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Abstract. This research work is the study of two dimensional a-Modified Bernstein sequence of operators.
Further, to investigate various approximation results in the space of two dimensional continuous functions
in terms of these sequence of operators. Next, we estimate some lemmas in terms of test functions and
central moments. In subsequent sections, uniform convergence and order of approximation are studied.
Moreover, we prove local approximation results in view of Lipschitz maximal functions. In the last section,
approximation results in Bogel-spaces are discussed with the help of mixed-modulus of continuity.

1. Introduction

Approximation theory indeed plays a vital role across various disciplines, providing a framework to
represent a complex functions with simple ones. Its applications span from mathematics to engineering,
including fields like computational science, data analysis, and computer graphics. In computational aspects,
approximation theory aids in describing geometric spaces and solving differential equations. It forms the
backbone of numerical analysis, where it helps in devising algorithms for solving mathematical problems
numerically. Moreover, in applied mathematics, approximation theory contributes to areas like control
theory, where control points and control nets are utilized to study of parametric curves and surfaces. These
concepts are fundamental in designing control systems for various engineering applications ([1], [2]). In
recent years, with the rise of artificial intelligence, data science and machine learning, approximation theory
has found new applications. Techniques from approximation theory are employed in developing algorithms
for data analysis, pattern recognition and predictive modeling. They form the basis for constructing models
that can approximate complex relationships within data sets. Furthermore, in computer graphics and
computer algebra systems, approximation theory is indispensable. It enables the represntation of curves
and surfaces using simpler mathematical constructs, facilitating task like rendering realistic images and
solving symbolic equations efficiently. Many scientists in medical sciences are also working in terms of
these sequences of ([3], [4], [5]).
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In 1912, Bernstein [6] was the first who presented a sequence of polynomials using probabilities tools,
i.e., binomial distribution named as Bernstein polynomials or Bernstein operators:

B = Y pog(2) sen, )
v=0

where p;,(u) = ()u’(1 — u)"~*. He found that By(g;.) =3 g for every bounded function g € C[0, 1] where
= denotes the convergence is uniform. In recent past, several researchers, e.g., Mursaleen et al. ([7], [8]),
Nasiruzamman et al. [9], Acar et al. ([10], [11]), Mohiuddine et al. ([13], [14], [15]), Acu et al. [16], Aslan et
al. [12], icoz et al. ([17]), [18]), Ozger et al. ([19], [20]), Ayman et al. [21], Cai et al. ([22], [23]), Cicek et al.
[24] and Rao et al. ([25], [26], [27]) introduced new variants in Bernstein operators given in (1) to investigate
the better approximation order and rapidity of convergence in various functional spaces in view of different
generating functions.

In the recent past, Usta [28] proposed a new generalisation of Bernstein operators as:

By(g; ) = Z(V supu (1 =g (). @)

He proved some results for uniform convergence for the continuous functions and introduce Voronovskaja
type result to estimate covergence speed for the first and second times differentiable functions. Further, to
approximate in Lebesgue measurable space, Senapati et al. [29] constructed a Kantorovich version of the
operators (2) as follows:

v+l

Ki(g,u) = % Z(v —su)u’ (1 — u) V! f:ﬂ g(t)dt. (3)
v=0

s+1

Remark 1.1. The sequence of operators presented in (3) are restricted for univariate functions only. Motivated with
the above litrature, we present a bi-variate sequence of operators to discuss approximation results for the space of
bivariate functions in Lebesgue sence in the subsequent sections.

2. Construction of modified a- Bernstein bi-Variate Operators

Consider 72 = {(uy,u2) : 0 <u; <1, 0<up <1}and C (Iz) is the class of all continuous functions on 72
equipped with the norm

gllczy = sup  lg(u1, ua)l.

