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Abstract. Our research primarily focuses on utilizing tempered (k, ®)-fractional operators to explore the
existence, uniqueness, and k-Mittag-Leffler-Ulam-Hyers stability of a specific class of hybrid Pantograph
boundary value problems involving both retarded and advanced arguments. Our approach is based
on Banach’s fixed-point theorem, along with a generalized form of the well-known Gronwall inequality.
Furthermore, we include an illustrative example to demonstrate the practical implications of our findings.

1. Introduction

Fractional calculus, which extends differentiation and integration to non-integer orders, has garnered
significant attention in both theoretical and practical contexts across various research domains. Its adapt-
ability has made it an essential tool in the field. Recently, there has been a marked increase in research on
fractional calculus, exploring a wide range of outcomes under different conditions and types of fractional
differential equations and inclusions. For more detailed information on fractional calculus, readers may
refer to the works cited [1-3, 3, 5, 13, 14, 20, 21, 23, 48, 50].

In [18], Diaz introduced new definitions for the specialized functions k-gamma and «-beta. For further
information, readers may consult additional sources such as [16, 33, 34]. Sousa et al. introduced the @-Hilfer
fractional derivative in their work [53], highlighting important properties of this fractional operator. For
more detailed insights and results based on this operator, references such as [8, 51, 52] are recommended.
Additionally, in [46], a new extension of the Hilfer fractional derivative, termed the k-generalized @-Hilfer
fractional derivative, was proposed. For further reading on this fractional derivative, please refer to [24, 40—
45].
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Tempered fractional calculus has recently gained prominence as a key subclass of fractional calculus
operators. This subclass generalizes various forms of fractional calculus by incorporating analytic kernels,
broadening its applications to model the transition between normal and anomalous diffusion. Initially in-
troduced by Buschman in [15], the definitions of fractional integration with weak singular and exponential
kernels have since been expanded. For more detailed discussions, see [9, 27, 30, 31, 35, 38, 49]. While the
Caputo tempered fractional derivative has been relatively underexplored, it presents significant potential
in the field. This study aims to thoroughly examine its properties and applications within this specialized
mathematical framework, advancing the understanding of fractional calculus. Kucche et al. made a signif-
icant contribution in [29] by introducing a novel framework for computing tempered fractional integrals
and derivatives, along with a comprehensive set of properties and results. In a follow-up study [26], the
authors extended this theory to functions, proposing the tempered Hilfer-type operator. Building on earlier
research and utilizing the k-gamma, x-beta, and x-Mittag-Leffler functions from [18], a new definition of
the tempered (x, 1)-Hilfer fractional operator was introduced in [39].

Unlike Lyapunov and exponential stability analysis, which address the stability of a dynamical system
or equilibrium point, Ulam-Hyers stability analysis focuses on the behavior of a function under perturba-
tions. The authors of [6, 7, 43, 46] have investigated the Ulam stability of fractional differential problems
under various conditions. Significant attention has been given to the stability of different types of functional
equations, particularly Ulam-Hyers and Ulam-Hyers-Rassias stability. This emphasis is highlighted in the
book by Benchohra et al. [13], as well as in research by Luo et al. [28] and Rus [37], who explored the
stability of operatorial equations using the Ulam-Hyers framework.

In [55], Zhao et al. examined fractional hybrid differential equations involving the Riemann-Liouville
fractional differential operator defined as:

RLTa x(t) )_
Dm(g(t,x(t» = ftx(1), tel0,T]

x(0) =0,

where RLIDS, denotes the Riemann-Liouville fractional derivative of order 0 < a < 1. The functions g and f
are continuous, with g mapping [0, T] X R to R \ {0} and f mapping [0, T] X R to R.

The pantograph equation is a flexible differential equation utilized in various fields such as electro-
dynamics, astrophysics, and cellular growth modeling. Its wide range of applications has sparked a
recent increase in studies on the fractional-order pantograph equation by numerous researchers, as seen in
[17, 22, 54].

Additionally, Balachandran et al. [11] established the existence and uniqueness of solutions for a
fractional pantograph equation characterized by the Caputo fractional derivative

D2 x(t) = f(t,x(t),x(yt)), t€[0,T], 0<y <1,
x(0) = xo,

where C]Df)ﬂ and C]Dﬁ+ denote the Caputo fractional derivative of order a € (0,1)and f : [0,T] X R — Risa
given continuous function.

In [24], the authors considered the initial value problem with nonlinear implicit k-generalized @-Hilfer
type fractional differential equation:

(o7 ox) (1) = W (¢, x(t), (1D55x) (1)), t € (a,b],

(209 @) = o
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where HD52 q a'i(l_x“)"("@ are the (k, ®)-Hilfer fractional derivative of order »; € (0, k) and type C € [0, 1],
and (k, @)-fractional integral of order k(1 — 34), where k > 0, ¥ € C([a, b] X R?,R) and ¢y € R.

Motivated by above-mentioned results, in this paper, we establish existence and uniqueness results
to the following tempered (k, ®)-Hilfer hybrid boundary value problem with nonlinear implicit fractional
differential equation:

TH qyt1,42,43;@ x(t) _ . TH gryt1,42,43,® x(t)

< DY) (—G(t, x(t))) = \I/(t, xX'(), x(ut), O (®(t, x(t)))), t € (0,b], 1)
T x(l-x4),K;0 x(s) + T qk(l-x4),K0 x(s) _

1 (%3j0+ m) 07) + 92 (x3j0+ M) () = 93, 2)

x(t) = 9(t), te€[-A,0], A >0, 3)

x(t) = 8(t), te[bb+A], 1>0, (4)

where THOY 17275 1 OKF*M)’K;’D are the tempered (x, ®)-Hilfer fractional derivative of order »; € (0, k),

u, €0,1] and index x#3 € R, and tempered (k, @)-fractional integral of order k(1 — »4) and index »3 defined
in Section 2 respectively, where x4 = L (32(k — 1) + 1), k > 0, 91, 92, 93 € R, where g1 + e 70@0)=20) 2 0,

ue©1),8eC(a-Aal,R),8eC([bb+A],R),¥:[0,b]XCy0 (~1,A] R)XR — Rand © : [0, )]xR —
R\{0} are given appropriate functions specified later. For each function x defined on [a -Ab+ 7\] and for
any t € (a,b], we denote by x' the element defined by

(r)=x(t+1), 1€ [—/\, 7\].

