Filomat 39:5 (2025), 1657-1671

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2505657B

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

A
2 S
) @
b, &
Ty s

5
TIprpor®

Qualitative analysis of solutions for a parabolic m(x) -biharmonic
equation with logarithmic nonlinearity
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Abstract. In this paper, we consider a nonlinear parabolic m(x)- biharmonic equation with logarithmic
source terms. Applying the potential well method combined with the Nehari manifold, the global existence

and blow-up of weak solutions is proved. In addition, we establish decay estimates for the global weak
solutions.

1. Introduction

We consider the following m(x)—biharmonic equation with variable exponents
zi + A%z + Ai(x)z =292 zInlz|, x€Q, t>0,
z(x,t) = g—f; (x,t) =0, x € 0Q), (1)
z(x,0) = zo (x) € W (Q), xeQ,

here Q is a bounded domain of R" with a smooth boundary dQ, v is the unit outward normal vector on JQ,
and zq (x) 2 0. The m(x)—biharmonic equation A (2 is the nonlinear differential operator defined by

AL 7 = MAZ"D7? Az).

We assumptions on p(-) and m (-) the following,

(A1) The exponents p(-) and m (-) are measurable function satisfying
here

max{2,m*} <p” <p" <min {m+ (1 + %),(m‘)*}, ()
with

m~ = essinfm(x), m* =esssupm(x),
xeQ) x€Q)
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p- = essinfp(x), p* =esssupp(x),
xeQ) xeQ

and

nm- . _
m_* (x) _ P lf m <mn,
+oo ifm” >n.

(A2) V2, E€ Q) n—-£&l<dy>0and0< 6 <1,

I () = m(E)] + [p () = p (&)] < ‘ﬁ' ;

1.1. Literature overview:

Wu et al. [29] examined the subsequently semilinear parabolic equation with variable exponent
ze — Az = 219,

They proved the blow up of solutions. Then, many authors studied the blow up of solutions the same
problem under different conditions (see [4, 16, 28]).
Boudjeriou [8] studied following heat equation

zt = Apyz = 11102 z1n |z] .

He proved local existence, global existence and finite time blow-up of solutions.
Liu et al. [18] examined the following m (x)-Laplacian parabolic equation

z; = div (11 |Vz|"(¥)-2 Vz) +zlInlz|.

The authors shows the non-extinction and the extinction in finite time of solutions.
Zhu et al. [31] investigated the following problem

2t = Azi — dio (V2" Vz) = "2 2.

They acquired global existence and blow-up outcomes for weak solutions characterized by arbitrarily high
initial energy.
Chuong et al. [10] reviewed the following a pseudo-parabolic equation problem

2zt — Az; — div (|Vz|”(x)_2 VZ) = [zJ102 7,

They derived decay and blow up also show the asymptotic behavior of global solution.
Liu et al. [17] examined the following fourth-order pseudo-parabolic problem with p(x)-Laplacian

21— Azy + A’z = div (|V2P 72 Vz) = 21" 2.

They showed the classification of initial energy on the existence of blow-up, global and extinction solutions.
Pan et al. [20] studied the following a pseudo-parabolic equation problem

z — Azy — div (IVzl”(’o_2 Vz) = 1z"92 2 1n 2.

They obtain the global existence and blow-up results of weak solutions. Also, some authors studied the
partial differential equations with variable exponents (see [2, 3, 6, 7, 15, 22, 23, 27]).
Choung et al. [11] studied the following m (x) —Laplacian equations with logarithmic source terms

x)-2

2t — Az = IZP2 z1n |z] .
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Inspired by these works, we consider the problem (1) with the logarithmic nonlinearity [z’ z1n [z|.
The primary challenges in addressing the problem arise due to the disparity between the norm and the
modulus. Moreover, the inclusion of the term |z|f ©-221n |z] presents certain challenges in the application of
the potential well method. The problem (1) occurs in many mathematical models of applied science, such
as electro-rheological fluids, heat transfer, chemical reactions, population dynamics, etc. The interested
readers may refer to [1, 5, 12, 14, 19, 21] and the references therein.

