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Abstract. We employ the M-P inverses and ranks of quaternion matrices to establish the necessary and
sufficient conditions for the solvability of a system of the dual quaternion matrix equations (AX, XC) = (B, D),
along with providing an expression for its general solution. In addition, we investigate the solutions to
the dual quaternion matrix equations AX = B and XC = D, including n-Hermitian solutions. Serving as
applications, we design a scheme for encrypting and decrypting color images based on this system of dual
quaternion matrix equation, and experimental results show that the scheme is highly feasible.

1. Introduction

Hamilton’s discovery of quaternions [19] opened the door to their widespread applications, spanning
various domains such as mechanics, quantum physics, signal processing, and color image processing.
Subsequent to this, in 1849, James Cockle introduced the concept of split quaternions, which attracted
the attention of scholars due to its relevance to solving matrix equations in control theory. Such as Liu
et al. and Yuan et al. have conducted work on solving split quaternion matrix equations, as evidenced
by references [17, 23-25]. Owing to the non-commutative nature of quaternions and split quaternions in
multiplication, Segre introduced the concept of commutative quaternions. Following that, researchers Xie
et al. [13], Ren et al. [3], Chen et al. [26] and Zhang et al. [28] have explored the solutions for matrix
equation systems involving commutative quaternion matrices. Furthermore, distinct from the methods
employed in solving matrix equations previously, Kyrchei utilizes Cramer’s rules to solve the quaternion
Sylvester-type matrix equations(see [9, 10]). In 1873, Clifford [20] introduced the concepts of dual numbers
and dual quaternions. Since then, dual quaternions have discovered extensive utility in fields such as
robotics, 3D motion modeling, and computer graphics, etc (see [2, 11, 12, 16, 21, 22]). They have become a
fundamental component in solving significant engineering challenges, including the formation control of
unmanned aerial vehicles and small satellites. This has captured the interest of numerous scholars.
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In 2022, Ling et al. [4] conducted a study on the singular values and low-rank approximations of dual
quaternion matrices. This provides crucial theoretical support for the subsequent practical applications
of dual quaternions in real-world problems. In [7], Zhuang et al. framed the hand-eye calibration model
issue as a solving problem of the matrix equation AX = YB. Subsequently, Li et al. [1] transformed the
matrix equation AX = ZB into a dual quaternion equation §a§x = §z4p by using dual quaternions. In [31],
Chen et al. have transformed the hand-eye calibration problems AYVX = XB® and AVX = ZB® into dual
quaternion optimization problems min [lax — xb||; and min ||ax — zb||, respectively. In the process of solving
the hand-eye calibration problem, both references [1] and [31] have employed singular value decomposition
to provide numerical solutions. On the one hand, there has been limited information available regarding
the use of matrix M-P inverse and rank as tools to offer exact solutions for dual quaternion matrix equation
systems. On the other hand, in the context of the system of classical matrix equations

AX =B,
{Xc:a @

a multitude of papers have put forth a range of solutions, including Hermitian solutions [5], the minimum
possible rank of solutions [18], (R, S)-conjugate solutions [8], reducible solutions [27], (P, Q)-(skew)symmetric
extremal rank solutions [15], and so on. Recently, Chen et al. [29] studied the dual quaternion matrix
equation AXB = C. Additionally, the system (1) finds applications in solving linear systems, eigenvalue
problems, and least squares problems. To enrich the theory and applications of the system of matrix
equations (1), we investigate its solutions with respect to dual quaternions in this paper.

The structure of this paper unfolds as follows. In Section 2, we revisit the definitions of dual numbers
and dual quaternions, provide the definition of n-Hermitian dual quaternion matrix, and present a crucial
lemma and theorem. We devote Section 3 to establish the necessary and sufficient conditions for the
solvability of the system of dual quaternion matrix equations (1), and derive an expression for the general
solution when the system (1) is consistent. Additionally, we delve into the solutions and n-Hermitian
solutions of the dual quaternion matrix equations AX = B and XC = D. Within the scope of the application,
we use the system of dual quaternion matrix equation (1) to design a scheme for encrypting and decrypting
color images, and validate it through experiments in Section 4. Finally, we summarize the main content of
this paper in Section 5.