The paper is organized as follows: Section 2 introduces the necessary elements. Section 3 presents
existence and uniqueness results for the problem (1)-(4), based on Banach’s fixed point theorem. Section
4 provides definitions of x-Mittag-Leffler-Ulam-Hyers stability, along with related remarks, and includes
the proof of the stability result for problem (1)-(4). The final section offers an illustrative example that
effectively demonstrates the practical applicability of the main results.

2. Preliminaries

Let0<0<b<oo,F=[0,b], %1 €(0,k), %2 €[0,1], #3 € R, k > 0and x4 = (x2(x — #1) + x1). By C(F,R)

K
we denote the Banach space of all continuous functions from F into R with the norm

lIxlleo = supf{lx(®)] : £ € F}.
Let C = C([-A,0],R)and C = C ([b, b+ ;\] , IR) be the spaces endowed, respectively, with the norms
llxlle = supl{lx(®)l : £ € [-A, 0]},

and 3
e = sup {l(®)] : t € [b,b+ ]}

AC/(F,R), C/(F, R) be the spaces of continuous functions, j-times absolutely continuous and j-times contin-
uously differentiable functions on F, respectively.
Consider the weighted Banach space

Cuvo(F) = {x: (0,b] > R : t - TIZ, (£, 0)x(t) € C(F, R)},
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where I3 (£,0) = (@(t) — @(0))'™, with the norm

7

lIxllc,,,, = sup |T12,(t 0)x(t)
te[0,b]

and

ClolF) = {x € O7VF,R) : 5 € Cuyo(F)}, €N,
C?<4;(D(F) = C%4;®(F)r

with the norm

7-1
Wy, = Y 6Pl + 110, .-
i=0

Consider the space

Cuuo [-4, AL R) = {x : [—)\, ﬂ] - R: 17— TIg, (£, 0)x(7) € C([4, b],R) for each t € F,
T — x(1) € C([-A,d],R) and 7 — x(1) € C([b, ], R)

foreacht €F, whereﬁ:—t>—)\andl~7:b—t<i},

with the norm

||xt||[7/m] = max{ sup ‘HZ(t, 0)x'(t)|, sup |Xt(’[) , sup |xt(’c)| }
€[4, b] Te[-Aa] t€[b,A]

Next, we consider the Banach space
F={x:[-Ab+A] > R: 210 €C, A pea] € Cand Xy € CrolF))

with the norm
Il = max {lixlle, Il Ivlc, ..}

Consider the space X/ (0,b), (c € R, 1 < p < ) of those real-valued Lebesgue measurable functions W on
[0, b] for which ||| x!, < 0, where the norm is defined by

1
P

—_ h —_—
Pl = ( fo o’(twf(t)wt) ,

where @ is an increasing and positive function on [0, b] such that @’ is continuous on [0, b] with @(0) = 0. In
particular, when @(x) = x, the space X" (0, b) coincides with the L,(0,b) space.

In what follows, and to keep it concise, we will take into account the following:

T — e—%3(m(t)—m()/)) — { 1, if x3 >0,

A3 = max _ _ .
2T p)elopixiog ee@b=00) - if 35 < 0.

Definition 2.1 ([18]). The k-gamma function is defined by

I'c(c) = f t;_le‘%dt,g > 0.
0
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When k — 1then T ((c) — T'(c), we have also some useful following relations I' (¢) = keI (%), Ie(c+x) =cTe(o)
and ' (k) = I'(1) = 1. Furthermore x-beta function is defined as follows

1 ra
b= [ -

so that B«(c,<) = LB (%, %) and B(c,0) = = L@@ k-Mittag-Leffler function is given by

T.(c+0) *
= = Xi —
EX@x) =) ———,¢c>0,
;‘ (i +70)

then, we can have
ES =E< (x) = —F,c > 0.
<) = EZ"(x) ZO] e

Definition 2.2 (The (x, ®)-tempered fractional Integral [39]). Let Ve X" (0,b) and [0, b] be a finite or infinite
interval on the real axis R, @(t) > 0 be an increasing function on (0, b] and @'(t) > 0 be continuous on (0,b), x5 € R,

k > 0and »1 > 0. The (k, ®)-tempered fractional integral operators of a function 7 of order xq and index x3 are
defined by
t
DIV i () = e300 g, o (‘If(t)e““w)) = f I, 7/)6’/‘3(“7(‘) °0) g M)y,

LT soW (1) = 000 Jr0m0 (W(pea0) = f I2(y, e o @0=20)e! () W(y)dy,

a1

(@) —a@) "
K[ (21)

tempered fractional integral |, JoV if k = 1.

with TL°(t,y) = . Now, the (x,®)-tempered fractional integral |, " reduces to the -

Definition 2.3 (The tempered (k, ®)-Hilfer Derivative [39]). Let 1 —1 < % <jwithjeN, u3 € R, k>0,

an interval such that —co <0 < b < coand W, ® € two functions such that @ is increasing an
=[0,b]ani I'such th 0<b av, c/([0,b], R h th < and
t) #0, forallt € F. The tempered (, @)-Hilfer fractional derivatives (left-sided and right-sided) TH Dy 2> (-)

and THDF17275(.) of a function W of order x1, index 3 and type 0 < uz < 1, are defined by

TH a1, %2, 45 %2 (kj—21), K0 1 d / T (1-32)(kj—21), K(D
g ) = (g2 (s ) (1, ®

=( j;j('(’ %1)K(DU] ( jéi %2)(kj- /tl)KlD ))(t)

_ H 41,425 P
—e n3@(t) % KZ)(])/_:_ H2;®D (\I/(t)e/t3tD(t))

and
- ; 1 d / —12)(kj-1), K0
TH U1, M0, N3 (D\y f = KZ(K] %1),K/lD “ ( 2)(KJ—11 \Il) ¢
D, ®) =T, “ooa T jb (t)
_ (;Ttsj:_z(K]_%l)/K@(—l)jUZD( j;l Vz)(K] %1) KcD )) (t)
= pa0(t) 5 fz)g_l,%z;w ((f,(t)e—mw(t)) ,
]
where U} = ( ,l(t) ot %3) The tempered (x, ®)-Hilfer fractional derivative [H D7”*”>® reduces to the tempered

@-Hilfer fractional derivative ™H D177 if k = 1.
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Theorem 2.4 ([39]). Let . [0,6] = R be an integrable function, and take x1 > 0, x3 € R and k > 0. Then
ra T o oy exists for all t € [0, b].

