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p—expansion of unity and transcendence in the p-adic field

Marwa. Ghorbel?

*Department of Mathematics, Faculty of Sciences of Sfax, University of Sfax, Soukra road km 3.5, B.P. 1171, 3000, Sfax, Tunisia

Abstract. The aim of this paper is to study the f—expansion of p-adic numbers. In particular, we obtain

an upper bound of strings of consecutive zeros in the f—expansion of unity for an algebraic number f in Q,
such that [, > 1.

1. Introduction

A real number is most classically represented by its continued fraction expansions or by its represen-
tations in some integer bases. By a special representation we can generalize standard representations in
an integer base to a real base f, this special representation is called f—expansion which was introduced by
by A. Rényi [7] in 1957. Let  be a real number such that § > 1. Similarly to the case of integral bases,
it is possible to define the -expansion of a real number x € [0,1] as the sequence (x;);>1 with values in
{0,1,...,[B]} produced by the p-transformation Tg : x — Bx (mod 1) as follows :

foralli>1, x; = [ﬂT;‘l(x)], and so x = ;%
i1

Let’s mention that an expansion of real number is finite if (x;);»1 is eventually 0. It’s periodic if p > 1 and
m > 1 exists and verifying xx = xy,, for all k > m.

Furthermore, the S-expansion of 1 plays a crucial role in our theory and appeared in several works especially
in the study of the classification of algebraic numbers § > 1. Let’s recall that numbers § such that their
B-expansion of 1 is ultimately periodic are called Parry numbers and those such that their -expansion of
1 is finite are called simple Parry numbers. These families of numbers were introduced by W. Parry in [6],
its elements were initially called f-numbers and it is easy to check that these elements are algebraic integer
numbers. Moreover, these numbers afforded interesting results, for example, it is well known that if f is a
Pisot number ( an algebraic integer > 1 whose conjugates have modulus strictly less than one), then § is a
Parry number. In the same context, D. Boyd have proved in [3] that if § is a Salem number ( an algebraic
integer > 1 whose conjugates have modulus < 1 and at least one of them has a modulus equal to 1) of degree

4, then g is a Parry number. Unfortunately, there is not a complete characterization of Parry or simple Parry
numbers untill now.
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Particularly, many works have been devoted to the study of the occurences of consecutive 0’s in the p-
expansion of 1 and the classification of algebraic numbers . So, there are many important results along
these lines. For instance, in an old result, more precisely in 1965 Mahler has interested in the gaps between
the non-zero digits in the f-expansion of 1 and he proved the following theorem in [4]:

Theorem 1.1. Let > 1 be an algebraic number such that dg(1) = (a;)i»1 is an infinite and lacunary sequence in the
following sense:
There exists two sequences (My)n>1 and (s,)uso0 such that:

1=sp<m <s1 <My <SS <...<My; < Sy £ Myz1 < Spy1 < oo

with(s, —my) > 2, ay,, #0,a,, # 0and a; = 0if m, <i <s, foralln > 1. Then,

lim sup(s—") < o0
n—+oo n
After that, in 2006 Verger-Gaugry extended Mabhler’s and Giiting’s approximation theorems by proving
that the gaps in the f-expansion of 1 are shown to exhibit a gappiness bounded through the use of a version
of Liouville’s inequality in the following:

Theorem 1.2. [9] Let > 1 be an algebraic number and M(B) be its Mahler measure such such that dg(1) = (a;)i>1
is an infinite and lacunary sequence in the following sense: There exists two sequences (1,,)y>1 and (s,)uxo Such that:

l=5so<m <51 <My <Sp < ... <My <Spy < Mys1 < Spy] < oo

with(s, —my) 22, ay, #0,a,, # 0and a; = 0if m, <i <s, foralln > 1. Then,

: sny _ log(M(p))
ISP < Thogpy

In a natural way, this result provides a new classification of algebraic numbers f > 1. Later, in 2007
Adamczewski and Bugeaud [1] improved the previous theorem and they established the following result:

Theorem 1.3. Let § > 1 be an algebraic number. Then with the above notation,

log(M
limsup(%) < % -1

In the same context, Allouche and Cosnard in [2] proved that there exists a smallest g €]1,2[ for which

+00

there exists a unique expansion of 1 as 1 = ), 6,47" where 6, € {0,1}. In addition, for this smallest g, the

n=1
coefficient 0, is equal to 0 (respectively, 1) if the sum of the binary digits of n is even (respectively, odd).
This constant q is named Komornik-Loreti constant. Since the strings of zeros and 1’s in the sequence 0,
are known and uniformly bounded, the constant q satisfies

