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New iterative criterions for testing the positive definiteness of
multivariate homogeneous forms

Pengcheng Zhao?, Deshu Sun®”

“College of Data Science and Information Engineering, Guizhou Minzu University, Guiyang, Guizhou 550025, P.R. China

Abstract. The positive definite homogeneous multivariate forms play an important role in the automatic
control and medical imaging, and the definiteness of the forms can be identified by special structured
tensors. In this paper, we first state the equivalence between the positive definite multivariate forms and
the corresponding tensors and account for the links between the positive definite tensors with H-tensors.
Then based on diagonal dominance, some iterative criterions are presented to test HH{-tensors. Furthermore,

we establish new iterative schemes for testing the positive definite multivariate homogeneous forms. The
efficiency and validity of new methods are illustrated by numerical examples.

1. Introduction

For a positive integer n, let N = {1,2,--- ,n}. A tensor A = (a;,4,..i,,) is a multidimensional array with n™
entries, where i; = 1,--- ,nfort = 1,--- ,m [4, 14]. Let Cl""I(RI""]) be the set of mth-order n-dimensional
complex (real) tensors. For A = (aj;,..;,) € C"™, A is called symmetric [6] if ai,,.i, = Ao(iy)o(ir)-o(i) fOT any
permutation o on N. Tensor I = (0;,..;,,) is called the unit tensor [21], where

5 1, ifih ==,
h=in (), otherwise.

For A = (ajj,-.i,,), if there exist a complex number A and a nonzero complex vector x = (x1, %2, , x,) that
are solutions of the following homogeneous polynomial equations:

Ax" T = Ayl

then A is called an eigenvalue of A, and x is called an eigenvector corresponding to A of A [5, 7, 14, 15].
Ax"1 and Ax"~1 are vectors, whose ith components are

(‘?{xm_l)i = Z aiiZ"'imxiZ T xim’ (x[m_l])i = xlm_l'

1,0 €N
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In particular, if A and x are restricted to the real field, then we call A an H-eigenvalue of A and x an
H-eigenvector corresponding to A of A [14].
An mth-degree homogeneous polynomial of n variables f(x) can be denoted as

f(x) = Z AiyiywiygXiy Xip ** " Xiy s 1)

il/iZ/--»/imEN

where x € R". The homogeneous polynomial f(x) in (1) is equivalent to the tensor product of a symmetric
tensor A and x™ denoted as

flx) = A" = Z Qi igoviy Xiy Xiy * ** Xy 2)

ilriZ/-»-rim eN

where x = (x1,x2,...,%,) € R" [12]. When m is even, f(x) is called positive definite if
f(x) >0, foranyxeR", x#0.

The symmetric tensor A is called positive definite if f(x) is positive definite [12].

The positive definiteness of multivariate polynomial f(x) plays an important role in automatic control,
medical imaging, and the stability study of nonlinear autonomous systems and so on [13, 22]. However, for
n > 3 and m > 4, it is not easy to identify the positive definiteness of such a multivariate form. For solving
this problem, Qi [14] pointed out that f(x) defined by (2) is positive definite if and only if the real symmetric
tensor A is positive definite, and provided an eigenvalue method to verify the positive definiteness of A
when m is even (see Theorem 1).

Theorem 1. [14] Let A be an even-order real symmetric tensor, then A is positive definite if and only if all of its
H-eigenvalues are positive.

Although from Theorem 1 we can verify the positive definiteness of an even-order symmetric ten-
sor A (the positive definiteness of the mth-degree homogeneous polynomial f(x)) by computing the H-
eigenvalues of A, it is difficult to compute all these H-eigenvalues when m and n are large. Recently,
by introducing the definition of H-tensor [2, 8], Li et al. [8] provided a practical sufficient condition for
identifying the positive definiteness of an even-order symmetric tensor (see Theorem 2).

Theorem 2. [7] Let A = (ay,..i,,) be an even-order real symmetric tensor of order m dimension n with ay.., > 0 for
all k € N. If A is an H-tensor, then A is positive definite.

For the latter, it is increasingly recognized that HH-tensors have important applications in the study of the
multilinear systems, the higher-order Markov chains and the symmetric multiplayer games. Subsequently,
with the help of generalized diagonally dominant tensor, various criterions for H-tensors are established
[1,3,9-11, 1620, 23], which only depend on the entries of tensors and are very effective to identify whether
a given tensor is an H-tensor or not. For example, the following results are presented.

Theorem 3. [9] Let A = (aj,iy-i,) € Clmn], If

Rj(A)

j .

|aii..il > Z |aiiy-..i,| + Z < Mhax ———iiyiy |, Vi€ Ag,
i

4 iz i3 e} 1A
i3 e im NI\ AT ipi3-iy €AN! U

Biiy ..im =0

then A is an H-tensor, where

Ri(A) = Z |aii,.i,), A1 =1{i € N :l|ajiil > Ri(A)}, Az =1{i € N:laj..| < Ri(A)}.