A3
Theorem 2.5 ([39]). Let W € X" (0,b) and take %1 > 0, x3 € Rand k > 0. Then | jo‘ KO e C([0, 1], R).

Lemma 2.6 ([39]). Let %1 > 0, %2 > 0, #3 € Rand k > 0. Then, we have the following semigroup property given
by
j01 K0 T joz K(D\I/(t) - %2j01+%2 K(D\I/( ) — %3j02 Ko T 501 KLD\I](t)

and
jm K;® T %2 K; m\y(t) x1+%2,|<;m\y( ) — jkz K, T jm LK m\y( )
A3

Lemma 2.7 ([46]). Let »1, %> > 0, and x > 0. Then, we have

j%l KDHKCD(t 0) HKD (t 0)

U1+Ho
and
jb}“ Oy ‘D(b t) = H;l‘ikz(b, t).
Lemma 2.8 ([39]). Let %1, %5 > 0, x3 € Rand k > 0. Then, we have

T3 %1,K;LDe—%g(LD(t)—(D(O))ﬁ;,zm(t’ 0) — e—m(o(t)—m(o) HK ¥o) (l’ 0)

0+ H1tHU2
and
T b%_l K; mem (o(t)— LD(O))HK ‘D(b, f) — e%g((D(t) @(0)) HK cz%z (b, t).

Theorem 2.9 ([39]). Let0 <0 <b<o00o,%1 >0,0<x4 <1, 43 €R, k> 0andx e Cy,n(F). If% > 1 — uy, then

(5T %x) (0) = lim (L,707x) () = 0

Lemma 2.10 ([39]). Lett > 0,1 > 0,0 < x5 <1,x3 € R,k > 0. Then for 0 < x4 < 1; %4 = L(%2(x — 1) + %1),
we have

[TH D720 (112, (7,0)) e—m(w(y)—w(on] () =0

Theorem 2.11 ([39]). IfW € c [0,0],7-1< % <7,0< 2% <1, #3 € R, where j € N and x > 0, then

Uy
( jxl K;® THD%] U2, 135 ‘D\{J)( )

— \I’(t) _ e—m(D(t) i ‘((D(t) - @(0))%4_i {tgl( (1_%2)(‘(]_’41)'K?“)\I](O)emm(o))} ,

< KT (K(q — i + 1)) 0+

where ,
Hy = - (a(kj = n1) + 1)

In particular, if 1 = 1, we have

(@(t) = @(0))«!
Te(a(k = x1) + 21) ™

(T j(;/_: K;® THz)Ml 2,3 (D\y) (t) — \P(t) _ e—us(w(t)—w(O)) jK(l n4),K; (D\I/(O)

Lemma 2.12 ([39]). Let %1 >0,0< 2, <1, u3 € R, and x € C;W(F), where k > 0, then for t € (0,b], we have

(THD/tl Hau30 T jﬂl /K@ )(t) = x(f).
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Lemma 2.13 ([47]). Let %1,k > 0 and x5 € R. Then, we have

T g (o-00) ((cD(t) _ @(0))%) — pa@B-a(0)) []E’,ﬁ‘ ((@(t) _ @(0))%) - 1] ,

0+

and

TR ((ca(t) - @(0))“?1) < [Ezl ((o(t) - @(0))“*3) - 1] :

1977

Theorem 2.14 ([47]). Let x, y be two integrable functions and x continuous, with domain [0,b]. Let @ € C' [0, b]

an increasing function such that @' (t) # 0, t € [0,b], 1 > 0, k > 0 and x3 € R. Assume that:

1. x and y are nonnegative;
2. x is nonnegative and nondecreasing.

If
t
x(H) <y () +x(OT(x1) f @ (y) e (OO (1 y)x () dy,
0

then
t .
20 <y0+ [ Y [EOrcalo ey o),
i=1
forall t € [0, b], where

— lf x3 >0,
Ha = max %3(w(t) o(y)) _ . :
37 epeoobaon” “*(“) h-e®), if x5 < 0.

And if y is a nondecreasing function on [0, b, then we have

£ <y OB (BrOTe ) @1 -0 0) 7 ),

3. Existence of Solutions

We consider the following fractional differential equation

0+

TH gy %2350 [ X ] x(®), te(,b],
()
where 0 < #1 < k,0 £ %, <1, x3 € R with the conditions

o (% jK(l s),K;D x(s) ](0+)+ 0 [ jK(l Uy, K;D x(s) ](b) 0,
' e(s) 0(s)
x(t) =9(), te[-A,0], A>0,

x(f) =S(t), te [b,b+i], A>0,

(5)

(7)

(8)
©)

where 3, = 262024 5 0, x() € C(F,R), ©() € C(F, R\{0}), () € C, §() € C, 91,92, 93 € R, where

o1+ g{)ze_%B((D(b)_(D(O)) +0.

The following theorem shows that the problem (6)-(9) have a unique solution.
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Theorem 3.1. Let 0 < x; < k,0 < %, < 1, %3 € R, k > 0, x(-) € C(F, R), ©(-) € C(F, R\{0}). The problem (6)-(9)
has a unique solution given by:

G)(t)e x3(@(t)-a(0) | 93 — 2 (mjoK-él Xa) K0 )(b)
II%, (£, 0)L (K t4) P1 + pree@b)-00)

x(t) = +0(8) (5,22 x) (). (10)

n1,K,0

Proof. Assume x satisfies (6)-(9). By applying ], J*°(-) on (6) and using Theorem 2.11, we obtain

K(1-24), ;0 X(O)
0+

X _ (0) 0000 4 (T oo
o1 12,50 (k) ymel +( )(t) (11)

Applying . k(1250 () on both sides of (11), using Lemma 2.6, Lemma 2.8 and taking ¢ = b, we have
o X(8 _ _ c(-x) k0 X(0
[T j0+(1 ), K;D ( )](b) (@) @(0))313‘70-51 ), K;D A( )
() ©(0)
+ (£3 OK_Sl—%4)+K1,K;(DX) (b) (12)
Multiplying both sides of (12) by ¢,, we get
( jK(l Ha), K@ x(s) ](b) _ me—m(@(b)—@(O))T jK(l—m),K;m x(0)
a(s) ‘ oo 0(0)
+ ¢ (/t3jK(1 Hy)+ U1, KD )(b)

Using condition (7), we obtain

[ RO x(s) ](b) = o5 [LJJF—M),W ﬁ] 0.