. sn

imeupG, ) =
However, authors in [2] have shown that q is a transcendental number.
Therefore, the f-expansion of unity and transcendence in the real case is an interesting topic that has been
studied by various authors. For this, there are a lot of results concerning this topic which motivates as to
study in this work the analogous of this concept in the field of p-adic numbers and also to introduce the
p—expansion over this field which is currently a popular area of research.
Let’s recall that, the f-expansion of 1 and transcendence of p-adic numbers have not been studied yet.
This paper is organized as follows: In section 2, we start by introducing Q,, the field of p-adic numbers.
After that, we give the suitable definition of Pisot-Chabauty numbers as well as the analogous to Pisot
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numbers. In section 3, we study the f-expansion algorithm for p-adic numbers and we review some basic
properties and notations necessary in our work. The last section is devoted to prove that if § is an algebraic
number of algebraic degree d > 2 such that dg(1) = (4;);>1 is an infinite and lacunary sequence then the
quotient of gaps in the string of 0 in the sequence (4;)i>1 is bounded. Consequently, if the f-expansion of
unity has unbounded quotient of gaps, then f§ is transcendental. In a natural way, this result provides a
family of transcendental numbers f.

2. Field of p-adic numbers

In order to introduce Q, in an harmonious way, we start by presenting the following sets:
Let p be a prime and A, = {mp",m,n € Z} = Z[%].

e A, C Qs a principal ring.
Recall that { e The unit group of A, is {xp*, k € Z}.
o The field of fractionsof A, is Q.
Particularly, we denote by A", = A, N[0, 1).
Now, let’s define the p-adic valuation:
vihA, — Z U{oo}

max{n € Z.: p" divides x} if x #0,
X B> .
00 ifx=0,

which fulfills the following properties:

b UP(O) = OO/

e v,(xy) = vp(x)‘+ vp(Y), ' ‘ ‘

o vy(x + y) = min{oy(x), v,(y)} with v,(x + y) = min{v,(x), v,(y)}, if vp(x) # vp(Y).

Then v,(.) is an exponential valuation on A,. Consequently, the p — adic
absolute value |.|, is defined by

wp, =4 P i,
=10 if x = 0.

Thus |.|, is a non Archimedean absolute value on A, which verifies the strict triangular inequality
Ix + ylp < max{|x|,, |yl,} with

x + ]/lp = max”xlp/ |]/|p} if |x|p # |]/|p
In the same direction, we denote by |.|., the Archimedean absolute value.
Now, the completion of A, with respect to |.|, is the field of p-adic numbers Q,, therefore we have

ZchA,cQcQ,.
We mention that each element x € Q, (x # 0) admits a unique p-adic expansion of the form
X = Z Xup", suchthat ng € Z, x,, #0 andx, €{0,...,p—1} (%)
n=np

From expansions of the form mentioned in (x) , we will use the notation

X =...p2p1Po-P-1---Pny-
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Definition 2.1. Each x € Q, of the form mentioned above in (%) has a unique Artin decomposition

X = [x]p + {x}p

[x], = Z xpp" and {x}, = Z xup”.

n>0 n<0

where

The number [x], € Z, is called p—adic integer part and {x}, € A, N [0,1) is called p—adic fractional part of x.
Moreover, we can also extend v, in Q, as follows:

If x=} x,p", whereng € Z, x,, # 0, x, € {0,...,p — 1}, we define v,(x) by:

n=np

p={ 20

Furthermore, Q, is equivalent to the fraction field of the p-adic integers Z,, where
Z, = {x € Qy; x|, < 1}.
Therefore, it easily follows that
Z=MANZy={x€ Nylxly <1}and pZ, = {x € Qy; Ix], < 1}.

Now, we aim to define the Pisot-Chabauty numbers as the analogous to Pisot numbers in the real case. For
this, we need some definitions.

Definition 2.2. An element a is called algebraic over Ay, if there is a polynomial
P(x) = ap + a1x + - + a,x" € Ay[x] witha, # 0and P(a) = 0.

If P is irreducible over A,, then P is called a minimal polynomial of a. In addition, if a, = p* for some k € Z, thus
a is an algebraic integer. As p* is a unit of A, we can assume without loss of generality, that a, = 1. If ay = p*' for
some k' € Z, so a is called an algebraic unit.

It turns out that algebraic elements over Q are not necessarily contained in Q,. In our context, we will only
need that ||, can be extended uniquely from Q, to all of its algebraic extensions. This follows from the next
theorem, which holds generally in non-archimedean fields.