The goal of this study is as follows:

(i) In Section 2, we present function spaces, notations and lemmas. Additionally, we define variable
function spaces pertaining to both Lebesgue and Sobolev type.

(ii) In Sections 3, we define the weak solutions to the problem (1) and outline the main results that will
be derived in the subsequent sections.

2. Function spaces and notations

In this part, we present certain notations, lemmas and fundamental properties of the generalized
Lebesgue space and Sobolev space [12, 25]. Let O c IR” be a domain with a smooth boundary, and let
K (QQ) represent the set of all measurable functions g : ) — [1, o). For g € K (Q2), the Lebesgue space with
a variable exponent g (-) is defined as follows:

L% Q) = {z :Q — R, zis measurable and py() (1z) < oo, for some A > 0} ,

here
Pq0) (2) = f 2|7 dx.
Q

Also endowed with the Luxemburg-type norm

g(x)
dx<1;.

. z
llzllye) = inf§A >0 f|x
0

Lemma 2.1. [12]. Assume that q,s € K (Q), the following result holds:
1) Given that 1 < g~ < q* < oo, later L1V (Q) is a separeble and uniformly convex Banach space.
2) Given that q* < co later the relationship between the modular py) (z) and the norm ||zl is given by:

min {|lzll7 2l )b < pgoy 2) < max{ izl NIzt
q(-) q(-) q() q(-)

for every z € L1V (Q).
3) Holder’s inequality also applies to the variable exponent case:

lz0ll) < 21lzllyq) ol forall z € LTO(Q), v e L'V(Q),

1 1 1
e M+mfora.e, x € Q.

Lemma 2.2. [12]. Suppose that q,s € K (Q) . Ifq (x) < s(x) for a.e. x € Q, then the embedding L") (Q) — L1V (Q)
is continuous.

We next define variable exponent Sobolev spaces

WO (Q) = {z € 'Y (Q) such that D%z € I’V (Q), |a| < m} .
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This space is a Banach space with respect to the norm

1/2
el = (IR, + V2% + llAzIE,)
Furthermore, let Wg’q(') (Q) be the closure of Cj’ (Q) in Wl (Q).

Lemma 2.3. [12, 13]. Assume that q,s € K (Q).

1) Given that 2 < q~ < g+ < oo, later W"10 (Q) and W;’q(') (Q) are separable and uniformly convex Banach
spaces.

2) Given that |Q| < coand q € C(ﬁ)fulﬁlls ess infreq (7* (x) — s (x)) > 0. Here

g (x) = { (nnj;f;))' ifq(x)<n,

+00, if g (x) = n.

Later the embedding WS’Q(') (Q) > [V (Q) is continuous and compact.

Lemma 2.4. (Poincaré’s Inequality, [12]). Assume that QO C R" be a bounded domain. Let q (-) fulfills (4), later we
have ||zlly) < CllAzlly) for every z € W(z)'q(') Q).

Forz e Wé’m(') (Q) we define the energy functional E (z) and Nehari functional I (z) as follows:

_1 2 L g g - f L f L e
E(z) = 7 fIAzl dx+fm(x) |Az|"™ dx e [z[P*" In |z| dx + 7 |z|P*Y dx

Q Q Q Q

I(z)=flAzlzdx+f|Az|’”(x)dx—flzlp(x)lnlzldx.
Q Q Q

These functionals are of class C? over Wé’m(x) (Q) because of the condition (2). We also define the Nehari
manifold

and

N ={ze W)™ @)\ {0} | z# 0and I (2) = 0},
with the potential well depth
=inf E(z).
1= InfEE
The lemma below demonstrates that N is a nonempty set, ensuring the well-definedness of d.

Lemma 2.5. Suppose that (2)-(3) are satisfied. For each z € Wg””(x) (€)\ {0} there exists a y, € (0, o) that depends
on z, such that y,z € N.