0(s) 56)
Thus,
93 — @1[ jK(l ) k0 X(8) )( +) = gy ra@b-aO)T jk(l s o X(0)
A3
o) o
+ @2 (£SJJJ£1—K4)+k1,K;wX> o).
Then,
K(l 1/4 K;® x(S) _ 5@3
[ j 6(5)] 0= 01 + e s@b)-a0)
_ 2 (Z{Sj-(;fl—li4)+%1,l<;u?x) (b) (13)

01 + pre—a@D-00)

Substituting (13) into (11), we obtain (10).
Reciprocally, applying } . jK(l—/u) KD

[ (;fl ny), K(Dx(s)](t) —
B(s)

on both sides of (10) and using Lemma 2.8 and Lemma 2.6, we get

03 — 92 (Ang(l Hy)+ 21, K0 )(b)

~(0(0)-0(0)
01 + oo @0)-00) e

+ (}T{sjﬁl—mﬂm,mmx) (t), t € (0,b]. (14)
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Next, taking the limit t — 0% of (14) and using Theorem 2.9, with k(1 — 4) < k(1 — %4) + %1, we obtain

e X6) e 937 92 (LT3 ) )
T 0= #3(@(0)-2(0)) (15)
@(s) 91+ Poe™
Now, taking t = b in (14), to get
_ T qr-xa)+u,K0
T jK(l—K4),K;CD x(s) (b) _ ¥3 — 92 (%3j0+ X) (b) e*%a((D(b)ﬂD(O))

0+ @(S) 1+ S026—%3((D(b)—m(()))

+ (535 oLy ) (). (16)

From (15) and (16), we obtain

o [ joKS ARSI x(s) ](0+) + o ( joKJfl Uy), K@ x(s) ](b)
O(s) O(s)

[502@3—92(;{;5 (arano )( )

—x3(@(b)-o(0)) K(1=x4)+21, K@
01 + pre—a@D-00) ] + 92 ( Jor X) (b)

%’1503 — 9192 (%3 Km0 )(b)
1 + e m(m(b) @(0))

=93,

which proves that (7) is verified. Apply TFD}172*%?(.) on both sides of (10). Then, from Lemma 2.10 and
Lemma 2.12 we obtain equation (6). [

— + ~ ~
Lemma 3.2. Let #4 = M where 0 < 11 < kand 0 < %, < 1, %3 € R, 8() € C, 3() € C, let

K
W:FXCuo([-A AL R) XR = Rand © : F xR — R\{0} be continuous functions. Then, the problem (1)-(4) is
equivalent to the following integral equation:

93 = 92 (LTG0 ) (b)
o1+ pae-l@b-a)

e~ #3(@()-a(0)

O(t, x(1)) T, (00T < (k1)

+ (Tl )(t)]

x(t) = 17)
(@), te[-4,0],

8y, telpp+1],

where x be a function satisfying:
X(t) = \I/(t, xt(')/ X(‘th), X(t))

The hypotheses:
(Ax1) The functions ¥ : F X RXR — R and © : F X R — R\{0} are continuous.
(Ax2) There exist constants (1, (3 > 0 and 0 < (; < 1 such that

W (t, 31,1, 21) = Wt %2, 2, 22)| < G (Ilk1 = 2allpy 3y + TI2, (8 O)lys = yal) + Colz1 = 2al,

1O(t, y1) — O(t, y2)| < GIIZ, (¢, 0)ly1 — val,
for any x1,x; € Cy,.0 ([=A, AL R), ¥1,¥2,21,22 € Rand t € F.
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(Ax3) There exist ®, ¥ > 0 such that
1O(t, y1)l < © and [¥(t,x1, 11,21 < Y,
forallt € F and any x1 € Cy, ([-A, AL, R), 11,21 € R.

We are now in a position to state and prove our existence result for the problem (1)-(4) based on based
on Banach’s fixed point theorem [19].

Theorem 3.3. Assume (Ax1)-(Ax3) hold. If
925G (@(b) — @(0)'
T (k)T (2K — K24 + %1) |1 + poea(@0)-00)]

| T o)~ o) | (285
I"K(%1+K%4) -G

+ @;3) <1, (18)

then the problem (1)-(4) has a unique solution in IF.

Proof. Transform problem (1)-(4) into a fixed point problem by considering the operator 7 : F — F by

T K(1=x4)+x1,K;0@
e,xs(m(;),m(o)) Iig)s - 802 (2{3j0+ ‘ ! X) (b)]

o(t, X(t))(naj4(t,0)rK(K:<4) 01 + pae—c@0)-a(0)

+(LTx) (t)),
(Tx) () = (19)
S(@), te[-A,0],
), te [b,b + i],
where x be a function satisfying the functional equation
x() =W(t,x'(), x(ut), x(t)).
By Theorem 2.5, we have 7 x € [F. We show that the operator 7 has a unique fixed point in F.
Letx,y € F. Then forany ¢ € [-A,0] U [b, b+ ;\], we have
Tx(t) = Ty(0)] = 0.
Thus,
I7x =T ylic =17x =T ylle =0. (20)

For any for t € F, we have
[7x(t) = Tyl
92l (LI () - () ()
|p1 + pae—a(@)-00)]

e@0-00) [ 19l (LI ()] (b)
I19, (t, 0)T' (k4) |p1 + pae—a(@)-00)

1O(t, x(t))|e~ > @1)-2O)
s @
1%, (, )T« (kt4)

+10(t, x(1)) — O(t, y(1))l
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+ 10, x(t)] (5T m) - x20)]) ()
+ 18t x() — Ot yO) (5, T 5" b)) (),

where x1 and x; be functions satisfying the functional equations

xi(t) = W(t, x'(-), x(ut), x1(t)),
x2(t) = (v (), y(ut), xa2()).
By (Ax2), we have

W(E, (), x(t), 21 () = Wt 50), y(at), xa(0)
G (! = 1l + T2, (6, O = y(d)l) + Gl () = xa(0).