Oii .ipy =0
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Theorem 4. [1] Let A = (a;,;,-,,) € CI"". If for Vi € N,

Ri(A tPi(A)
|aii~~~il>L q Z @iy + 4 Z |@iiy-wi | + Z max j—|‘1ii2~~i,,,| ,

Ri(A) — |aji... j€lin,isyeein) A
1( ) | ii z| i2i3~~~imeN6’"1 - izigmimeNg"l] 2,137/l | jj ]l
Biiy wigyy =0
and fori € Ny, |ajiil # Y, |Giiyi, |, then Ais an H-tensor, where Ri(A) = Y., |aiiyi, |,
iizimeNjI~1 i esim €N
Biiyipy =0 Oiiy .ipy =0

Ny ={ie N:0<|aj.il = Ri(A)}, Nr={ie N:0<a;.;l <Ri(A)}, Nz={i€N:laj.i>Ri(A)}

This article is organized as follows: In Sect. 2, some definitions and notations are collected. In
Sect. 3, some iterative criterions for testing JH-tensors are obtained, which extend the corresponding
conclusions in [1, 9, 16]. As applications, some sufficient conditions for the positive definiteness of even-
order homogeneous multivariate forms are provided in Sect. 4. Numerical examples are given to verify
the corresponding results.

2. Preliminaries

Now some definitions, notations and lemmas are presented, which will be used in the sequel.

Definition 1. [8] Let A = (a;,-4,) € C"™". A is called an H-tensor if there is a positive vector x =
(x1,%2,...,%,)T €R" such that
|2ji..) x> Z |aii2--~z’m

Z'2/~--/im eNr
0 =0

Xiy -+ X, Vi€N.
iy i

Definition 2. [8] Let A = (aj;,..;,) € CI"". A is called a diagonally dominant tensor if

|aii..il > Z |al'i2...,'m|, Vi e N. (3)
iprrdmeN
=0

Siiy .im

We call A a strictly diagonally dominant tensor if all strict inequalities in (3) hold.

Definition 3. [21] Let A = (a;,,-4,) € C"™". A is called reducible, if there exists a nonempty proper index
subset I C N such that

Aiiyei, =0, Vip€l, Viy,...,im &L

A is irreducible if A is not reducible.

Definition 4. [4] Let A = (a;;,.;,) € C"", and X = diag(x1,x2, . .., x,). Denote
B = (biyip) = AX™ Y, biyiyeiy, = Biyigeiy XinXiy -+ X, 1 €N, jEN,

we call 8B the product of the tensor A and the matrix X.

Definition 5. [17] Let A = (a;,,.;,) € C'"". For i, j e N(i#j),if there exist indices ki, ky, . . ., k, satisfying

Z ’aii2-~-i,,,| #0, s=0,1,---,7,

ip-iy €N,
6k5 in-im=0,
kg1 €fiz-im}

where kg = i,k,+1 = j, we call that there is a nonzero elements chain from i to j.
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Let S be a nonempty subset of N and let N \ S be the complement of S in N. Given A = (a;,4,-.i,) € Clmnl,
for i,k € N, denote as

Ri(A) = Z laii,-..i, | = Z |aiiy-..i,| = |aii...l,
ipimeN ierim€N
Siiy iy =0
D-im
. 1
Ni(A) = {ieN:la.il < R(ﬂ) Ny(A)={ieN: ERI'(?‘) < |aji..i| < Ri(A)},
N3(A) = {ieN: |ﬂu il = R (A, Na(A) ={i € N :laj..| > Ri(A)},
_1 _
sm = {1213 nilj€5j=23,- },
Nm—l \Sm—l _ i . m—1 © . . m—1
= iz iy iz -1, €E N" " and iriz---i,, € S ,
m-1  _ m—1 m—1 m—1 m—1
Nl o= N \(N1 UNy-TUNEY),
laiiil -
1€ Ny
Ri(A)” ’ . . Lo
yi = & s = |aii..i| o R; (A) + laj...|
1 - 7 1= 7 1 7
R(Alaial i ¢ 7 R; (A) — |ai...l 2R; (A)
TRey PR
r )aiiz-«-im + r )aiiz-«-im + )y )aiiz-nim
ipiyoeiy €NIT ipiz-i €NY ipi3-i €N
r = max ,
ieNy @il = L |y
1‘2[‘3"'1‘,7161\]2"71
By i =0
O _
Ri (ﬂ) = |”iiz~--i,,, + |”ii2~--i,,, + |”ii2~--im + |ﬂ,‘,‘2.4.im ,
ipieiy ENI! ipieiy N1 ipieiy NI ipiyeiy NI
By i =0
() _
R7(A) = |11ii2~-~i,,, + |11ii2~-~i,,, + |11ii2~-~i,,, +r |ﬂii2~-~i,,, ,
ipieiy ENI1 ipieiy ENI1 ipieiy NI ipigeiy NI
5ii2"~irn:0
) _
R7(A) = _max Ay} a0 + max_ {y;f |-,
.4 _ JEli2d3e i} .. | JEi203,eee i}
1213-~1,,,EN{” 1213~--z,,,€N"’
R? (A)
+ Z ‘aiizmim + Z > YT |ﬂiiz-~im,
12,3,00/lm PP
ipig iy €NI1 bpiz-- eyt 152 2.
Oy iy =0
(k+1) _
R; (A = _ max_ {y; |aii2...im + _max_ 1y; (a,,z iy
... _, J€tia iz, i} . _, Jetiziz eein}
ipiz iy ENY' ipiz i ENY'
RY (A1)
+ Z (ﬂiimm + Z X N |ﬂz‘z‘2~~i,,,|o
12,1300 L
ipisiy NI ipiz-- et 152 Jaji-|
buz i =0

Lemma 1. [8] If A € CI"M is g strictly diagonally dominant tensor, then A is an H-tensor.
Lemma 2. [8] Let A = (aj;,..,) € CU"". If A is an H-tensor, then Ny(A) # 0.