Proof. We first note that the function s — |a|s In |a| is increasing, and therefore

f |Az]? dx + f |AZ|"® dx — f 12PY In |z| dx
Q Q Q
f |Az dx + f |AZ™™ dyx — f Izl In|z| dx.
Q Q Q

1(2)

IN
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Next, by replacing z with yz in the previous inequality for any y > 0, we derive

I(yz) < yzflAzlzdx+y’”(x)flAzlm(x)dx—)/pflzl”_ In |z|dx — )P ln|y|||z||Zi

Q Q

Q
f Az dx + max {y™, f Az dx — ¥ f 2" Izl dx = 7" In [y|II2IF)-

Observe that p~ > m* and ||z||§: > 0 because z = 0. From this and the previous inequality, we get

lim, o I(yz) = —co. Similarly, we find that I(yz) > 0 for sufficiently small y > 0 due to the following
estimate

I(yz) = y f |Az]? dx + ") f S f 2P In |z| dx — yP+1n|y)||z||”

f |Az| dx+m1n{ I f |AZ|"™® dx — P f |zP" 1n|z|dx—yp+1n1y|||z||§i.
Q Q

Thus, by the intermediate value theorem, there exists a yz € (0, ), such that I(y,z) = 0, implying y,z € N.
This completes the proof. [

The lemma below can be proven with straightforward calculations.

Lemma 2.6. [24]. The inequality below holds for all a > 0 with s > 0

a

s
Ins < —.
ea

The following lemma will be crucial in establishing our main results.

Lemma 2.7. Assume (2)—(3) hold. Then

(———)flAzl dx+( )flAzlm(x)dx+—f|z|px)dx Ko.

Here, Ky is a non-negative constant defined by

1 1 1 1
A f [ ~5ia e @

Proof. For z € Wg’m(') (€)). According to Lemma 2.6., we have

v

E@—%W)

In l
|z

1
ep (x) |2P®’

—In|z|

thus, this implies that

2P n|z| > —

1
ep(x)
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Later, by the definition of I and E, we derive

T 1) .e L R PP
f(z p-)'AZ' d“f(m(x) p-)'AZ' =

Q

Q
1 1 1
+ zp(x)dx+f(———)z”(")lnzdx
e RN AT

(1—1_)I|Az|2dx+(i—i_)fmzr"(")dx
2 p mt p
Q Q

+( 1)2f|z|”(x)dx—1<o.
p

Q

E() - ~1()
p

This concludes the proof. O

Next, we define
N- = (W @\ (0} : 1(2) < 0},
and demonstrate that 0 is not contained in the set N_.
Lemma 2.8. Suppose that (2)—(3) are satisfied. Later
dist (0, N-) = Zier}\{ 1AZ]]¢y = o > 0.
Where, g represents the constant as defined in (5).
Proof. Since (2), we observe that W2 (Q) < 17"+ (Q) with e > 0 fulfilling
O<e<(m) —p*.

Consider any z € N_. Utilizing Lemma 2.6. and noting that the function s — |a|sIn|a| is increasing, we
derive

min{||Az|™ 1Az} < IAZ" dx < | |2 In |z| dx
m(-) m(-)
Q Q

< f Izl In |z| dx

Q

A

1 m*+e
S E “Z“m‘ure
1

< -
ee

+ e
K2+ Izl

Where, K, represents the optimal embedding constant of Wg""(') (Q) = L'+ (Q). Consequently, we deduce
that||Az||,,,) = uo here

1 p're 1 _ptie
. — F re—m— ! Fre—m+
[JO — min {(66) prre—m Kep +e—1 , (ee)p++é_m+ Kep +e—m }

> 0. ()
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Thus

dist (O, N_) = inf ||AZ||m(.) 2 lo > 0.
zeN_

The demonstration is concluded. [

The subsequent lemma provides a lower limit for the potential well depth, implying that d and thus
d > —oo.