[x1(t) — xa(t)l

IAN I

Then,

) = ) < —21

< 725 (W = ¥l + T Ol(ut) = (b))

Therefore, for each t € F we get
[T x(t) — T y(t)|
Cilgpol (%3JK(1 Hy) K1, K(D||x?’ _ ]/J/H[_A,;\] + H‘L(t, 0)|x(l'l7) — y(HV)D ®)
(1-20C) |501 + g)ze—%s(ca(b)—o(o»|

e—a@-00) [ lpal (LT a(37)]) ()
*TI5, (t, O)T  (3t4)

Be—ra@(h-0(0)
<
H£4 (t/ O)FK(K%4)

+C

x - .
|g)1 + g)ze—%s(w(b)—m(O))l I y”g yo

+ fcé (T3 M = 7l 17 + I3, (8, OlbeCuy) = () 1)

+ Gallx = Ylle,o (LTZ ) (-

Thus,

2065 @0-00NLy o) (1 Tl 452(1)) (b)
5. 0T (06)(1 = G [p1 + pae (@000
204
+ 1-G
We (@000 g0y | (T Fr 71592 (1)) (b)
[ 12 (5, O ( K%4)| o1+ W_m(m<b)—m<o)>|

[7x(t) = T y(B)] < [

(T2 ()) <t>]||x ~ vl

+ G (L) (t)]nx ~ ylls

Z@e—%g((b(t)—m(O))Cll ool ( joKJfl_M)MhK;a %3 (tD(t)sz(y))) ()

[ T, (¢, 0)  (k#4)(1 — C2) |501 + ste*’“(‘D(b)*‘D(O”(
200
1-0G
\pe—xg(w(t)—av(o))cgm |(j-'<(1 Ha)+ K1, KD —m(m(t) oy )) (b)
[ T, (f, 0)T ' (kx4) |501 + pze—%3<®<b>—®<0>>|

(gzrmes(@t-0m) (t)]Hx Ylle

1981
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+ WCS (jéil,K;we—m(tD(t)ﬂD(}/))) (t)]”x — ]/”IF

By Lemma 2.7, we have

286 (@O=0O0) gy oo o5 (T 0 (1)) (b)

Tx(t)—Ty(t)| < =
| x( ) y( )| [H24(t’ O)FK(K%4)(1 _ Cz) ’801 + 8026_743(@(b)_@(0))|
Z@Clxl’a n1,K;©@
oI m) (t)]nx ~ ylle

[@6_%3@(”_0(0))(:3“02';‘\3 (jOKJfl—mH%l,K;tD(l)) (b)
T12, (1, 0)T (kx4) [p1 + e (@®)-00)]

+ UGG (T80 ) <t>]||x ~ yllr

< 2@C1|502|;G2 (o(b) — @(0))1—;4“”71

200,76 (@(t) — @(0) *
T (1 + kxa)(1 - &) ]”x ~ Yl

@CSWZEQZ (o(b) - @(0))1—;{4#‘71

- [H§4(f, )T (k24)T (2K — kg + 20)(1 = &) |1 + poe3(@(E)-00)

+
[H§4(f/ O)« (k)T (2K — K2g + K1) )&01 + pree@0)-a0)

N Wi (@) — @(0))

1
FK(%l + K%4) ]”x - y”IF

Hence,

19255 (@(b) — @(0)

|12, (t, 0) (T x(t) - Ty(1)| < [

, % (@)~ o) ] (280
(31 + kxy) 1-G

And by (20), we have
7 x = T ylle < Lllx = yllg.

T (k)T (2 — kg + 21) |5p1 + pze—xs(m(b)—m(o)ﬂ

+ @C;@) Ilx = yllg.

1982

By (18), the operator 7 is a contraction on F. Hence, by Banach’s contraction principle, 7 has a unique

fixed point x € [F, which is a solution to our problem (1)-(4). O

4. k-Mittag-Leffler-Ulam-Hyers stability

Let x € IF, € > 0. We consider the following inequality :

H1,12,43,0 X(S) _ (. U1,M0,M3,0 X(S)
(EHD(” @(s,x(s))) ® \Il(t'x 0 x(ub), (ZHD(” (s, x(s))

< eFX (((D(t) - @(0))?), te(0,b],

lx(t) — S(B)] < ey,
Ix(t) — S(b)| < eA,.

(21)
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Definition 4.1 ([43]). Problem (1)-(4) is said to be k-Mittag-Leffler-Ulam-Hyers (x-M-L-U-H) stable with respect
to BX ((co(t) - @(O))%) if there exists aga > 0 where for each € > 0 and for each solution x € F of inequality (21)
there exists a solution y € IF of (1)-(4) with

[x(H) = y(B)] < agese [IE’“ ((@(t) — o(0)* ) + A+ AZ] teF.

Definition 4.2 ([43]). Problem (1)-(4) is generalized k-M-L-U-H stable with respect to [E}! (((D(t) - cD(O))iK1 ) if there

exists v : C([0, 00), [0, 00)) with v(0) = O such that for each € > 0 and for each solution x € FF of inequality (21) there
exists a solution y € IF of (1)-(4) with

%) -y < o) [E2 (@) - @0)* ) + A + 8|, teF.
Remark 4.3. Its clear that : Definition 4.1 = Definition 4.2.

Remark 4.4. A function x € IF is a solution of inequality (21) if and only if there exist | € Cy, «.o(F) and constants
v1, Vo such that for t € (0, b], we have

1. [j()] < eEX ((ca(t) - @(0))”?’), il < Ay and [v] < €.
U1,H2, M350 x(s) . U1, U2, K30 x(s)
2 (i g g o= oo (o g g o) + o
3. X(f) = 9(t) +v1, £ € [<4,0], A >0,
4 x(t)= () +vy, te[bb+ ], A>0.

Theorem 4.5. Assume that the hypothesis (Ax1)-(Ax3) and the condition (18) hold. Then, (1)-(4) is k-M-L-U-H
stable with respect to B ((cD(t) - o(0))* ) and consequently generalized x-M-L-U-H stable.

Proof. Letx € Fbe a solution if inequality (21), and let us assume that y is the unique solution of the problem

y(s)

H1,40,43; ( ) M1, 42,43

6, y&) ))(“) f<0.2]

T K(1=2x4), ;0 ]/(S) ) o+ ( K(1=x4),K;0 ]/(S) ) _
st 0 o BT o =

K(1-2a), K0 y(s) K(l x) ko X(S) +
(M” @(s,y(s»)( = ( 0+ @(s,x(s)))(o )

y(t) = 8(t), te€[-A,0], A >0,
y®) =3(t), te[bb+i], 1>0.