(u1,u2)el?
Then, for all g € C (I 2) and 51,5, € IN, we construct a new sequence of bi-variate a-modified Bernstein
operators as follows:

51 s v+l vp+1

sp+1 sp+1
M,y (g;1,1) = Y| Y Pa(s1, 11)Pa(sa, 1) f | f U gt )k, 4)
v1=0v,=0 5 11 5231
where
_ Siv1|[Si 2. vi-1 si—vi—1
Pi(siju) = —=| i = s (1= wi) : (5)
1 1

Lemma 2.1. [29] Let e;(t) = t',i=0,1,2. Then, for the operators (3), we have
Ki(eo;u) = 1,
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o s—2 3
Kslers ) (s+1)”+2(s+1)’

. _ (*=7s+6) , [6s—8 7
Ko = ( G P )” +(<s+1>2)”+3<s+1>2'

Lemma 2.2. Let e; j(uy, uz) = u u ' be two dimensional test functions. Then, for the operator (4), we have

M o (eop;u1,u2) = 1,

M o, (e10;u1,u2) = (: " 1) 2(313+ o

Momleozitisiia) = (2;1) 2(523+ 1)

Ml ) [S%(S_liﬁl;6) 2 ((ii 1;32) 3(5111)2,
M, o (eopi i, 1) = (sz(s—z 7+s21 )+2 6) 2+ ((§2SZ+—1§;2) s 3(321 _

Proof. In the light of Lemma (2.1) and linearity property, we have

M i, (eo0;u1,u2) = My ¢ (eo; ur, u2)My, o (eo; U1, u2),
M;, o, (er0;u1,u2) = M o (ex;un, u2)Mg, o, (eo; U1, uz),
M; o (eon;u1,uz) = My o (eo; ur, u2)My, o (en; U1, u2),
M; g (er;u1,u2) = My o (er;ur, un)My o (en; u1, u2),
M; (20 u1,12) = Mg g (e un, )My, o, (eo; un, Ua),
Mg o, (e0;u1,u2) = Mg (eo; ur, u2) Mg, o, (e2; 11, Uz),

which proves Lemma (2.2). O

Lemma 2.3. [29] The central moments for the operators (3) are evaluated as:

K(t-uw%u) = 1,
k-0 = (50

* 1-3 35— 11 7
K((t—w*u) = (ﬁ) uw? + ((SS+ 1)2)u * 3(s + 1)2°

Lemma 2.4. Let W, , (t, t2) = 0 (11, t2) = (t — 1) (t2 — wa)), i, ) € {(0,0),(0,1), (1, 0),(1,1),(0,2), (2, 0)} be the
central moments functions. Then, for the operators My, ,(.;.,.) introduced by (4) satisfies the following identities, for

M 5, (Moo;u1,u2) = 1,

Mg (Mo u1,u2) = - i 1 (% - ul),

Mg ,(Noq;u1,up) = szi T (% - Mz),

Moot )= {%} ur {i:; 11;} ¥ 3(511 12’

. _ (11-3s:) 5, [35-11 7
My, (o2t ) = {(sz + 1)2}112 " {(52 + 1)2} BECT
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Proof. In the light of Lemma (2.4) and linearity property, we have

M, o, (Moo; ur,u2) = Mg, g, (no; ur, u2) Mg, 5, (10; U1, u2),
M, o, (mo;ur,u2) = Mg g, (m;ua, u) Mg g, (10; 41, u2),
M, 5, (Mo ur,u2) = Mg o, (no;ua, u2) Mg, 5, (m; 1, u2),
M; o, (mo;u1,u2) = Mg o, (2; 11, u2) M, (1o; U1, u2),

Mg ,(Mo2su1,u2) = Mg o, (10; ur, u2) M, o, (2; 1, Uz),

which proves Lemma (2.4). O

Lemma 2.5. For all (uy,u;) € I? and sufficiently large s1,s, € IN the operators M, (. ; .) given by (4) satisfy

(1) 51 sz(\yul uzrulr uZ)

1
o(—)(u1 + 1)2 < Ci(ug + 1)2 as s1,8) — oo,

. 02 .
(2) Ms1 52 (\ym,uz/ Ui, MZ)

0 )(uz +1)? < Coup + 1)% as 51,59 — oo,

* 4,0
(3) Msl,sz (\Ijul,uZ/ Ui, 1/[2)

(4) 51 52 (\yul uyr U1, uz) 0

2

( ](u1 +1)* < C3(uq + 1)* as 51,50 — oo,
S
1
5

1
)(uz +1)* < Cy(up + 1)* as 5,50 — oo.

For any g € C(Z?) and 6 > 0 modulus of continuity of order second is given by
@ (95 65,,65,) = supl| g(t,8) = g1, u2) |: (t,5), (w1, 12) € 17},
with | t —uy |[£ 0y, | 5§ — 12 |< 05, with the partial modulus of continuity defined as:

w1(9,05,) = sup  sup {| g(x1, uz) — g(x2, un) |},

0<up<1 |xq —lesésl

w2(g;05,) = sup  sup {| g(u1, x1) — g(uq, x2) |}.