Presently, we offer a succinct overview of the notation and properties employed throughout this paper.

Let R, H be the real number field, quaternions, respectively. We denote DQ™ ( or ]Hle) as the set of all

k x I matrices over IDQ (or H). For A € H™/, the symbol r(A) represents the rank of A, and A* stands for
the conjugate transpose of A. We denote the M-P inverse of A € H™! as A*, and it fulfills the following
equations:

AXA=A, XAX=X (AX)' =AX (XA) =XA.

Moreover, we use the notations L4 and R4 to represent the projectors I — ATA and I — AAT, respectively. It
is evident that

La = (La)" = (La)* =L, Ra = (Ra)* = (Ra)" = RY,, (La)" = Ryr,(Ra)" = Lyy.

2. Preliminary

In this section, we define dual numbers, dual quaternions, and dual quaternion matrices, and describe
key operations related to them. We also present an important theorem and lemma that play a fundamental
role in deriving the main outcome.

2.1. Definition of dual numbers and dual quaternions

The collection of dual numbers is represented by [14]

D = {a = ay + a1€ : ag,a1 € R and €* = 0}, (2)
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where € denotes the infinitesimal unit. We refer to gy as the real part or standard part of 4, and a; as the
dual part or infinitesimal part of 4. The infinitesimal unit € commutes in multiplication with real numbers,
complex numbers, and quaternions. Assume thata = ag +a1€,b = by + bie € D,y € R, then we have
a+b= (110 + bg) + (111 + by)e,
ab =ba = aobo + (ﬂob] + albo)(-I,
ya =y(ap + ai€) = yap + yas€.
Now, we provide the definition of a dual quaternion. Denotes the assemblage of dual quaternions as
DQ = {c = ¢y + 1€ : co,c1 € Hand €* = 0}, 3)

where ¢, ¢; are the standard part and the infinitesimal part of c, respectively.

Remark 2.1. Based on the definition of dual quaternions, just as quaternions are non-commutative under multipli-
cation, dual quaternions similarly do not commute under multiplication.

Definition 2.2. [14] Let d = dy + d1€ € DQ. Then the conjugate of d is defined as follows:
d=dy+die.
In a similar manner, we can provide the definition of dual quaternion matrix along with several relevant

properties.

2.2. The definition of dual quaternion matrix

A dual quaternion matrix is denoted by A = Ay + Aje € DQ™", where Ay, A1 € H™". For B = By + Bie €
DQ™", if Ag = Bypand A; = B; are obeyed, then A = B. The conjugate transpose of A is designated as
A* = A + Aje. Should A* = A and A is a square dual quaternion matrix, it qualifies as a dual quaternion
Hermitian matrix, with both its real part and dual part being quaternion Hermitian matrices.

Definition 2.3. If A = Ag + Are € DQ™", fulfills condition

A=AT, AT = —nA'n = —nAin + (-nAipe = A) +ATe,

where 1 € {i, j, k}, then the dual quaternion matrix A is termed an n-Hermitian matrix.

Proposition 2.4. Let A = Ay + A€, B = By + Bie € DQ™". Then
1. (A+B)T = AT +BT;
2. (AB)T = BT AT;
3. (AT = A.
Proof. For 1, we have
(A+B)" =-n(A+B)'n=-1n[(Ao + Bo) + (A1 + B1)e]' n
= —1[(Ao + Bo)" + (A1 + B1)eln
= —n[Ag + B + Aje + Bieln
= —n(Ay + Aje)n — n(B, + +Bje)n = AT + BT
In relation to claim 2, we discover that
(AB)T = —n(AB)'1 = —n[(AoBo)* + (AoB1 + A1Bo)*eln
= —nl(ByAy) + (BjAj + BpAY)eln = —n(B*A")n
= —-nB'n(-nA*n = BTA".
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The answer to 3 is . .
(AT = =n(AT)'n = —nl-nAgn + (=nAinel'n
= —n(A] +ATey'n = —n(Al 0+ (-n)(AT ) ne
= (AT + (ATYTe = A,
O

2.3. An important lemma and theorem

To solve the system of dual quaternion matrix equations (1), we begin by presenting a lemma and theorem
related to quaternion matrix equation systems.