By Lemma 3.2, we obtain for each t € (0, b]

T (1=xg)+21,5,0
@(s,y(s))eﬁg(m(t)fm(())) @3 - @2 (;43«7(;:_ * e w) (b)}

I3, (£,0) « (k3ta) 8/)1 + 50267%3(0(1;)7@(0))

=] +O6YE) (LI w) @),

y(t) = 3(t), te[-A,0]
yH) = 8(t), telbb+A].
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where w € F, be a function satisfying the functional equation

Since x is a solution of the inequality (21), by Remark 4.4, for ¢ € (0, b] we have

A1,M0,43,0 ( ) t A1,U2,43,0
e e [C R RN (et ol 1) RO

(22)
x(f) = () + 11, te[-A,0],
x(t)=S(t) + 1y, te [b,b + i] .

Clearly, the solution of (22) is given by
T jK(l 1y), K@ x(o)

o+ @ t 0 _ D D K:®
Ot x(1) — et L 000000 1+ @1, (1) (LT 0x + ) 0,

x(t) =
() +v1, te[-A,0],
S(t) +v,, te [b,b+7\].

where x be a function satisfying the functional equation

X(8) = Pt X' (), x(ut), x(8)-
Hence, for each t € (0,b], we have
x(t) - y(®)
<10t x(O) (L. Tk (@) = w)) (¢) + 10, x(B)] (1, T 7) ()
+ 10t x(t)) = Ot Y| (. To ()] (1
93 — 92 (LIgI 2 () (b)

e~ #3(@(1)-a(0))

+10(t, x(1)) = O(t, y(t))

H% (t, 0)T'(k4) Q1 + pre—3@b)-(0)
21, K@ o n x 1 o
< G@ x3~70+ ]E 1 (((D(t) - (D(O)) K ) % (%3 1 |X()/) ( ) )(t)

[ Wislpa36° (@(b) — @(0)
T (k)T (2K — K + %1) |1 + poea(@0)-00)|

, P (@(b) - a(0)*
Fe(1 + kxy)

]IX(t) =yl

where for (3 € R*, let 5
[t — ytll[_A,z] < Glx(t) — y(t)|, forall t € (0, b].

Then,

‘E %3‘7(}):1- e
1+G)6O
1-L)1-0)

() - ()] < e—— Gl (COREO

(%Sjm K; m|x(y) - y(y)|) ),
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where

= [ Vislpata” (@(b) - @(0)' 4 , PG (0(0) —@(0)'
T (kng)T (2K — KMyg + Hq) )501 + g)ze*"s(@(b)*@(o))( (1 + kna)

Using Lemma 2.8 and Lemma 2.13, we get

& [ "
T B (@) - o)) -1
(1+5)60
1-L)(1-05)
By applying Theorem 2.14, we obtain

[x(t) - (e

Ix(t) —y®) <e

t
@ (y)e @O (¢, 1) x(y) - y(y)ldy.
0

S o JTEX1 _ MTl
gmem]EK ((ca(t) @(0)) )

O +E)05G | o a o ©
f Z((1—&)(1 CZ)]w(y)H% EN Ty ek ((Q(V) @(0)) )dy

Thus,

E) @(1 + 63)5151\3
(1-L)1-0)

®
lx(t) —y(®) < e -2

For each t € [-A,0], we have

lx(£) = S(B)] <
< €A1.

SGE (@) - 0(0)F B [ CIORE <0>>”5] .

For each t € [b,b + 1], we have

Ix(t) = S(£)] < [val
< €A2.

Then, for each t € [-A, b + A], we have

() — y(O)] < ayse []E”l ((ca(t) —o(0)* ) T A+ Az]

where
e — o x 6(1"'53)51;{5 B 1
aga =1+ a _Ll)xglEK [—(1 —)1-0) (@ () — @(0)) ]

Hence, the problem (1)-(4) is k-M-L-U-H stable with respect to
E% ((cD(t) —@(0)) = ) Ifwesetou(e) = Age€, then the problem (1)-(4) is also generalized k-M-L-U-H stable. [

5. Examples
Example 5.1. By taking %o =x1 =pu =3, u3=1 k=3, o) =2 b=1, 91 =¢p2=1, A=A=2and g3 =¢,
from the problem (1)-(4), we obtain the following:

1312 x(s) 138 X(s)
(EHDH CIEETE >>)(t) (”()x( )(THD @(t,x<s>>)(t))’ re ot )
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(b x)on + (Jg i)y =e, (24)
x(t) =9(), te[-2,0], A>0, (25)
x(t) = é(t), tell,3], A> 0, (26)

where F = [0,1], x4 = L(0(xk — %1) + 1) = L and

| cos(t)] + ||x||[_M] +y+z

W(t,x,y) = L teF, xeCup (=22, R), y,z € R,
(txy) 316¢3(1 + [cos(D)] + IRy +y+2) i (P22 R), g,z e
and Int +0) .
n(t+e
ba)=— 9 4~ teF, xeR
O») = sopraq 4 T 33 LEF X €
We have
Cre(F) = {x:(0,1] » R : x € C(F, R)},
and

F={x:[-2,3] > R: x| € C, ¥l € Cand 2y € Cr(F, R)|

It is clear that the functions VW and ® are continuous on F. Then, the condition (Ax1) is satisfied.
Foreachx,y € Cip ([-2,2], R) and X,7,z,Z € Rand t € F, we have

1
(%, %,2) = Wity 5,2 < gr=—s (I = Yl + 18- 91+ = 21), £ e F,

and In(t + ¢)
n(t+e
|®(trx) - ®(tr ]/)| < 5126—_t+3|x - y|/ te F/
and so the condition (Ax2) is satisfied with (; = C; = 1 and (3 = In(1 +¢)
1T T 31568 °7 51208
Foreach x € C1.p ([-2,2],R) and %,z € R and t € F, we have
_ 1 _
W(t, %, 5, 2)| < e (Il + 1+ 1), £ €F,
and In + ¢) .
n(t+e
1O, x)| < 5100113 x| + 3 teF,