O<u1<1 |xy —lesész

Theorem 2.6. For any g € C(I?) we have

| M (g, 02) = g, 1) 1 2(01(5385) + 020552, )

Proof. In order to give the proof of Theorem 2.6, in general, we use well-known Cauchy-Schwarz inequality.
Thus, we see that

| M;,Sz(g; ul’ u2) - g(u1l uz) |
< M, (L g(t,s) = glur, up) |; ur, uz)
< ; <, (L g(t,s) = g(us,s) |;u1, uz)
+ S1 ,52 (| g(ull (Ul, le) | uy, Ll2)
< M, (i(gs | E—ug 1);un,u) + Mo, (w2(g; | s — uz |); 1, up)
< wi(g;05) (1+05M3, (1 £ = [, 1))
+  w2(g;0s,) (1 + 0, M (s —up |us, uz))
<

1
w1(g; 6s,) (1 + B \/M;,sz((t —u1)% 1, uz))
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1
+  wa(g;0s,) (1 + 5 \/M;m((s — )% uy, uz)).

If we choose 62 = M ((t —u1)% 1, uz) and &2, = M, o ((s — u2)%; 1, 112), then we easily to reach our desired
results. [

Here, we find convergence in terms of the Lipschitz class for bivariate function. For M > 0and p1, p; € [0, 00),
Lipschitz maximal function space on E X E C 12 defined by

Ly, p,(EXE)

{9 ssup(l + )7 (1 +5)7 (9p1,pz(t/ $) = Jpup. (U1, ”2))

1 1
<
- M(l +17)P1 (1 + up)P2 }’

where g is continuous and bounded on 72, and

| g(t,s) —gur, u2) |
[t —uy |P1]s —uy |P2”

gPl/PZ(t’ s) — gm,pz(ul/ up) = { (t,8), (U1, uz) € IZ} (6)

Theorem 2.7. Let g € L, ,,(E X E). Then, for any p1, p2 € [0, 00), there exists M > 0 such that
| M, 5, (g5 w1, u2) = g, u2) |
fa [}
< M{( (d(ur, E)) +(32) )( (d(uz, B +(62) )

+(d(uy, E)” (dua, E))” }

where 05, and 0, defined by Theorem 2.6.

Proof. Take | u1 — xo |= d(u1,E) and | y» — yo |= d(uy, E). For any (uy,uy) € 712, and (x, Yo) € E X E we let
d(uy,E) = inf{| u1 — uy |: up € E}. Thus, we can write here

| g(t,s) — g(ur, uz2) I< M| g(t,s) — g(x0, o) | + | g(x0, yo) — g1, u2) | - ()
Apply M;,SZ('; .,.), we obtain
| Mg, s, (g u1,u2) = g(u, u2) |
< M, (1 g(ua, uz) = g(xo, yo) | + 1 g(xo, yo) — g(u1, uz) |)
< MM o, (I t=x0 1”5 = yo 1P ur, u2) + M | ug —xo [P uz = yo P>

Forall A,B > 0 and p € [0, o) we know inequality (A + B)? < AP + BP, thus
|t —xo IP'<[ £ —ug P + [ w1 — x0 17,

Is=yol”"'<Is—y2 [ +ua—yo I”.
Therefore
| M5, o, (g;un,u2) — glur, u2) | < MM o, (1t —u1 [P s = y2 P2 un, u2)
+ Mluy—xo [P* Mg, (I s —ua [P u1, u)
+ Mluz—yo |P2M;
+ 2M | uy —xo |P'| y2 = o IP* M, 5, (Voo; U1, Ua) .

s, (LE =1 [P ug, u)

On apply Holder inequality on M, ., we get

M, o, (|t —up [P s — ua 1P u1, un)
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UL (= [P5un,u) Ve (s —up P21, u2)

ny,
P 2-py

< (Mt = B, u) (M2, (voo; 1, u2))

A

2-py

P2
2 2 * 2
(M;,szﬂ s—uy | ;Ml/uz)) ’ (Msl,SZ(Vo,o; Mlluz)) t

Thus, we can obtain

X

| Mg, 5, (g;u1,u2) = g(ug, uz) |
P2
2

M(2)7 (62)7 +2M(dn, B (dus, B

IA

P2

M (d(ur, E) (82,,,) " + L (d(uz, E))? (52)*

n2,Y2

+

We have complete the proof. [
Theorem 2.8. Let g € C'(Z?). Then, for all (u1,uz) € I?, operator M, , (;.,.) satisfying