Lemma 2.5. [30] Let A;, B; and C;(i = 2, 3) be given over H. Set

Ago = AsLa,, Boo = Rg,B3, Cop = C3 — A3AIC2B3Bs, Doy = Rag,As,
D= A;CzB; + LAZA&)COQB; - LAZASOABDSORAOOCOOB; + DS()RAOOCOOBSORBZ'

Then the system of matrix equations

A)YB, = Gy,
{ A3YB; = Cs )

is solvable if and only if
R4,Co =0,CoLp, = 0,R4,C3 = 0,C3Lp, = 0, Ray,CooLp,, = 0.
In this case, the general solution can be expressed as
Y =@+ La,La, W1 + WaRp,Rp, + La,W3Rg, + La,WiRg,,
where W;i(i = 1,--- ,4) denote arbitrary matrices over H with the suitable dimensions.
Theorem 2.6. Assume that A, A1, B,C,Cy, and D are given with appropriate sizes over H. Set
Ay = RaA1,By =Re,Co = RuB,As = Ly, B3 = C1Lc, C3 = DL,
Ago = AsLa,, Boo = Rp, B3, Cop = C3 — AsAIC,B3Bs, Dog = Rag,As,
@ = AJCyB} + La, Al ,CooBY — La,Al,AsD{ | Ra,,CooBY + Df\\Ras, CooBfRs, -
Then the system
AX+A1YRc =B,
{ XC+LaYCi =D ©)
is consistent if and only if
AD = BC,R4,Ci =0,CiLg, = 0,(i = 2,3), Ray,CooLg,, = 0. (6)
In this case, the general solution to the system (5) can be expressed as

X = A+(B - A1YRc) + LA(D - LAYC1)C+ + LaU R,
Y=0+ LAZLAOU u, + u3RBooRBz + LAZ U4R33 + LA3 U5RBZ,

where U;(i = 1,--- ,5) are arbitrary matrices over H with appropriate sizes.
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Proof. It is evident that the solvability of the system (5) is identical to the system
AX =B-A1YRc,
{ XC =D~ Ly YC. @
By Lemma 2.5, it follows that the system of matrix equations (7) is solvable if and only if
Ra(B—=A1YRc) =0,(D—LaYCy)Lc =0,A(D - LaYCq) = (B-A1YRC)C,
i.e.,, AD = BC and

RaA1YRc = R4B, AYB, =G,
{ LAYCiLc =DLe, < { A3YBs = Cs. ®)

Hence, when the system (7) is solvable, we obtain
X =A"B - A1YRc) + La(D = LAYC)C" + LaUiRe.

Next, it is only necessary to consider the solutions of the system of quaternion matrix equations (8).
According to Lemma 2.5, the system (8) is consistent if and only if the conditions

Ra,Ci =0,CiLp, = 0,(i = 2,3), Ray,CooLpy, =0
hold. In this case, the general solution of the system (8) is given by
Y=0+ LAZLADO u, + u3RBooRBz + LAz U4RB3 + LA3 U5R32,

where random matrices over H of the proper orders are Ui(i = 2,--- ,5). O

3. The solution of (1)

Drawing from the aforementioned theorem and lemma, we can now derive the conditions for the
solvability of the system of dual quaternion matrix equations (1) using the ranks of quaternion matrices,
and present an expression for the general solution of the system (1). Additionally, we provide relevant
applications based on these results.

Due to Marsaglia and Styan [6], the following lemma is known to be readily expanded to IH.

Lemma 3.1. Suppose that A € H™",B € H™,C € H*>", D € H"™ and E € H™" are given, then

r[ A BLD]:r —1(E) — r(D).