By Lemma 1, if N1(A) U No(A) U N3(A) = 0, then A is an H-tensor. By Lemma 2, if A is an H-tensor,
then N4(A) # 0. Hence, we always assume that N1(A) U No(A) U N3(A) # 0, Ny(A) # 0. In addition, we
also assume that A satisfies: a;;..; # 0, Ri(A) # 0, Vi € N.
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Lemma 3. [8] Let A = (aj,i,...,) € CU"". If A s irreducible,
|a;..il = Ri(A), VieN,
and strictly inequality holds for at least one i, then ‘A is an H-tensor.

Lemmad. [4] Let A = (ay,-4,) € C"". If there exists a positive diagonal matrix X such that AX™ ' is an
H-tensor, then A is an H-tensor.

Lemma 5. [13] Let A = (a;,i,.,) € CI"™". If A satisfies the following conditions:

(@) |aji..i] = R; (A), Vi e N.

(i) Ny(A) = {i € N : |aji..i| > R; (A)} # 0.

(iii) For any i ¢ N4(A), there exists a nonzero elements chain form i to j such that j € Ny(A).
Then A is an H-tensor.

3. New criteria for identifying H-tensors
In this section, we provide some new criterions for testing #-tensors.

Theorem 5. Let A = (a;,j,.i,) € C"". If there exists k > 1 such that A satisfies the following conditions:

(i) For Vi€ Nyi(A),

] T [Pt . I

iy > Y, max Ay}l |+ ) max  {y;} @iy
.. - €203 i}

ipiz i ENJ'

JEli213,mesim}
L.~ 1
zzz3~~~z,,,EN’1”

6,‘,‘2..,1‘,”:0
k
RY (A)
* Z |aii2mi"l + Z .E{max, | - |aii2--.im). (4)
12,13/ lm S
inty i €N ipige-igeNyt /T 2.1

(if) For Vi € Ny(A),

+ Z max. {J/f} |ﬂz‘iz-~z‘m

j€lia iz, im}

laii.ilyi > Z o max {yj} |ty
j

12,1310/}

l‘zi3"'l‘,,,€N’ln7] izl‘g"'l‘y,lEN;Fl
Sityeim=0
k
RY (A)
+ Z |aii2...im + Z _ max_ —|al-,-2...,vm. ®)
j€li2,3,e0sim} |ajj.4.j)

i2f3-~'i”IENE;l_l i2f3-~'i”IENllﬂ_l

(ifi) For Vi € N5(A),

Z |aity.i, | + Z |ait,-.i, | + Z |aiiy-i,| # 0. ©)

ipieiy ENTL iieiy ENIL iieiy ENTL

Then A is an H-tensor.

Proof. From the definition of r, 0 < r < 1. According to the definition of ng) (A), for Yi € Ny(A), we have
R (A) < RV (A) = R; (A),

and

R§3) (A) = Z je[il;r,zl'?p?.(,i,y,] {y]} |a1-1-2,__,*m + Z je{max {y]} ‘uiiz'"iml

12,30/l
L EN’”il c EN"kl 2/43, /m}
13l 1 113+l 2
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2
R? (7)

" Z |aii2""'"')+ 2 i .E[.maX. }—lﬂiiz"-im
.. . .. . 12,13 0001, | ‘
1213"'7m€N6"71 1213"'1,,,6]\];’”1] m a]] j

[——
= Z }”iiz'"im + 2 }ﬂiizn-im
ipiz-iy €NY'! inis iy N1
@
y R? ()

+ Z |aii2...im + 4 {.m,aX, | A |aii2~--im
L. . €112,13 0001, | '
1213"'111161\](7]”_1 i213”'lm€N.74,n_1] " a]] )

b”Z"'im:U
< Z ‘aiizmim + E ‘aiiz-»-im

iafin €N} ipi-iy €N

+ : ; |aii2“'im + § r|ai,~2‘.,,‘m
izf3~‘~i,,,EN(’)"_1 i2j3...imENZ'1—1

6ffz"'i771=0

= RPA) <RV (A) =R (A).
Similar to the above proof, we can prove that ngﬂ) (A < Rl(.k) (A) . From the definitions of y; and ng) (A), it
holds that
RY (A)
|ai...i|
Hence, there exists a sufficient small number ¢ > 0 such that the following conclusions all hold.
(a) For any i € Ny(A), we get

|aiiily; > Z max {yj} )ﬂu’z-.-i,,,|+ Z max {yj} |aii2...im

L. . jE{iz,i3,~--,in,} L. . jE[iZ/i3/~~'/irrz]
ipiz- iy ENI ipiz-iy €NIL

O<yi<l, Vie Ni(A)UN(A);, 0< <1, Vie Ny(A).

By iy =0
RY (A)
+ Z |ﬂn‘2...im + Z _ max_ —|ﬂiiz~~im +e Z )aiirim‘ )
L L e Ja] L
ipiz-im ENG' ipiz-im €N}’ 11 iz im EN}'
(b) For any i € N»(A), we have
laiilyi > Z _max {yj}lai.,|+ Z _max{y;} |aisi,
., . _ JEi2d3, i) ., _, Jeliaiz,eesin}
1213~--1meN1” ipiz iy ENY'
By iy =0
RY (A)
+ Z iy, | + Z max |, | + € Z a5y, 8)
., A » ., A _ JEli203,en i} |a) ., . o
ipiz-+im ENYY ipiz-+im €N} 1 iiz-im €N}
(c) For any i € Ny(A), it holds that
RY (A)
0<—+e<1. )
|aii...i

Let the matrix X = diag(xy,xa, ..., x,), where

(y,‘)ﬁ, i€ N7 UN,,

xX; = 1, iENg,

laii...