51,52
1

| M, (g5 11, 12) = g(ut1, 102) 1<) Gy Nlery (62)7 + 1 gus Nlery (62)7
where 05, and 0, are defined by Theorem 2.6.
Proof. Let g € C’(ZI?), and for any fixed (u1, u2) € 72, we have

S

'
O f ao0.9do+ [ g, v)dv.

u Y2

On apply Mg, ;. (.., -)

t
M o, (g(t,8);ur, u0) — gluy, uz) = Mg ( f gg(Q,S)d@;ul,uz)+M;,52 ( f gv(u1,V)dv;u1,uz).

From the sup-norm on 72 we can see that

t f
| f 0u(0,9)d0 |< f | 9,(0,9)d0 11 G leczo) £ =1 |
i U

| [ gv(ug,v)dv < | gv(u1,v)Av <[] gy, eyl s —y2 |-
Y2 Y2
In the view of (8), (8) and (9) we can obtain

| M;/Sz (g(ulr MZ); Uy, Mz) - g(ul, up) |
t
< M, ( f 9,(0,5)do|; u1, Mz)
+ M;LSZ ( gv(ulr v)dv|; uy, Mz)
Y2

IA

| gu oy Mg, 5, (Lt — 1 |1, u2)
+ N gu, ey My, 5, (15 — ua | u1, u2)

| 9u, llci2) (M;,sz((t —u1)%; Ml,uz)M;,sz(l;ul,uz))

IN
[N

[N

+ | 9, llea (M;,sz((s - u2)%; ul/UZ)M;,sz(l;ulrUZ))

1

1 1
= || Juy ”C(IZ) (651)2 +l Juy ”C(Iz) (6§2)2 :

1514
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Theorem 2.9. For any f € C(I?), if we define an auxiliary operator such that

ROGH(fru,m) = M g (g5u,u2) + f(ul,uz)—f((blﬁ‘jlk(vl,o;ul,uz),‘VZj,l(vO,l;ul,uz)),

where, from Lemma (2.2),

@ ) _ 51—2) 3 2 . :(52—2) 3
U, (v10; 11, U2) (31 1) 6 D and V\? (voa;u, ) 1) 2550
Then, for all g € C'(I?), R$142(;;., ) satisfying

2
3

-2
a1, . _ < 2 2 (Sl ) _
Ris'(9:t9) =gl ) < {651 0% +( 1) Ay M
2

(22 )+ g —a) Hilgl
w+1) T o ) ) [ lead

Proof. In the light of operator Rg'22(;.,.) and Lemma (2.2), we obtain

51,52

ar,0; . _ a1, . ap,Q . —
Ry G (Lu,up) =1, RG(E—uy;up,u) =0 and  Ry'G(s — yo,u1,uz) = 0.

For any g € C'(I?) the Taylor series give us:

2
o) gl ) = LDy f ¢TI

8u1 dA?
dg(uq, ,
Do+ [ 6= ;;Z To Dy,

ar,02

On apply Rg;?, we see that

RGo2 (g(t,8); ur,un) — Re!6? (g(u, u2)

Pg(A, y2)
on 702

g(A, y2) g *g(ur, P)
= 5152( (t—A)———— A2 dA; ul’u2)+Mslsz( yz(s—l/))&—w2

o it o - g(A,
B f( ) D) ((51 2)u1+ 3 _/\) g( uZ)d)\
Uy

s1+1 2(51 + 1) o0A?

( iﬂ) i+ 2(92+1) SZ _ 2 3 azg(ull I)l))
B fuz ((sz + 1)”2 " 25 +1) lP) ENE dy.