A B 0
C 0 E
ReC 0 0 D 0

Theorem 3.2. Let A = Ay + Aje € DQ™", B = By + Bie € DQ"™*,C = Cy + C1e € DQ™ and D = Dy + Dje €
DQ™ be given. Set

Bi1 = By — A1(A{Bo + La,DoC}), D11 = D1 — (AfBo + La,DoC})C1, A1 = A1La,,
Ci1 = Re,C1, Az = RagA11, Bo = Rey, Co = RagBi1, Az = La,, Bs = CiiLc,,

Cs = DuiL¢,, Ao = AsLa,, Boo = Rg,Bs, Coo = C3 — A3ATCoBIB3, Dog = Ray,As,
O = A;CzB; + LAZASOCOOB; - LAZASOASDSORAOUCOOBg + DSORAOUCOOBSORBZ'

Then the following statements hold the same meaning:

1. The system (1) is consistent.
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2.
Ra,Bo =0,DoLc, =0, )
AgDgy = ByCp, AgD1 — BoCy = B1Cy — A1Dy, (10)
Rp,Cs = 0,CaLg, = 0,Rs,Cs = 0,CsLs, = 0, Ray, CooLsy, = O. (11)

3. The equations in (10) hold, together with the fulfillment of the rank equality conditions, where

C
r [AO BO] = r(AO),T’ [D(()):| = T’(CQ), (12)
(A0 B A [A0 A _
1o B Ao] = r[ 0 AO],r[Ao A1Dy = BiCo| = r(Ag), (13)
Co 0
Co _ _[ce o
" ByCy _AODJ =1(Co),r|D1 Do|= V[Cl Co]' (14)
[ C G
_B1C1 - A1D1 Ao B1C0 - A1D0
r Co 0 0 = 1(Ao) + 1(Co). (15)
[BoC1 — AoD; 0 0

In such circumstances, the general solution of the system (1) can be expressed as X = Xo + X1€, where

Xo = A}Bo + La,DoC} + La,URc,, (16)
Xy = A{(Bi1 — AnURc,) + Lay(D11 — La,UC11)Cf + La,UnRe,, (17)
U=®+La,La, Uy + UsRp,Rp, + La,UsRp, + La,UsRp,, (18)

and U;(i = 1,--- ,5) are arbitrary matrices with appropriate sizes.

Proof. We divide the proof into two parts.

Part 1. According to the definitions of dual quaternion matrices multiplication and the equality of dual
quaternion matrices, we can derive the system of dual quaternion matrix equations (1) are equivalent to
the system of quaternion matrix equations

AoXo = Bo,
XoCo = Dy,
AOX1 + A1X0 = Bl,
XOC1 + X1C0 =D;.

(19)

Hence, solving the system of matrix equations (1) over the dual quaternions is effectively reduced to solving
the system of quaternion matrix equations (19).
Part 2.1 < 2. Clearly, the system of matrix equations (19) can be split into

AgXo = Bo,
{ XoCo = Do, (20)
and
AOX1 + A1X0 = By, (21)
XoCy + X1Cy = D1.
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Therefore, the system of matrix equations (19) has a solution if and only if the system of matrix equations
(20) and (21) have a common solution. According to Lemma 2.5, we can conclude that the system (20) is
consistent if and only if

R4,Bo = 0,DgLc, = 0,AoDy = BoCo.

In this case, the general solution of the system of quaternion matrix equations (20) is expressed as
Xo = A}Bo + La,DoC} + La,URc,, (22)

where U is an arbitrary matrix over H.
Substituting equation (22) into the system (21), we can deduce that

AoX1 + A1(AjBo + La,DoCf + La,URc,) = By, (23)
(A$Bo + La,DoCl + La,URc,)C1 + X1Co = Dy,

ie.,
AoXy + A11URc, = By, (24)
X1Co + La,UCyq = Dy.