1
R¥(A L
( () € , 1€ Ny.
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As € # 400, x; # +00, which implies that X is a diagonal matrix with positive entries. Let B = (bji,.i,,) =
AX™1. Next, we will prove that B is strictly diagonally dominant.
(1) For any i € N1(A), by Inequality (7), we have

1 1 1 1
Ri(B) = Z i | (i) T - (i) 7T+ Z i | (922 )T - (i )7
i2f3-~‘i,,1€N]1)1_1 izf3"'in,EN’2n_l
Oy iy =0

1 1
RZ{) (ﬂ) m—1 R](k) (ﬂ) m—1
m
+ Z |111‘j2.‘.im|x,'z s Xp, t Z |ail~2‘,.,-m — 4 Ll e
i2i3"'im€N6’I_l i2i3.‘.imeNZI—1 |a121272| )aiml’m...jm
= Z caax, {yf} ‘”iizmim + Z _ max. {]/j} |aii2~~~i,,,
- _, JElizizein} o, 4 _ Jelizgiz i)
lzlg"'lmEN;” 1213.,,lm€N12n
By iy =0
RY (A)
+ Z |ﬂiiz~~~z’m + Z YT te |ﬂiz‘z~~z‘m
€lin,iz,..)i L
ipig-iy N1 inisw eyt 1 2 |a]]"']‘
< aiiil yi = |biieal - (10)

(2) For any i € N»(A), by Inequality (8), it holds that

Ri(®B) = Z |aii2"'im (]/iz)ﬁ "'(]/im)ﬁ + Z |uii2--»im (yiz)ﬁ “'(]/im)ﬁ
ipiz-im €NY! iniy-iy N1
6,‘,‘2..,1,,,:0
® = ® =
Riz (ﬂ) Rim (ﬂ)
+ Z |‘1iiz--~z’m Xiy =+ Xj,, + Z |aiiz~~im — té | ———— + ¢
ipiz-+iy €N ipiy-riy €N |ai2iz~--i2| Aiigim
= Z _ max. {}/j} )ﬂiizl--im| + Z _ max. {yj} |ﬂiz‘z<~z‘m
L. _ ]E{lz,lg,...,l,,,} L, 4 . jE[lz,ig,,..,lm]
ipiz-+iy €NY inig i €N
Oy wipy =0
RY (A)
* Z |a1121m + Z i max T t¢ |ai12 Im
iniy-wiyy ENIIL byl j€lia3,eesim} |{1]‘]‘...]‘
< laji.ilyi = Ibji..il - (11)

(3) For any i € N3(A), by Inequality (9), we get

1 1
Z |aii2"‘in1 (yiz)m_l e (yim)m_l + Z |ﬂii2...jm

i3y €N ipiz i €NJI)

1 .
RZ{) (ﬂ) m-1 R;}z) (ﬂ) m-1
+ Z |aii2~-i,,, Xi, =+ Xj, + Z |aii2---i,,,| —F + & el T/ + €

ipi3ip €NG! ipiz i NI | ipiyrip T+

+ Z jelmax {]/j} |ﬂz’z’z~-im

i21i3:---rim]

Ri®) (i)™ - (3,) 7T

5,',2...,',,,:0

Z je{max {y]} )a,‘iz...im

.. N 1 i2ri3/---rim} ) . m—1
1213~~-1meN1 ipiz iy ENY

+ E |aii2~~-im + E - mmax.
JEli23,meesim}

iniz--ipy €N ipi3---ip €N

IN

RY ()

+ & |Cl,'1'2...im
2.

51‘,'2...‘,”:0
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< Ri(A) = |ai..i| = |bii..il - (12)

(4) For any i € Ny(A), when k = 1, by Inequality (9), we have

Ri®) = Z |aii2"'im (Viz)ﬁ”‘(]/im)ﬁ+ Z |aiiz...im)(yi2)”’]j'-‘(y,-m)ﬁ

Z'Zi3"'imEI\];”;1 l‘zl‘g"'l‘,,,EN’Z'F]
1 1
1 T 1 e
Rl(z)(ﬂ) m=1 Rf )(ﬂ) m=1
m
+ E |ﬂii2~~-im Xi, =+ Xj, + 2 |{1ii2...,‘m —| | + € cee —| + €
ipi3--ipy €N inizig €N Aiyineip [ FR—
[TA—
= Z _ max. {}/j} Iﬂiizl-im + 2 _ max. {]/j} |ﬂii2-~~z'm
., A _, JEli2d3,enn i} ., . _ JElii3, i}
1213~-1m€N§” 1213-“1",61\]'2"
1
R (A)
+ E |LZ,','2...im + E ‘E{Amax‘ ] + & |aii2-~i,,,
19,13,.001 L
inig iy N1 inis eyt 152 211
Sity im0
= Z _max. {}/j} )ﬂiiz-~-z’m| + Z _max. {yj} |ﬂiz’z~-z’m
L, A _ JEli2d3,ee i) o, 4 _ JElid3, i}
1213~-1,,,€N;” ipiz iy ENY'
1
RY (A)
+ E |a,'1'2...,'m + E jelin}axi }ﬁ ‘aiiz..~im + & Z |ﬂz’i2...im
2713000/ i
i i €Ny iy i €Ny S by
By iy =0 By iy =0
< Z _ max . {yj} |ﬂiiz-~z’m + Z _ max. {3/]'} |aiiz~--im
... 1 ]6{12/13/'"/1m} ... 1 ]6{12/13/~~~/1nx’
ipiz- iy ENY' ipiz iy ENY'
1
R (A)
+ E |ﬂii2~-~i,,, + E ‘e{z‘n}axi ]ﬁ ‘aii2'~im| + € |aji...|
iniy i ENJI ipiy-wimeNyit 12
By i =0
1
R (A)
< Ri(A) + elaidl = |ai..q] P +ée| = |biidl - (13)
111