From hypothesis, we easily obtain

f(t_A)azg(A uz) ‘ f'(t—A)‘M( , 2)dA' <Al g llewgzey (= ),

t
= R‘sﬁls‘iz( (t=2) dA;ul,uz) R?féiz( (s—1) g(ul'wdw;ul,uz)

dy; uy, uz)

dA? o2
02 ( , ) s (
-Y) gal;zl’b gb’_fyz (s - l,b) al’bz dlp' <l g ey (s — 122,

(51+1 )”1*2(1+1) 51— 2) 3 3 829(A, 1/[2) '
ful ((51 1) 2 v ) A) oz




N. Rao et al. / Filomat 39:5 (2025), 1509-1522 1516

2

< g lled (E)Mz + 3 u
sp+1 2(s2+ 1)
(%)”2+2(53+1) S5, —2 3 2
2 2 2 g(u1, P) ’
+ - d
fyz ((s2 n 1)”2 25, +1) ¢) o W
2
<

S2 -2 3
19 Ve ((52 n 1)”2 T 2Em D) _yz) '

Thus,

IA

{M;,sz((t — )%, u0) + M, (5 — y2)?5 11, 1)
(i P———
s1+1) V251 +1)
2

(52’2)u+ 3 ) g
w+1)P T sy P2 (1 led

We complete the proof of desired Theorem 2.9. [J

| R$I2 (g:t,8) — g(u, u2) |

2

3. Some approximation results in Bogel space

Take any function g : 71 X 7, — R for a real compact intervals of 71 X 1. For all (t,s), (u1,u2) € 11 X 15
suppose Ay, g(u1, 1) denotes the bivariate mixed difference operators defined as follows:

Ny o9, u2) = g(t,8) — g(t, y2) — g(u1,9) + g(uy, u2).

If atany point (u1, 1) € I1XJ1; the functiong : 71xJ, — Rdefined on 71 X1 5, thenlimy ¢, 1) Azt S)g(ul, up) =
0.

If set of all the space of all Bogel-continuous(B-continuous) denoted by Cp(Z1 X 15) on (u1,uz) € 11 X 15
and be defined such that Cp(£1 X 1) = {g, such that g: 71 X I, —» Ris g, B—bounded on 7; X 1,}. Next,
the Bogel-differentiable function on (u1,u;) € 71 X I, be g : 11 X I, — R and limit exists finite defined by

. 1 ‘
(t,s)—>(u1,}¢g)2¢u1,s#yz (t - ul)(s - yz) (A(t’s)) B DBg(ul, u2) < oo

Let the classes of all Bogel-differentiable function denoted by D, g(u1, u2) and be D,(Z1X1 ) = {g, such that g :
I, x I, —» R is g, B-differentiable on 77 X I,}. Suppose the function g is B-bounded on D and

be g : 71 x I, — R, then for all (t,5), (u1,uz) € 11 X I, there exists positive constant M such that

| AZt,s)g(ul'MZ) |< M. The classes of all B-continuous function is called a B-bounded on 77 X 7,, whene

11 x I, is compact subset. Let By, (1 X Z3) denote the classes of all B-bounded function defined on 771 X 15

which equipped the normon Bas|| g |Iz= SUP (1 ) (11 12)e T < T | AZt,s) g(u1,uz) |. As we know to approximate the

degree for a set of all B-continuous function on positive linear operators, it is essential to use the properties

of mixed-modulus of continuity. So we let forall (t,s), (u1,u2) € £1xX1,and g € B,(Z,,), the mixed-modulus

of continuity of function g bt wp : [0, 00) X [0, ) — R and be defined such as:

wp(g; 01, 02) = sup{A(, o g(u1, uz) || t — 11 [< 61, [ s — Y2 [< 62}

For any 72 = [0, ®) X [0, o), we suppose the classes of all B-continuous function defined on 72 denoted by
Co (I 2). Moreover, let set of all ordinary continuous function defined on 72 be C(Z?) . For further details on
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space of Bogel functions related to this paper we propose the article [30, 31].

1517

Let (u1, 1) € I? and 51,5, € IN then for all g € C(Z?) we define the GBS type operators for the positive

linear operators M;

o 52( .;.,.). Thus we suppose

Kgllsiz (g(t/ s); U1, uZ) = M;,sz (g(tr up) + g(”l/ s) — g(tr S); U, MZ)-

Theorem 3.1. Forall g € C,(I?), it follows that

51 s» |2+1
M, g (i) = ) )" P (s1,1u)Py (52, g(tr, b,
v1=012=0 1+1 Sl

where
P (si,ui) = S;—tl(i)(% — s ul (1 —v)°.
| K&\ (g(t,8);u1,u2) — g(un, u2) |< 4wg (g 05y, 0s,) ,
where 05, and 0, are defined by Theorem 2.6.
Proof. Let (t,5), (u1,u2) € I%. For all 51,8, € N and 65,, 5, > 0, it follows that
| A9 1 < wp (gl t=sills—uzl)