By Theorem 2.6, we have the system of quaternion matrix equations (24) is solvable only when
Ra,Cy =0,CoLp, = 0,R4,C3 = 0,C3Lp, = 0, Ray,CooLpy, =0,

and

AoD11 = B11Co,

& Ao[D1 — (A}Bo + La,DoC)C1] = [B1 — A1(A}Bo + La,DoC})1Co,

— AyD:1 - ByCy = B1Cy — A1Dy.
Since A}By + La,DoC} is a particular solution to the system of matrix equations (20), it satisfies Ag(A}By +
La,DoC}) = By and (A{Bo + La,DoC{)Co = Dy. In this situation, the general solution of the system (24) can
be expressed as

= Al(B11 — AitURc,) + La, (D11 — La,UC11)C) + La,UiRc,,
U=o+ LAZLAOO u, + U3R300R32 + LAZ LI4RB3 + LA3 U5R32,

where U;(i = 1,---,5) are arbitrary matrices with appropriate sizes. At this stage, the general solution
expression for the system (1) is given as X = Xj + Xje.

2 < 3. We only need to demonstrate (9) & (12) and (11) < (13)—(15), respectively. It's quite
evident that X := A'By + L, DoC} is a particular solution to the system of matrix equations (20), satisfying
both A()Xé) = Bo and Xé)Co = Do.

Referring to Lemma 3.1, we find that equations (9) is synonymous with equations (12), and obtain

Ry,Bo =0 &= r(Ra,Bo) =0 <= r[Ag Bo| =r(A),
DoLc, = 0 & r(DyL¢,) = 0 & r[gz] = 1(Cy).
Now, our focus shifts to proving (11) < (13)—(15). According to Lemma 3.1 and block Gaussian elimina-
tion, the following descriptions hold.
Ra,Co = 0 & r(Ry,Ca) = 0 = r[A2 Cz] = 1(Ay),
= T’[RAOAH RAOBll] = r(Ra,A11),
e r[A0 Bi—AwA}By+La,DoCY) AiLa| =7[Ag AiLa],
[ A1X Al] [Ao Al]
Ao 0 Aol
“krang

0 By Aol [0 Ao
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Clp, =0 = r(Clp,) =07 C|= r(By),

RCo _
— r[RAUBll] =1(Re,),

Bi-AiX, Ay O
I 0 Go

= r[A0 AiDg - BiCo] = r(Ay).

(:)r[ ]ZY[CO I]+7’(Ao),

Similarly, we can demonstrate that

_ Co _
RyC3 =0 r[Bocl —A0D1] = 1(Co),
and
Co O
C3LB3=0=>1’ D1 Dy :T[go CO]
Cl CO 1 0

Applying Lemma 3.1 to Ra,,CooLg,, = 0, we obtain

Coo A
r(RawCooL ) = 0 & 7 [ By 5’"] = r(Aw) +(Buo),

[Cs — AsAIC,BIB; As 0 "

=——a Bg, 0 B> ZY[A2]+I”[B2 B3],
| 0 Ay 0 ?
[Cs As 0 A

erlB; 0 B, =r[A2]+r[B2 33],
[0 Ay -AAIC:BIB, }

[C3 Aj 0 A
er|B; 0 B, :r[A2]+r[B2 B3],
0 A -G 3
0 La, Di1L¢, L
(=—=21 RCO 0 C11LC0 =r [R Ijg ] + T’[RCO CllLC[]] ,
|—Ra,B11  Ra,Ann 0 A1

[0 Ay -Bu An

Cc 0 0 0 _r[o La,

+r| 0 CO],

Dy O 0 Ly, Ay An Re, Cnn

[Ci 0 Rg, O
[0 AO _Bll A1 0
Co¢ 0 0 0 O
Dy 0 0 I 0 =r[£ ;]H[(l) EO]
Ci 0 1 0 GCo 0 !
0

| 0 0 Ay O
[B1C1 —A1D1 Ay B1Co— A1Dy

= Co 0 0 =1r(Ap) +r(Co),
BoCi — AoD; 0 0

1484
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ie. (11) = (13)-(15). O

As several applications of Theorem 3.2, we provide the necessary and sufficient conditions for the
existence of solutions and n—Hermitian solutions to the dual quaternion matrix equations AX = B and
XC=D.