Theorem 2.3 ([5], Chapter II, Theorem 4.8). Let K be a field which is complete with respect to |.| and L/K be an

algebraic extension of degree m. Thus |.| has a unique extension to L defined by : |a| = 3/|Np/x(@)| and L is complete
with respect to this extension.

Remark 2.4. In what follows, for algebraic elements f§ over A, we will denote by py, ..., B, the non-Archimedean
conjugates of p and by Byy1, - . ., Pon the Archimedean conjugates of B (the complex roots of the minimal polynomial of

p).
Finally, we reach to give the definition of Pisot-Chabauty numbers.
Definition 2.5. A Pisot-Chabauty number ( for short PC number) is a p-adic number f € Qp, such that
e 1 = fis an algebraic integer over A,.
e |B1lp > 1 for one non-Archimedean conjugate of B.
e |Bil, < 1 for all non-Archimedean conjugates f;, i € {2,...,n} of B.
¢ |Bilo < 1 for all Archimedean conjugates i, i € {n+1,...,2n} of B.
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3. p—expansion in the field Q,

Similarly to the classical f-expansions for the real numbers, we introduce the -expansions for p-adic
numbers. For this, let § € Q, with |B|, > 1 and x € Z,. A representation in base 8 ( or -representation) of x
is a sequence (d,);>1, d; € A’y = A, N[0,1), such

A particular p-representation of x is called the -expansion of x and noted by
dg(x) = (di)i>1 with values in Ag, = [0,1) N {x € A, : |x|, < |B|,} produced by the p-transformation
T:Z, — Z,, which is given by the mapping z +— [fz],. For k > 0, let’s define

TO(x) = x and T*(x) = T(T*(x)).

So, dy = {BT*"!(x)}, for all k > 1. An equivalent definition of the f-expansion can be obtained by using a
greedy algorithm. This algorithm proceeds as follows :

ro = x; dx = {Brr-1}p and 1, = | pry_1], forall k > 1.

The B-expansion of x will be noted as dg(x) = (di)i>1-

Now, let x € Q, with |x|, > 1. Thus there is a unique k € IN such that Iﬁlk < xp < Iﬁlf,“. We can represent
x by shifting dﬁ(ﬁ‘(k”)x) by k digits to the left. Therefore, if dg(x) = 0 @ d1dads ..., then dg(Bx) = dy @ daods .. ..
Thereby, if dg(x) = d1dads ... di @ diy1diy2 . ... We denote x by

x = [x]p + {x}s

with
[x]p = Z di‘Bi and {x}g = di.

i
1<i<k i>k+1 ﬁ

The number [x]g is called a p-adic f-integer part of x and the number {x}g is called a p-adic p-fractional part

of x.

Moreover, we mention that dg(x) is finite if and only if there is a k > 0 with T"(x) = 0, dg(x) is ultimately

periodic if and only if there is some smallest 7 > 0 (the pre-period length) and s > 1 (the period length)

when T"*(x) = T"(x), namely the period length. In a special case, where n = 0, dg(x) is purely periodic.
Afterwards, we will use the following notations :

Fin(B) = {x € Z,, : dg(x) is finite} and Per(f) = {x € Z, : dg(x) is eventually periodic}.

Hence, it is easy to check that
Fin(B) C Per(B).

Through the use of the previous sets and the PC numbers, K.Scheicher, V. E. Sirvent and P. Surer established
the following theorem ([8]):

Theorem 3.1. Let § be a PC number. Then Per() = Q() N Z,,.

Furthermore, analogously to the notion of f-numbers in the real case we define the beta-p-adic numbers in
Q, as follows:

Definition 3.2. Let § € Q, where |B|, > 1. B is called a beta-p-adic number if 1 € Per(B) and is called a simple
beta-p-adic number if 1 € Fin(p).
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4. Results
Lemma 4.1. Let x € Q, such that x < p" with n € IN. Then |x|, > p™ .