Lemma 2.9. Suppose that (2)—(3) are satisfied. Let

dy = (———)f|Az| dx+(———)m1n{y0 b= Ko

> —K,. (6)

In this scenario, po and Ko represent the constants provided in (5) and (4) correspondingly. As a result, we have
d > dyand

E(z) - %I(z) >dy, Yze N_.

Proof. Utilizing Lemma 2.7. and Lemma 2.8. we derive that for any z € N_

1 1 ) 11
E(z)—};[(z) > (E_ )flAzl dx—K0+(F—p—)f|Az|m(x)dx
Q Q
11 ) 1 1) . - -
> (E_F)IM dx—K0+(F—F)mm{HAsz(,),||Az||m(_)=
>

(

Later, because N' C N_, we get

1 T\ (o
)flAzl dx — K0+(er p_)mm{yo s Ho }

NIH
‘G|H

E(z) =E(2) - %I(z) >dy, VzeN.
As a result, we have d = inf,en E (z) > dy. The demonstration concludes here. [

3. Main Results
In this section, we offer findings concerning the global existence and blow-up of weak solutions within

the subcritical case where E(ug) < d. Initially, we outline the definition of weak solutions for the problem
presented in (1).

Lemma 3.1. Let (.,.) denote the inner product in L*(Q) and suppose T € (0, ). A functionz € L (0, T; Wg’m(') (Q))
is termed a weak solution to problem (1) with z; € L? (O, T; LZ(Q)) if it meets the initial condition z(-,0) = zy and

(zt, w) + (Az, Aw) + (lAzl’”(")’2 Az, Aw) = (lzlp(")’zzln |z| ,w) , (7)
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or almost every t € (0,T) and for any test-function w € w2 (Q). Additionally, z also fulfills the subsequent
Y Y 0 Y q
inequality, for almost every t € (0, T)

f I @R ds +E(2) < E (z0).
0

Weak solutions local existence can be acquired through the Galerkin method, as demonstrated in
references such as [9] or [30]. Subsequently, we introduce the definition for the maximal duration of weak
solutions existence.

Lemma 3.2. The maximal existence time Tmayx of the weak solution z(t) of (1) is specified as described:
(i) Given that z(t) is specified on [0, c0), later Trmax = 0.
(ii) Given that z(t) is specified on [0, Ty), but it cannot be extended to T, later Tmax = To.

The unstable set U and stable set (potential well) W are defined similarly to Sattinger [26].
U = {zeW;"(Q):E(@) <dwith(z) <0},
W = {zeW,"(Q):E(2) > d withI(2) 2 0}.

Now, we present our main findings as follows. Initially, we examine the scenario where the initial energy
is negative E(z9) < —Ko. Here, the constant Ky > 0 is specified in (4).

Theorem 3.3. Suppose that (2)—(3) are satisfied. Given that E(zo) < —Ko, later

2-p~ 2-p+
Timax < Cmax{llzolly ", llzoll ™"},

here
2 - +
_ (") max{K’; ,K’f }
p~(p~-2)

where Ky represents the optimal embedding constant from LF®) (Q) — L2 (Q), defined as

>0, (8)

l1zll>

K = .
2eDO(Q)\(0) llzll,c)

©)

Our subsequent demonstration establishes the instability of the solution to the problem (1) assuming the initial data
zo € U.
Proof. Consider the function / : [0, Tmax) — R defined as

h(t) = Izl -

By employing Lemma 2.7., we acquire

1 1
E(z)— —I(z) = Ko+ 5 1zP® dx.
P )y
Conversely, we have =Ky > E (z9) > E (z) . Hence