Corollary 3.3. Let A = Ay + Are € DQ"™" and B = By + B1e € DQ"* be given. Set
B11 = By — A1AlBo, A = A1La,, Az = RayA11, Co = Ry Bu1.

Then the following descriptions are equivalent:

1. The matrix equation AX = B is solvable.
2. RAOBO = 0, RA2C2 =0.

3. r[A0 Bo]=r(Ao), [‘%" g; ﬁé] =r [’%0 ié].
In this situation, the general solution of the dual quaternion matrix equation AX = B can be expressed as X = Xo+Xi€,
where
X = A*Bo + LAOW
X1 =Ay(Bin — AuuW) + LayWh,
W = A;Cz + LAZWZI

and Wi(i = 1, 2) represent arbitrary matrices over H with the suitable dimensions.
Corollary 3.4. Suppose that C = Cy + C1e € DQ™", and D = Dy + D1e € DQ"". Define
D1y = Dy — DoC{C1, Ci1 = R¢,C1, B3 = CuiLc,, C3 = Diilg,.

Then the following explanations are interchangeable:

1. The matrix equation XC = D is solvable.

2. DoL¢, =0, CsLg, = 0.
_, ]G o
o aof

Co O
Dy Dy

In this case, the general solution of the dual quaternion matrix equation XC = D can be expressed as X = Xy + Xi€,

where

3. r [[C)?)] =1(Cy), r

C Go

Xo = DOCE + URCO,
X1 = (D11 — UC11)C + UiRc,,
u= C3B; + UZRBy

and U;(i = 1,2) are arbitrary matrices over IH with appropriate sizes.

Corollary 3.5. Consider the n-Hermitian solutions of the dual quaternion matrix equation AX = B, and BT = B.
Denote X . .

Bi1 =B — Al(AgB() + LAOB()(Ag )+), D11 =By — (ABBO + LAOB()(Ag )T)Alll ,

A1 = ALy, Ay = RyyAr1, By = RAg*,Cz = Ryp,B11,C3 = DHLAS*’

Ao = B La,, Boo = Rp,A], Coo = C5 = B] ASC2B3AT, Dog = Rag,B],

O = A;CQB; + LAZAZF)QCOO(AE )+ - LAZASOB’; DEORAOOCOO(A;] )Jr + DSORAOOCOOBSQRBZ'

Then the following descriptions hold the same meaning:

1. The matrix equation AX = B is consistent.
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AoBoy = BoAl , AgBy — BoAT = B Al — A1B,, (25)
RAOBO =0, RAZCQ =0, RB;*Cg =0, RAOOCOOLBOO =0. (26)

3. The equations in (25) hold, and

r[Ao Bo| = r(A0), (27)
Ao B Ar|_ A0 A 7] _

7[ 0 By AO] = [ 0 AO] /T[Ao A1By — BlAO ] = 1(Ayp), (28)
BIAT —A1Bi Ay BiA] — AiBy

r AT 0 0 = 1(Ao) + 1(A]l) = 2r(Ay). (29)
BoA] —A¢B1 0 0

In this case, the general solution of the matrix equation AX = B can be expressed as X = Xy + X1€, where

oo XXt XX
0 2 7 1 2 7
and
Xo = A}Bo + La,Bo(Al )t + Ly, UR,, (30)
X; = Al(Bu - An UR ) + Lay(D11 = La, UAT YA + Lag UiR v, (31)
U=+ LAzLAoo UZ + USRBOORBZ + LAz U4RA;* + LByzf U5R32, (32)

Ui(i=1,---,5) represent arbitrary matrices.