Proof:
Since x < p” then the p-adique expansion of x will be written as follows:

X = Za,-pi, such that ng < n.

i=1’lo

Otherwise x will be greater than p". ]
Lemma 4.2. Let (x;) € A’} for all 1 < i < m where m € N*. Then

m
|Z Xy > p~UommiD
i=1

Proof:
By assumption, we have (x;)1<i<n € A’ which implies that 0 < x; < 1. Therefore

m
x; < m=plwm
i=1
< p[logp(m)]+1'
m
Consequently, according to Lemma 4.1 we infer that |}, x|, > p~({oa,(ml+D), O

i=1

Theorem 4.3. (Classical Theorem of symmetric polynomials)

Let Q € Aylxllyl and F(y®, y@, ..., y) = Qy)Qy)..Q ).
Then, there exists a polynomial T with d variables and coefficients in Ap[x] such that

FyW,y?, ..,y D) = T(01, 0, ..., 04)

where:

d

i=1
0y = Z y Dy

1<i<j<d

N

o5 = Z Y0300y ®

1<i<j<k<d

04 = yOy@..y@

Let’s mention also that the total degree of T is lower or equal to the degree of Q.

Lemma 4.4.

Let B be an algebraic integer with minimal polynomial Pg(y) = y* + Ag1y"™" + -+ + Ao, where A; € Ay[x] for all
0<i<d. Letm>dand K(y) = y"By + Bu1y™ ' +--- + By with B; € Ay[x] for all 0 < i < m. Then

IK(B)l, > p(og,(m)1+D),
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Proof:
Let K(y) = y"By + Byu-1y™ ™ + - -+ + By a polynomial of degree m > d.
Since B? = —A_1p* — -+ — Ay, there exist C(;) € A,[x] such that

‘Bd+5_1 = C(d_lls)ﬁd_l + e+ C(O,s) foralls > 1.
Let now g = U and B, ..., ) be the conjugates of B. For s = m — d + 1, there exist D; € A,[x] such that
K(BP) = Dy (B + -+ Dy forall 1 < j < d.

By Theorem 4.3, there exists a polynomial T with d variables and coefficients in A’,[X] such that

d
[Tx6" = T(01, 03, ., 02)

=1

with o, =| Y BB B, = |Asl, € A’y forall 1 < i < d and the total degree of T is lower or

1<ji<jp<...<d

d
equal to d, which involves that the polynomial K contains at most ()¢ monomials of the form ) D;o?" with
i=1

d

Y. a; < m and without loss of generality we can assume that D; € A’,. Therefore, K contains at most (11)*
i=1
monomials in A’y. Hence by Lemma 4.2, we get

K@B)l, > p—(lloyp((m)d)lﬂ).

Theorem 4.5. Let € Q, with |B|, > 1 an algebraic integer of algebraic degree d > 2 such that dg(1) = (a;)i»1 is an
infinite and lacunary sequence in the following sense: There exists two sequences (My)y>1 and (Sy)n=o such that:

I=s5p<m <s1 <My <S) <. <My <S8y < Myy1 < Sps1 < oe

<
with(s, —my) > 2, ay, #0,a,, # 0and a; = 0if my, <i <s, foralln > 1. Then,
lim sup Up(ﬁ)(mn —5,)
oo [10gp((ma)H)] +1

Proof:
We consider the polynomial
ko(y) = =y"™ + ;"™ + a2y + .+ apy,

It is clear that k,(y) is a polynomial of degree m,. Let Pg(y) = ¥ + Az1y*"' + -+ + Ap be the minimal
polynomial of 8. Therefore, on the one hand according to Lemma 4.4 we get

lkn (Bl > p_([logﬁ((mn)d)Hl)' (1)
and on the other hand, we have

ka(B) = B (a5, B~ + as, ,f + 1),

which involves that

ku(B)ly = IBly"las, B~ + g, B+,
< IBE"IBlLIBL
< It
< p—vp(ﬁ)(mn—swl)‘ 2)
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Combining (1) and (2), we get
p—([loyp((mn)")lﬂ) < ka(B)ly < p—vp(ﬁ)(mn—snﬂ).
Therefore,

1 1
< .
p([logp((mn)d)]"'l) - pvp(ﬁ)(mn =5, +1)

So,
p([logp((Mn)”’)]+1) > Pvp(ﬁ)(mn —su+1)

Finally, we obtain that
lim sup —Up(ﬁ)(mn —n)
noieo [L0gp(ma)H] +1

From the previous Theorem, we display this immediate consequence:

Corollary 4.6. Let € Q, with ||, > 1 such that dg(1) = (a;)i>1 is an infinite and lacunary sequence in the following
sense: There exists two sequences (My)n>1 and (Su)nso such that:

1=s5p<m <s1 <My <8y <... <My <S8y < Mys1 < Sps1 < oe

with(s, —my) > 2, ay, #0,a,, # 0and a; = 0if m, <i <sy, foralln > 1.

If limsup, . [Up(ﬁ)(mn )

T = +00 then B is a transcendental number.
log,((m,)")] +1
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