the new generating function of the product of (p,q)-Pell Lucas numbers with Mersenne
numbers (QM,WQM”) is given by

2p (4;92 + 3q) zZ+6q (2;92 + q) 2% + 4pg*z?
1—6pz — (59 — 8p2) 22 + 12pgz3 + 4g2z* "

Z Qp,q,n+2MnZn = (55)
n=0

Proof. We have

gk

Z Qpgn+2Myz" (2Sns2(ay + [-a2]) = 2pSys1(ar + [-az2])) Su-1(er + [—e2])Z"
n=0

n

= 7—2 Sus2(a1 + [—a2])Su-1(e1 + [—e2])Z"
n=0

g &

—2p Z Snr1(ar + [-a2])Su-1(e1 + [—e2])z"

n=0
Using the relationships (51) and (52), we obtain

2 (4p (sz + q) z+3q (4;92 + q) 22+ 4pq223)
1—6pz — (59 — 8p?) 22 + 12pqz3 + 4q°2*

(o]
Z Qp,q,n+2ann
n=0

2p ((4p2 + q) z + 6pgz? + 2qzz3)
1—6pz — (59 — 8p?) 22 + 12pqz® + 4¢%z*
2p (4;92 + Bq) zZ+6q (2;72 + q) 2% + 4pg*z?
1—6pz — (59 — 8p2) 22 + 12pgz3 + 4g2z* "

So, the proof is completed. 0O
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Theorem 5.14. Let n be a natural number. Then we have the following new generating function for (Qp,q,nHMn) as:

i 2 (2;72 + q) z + 6pgz* + 4¢°2°
Qp,q,n+1MnZn = .
o 1—6pz — (59 — 8p?) 22 + 12pqz3 + 4¢%2*

Proof. By (6) in introduction, we get

Qp,q,n+2 = ZPQp,q,nH + QQp,q,n-

We know that
Z Qp,q,n+2MnZn = Z (Zpr,q,nH + QQp,q,n)MnZn
n=0 n=0

2p Z Qp,q,n+1MnZn +4q Z Qp,q,nMnZ".
n=0 n=0

On the other hand, we have

i O M, 2" 2pz + 6qz* — 4pqz®
pgn nZ = ’
— 1—6pz — (5q — 8p?)z2 + 12pqz® + 4¢%z*

From which it follows

i Qp,q,n+1MnZn = % [i Qp,q,n+2MnZn —-q i Qp,q,nMnZﬂ
n=0 n=0 n=0

1 [ 4p (2p2 + q)z +12p%qz* + 8pq*z® }

2p | 1—6pz — (5q — 8p2) 22 + 12pq23 + 4g2z*

therefore

2 (2;92 + q) z + 6pgz® + 4723
6pz — (5q — 8p?) 22 + 12pqz® + 4q2z*"

(o)
Z Qp,q,n+1MnZn = 1—
n=0

This completes the proof. O

Corollary 5.15. Taking p = 1 and q = k in Egs. (53)-(56) gives the following

Z P M = (4 + k) z + 6kz* + 2k*Z3
Loyl T T 6z — (5k - 8) 22 + 12k2 + 42
= 2z + 3kz?
PepsiMpz" = ,
é 1 Von 1— 62— (5k—8)22 + 12k23 1 4k22
iQ Mt = 2(4+3k)z + 6k (2 + k) 2% + 4k223
Ly o T T 6 — (5k - 8) 22 + 12k2 + 4k
- 22 +k)z + 6kz% + 4Kk*23
M,z" = _
; QenrMz 1— 6z — (5k — 8) 22 + 12kz3 + 4k2z*

e Put k = 1in the Corollary 5.15, we obtain the following table:

(56)

(see [10]).

7

new generating functions:
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Coefficient of z” | Generating function

5z+622+273

PriaMy 1=6z+322 41223 +4z¢

2243z

PyaMy 1=62+322+]1223 442"
QM 142+187°+47°

n+27V"n 1=62+3224+1223+423
Qpi1M 62+622+47°

n+14Vin 1=6z+322+1223+4z*

Table 7: The new generating functions for the products of Mersenne numbers with some numbers.

6. Conclusion

In this paper, by making use of Theorem 3.1, we have derived some new generating functions of the
products of (p, q)-Fibonacci numbers, (p, g)-Lucas numbers, (p, q) -Jacobsthal numbers, (p, g)-Jacobsthal Lu-
cas numbers, (p, g)-Pell numbers and (p, )-Pell Lucas numbers at consecutive and nonconsecutive terms
and the products of Mersenne numbers with (p, 7)-numbers at consecutive and nonconsecutive terms. The
derived theorems and propositions are based on symmetric functions and products of these numbers.
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