Proof. By applying the definitions of dual quaternion matrices multiplication and the equality of dual
quaternion matrices, we can establish that the dual quaternion matrix equation AX = B are equivalent to
the system of quaternion matrix equations

{ AoXo = By,

AoXq + A1 Xy = By. (33)

Now, we only need to provide the n-Hermitian solutions to the system of quaternion matrix equations (33).
It is evident that the system (33) possess n-Hermitian solutions if and only if the system

AoXo = By,

XoAg = B,

AgXy + A1 Xg = By,
XAl + XAl = B,

(34)

has solutions. Indeed, if the system (33) has n-Hermitian solutions Xy and Xj, it is clear that Xy and X serve
as solutions to the system (34). Conversely, if the system (34) has solutions 5(7) and }FZI, then the system (33)
possesses solutions
CXo+Xo o Xa+Xi
== X1 =

Furthermore, by employing Theorem 3.2, it is possible to establish both the necessary and sufficient
conditions for the solvability of the system (34), along with an expression for its general solution. [

0
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Remark 3.6. By applying the same method, we can obtain n-Hermitian solutions for the dual quaternion matrix
equation XC = D, and since the structure of the solutions is nearly identical to the n-Hermitian solutions of AX = B,
we omit them here.

Example 3.7. Given the dual quaternion matrices:

Through calculation, it can be determined that

- +kl I :I;],AoDl - BoCy = B1Co — A1Dg = [__] . _-k] ,

AOD():BOCO:[ 2 i

and

r[Ac Bo]=r(A0)=2, [gg] =1(Co) =2,

Ay Br Ai|_ Ao Auf_ ~ B
"lo B Ao] = 7[ 0 AO] =4, r[Ay AiDo ~BiCo| = r(Ao) = 2,
C O
Co ) = e o]
r BoCy —AoDl] =1(Co) =2, r[D1 Do|= r[Cl Co] =4,
B C1 Co
[B1C1 — A1D1 Ag B1Co— A1Dy
g Co 0 0 =1(Ap) +1(Co) = 4.
[BoC1—AoD1 0 0

Thus, by Theorem 3.2, we conclude that the system of dual quaternion matrix equations (1) is solvable,
with the general solution expressed as

1 i 0 i
X=X0+X1€=[O k]-i-[] 1:|€

4. An application

In this section, we devised a scheme for encrypting and decrypting color images based on the system
of dual quaternion matrix equations (1), validated through experiments.

We represent two color images using a dual quaternion matrix. Below is the diagram illustrating the
principles of encrypting and decrypting color images with the system (1).
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Two original color images Two encrypted color images

I |

s =

D = key

Encryvption matrix

X C

l

Encryption matrix

Figure 1: The principles of encrypting and decrypting color images

We randomly selected two color images, as shown below.

Original color image
Original color image

Flowerl Flower2

Figure 2: Two original color images

Based on the principles in Figure 1, encrypt the color images in Figure 2 yields the following results.

- ]
o [
- b
< B <
E B g
S g
3 8 3
s B o
2 B 2 :
s & S
= =
= Flowerl = Flower2

Figure 3: Two encrypted color images

According to the encryption matrices A, C, the key D and Theorem 3.2, decrypt the encrypted images in
Figure 3. The results are shown below:
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Decrypt imagel
Decrypt image2

Flowerl Flower2

Figure 4: Two decrypted color images

We use the structural similarity index measure (SSIM) to evaluate the decryption quality, as shown in the
table below:

Color image name | SSIM
Flowerl 1
Flower2 1

From the table above, it can be seen that the decrypted image is identical to the original image, indicating
the high feasibility of the scheme.

5. Conclusion

In this paper, we have defined -Hermitian matrices in the context of dual quaternions and investigated
their relevant properties. Subsequently, leveraging matrix Moore-Penrose inverse and rank, we have
established both necessary and sufficient conditions for the solvability of the system of dual quaternion
matrix equations (1). Additionally, we have presented an expression for the general solution when the
system (1) is solvable. In an applied context, we have provided the necessary and sufficient conditions,
as well as the general expressions for solutions and n-Hermitian solutions, for the dual quaternion matrix
equations AX = B and XC = D. Finally, starting from the system of dual quaternion matrix equation (1),
we designed a scheme for image encryption and decryption. Experimental results demonstrate that this
scheme is highly feasible. Due to the connection between the hand-eye calibration model and the matrix
equation AX = ZB, as evidenced by reference [7], we will consider the solutions to the more general matrix
equation AX — ZB = C over the dual quaternion algebra.
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