231

t— S — Uy
1+ 1+ wg (g; 0s,,0s,) -
( 05, )( 0s, ) »(9 )

From (10) and well-known Cauchy-Schwarz inequality, we easily conclude that

IA

K?fsl;z (gt,s);ur,up) —  glug, uz) |
< Mo (180, 0 9(5) 1, 12)
* 1 *
< (Msl,sz(qbo,o; 1, 1) + == (Msm((t — )% ul,uz))
S1
1

M=

[N

T (Mz, 5, (s = w2)% ur, 1))
1 . 1
to5T (Msl,sz((t - ul)z;ul,uz))z
S1
1 M:& 2' % ‘6 6
X a ( sl,sz((s - MZ) s U1, T/l2)) [%:] (g/ nys 712) .

In the view of Theorem 2.6 we easily get our results. [J

(10)

(11)

(12)

Ifweletx = (t,s), y=(u,ux) € 1 2 then the Lipschitz function in terms of B-continuous functions defined

by

Liply = {7.€ CTD 1 & g ) 1< ML x -y IF,}

where M is a positive constant, 0 < £ < 1, and Euclidean norm || x — y [|= \/ (t—u1)? + (s — up).

Theorem 3.2. For all g € Lip;, operator K'22(;., ) satisfying

3
2

| KS16™ (g(x, ) 1, u2) = g, u2) |< MI{OS, + 2,)2,
where s, and 0, are defined by Theorem 2.6.
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Proof. We easily see that
Ko (gCe y)u,u) = Mg, (9(u1, y) + g(x, u2) — g(x, 8); 41, u2)
= M, (90, u2) = A, 906 5); 1, 1)
= g(ur,uz) — Mg, (Azul’uz)g(x,s); uy, uz).

Therefore,

| Kot (9(x, y); ua, uz) g(u1, uz) |

< M, (l Azm,uz)g(x’ N" ulruZ)

< MM, (I x =y 15, u0)

< MM (Ix =y 1P, w))e

< M{M;,sz((t ur)’; M1,Mz)+MmZ(( uz)z;ul,uz)}g.

|
Theorem 3.3. If g € D,,(I?) and Dgg € B(I?), then

S] 52 (g/ ul/ uz) - g(ull uz) |

C{3 1| D5g llo +@mixed (D533 85, 85, }(u1 F 1)z +1)

{1 + \/C_z(ul +1)+ \/C—l(uz + 1)}

X Omixed (DBg/' 6711/6712) (ul + 1)(”2 + 1)/

IA

+

where 0,,, 05, defined by Theorem 2.6 and C is any positive constant.
Proof. Suppose p € (u1,t), £ € (12,5) and
Azul,uz)g(tr S) = (t - ul)(s - MZ)DBg(Pr 5)/

Dgg(p, &) = Ay, .,yPa(p, ) + Dpg(p, y) + Dg(x, &) — Dpg(un, u2).
For all Dgg € B(Z?), it follows that

| K;xllslzz ( (u1, uz)g(t S)/ ui, MZ) |
= | Kg'g? ((t = u1)(s — u2)Dpg(p, &); u, uz) |
< KU (1t-wlls—ua |l A, Dg(p, &) |, uz)

+ Ke2(1t = lls = w2l ( Daglp, )|

+ | Dsgur, &) | + | Daglun, 1) |),-u1,u2)

< K?fsof( [t —ui|ls =tz | @mived (Dpg; | p—ur |,1 & =1z I);ul,uz)
+ 31 Dpg llo Kg/5> (1t =g || s — 1z [;ur, u2).

Here @yixed, is mixed-modulus of continuity and it follows that

WOmixed (DBng p—u |/| & —up |) < Omixed (DB!]/| t—u |/| S— Uy |)

IA

(1465 1t =1 1) (1465 |5 = 2 |) Dised (D | 85, 0s,) -

1518
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Therefore, it is obvious that

g(u1, uz) |
= [ Ay un9(E8); 1, 1z |

| K5, s, (9511, u2)

1

2
311D s (K222 (6 = 10265 = w21, 10) |

IN

+ (Kil,;? (It =uq |l's—up |1, un)

+ 0K (- w)? s - ua |, ) )

£ ORI (1= | (5 = )51, )