. . s I 1 — Inl+e¢ 1
and so the com.iz.tlon (Ax3) is satisfied w.zth \If = 5 and © = ~5s T3
Also, the condition (18) of Theorem 3.3 is satisfied. Indeed, we have

- 92" (@(b) = @(O)' < %G (@(b) - 2(0)' 4+
rK(K%4)rK(2K — KMUy4 + %1) |g{)1 + 5{)28_1{3(@@)_@(0))) 1-‘K(%l + K%4)
200, — )
X +W¥
(1 % G
2In(1 +e) 2 In(1 +e)
= + +
512e3(315¢3 — 1)  10395¢3 — 33 315e3 x 512¢3

1 1
g [r;@)r;(l)(l v F;(l)]

2In(1 +e) 2 In(1 +e) [ 2 ]
= + + X +2
512¢3(315¢3 — 1)  10395¢3 — 33~ 315¢3 x 51263 1+e1

~ 3.33786651264425 - 107,

Then the problem (23)-(26) has a unique solution in Cy,2([0, 1], R) and is k-M-L-U-H stable with respect to IE% (tz).
2



C-F. Wen, A. Salim / Filomat 39:6 (2025), 1971-1988 1987

Declarations

Ethical approval: This article does not contain any studies with human participants or animals performed
by any of the authors.

Competing interests: It is declared that authors has no competing interests.

Author’s contributions: The study was carried out in collaboration of all authors. All authors read and
approved the final manuscript.

Funding: Not available.

Availability of data and materials: Data sharing is not applicable to this paper as no data sets were
generated or analyzed during the current study.

References

(1]
[2]
3]

[4]
[5]
(6]
[7]
(8]
191
[10]
[11]

[12]
[13]

[14]

[15]
[16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]

R. S. Adiguzel, U. Aksoy, E. Karapinar, LM. Erhan, On the solution of a boundary value problem associated with a fractional
differential equation, Math. Methods Appl. Sci. 47 (2024), 10928-10939. https://doi.org/10.1002/mma.6652

R. S. Adiguzel, U. Aksoy, E. Karapinar, M. Erhan, On the solutions of fractional differential equations via Geraghty type hybrid
contractions, Appl. Comput. Math., 20 (2) (2021), 313-333.

R. S. Adiguzel, U. Aksoy, E. Karapinar, .M. Erhan, Uniqueness of solution for higher-order nonlinear fractional differential
equations with multi-point and integral boundary conditions, RACSAM. 115 (2021), 155. https://doi.org/10.1007/s13398-021-
01095-3

H. Afshari and M. N. Sahlan, The existence of solutions for some new boundary value problems involving the g-derivative
operator in quasi-b-metric and b-metric-like spaces, Lett. Nonlinear Anal. Appl. 2 (1) (2024), 16-22.

O. P. Agrawal, Some generalized fractional calculus operators and their applications in integral equations, Frac. Cal. Appl. Anal.
15 (4) (2012), 700-711.

I. Ahmed, P. Kumam, F. Jarad, et al. On Hilfer generalized proportional fractional derivative. Adv. Differ. Equ. 2020, 329 (2020).
https://doi.org/10.1186/s13662-020-02792-w

I. Ahmed, N. Limpanukorn, M. J. Ibrahim, Uniqueness of continuous solution to g-Hilfer fractional hybrid integro-difference
equation of variable order. J. Math. Anal. Model. 2 (2021), 88-98. https://doi.org/10.48185/jmam.v2i3.421

A. Almalahi and K. Panchal, Existence results of i)-Hilfer integro-differential equations with fractional order in Banach space,
Ann. Univ. Paedagog. Crac. Stud. Math, 19 (2020), 171-192.

R. Almeida, M. L. Morgado, Analysis and numerical approximation of tempered fractional calculus of variations problems, J.
Comput. Appl. Math. 361 (2019), 1-12.

J. Appell, Implicit functions, nonlinear integral equations, and the measure of noncompactness of the superposition operator, .
Math. Anal. Appl. 83 (1) (1981), 251-263.

K. Balachandran, S.Kiruthika, J. . Trujillo, Existence of solutions of nonlinear fractional pantograph equations, Acta mathematica
Scientia. 33 (2013), 1-9.

J. Banas and K. Goebel, Measures of noncompactness in Banach spaces. Marcel Dekker , New York, 1980.

M. Benchohra, E. Karapinar, J. E. Lazreg and A. Salim, Advanced Topics in Fractional Differential Equations: A Fixed Point Approach,
Springer, Cham, 2023.

M. Benchohra, E. Karapinar, J. E. Lazreg and A. Salim, Fractional Differential Equations: New Advancements for Generalized Fractional
Derivatives, Springer, Cham, 2023.

R. G. Buschman, Decomposition of an integral operator by use of Mikusinski calculus, SIAM |. Math. Anal. 3 (1972), 83-85.

Y. M. Chu, M. U. Awan, S. Talib, M. A. Noor and K. I. Noor, Generalizations of Hermite-Hadamard like inequalities involving
X«-Hilfer fractional integrals, Adv. Difference Equ. 2020 (2020), 594.

G. Derfel, A. Iserles, The pantograph equation in the complex plane, | math anal appl. 213(1) (1997), 117-132.

R. Diaz and C. Teruel, g, k-Generalized gamma and beta functions, J. Nonlinear Math. Phys, 12 (2005), 118-134.

A. Granas and ]. Dugundji, Fixed Point Theory, Springer-Verlag, New York, 2003.

R. Herrmann, Fractional Calculus: An Introduction for Physicists. Singapore: World Scientific Publishing Company, 2011.

R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.

A. Iserles, Exact and discretized stability of the pantograph equation, Appl. Numer. Math. 24 (1997), 295-308.

A. A. Kilbas, Hari M. Srivastava and Juan J. Trujillo, Theory and Applications of Fractional Differential Equations. North-Holland
Mathematics Studies, 204. Elsevier Science B.V., Amsterdam, 2006.

S. Krim, A. Salim, S. Abbas and M. Benchohra, Functional k-generalized -Hilfer fractional differential equations in b-metric
spaces. Pan-Amer. |. Math. 2 (2023), 10 pages. https://doi.org/10.28919/cpr-pajm/2-5

S.Krim, A. Salim and M. Benchohra, On implicit Caputo tempered fractional boundary value problems with delay. Lett. Nonlinear
Anal. Appl. 1 (1) (2023), 12-29. https://doi.org/10.5281/zenodo.7682064



[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]
[48]
[49]
[50]
[51]
[52]
[53]

[54]
[55]

C-F. Wen, A. Salim / Filomat 39:6 (2025), 1971-1988 1988

K. D. Kucche, A. D. Mali, A. Fernandez and H. M. Fahad, On tempered Hilfer fractional derivatives with respect to functions
and the associated fractional differential equations, Chaos, Solitons & Fractals 163 (2022), 112547.