2 2
0< f |zlP®) dx < —(};—_)1@) = %h’ ®), (10)
Q
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this implies that & is monotonically increasing on [0, Tmax), thus

h(t) 2 h(0) = llzolly >0, Vt € [0, Trma)-

Later
f|z|p(x)dx > min{I|Z||§;,),||Zo||Z(+.)}
O
> min{K}" 2l K" lzoll) )
> min {K;p_,KIf} min {l,h(”tpi)/2 (t)} 2 (f)
> min{K;", K Jmin {1, llzoll} 7 072 (1),

where K; is specified in (9). This, along with (10) suggests that

W (W2 (H) = Co, (11)
here
2p o o
G- ”)2 min (K", K"} min {1, [l5ll] 7} > 0.
p+

Integrating (11) over [0, ], we derive

0<h'™P2(t) <P /2(0) + Cy (1 - %) t, Yt € [0, Tmax),
thus indicating that for ¥t € [0, Trmax)

2
Co(p~-2)

where C is defined in (8). Letting t — T,,,, we attain the necessary outcome. Hence, the proof is
concluded. O

2—p~ 2—p~ 2—p*t
f ol = Cmax{nzu P ol }

p() p()

Theorem 3.4. Let (2)—(3) are satisfied. Given that zy € U, later Tmax < oo. Furthermore, in the case where
E(zo) < dp and I(z9) < 0, we obtain the subsequent upper limit for Tmax:

4(p = 1) llzoll3 _
p~(p~ = 2)° (do - E (20))

In this context, dy < d represents the constant specified in (6).

Tmax S

Proof. Let’s suppose zg € U. We aim to establish Timax < 00. Assuming the contrary, let’s assume Ty = 0.
According to Theorem 3.3., we deduce E(z) > —Kj for all t > 0, and thus

fllz’ O)N3d5 < E(z0) - E (z) < E (20) + Ko < c0.
0

(o)

Ast — oo, we derive f ||z’ ((5)||§ do. Consequently, there exists a sequence t, /* o0 as n — oo, such that
0

limn 2 (1), = 0. (12)
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For sufficiently large n, we have

Iz (t.)) (2" (£n), z (tn))]

llz” (Ellz Nz (En)ll2

ll” (Ello K2 1Az (£l
IAZ (£l

where K; denotes the optimal embedding constant of Wg’m(') (Q) — L?(Q), defined as

ININ A

lIzIl,
1Az,

Kz =
2eW2"O(Q)\ (0}

Utilizing Lemma 2.7. and (14), one has

\

er

E() > E((t)> ;}1<z<tn>>—1<o+( L —pl) Qf IAZ (b)) dx

\%

1 1 1)\ . . -
o 18z )y — Ko+ (m— - ;;)mm{qu (Ely Az ()l -

1666

(13)
(14)

(15)

The inequality above indicates that the set {z(t,)} is bounded in Wg’m(') (Q) given that m~ > 1. Later, since
Wé’m(') (Q) > PO (Q) with € > 0 is small enough, thereis a ¢ € Wg’m(') (Q) and a subsequence of {z(t,)},

which still denoted by itself, so that
z(ty) — ¢ weakly in Wg’m(') (Q),
z(t) — @ strongly in [FO*€(Q),
z(ty) — @ae inQ.

Replacing z with z(t,) in (7), we find for every w € Wé’m(‘) (Q).
(Az (t) , Aw) + (|Az (8" Az (1), Aw)
~ (12 )P 2 (k) In 2 (80)], )

12" (tn) , w)l
llz" (En)llz [feollz -

As n — oo and observing (12) and (16), we derive

IN

m(x)—2 ’p(x)—z

(Ap, Aw) + (|A(p| Ap, Aw) - (|(p @ln (go ,w) =0.

(16)

By setting w = ¢ in the aforementioned equation, we deduce I(p) = 0. Conversely, employing the weak

lower semi-continuity of E, we infer from (16) that
E(p) < lim infE (z (t,)) < E(z0) < d.
From this with I(p) = 0, we get

@ =0.

(17)

Utilizing (12), (13) and noting that{z(t,)} is bounded in Wg’m(') (Q), we deduce limy,—,. I (z(t;)) = 0. This,

coupled with (16) and (17), suggests

z(t,) — 0 strongly in Wé’m(‘) (Q) asn — oo.