(5) For any i € Ny(A), when k = 2, by Inequality (9), we get
Ri(B) < Z je{max | {yj} ‘a,-,-z..‘im + Z max {yj} |ﬂ1‘j2.‘.im|

- - iz,i3,...,i,n L. " je{iZ/iB/"'rinx}
ipi3iy €NI ipiz- iy ENJ1

+ Z |ﬂii2-~~i,,,

ini3 iy €NI) i3 i €N

R? (A)

+ Z max < + € |a,-l-z..‘,-m|

| JEliz i3} |a],],__vj|

+ Z _ max. {y]} |{11‘1‘2.,,im
i S j€lin,i3,eeesi}
1213"‘1",61\]2
R® ()

+ Z S maxX ‘aiizmiml + & |ajj...i|
JEli2,3,meesim} |11]-]-,,,]-|

By i =0

< Z max {yj} |y,

jEli2,13e0sim}
L~ 1
1213~~1m€N§”

+ E |a,-,-2...,-m

ipiy-i NI ipieiy ENIL

+ Z jelmax {yj} |ﬂz’iz~--im

i21i3r~~rim]

Oitywipy=0

Z je{max {y]} ’aiiz...im

.. N -1 i2/i3/~~/im} .. . -1
ipi3--im ENY ipiz-+ip €N}

IN
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* Z |”ii2“'im +r Z |11ii2~~i,,, + ¢ lai..i|
i2i3'~im€N6’”1 izis"‘fn,ENZ”l
By iy =0
@) R® (A)
R (A) + ¢lajiil = |ai..il ﬁ + &= bl . (14)
1i-1

(6) For any i € N4(A), when k > 3, by Inequality (9), we get
R; (B) < Z je{maxl {y]} )aiiz...im + Z jG[max {y]} |Lll'1'2...im

L& _— 12,3 veeslm } L& —_— 12,30 0slim }
ipi3-+im ENY ipiz iy ENY

R® ()
+ Z |aii2~..im + Z - max +e |aiiz~--im|
ipiy-iy NI bpis i N1 €283, sim} |‘1jj-~j‘
51,‘2...‘”120

< Z je{max {y]} ’aiiz-~-i,,,| + Z jg{max {y]} |aii2~--im

. " . iz,i3,...,in,} L. N 1 i2/i3/~~/im]
ipiz- iy ENY ipiz- iy €N

RY (A)
+ Z |ﬂii2-~~i,,, + Z max ——— |{1i1‘2‘..,‘m
ipigeiy NI ipiy-in ENI

_ max. + & |aji...]
1]5{12r13/--~,1m} |a]]]|

[T —

= RV (A) + e la.il < RY (A) + elai.]

i

R® ()
= @il | ——— + €| = il - (15)

|atji...i|

Therefore, from Inequalities (10)-(15), we obtain that |b;..;| > Ri(8B) for all i € N, that is, 8 is a strictly
diagonally dominant tensor. By Lemma 1, B is an H-tensor. Further, by Lemma 4, A is also an H-
tensor. [

Remark 1. Let tensor A satisfy all the conditions of Theorem 5. For ¥i € N4(A), if A also satisfies:

Z ‘aii2~~-im + Z ‘aii2~~-im + Z ‘aiizmim

i2i3~~i,,,eN’1"’] i2i3~~i,,,eN’2"’] i2i3~~i,,,eN(’)"’]

=0,

then
R? (A) = RY (A) = --- =R (A) = 0, Vi e Ny(A).

In this case, the condition (i) of Theorem 5 is equivalent to

|a,-1-...,-|yi > Z max {y]} |ﬂ,‘,‘2...,’m + Z - max. {y]} |aii2--~i,,,)+ Z |aii2--~i,,,)-
Je€lia i3, im}

o, 4 j€li2,i3,e/im} ., A ., A
gtz €N ipiz--iy ENJL ipi3im €N

Oy iy =0

Meanwhile, the condition (ii) of Theorem 5 is equivalent to

|11,-i..4,-|y,< > Z - max {y]} |11,-1-2...im + Z max. {y]} |aii2...,-m
]6{72113r~--:1m}

e m—1 L _— je{iZIiS/-nﬂm]
1213“'1m€N1 lzl3'“lm€N2

+ Z |aii2...,-m

ipiz i €NI)

Oiywipy=0

So the value of |aj;,...;,| (Vi € N1(A) U Ny(A), ipiz -1y € Nf‘l) doesn’t affect A € H as long as we don't
change

Z |ai,-..i,| (Vi € N1(A) U Nao(A)).

ipiew iy €N
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There are other sufficient conditions that have the property, and the following result further illustrates
this phenomenon.

Theorem 6. Let A = (a;,,..i,) € C"". If A satisfies the following conditions:

(i) For Vi€ Nyi(A),
|aji...ilsi > Z max | {S]'} |al-i2..4,-m + Z je[il;ll‘};li(’im} {i’j} |aii2~--i,,,

+ E |LZ,'1' i
et . 201,
j€lin i3, sim "

inig-in €N ipi-in€Np! iafy-+in€NG'™!