C. Li, W. Deng and L. Zhao, Well-posedness and numerical algorithm for the tempered fractional differential equations, Discr.
Contin. Dyn. Syst. Ser. B. 24 (2019), 1989-2015.

D. Luo, Z. Luo, H. Qiu, Existence and Hyers-Ulam stability of solutions for a mixed fractional-order nonlinear delay difference
equation with parameters. Math. Probl. Eng. 2020, 9372406 (2020).

A. D. Mali, K. D. Kucche, A. Fernandez and H. M. Fahad, On tempered fractional calculus with respect to functions and the
associated fractional differential equations, Math. Methods Appl. Sci. 45 (17) (2022), 11134-11157.

M. Medved and E. Brestovanska, Differential equations with tempered y-Caputo fractional derivative, Math. Model. Anal. 26
(2021), 631-650.

M. Medved and M. Pospisil, Generalized Laplace transform and tempered 1)-Caputo fractional derivative, Math. Model. Anal. 28
(1) (2023), 146-162.

H. Monch, BVP for nonlinear ordinary differential equations of second order in Banach spaces, Nonlinear Anal.4 (1980), 985-999.
S. Mubeen and G. M. Habibullah, k-fractional integrals and application, Int. |. Contemp. Math. Sci. 7 (2012), 89-94.

J. E. Néapoles Valdés, Generalized fractional Hilfer integral and derivative, Contr. Math. 2 (2020), 55-60.

N. A. Obeidat, D. E. Bentil, New theories and applications of tempered fractional differential equations, Nonlinear Dyn. 105 (2021),
1689-1702.

S. Rashid, M. Aslam Noor, K. Inayat Noor, Y. M. Chu, Ostrowski type inequalities in the sense of generalized K-fractional integral
operator for exponentially convex functions, AIMS Math. 5 (2020), 2629-2645.

I. A. Rus, Ulam stability of ordinary differential equations, Stud. Univ. Babes-Bolyai, Math. LIV (4) (2009), 125-133.

E. Sabzikar, M. M. Meerschaert and J. Chen, Tempered fractional calculus, J. Comput. Phys. 293 (2015), 14-28.

A. Salim and M. Benchohra, A study on tempered (k, {)-Hilfer fractional operator, Lett. Nonlinear Anal. Appl. 1 (3) (2023), 101-121.
https://doi.org/10.5281/zenodo.8361961

A. Salim, M. Benchohra and J. E. Lazreg, Nonlocal k-generalized 1-Hilfer impulsive initial value problem with retarded and
advanced arguments, Appl. Anal. Optim. 6 (2022), 21-47.

A. Salim, M. Benchohra and J. E. Lazreg, On implicit k-generalized y-Hilfer fractional differential coupled systems with periodic
conditions, Qual. Theory Dyn. Syst. 22 (2023), 46 pages. https://doi.org/10.1007/s12346-023-00776-1

A. Salim, M. Benchohra, J. E. Lazreg and E. Karapinar, On k-generalized y-Hilfer impulsive boundary value problem with
retarded and advanced arguments. J. Math. Ext. 15 (2021), 1-39. https://doi.org/10.30495/JME.SI1.2021.2187

A. Salim, M. Benchohra, J. E. Lazreg and G. N'Guérékata, Existence and k-Mittag-Leffler-Ulam-Hyers stability results of k-
generalized y-Hilfer boundary value problem. Nonlinear Stud. 29 (2022), 359-379.

A. Salim, M. Benchohra, J. E. Lazreg and Y. Zhou, On k-generalized ¢-Hilfer impulsive boundary value problem with retarded
and advanced arguments in Banach spaces. J. Nonl. Evol. Equ. Appl. 2022 (2023), 105-126.

A. Salim, S. Bouriah, M. Benchohra, ]. E. Lazreg and E. Karapinar, A study on k-generalized 1-Hilfer fractional differential
equations with periodic integral conditions. Math. Methods Appl. Sci. (2023), 1-18. https://doi.org/10.1002/mma.9056

A. Salim, J. E. Lazreg, B. Ahmad, M. Benchohra and J. J. Nieto, A study on k-generalized 1)-Hilfer derivative operator, Vietnam |J.
Math. (2022). https://doi.org/10.1007/s10013-022-00561-8

A. Salim, J. E. Lazreg and M. Benchohra, On tempered (x, )-Hilfer fractional boundary value problems, Pan-Amer. ]. Math. 3
(2024), 20 pages. https://doi.org/10.28919/cpr-pajm/3-1

S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives. Theory and Applications, Gordon and Breach,
Yverdon, 1993.

B. Shiri, G. Wu and D. Baleanu, Collocation methods for terminal value problems of tempered fractional differential equations,
Appl. Numer. Math. 156 (2020), 385-395.

M. Sivabalan and K. Sathiyanathan, Controllability of higher order fractional damped delay dynamical systems with time varying
multiple delays in control, ATNAA. 5 (2) (2021), 246-259. https://doi.org/10.31197/atnaa.685326

J. V. C. Sousa and E. Capelas de Oliveira, A Gronwall inequality and the Cauchy-type problem by means of y-Hilfer operator,
Differ. Equ. Appl. 11 (2019), 87-106.

J. V. C. Sousa and E. Capelas de Oliveira, Fractional order pseudo-parabolic partial differential equation: Ulam-Hyers stability,
Bull. Braz. Math. Soc. 50 (2019), 481-496.

J. V. C. Sousa and E. Capelas de Oliveira, On the i-Hilfer fractional derivative, Commun. Nonlinear Sci. Numer. Simul. 60 (2018),
72-91.

Z. H. Yu, Variational iteration method for solving the multi-pantograph delay equation, Phys Lett A. 372 (2008), 6475-6479.

Y. Zhao, S. Sun, Z. Han, Q. Li, Theory of fractional hybrid differential equations. Comput. Math. appl. 62 (2011), 1312-1324.