+ 05105 KKy ((t —u1)*(s — u2)%; Uy, Mz) @mixed (DBg; 0s,,0s,) ;
| Kzl,sz (g’ Ml,uz) - g(ul/ MZ) |

= 1Ay, u)9(Es);u, uz |

2
, 22
311 Dag Il (K227 (Wi, 1))

IA

1
2
a,x 22 .
+ {(K511,522 (\l’lh,MZ’ ui, 1/[2) )

51,52

1
2
-1 a1, 42
+ 6 (K (Wil s, u2>)
2
=1 prai,az 24 .
+ 0 (K (Wi, u2>)

51

+ 5o K (\yﬁfuz ;u, uz) }mmim (Dgg; 6s,,0s,) -
Which follows that

| Kzl,sz (g’ Ui, Mz) - g(ul/ uZ) |

1

= 31Dsg (K?f,’siz (Wiiks ) KEE (W05, 1) )2

%

+ {(K;";/’;zz (\IJ%,’BMZ S U1, uz) Kg?,’st;z (\If?,fuz sUq, uz) )
%

+ 65_11(K?11,£2 (‘I’ﬁfuz} ui, Mz) Kg'o? (‘1’2’12,”2 ;u, u2) )
1

1 paa 2,0 a0 04 2
- 1,02 Ao 1,02 s
+ 652 (K (\ylll,llz’ ui, MZ)K (‘Pm,uz’ ui, Mz))

51,52 51,52
-1 -1 gay,a 2,0 . a,u 02 . .
+ 651 652 K12 (‘I]ul/uz, uy, Mz) Kg'n? (\pul,uzf U, 7/12) }(Dmixed (DBgr 0s,, 652) .

51,52 51,52

From Lemma 2.5, we demonstrate
Ky (gr10,12) = g, 1) | < 311 Dl (VCIColar + (a2 + 1)

+ {( VCiCo(ur + D)y + 1))
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+ 6;11( NE® /o(nll)(ul + 1) (up + 1))
+ 6;21( NE» /o(nlz)(uz +1)%(u1 + 1))

v ot (o )yfe (o2 Jon + 1 + 1)honies (Dagis, 0.

Which complete the proof of Theorem 3.3. [

4. Numerical and Graphical Analysis of the equation (4)

1520

In this section, we analyze the convergence behavior of the operator described in equation (4) for the
function g(uy, up) = u?uz (1 — 1)sin 4mu,. Moreover, the numerical behavior of the equation (4) are discussed
in table table(1) with the help of different values of s; = s, = 15,20,25 and a common error formula
Es 5,(g; 11, u2) = M, 5,(g; U1, u2) — g(u1, up)| to find the error between different values of s;,s, = 15,20, 25.
Furthermore, Figures (1) and (2) show graphs illustrating the operator’s convergence and error, as described

in equation (4).

Figure 1: Convergence of Operator M, s, (g; u1, u2) for sy, s, = 15,20,25

uy,up | Ei515(g;u1,u2) | Ecopo(g; 11, u2) | Easpos(g;u1, u2)
0.2 0.00629825 0.00352466 0.000911841
0.3 0.0024016 0.000268322 0.000293837
0.4 0.00233554 0.00202209 0.000956192
0.5 0.000743578 0.00275673 0.0.00113165
0.6 0.0228959 0.0.0191484 0.0178506
Table 1: Error Approximation Table
u g(U1 ,Uz)
) B Mis(g;uq,U2)
P /// R \\'\Mzo(g;th \U2)
0.01— : W,Uz)

~

P
0699
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B My5(g;uq,u2)
‘(g;U'],Uz)
W Mos(gsu1;Uz)

Figure 2: Error Approximation E, s, (¢; 1, u2) = [Ms, s, (g; u1, u2) — g(uy, uz)|

5. Conclusion and Remarks

In this research article, we propose a new bivariate sequence of a-Modified Bernstein Bi-Variate op-
erators with aid of non negative parameter a. Further, We study the bivariate properties of a-Modified
Bernstein operators with the help of modulus of continuity, mixed-modulus of continuity and then find the
approximation results in Peetre’s K-functional, Voronovskaja type theorem and Lipschitz maximal func-
tions for these bivariate operators. Next, we construct the GBS type operator of these generalized operators
and study approximation in Bogel continuous functions by use of mixed-modulus of continuity.
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