6;’,‘2 i =0

(if) For Vi € Ny(A),

|ﬂji..<i|tl‘ > Z nax. {S]} |aii2"'i’" ‘ + Z cpnax. {t]} ‘aiiZ"'im | + 2 J ‘aiiz"'im |
j€li2,13,e/im} jEliai3,eeesim}
iaf i €N} inis iy €Ny baiy iy €N

5,‘,‘2...,'m =0

(ifi) For Vi € N3(A),

|Ll,'1'...,'| > Z max {SJ} |aii2--~i,,,‘ + Z je{max {t]} )ai,-z...iml + Z }aiir“iml'

o A _ j€lin,i3,e0esim} ., 4 _— 12,13 -/l } c = St
1213~--1,,,€N1 ipiz- iy ENY 1213--~zm€N0

Oy vipy =0
(iv) For ¥i € Ny(A),

Z 'aii2-~-i,,,| + Z 'aii2-~-i,,,| + Z 'aii2-~-i,,,| =0.

1'27'3...1"”6[\];”’1 1'27'3--'14,,,61\1;’71 i2i3"‘im€N;’71
Then A is an H-tensor.

Proof. According to the above conditions, there exists a sufficient small number ¢ > 0 such taht the following
conclusions hold.
(i) For any i € N1(A), it holds that

|aii..ilsi > Z max {S]'} |a,-l-z..‘,-m|+ Z max {i’j} |ll,'1‘2...im

. jelinsiz i) 4 jtin,iz,merin)
ipiz-iy €N gt iy NG

By iy =0
CE pedee Tl "
ini3ip €Ng iz --ig €N

(if) For any i € N»(A), we have

|aii...,'|i’i > Z max {S]} |aii2---im

.. . jg{i21i3/~~~/irrx}
ipiz-+-ip €N
[T

+ Z |a1121m + & Z ‘allzlm

izi3"'inlEN6’1_l izig"'l‘,y,eNZl_l

+ Z max {tj} 'ﬂiizn-im |

., 4 . J€li2 i3 i}
ipiz-+iy €N

. (17)

(iif) For any i € N3(A), we get

|Ll,'1'...i| > Z - max. {S]} |Ll,','2...im
J€lia,i3,0me im}

i2i3~--imEN1’”1 ipiz-+iy €N

+ Z |Ll1'1'2...im + & Z ‘aiiz...,-m | (18)

ini3 i NI iniy i €N

+ Z je{max {tj} )aiiz“'im

i2ri3/~-‘/im}

By iy =0
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Let the matrix X = diag(xy,xa, ..., x,), where

(SZ)VW1 ’ Vie Nlr
. (tl)ﬁ/ Vl € NZ/
Y= 1, VieNs,
1

As ¢ # +00, x; # +00, which implies that X is a diagonal matrix with positive entries. Let 8 = (b;,i,..i,) =
AX™L. Next, we will prove that B is strictly diagonally dominant.
(1) For any i € N1(A), by Inequality (16), then

1 1 1 1
Ri (B) - E |a1'1'2-"im (Siz) m=1 ... (Sl'm)mq + E |aii2~--fn, (tiz)mfl N (tfn,) m—-1
i2i3~~-1'm€N;"’1 1'21'3-~~i,,,EN’2”’1
By iy =0
1 1
+ E |a,'i2,..,~m Xiy X, + E |aii2...im (e)mT -+ ()T
izig--~i",EN(’)'l_1 izi3'~'i,,,ENzln_1
< E ~ max {sj} )a,'iz,..im| + E _ max {tj} |aii2...,«m
A _y Jeliniz e jim) - _y JElia 3 im)
ipiz- iy ENY' ipizipy €N
Siiy iy =0
+ E |a,'l‘2...,'m + € E |tl,','2...,‘m
i2i3'~~fn,EN81_1 i2i3"'i,,,EN;n_l
< |aji..ilsi = |bii...| . (19)

(2) For any i € N»(A), by Inequality (17), we have

R;(B) < Z je{max {Sj} |(11‘1‘2.‘.im| + Z max }{t]'} |ai,~z...,'m)

L, 4 1 ip,i3,..., i,n} L. - -1 jE!iniS/--~/irr1
i iy ENI ipiz iy ENY'
61]2”":0

+ Z |ﬂi1‘2...im + & Z |aii2...,-m)

iniz iy €I ipiz i €NJ)

< laji.ilt; = |bi..il . (20)

(3) For any i € N3(A), by Inequality (18), we get

+ Z max {tj} |aii2"'im‘

P ... SR
ipi3im ENJ'™ ipiz---iy ENJL

+ Z |Lli,'2.4.,'m + € Z |aii2--~i,,,'

iniz iy €NI ipiz i €N}

R (B) < Z max {S]} |aii2'“im

| Jetiniz = in}

5{,‘2...",,,:0

< |ai.il = |bijo.dl . (21)

(4) For any i € Ny4(A), it holds that

Ri(B) < Z je{max {y]'}’aiiz...im

.. N -1 i2/i3/~~/im} .. . m—1
ipiz-+im ENY ipiz-+ipy €N

+ Z |El,'i2...,'m + ¢ Z |a,~,~2..,im

i2i3--~i,,,EN6”_1 1'21'3"-1',,461\]1’_1
By iy =0

+ Z jE[maX {yj} |aii2"'in1

i21i3r"‘ /im}
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& ‘a,-,-z...im

X

i21‘3“'l‘m€Nril
Oy wipy =0

Therefore, from Inequalities (19 — 22), we conclude that |b;../] > R;(B) for all i € N, that is, 8 is strictly
diagonally dominant tensor. From Lemma 1, 8 is an H-tensor. Further, by Lemma 4, ‘A is an H-tensor.