(18)
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To proceed, we establish I (z(t)) < 0 for all ¢ > 0. If this were not the case, then there would exist a t. > 0,
such that I (z (t)) < 0for 0 <t < t, and I (z (t.)) = 0. Considering this scenario and recognizing that z (t.) ¢ N
due tod > E(z) > E (z(t.)), we derive z (t.) = 0. Furthermore, Lemma 2.8. implies that [|Az (t)l],,,, > o, for
0 <t <t.Bylettingt 7 t., we have ||Az (£.)ll,) = pio > 0 for all n. This contradicts (18). Thus, Trmax = .

In the particular case here E (z) < dy and I (zp) < 0, we will provide an upper bound estimate for Trax.
Let’s examine the function R defined as

t
R(t) = fIIZ O3 d0 + (Tmax — ) Iz0ll3 + 1 (¢), for t € [0, Trmax) -
0

Where, 1 (t) € C? [0, Tmax) is a positive function given later. We get

llz (B3 — llzoll3 + ¢ (1),
=2 (z (1) + ¢ (1).

Utilizing Cauchy-Schwarz inequality, we get for every e; > 0

f ||z(6>||§d6+¢(t>][ f |54 (6>||§d6+e1]
0 0

t 2
f(z (0),2' (6))dd + w,€1¢(t)]
0

2
3 (1B = o8 + 2 Jerp )

We select i (t), such that i’ (t) = 2+/e1 (t), imply ¢ () = €1 (t + €,)* and €, > 0. Later

2
(12 @0 = ol + 2 Jerw 1)
t t
4| | Iz©)IEds + w)]{ llz” ()13 do +e1]
J /

t
4R (t)[ llz" (D)5 do + elJ .
/

From this, it follows that

R'(f)
RN

\%

(R (1)

IA

IN

[ i
R'ORO-E® @7 > RO R"(t)—zp-[ | ||z'<6)||§d6+elﬂ
0

L

[\

R®)[R” () = 2p~ (E(zo) —E(z (1) + €1)]

[ —21(z(t)) + 2p"E (z (1))
R(® | —2p"E(z0) —2e1(p™ - 1) } '

(19)

However, since z (t) € N_ applying Lemma 2.9. yields

E@z@®) = ;%I(z (1) + do.
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This, combined with (19) implies

RY RO -5 ® 0F 2 2RO @ - E@o) - e (7 = D).

Selecting €; = % >0, we get

R’ (HR(t) — %— (R’ (+))* > 0.

Observe that R (0) = Tmax ||20||§ + eleg > 0 and R’ (0) = 2¢1e; > 0. From the aforementioned inequality, it
follows that
R (0) _ Tmax ”ZOH% + 6165

Tmax < - -
(E-1)r© (" -2eae

llzoll3
(r-2)ar

2
2

(= —2)ere2 — llzoll

Utilizing selecting €, > , we derive

€1€

= (P(ez)-

Tmax S

Thus

IA

Tmax

o Al ’ (r~-2e

(=21
4" =D lzolh
P (=2 (o~ E(=0))’
and thus concludes the proof. [J

Theorem 3.5. Suppose that (2)—(3) hold. Given that zog € W, later Trax = oo and the global weak solution z of the
problem (1) tends to 0 strongly in L>(Q) as t — co. Additionally, there exists a constant C > 0 and a sufficiently
large time ty large enough, such that the following decay estimates hold, for all t > to:

i) Given that m* < 2, later

llz (t)||§ <z (t0)||§ o~Cli=to)
ii) Given that m™ > 2, later

2
m* -2

mt—2
2

llz (D5 < C(t— to) + llz (bo)IP™™

Proof. To begin, we establish z(t) € W for all t € [0, Tmax). Suppose this is not the case; then, there exists a
t* € (0, Tmax), such that z(#*) € JW, implying either E(z(t)) = d or I(z(t')) = 0. The former case is impossible
since, because E(z(t")) < E(zo) < d, so I(z(t*)) = 0. This along with E(z(t*)) < d imply that z(t*) = 0. On the
other hand, we deduce from Lemma 2.8. that B(0,7) ¢ W for r sufficiently small, and thus 0 is an interior
point of W. However, this contradicts 0 = z(t*) € dJW. Hence, z(t) € W for all f € [0, Trax)-