D. Sun /Filomat 39:5 (2025), 1523-1538

< &lajiil = |bjj..il -

Let
p = fiemciins T e (e X mox (ol
P e m-1 ]6[12'13""’17"} L. 1 ]6{12/13/'"/1”1}
1?13--~ln1€N1 1213"'1”161\]2
Bityim=0
k
R(, ) (A)
+ Z |aii2--»i”‘ + Z ) {maxl } |uii2--~im ,
€li, i3, s
i2i3"‘i1,,EN6”_1 i2i3"‘i1;;EN:1n_1] 2,13 m |a]]]|
(A = dieNy:lajdy > Z  max {y,«} |al~,~2...,«m + Z  max_ {y],} )aifz-~'in,
L. _y €l 3} L, 4 _y JEli2 3t}
1213"-lmENTI 1213"'17;«,61\]’2"’
(5,‘,‘2‘..1’,":0
RY (4)
+ Z |ﬂii2--~i",‘ + Z 'E{max~ } |aii2"-i1n s
12,1320/l o
ipiz-+iy €N iz,'s.i.imeNZH] 283 swestm |ﬂ”,..]|
]3(\7{) = i€ Nj: Z |aii2<..i,,,| + Z |Llﬁ24..im + Z |aii2<--i,,, 0%,

pizeiy EN{'FI

and Q(A) = [i(A) U J2(A) U J3(A).

Theorem 7. Let A = (a;,;,.;,) € CI"™"
(i) For Vi € Ni(A),

)3

l‘zl‘g"'l‘,,,EN'{’i]
0,

>

laii.ilyi >

max

iy i =0

>y

7’21‘3-"1',“6[\](']"71

|a1-1-2...im

(if) For Vi € No(A),

X

iniz iy €N

Ay

ini3 iy €NI)

>

_ Inax.
JEli2,13,esim}

|aji...ilyi

|ai1’2...im

And for Vi € N\Q(A) # 0, there exists
H-tensor.

j€lia iz, im

i2i3-~-i,y,€N£”71 i2i3-~-i,y,€N£”71

. If there exists k > 1 such that A satisfies the following conditions:

max
12,1310/}

} {yj} @i i, {yj} i,

py
jel

izl’g"'iW,EN;H]

R® (A)

+ Z ~ max L
Jel

iz, rion] | ) |aii2mi"’)'
P 2/137+sbm Aii.i
ipiz---ipy €N 11

+

Y.

ipi-—iy €N

{%‘} i |

_ maXx.
JEli2,i3,e/im}

{yf} |aii2'"im
Oiywipy =0
R(.k) (A)

+ Z ~ max <
Jet

o4 12,1310} |a)
ipiz--iy €NJ 11

|a”21m

a nonzero elements chain from i to j such that j € Q(A) # 0. Then A is an
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Proof. Let the matrix X = diag(x1,xz, ..., X,), where

(yi)ﬁ, leNl(ﬂ)UN2(ﬂ)/
1, i € N3(A),
(ng)(ﬂ)

[aii...d|

Xi =

) i € Ny(A).

1535

which implies that X is a diagonal matrix with positive entries. Let B = (bjy,..;,) = AX""L. Similar to the
proof of Theorem 1, we can prove that |b;...| > Ri(B)(Yi € N), and there is at least one i € Q)(A) such that

|bii...il > Ri(B).

In addition, if |bj;..i] = Ri(B), then i € N\Q(A). Since B does not change the nonzero elements chain of
A, then B has a nonzero elements chain from i to j with |b jjie ]-| > R;(8B). In conclusion, we get that 8 satisfies

the conditions of Lemma 5, so 8 is an H-tensor. By Lemma 4, A is also an H-tensor.

Corollary 1. Let A = (a;,.4,,) € C"" be irreducible. If there exists k > 1 such that A satisfies the following

conditions:
(1) For Vi e N1(A),

- PPy . 2" tm
|aji...ilyi E max {y]} |a,, i
J€li2 i3, e/im}

iniyeiy €N ipiyeiy NI

{213 ,0eesim}

(3“,'2...,'",:0
k
RY (A)
+ Z |aiiz---im + Z - max_
€liz,iz,...,0 [P
iniyin€Ng' ! iy eyt S a5

(i) For Vi € Ny(A),
laii.ilyi > Z max {]/]’} |ty

J€lizizeeerim}

J€{i2/130e i}

‘aiiZ'"im |'

fofyin €Ny izis i ENJI1
Biiy iy =0
k
RY (A)
+ Z |aii2"'fm + 2 , AE{.mAaXA} B ‘aii2~~im|.
s » . .. N 12,13 ,...,1 | |
ipiz-+im €N 1213.4.1m€sz—1] " Ajj...j

And Q(A) # 0. Then A is an H-tensor.
Example 1. Consider a tensor A = (aj,;,;,) € CI>®! defined as follows:

A =1[AQ1,:,:),AQ2,:),AG3,: )],

12 1 0 1 00 1
All,.,)y= 1 6 0 |, A2,:,:)=]10 6 0|, A@G,:;:)=|0
0 0 16 00 2 0

Then

o = O

la111] =12, Ri(A) =24, l|aop| =6, Ro(A)=3, lazss| =10, R3(A) =2,

+ Z max {}/;} |tl,’,’2...,‘m

=
e}

+ Z max {]/j} |11ii2--~im’

o O

and N;(A) = {1}, No(A) = 0, N3(A) = 0, Ny(A) = {2, 3}. By calculations, we have

1 1
r= 3 on=y RYA=3 RPA)=2 RPA)=
© ©)
5 3 RY 1 R
RP@A = =, RP@A=1 RYP@A=>, Z=-, 2=
3 (D 4 2 (A > A 4" laxo| 67 lasssl

3
2/

3

40



P. Zhao, D. Sun / Filomat 39:5 (2025), 1523-1538 1536

Since
RY (A)

max y] )1111212| + max ]/] |a1121?| + Z )a112h| + max\ T |111i2i3|
jelis i) ]6{12 is) ) ]E ip,i3} |ﬂ ii |

ipi3€N? iri3€ i2i3€NG i2i3€N] "

611213—0

1 17 1
= 04042422 X 2=— < 12X 5 =6 =lamly:.

then A satisfies the conditions of Theorem 5, so A is an H-tensor. But

lai1] = 12 < 24 = Ry(A),

and
1
Y o]+ max L || =24+22x 2 5 =13>12= Jaul,
12,1
inizeN? /N2 ez 1515} |“ i
O1iniz =0
and
KA, T st ¥l + 3 ma B
ipl: ipi, 11
Ry(A) = lanl T’ = o » e ]E{lz ) lajil
511213 =0

1
= 2x[2x2+ﬂx22]—13>12_— lai11].

Therefore, A does not satisfy the conditions of Theorem 3 in [16], the conditions of Theorem 3 (Theorem 1
in [9]), and the conditions of Theorem 4 (Theorem 2 in [1]), respectively.

4. Applications

In this section, based on the criteria of H-tensors in Section 3, we present new criteria for identifying
the positive definiteness of an even-order real symmetric tensor.
From Theorem 2, we obtain easily the following result.

Theorem 8. Let A = (aj;,..,) € C!"" be an even-order real symmetric tensor with ag.., > 0 for all k € N. If A
satisfies one of the following conditions, then A is positive definite,

(i) all the conditions of Theorem 5;
(if) all the conditions of Theorem 6;
(iii) all the conditions of Theorem 7.
(iiii) all the conditions of Corollary 1.
Example 2. Consider the following 4th-degree homogeneous polynomial
x) = Ax* = 11x7 + 15135 + 1000x3 + 900x; + 80x;x4 — 80x,x3 — 400x3x] + 4272,
1 2 3 4 1 3 4 1

where x = (x1,x2,%3)" and A = (a;,4,i;,) is a real symmetric tensor of order 4 dimension 3 with elements
defined as follows:

ann = 11, axp» =15, asssz = 1000, a4444 = 900,

A1444 = (4144 = Aag414 = Agaa1 = 20,
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(2333 = @333 = 333 = Az332 = —20,
A3444 = (4434 = (4344 = daaa3 = —100,
aie = A1 = 4 = doan = 1,

and other a;,;,;,;, = 0. It can be verified that A satisfies all the conditions of Theorem 5 under k = 2. Since

lai1l = 11, l|aoo| =15, lazass| = 1000, |a4a44| = 900,
Ri(A) = 23, Ro(A) =21, Rs(A) =160, Ru(A) =360,
then N1(A) = {1}, No(A) = {2}, N3(A) = 0, Ny(A) = {3,4}. By calculations, we have

11 2 1 a )
= —, ==, r=—, R;"(A) =160, R’ (A) =360,
RP@A) 7 RP@A) 1
R?@ = 70, RP@A)=90, -3 =L _ L
3 4 lassssl 100" |asq44] 10
Fori =1, we have
R (A)
Z €I’I'la.X y] |111121314| + €I‘ﬂaX y] ‘a1121;14| + Z |ﬂ1,’2,’31’4| + €I‘I'lZ:lX |a112i31’4|
11‘21‘314EN} / (it ) 721314EN ] {r2ta ia} 12i3i4ENg 121374EN ] tasis} |ﬂ]]]]|
O1iyisiy=0
= 0+0+3+20 % ! =5
= T
11 121
11X —=—= .
== 7 la1111] y1
Fori =2, we get
RP(A)
Z max {y;} |a2121374| + max {y;} (az;21314| + Z |a2,'2i31'4| + “max |1121‘2i31‘4|
A 5 JEli2i3,a} jelin i3,is) - | A jelizizia) |a|
2ipi3i4 €N ipi314€N3 ipi3i4€N} ipi3iy€N3 1177
62121314—0
2 1 16
= 1X=40+0+20X —=—
7 10 7
2 30
< 15Xx=-=—-= .
7= la2222| 12

So A satisfies the conditions of Theorem 5, from Theorem 8, we have that A is positive definite, that is, f(x)
is positive definite.
But, for i = 1, it holds that

ann = 11 <23 = Ry (A),

and
R;(A) 2
Z )611,’21'3,'4| + er[nax '01121314| =3+20X = 5 =11=11= |a1111|
in,i3,i
i2i3i4EN3/N2 121314€N ] > 4 |a ]])
Oiigiy =0

Hence, we cannot use Theorem 3 in [16] and Theorem 1 in [9] to identify the positive definiteness of A,
respectively.

5. Conclusions

In this paper, we present new iterative methods for identifying the H-tensors, , which are also used
to identify the positive definiteness of an even degree homogeneous polynomial f(x) = Ax™. These
inequalities were expressed in terms of the entries of A, so they can be checked easily.
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