Now, we proceed to demonstrate that T, = 0. Note that I(z(t)) > 0, because z(t) € W. Later, utilizing
Lemma 2.7., we get

E(Zo) +Ky > E (Z (i’)) + Ky
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1 1) . - .
(W - F)mm{nAz Ol 18z O, ],
this implies

L

( ni* p~ (E(z0)+Ko) ) "~

Az @),y < max prom?
1Az Bl (s )
p~—m*
= C1.

The uniform estimate presented above indicates that the local solutions of (1) can be extended globally.
Consequently, Trax = .

Next, we establish that the global weak solution z of the problem (1) tends to 0 strongly in L?(Q) as
t — co. Employing similar arguments to those in the proof of Theorem 3.4., we find a sequence t,, ,/* oo as
n — oo, such that

z(t,) = 0 strongly in Wg’m(') (Q) asn — oo.
This, together with the embedding Wg’m(') (Q) = L2(Q) imply that

z (ty) — 0 strongly in L*(Q) asn — oo. (20)
Moreover, the function ¢t — ||z (t)]], is non-increasing, as

3 IO = ~1(=(0) <0
This along with (20) imply that

z(t) = 0 strongly in L2 (Q) asn — oo. (21)
Lastly, we establish the decay property of ||z (¢)|l,. Given (2), we can select € small enough, such that

€ < min {m+ (1 + %) -p*,(m) - p+}.

Utilizing the Gagliardo-Nirenberg and Young inequality and noticing that the function s — [alsIn|a| is
increasing, we derive

- + 1 +
IGW) 2 18z@IF +min{IAz O, 1Az O] - = f 2 (OF * dx
Q

“-m* + 1 tte
= [lAz ()l + min {IAz ()™, 1} IAz (Bl - et 101 e
> min{Cy, 1} |Az (DI}, — C2 [|Az (t)||f1€”*+€) Iz (t)”§1—¢>)(n++e)
> min{Cy, 1} |Az (DI}, — Cs llAz (t)”%qe) Iz (-0
> min{Cy, 1} [|Az (t)ll% -G; (y IAz (t)||% +C(u) Iz (t)||§)
= (min{Cy, 1) = uCs) 1Az ()lly = Callz )l
> Clz®lb" = Callz®ll; 22)

<P=(1 L )(1—%+1)_1 €(0,1),

E_p++e n m 2
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m* (p* +¢€) (1 - (j))
A= +_ + = g(qﬁ),
m*—¢(p* +e)
C = (min{C;, 1} — uG3) K;™ >0,

where y > 0 is chosen small enough and K; is the constant specified in (15). It's worth noting that
¢ (p* +€) <m*, given that e < m* (1 + %) — p*. This condition is necessary to employ Young inequality in
the above estimate. Since

(9) = m+(P++€)(P+—m+2+€) 0,
(m* = ¢ (p* +¢))
later
A=g(¢)>g©) =p* +e>m*. (23)

Given (21), there exists a time #y, such that for every t > ¢,

) C \mr
Iz ()], < min {1, (2—(:4) . (24)
From this (22) and (23), we deduce
d -
i Ol = -2 (z(t) < =Cllz (Il (25)
Given that m* > 2, later it follows from (25) that for every t > t,

2
mt—=2 Twt2

2O < | =—5—=C (¢ = to) + Iz (to)l*™

If m* < 2, then it follows from (24) and (25), we obtain

d

7 7 Ol < =Cliz O3,
this implies that for every t > t,

Iz (B3 < llz (ko)ll5 e,

This concludes the proof. [
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